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Abstract
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Bera-Yoon modified test based on a restricted GMM estimator, which has the correct
size under local misspecification. The paper can be seen as extending the likelihood
based results of Saikkonen (1989), Davidson and MacKinnon (1987) and Bera and
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1 Introduction

Econometric models are useful simplifications of a complex reality. The simplification
process that leads to a particular specification usually involves a trade-off between
accuracy with reality, and parsimony. Hence, one particular type of modeling error
consists of proposing a model that it is too parsimonious, in the sense that the model
ignores some relevant aspect of reality, which might negatively affect its use. In the
context where the small model is a particular case of a larger model, in many practical
cases restricted models are easier to handle and hopefully more efficient than larger,
unrestricted models, so in such cases the benefits associated to being able to impose
restrictions have both methodological and practical advantages.

A common practice when there are strong preferences for a restricted model is
to start with a small model and then check whether particular departures from this
null model are supported or rejected by the data. A well known shortcoming of this
approach is that the design of an appropriate test requires some specific knowledge of
both the null model and the departure being examined. In the context of maximum
likelihood estimation and nested hypotheses, the restricted model usually implies a
certain restriction on a parameter or group of parameters of a general, unrestricted
model of which the null model is a particular case. When the null model is easier to
estimate than the unrestricted model, this type of parametric restriction can be easily
(and in some cases, optimally) tested based on Rao’s Score (or Lagrange Multiplier)
test, which is based on the estimation of a restricted model.

An obvious problematic situation arises when the null is false and the alternative
‘true’ model does not correspond to the one postulated by the researcher. In such
cases, it is natural to expect that tests designed to detect particular departures from
the null do not behave correctly under other possible departures. In a more concrete
setup, and without loss of generality, suppose that the econometric model consists of
a probability distribution that can be fully characterized by three parameters: ~, 9
and ¢. Suppose that the model can be easily estimated under appropriate restrictions
on ¢ and ¢, like ¢ = 1, and ¢ = ¢,. Let 9,1y and ¢y be the true, unknown values of
the parameters, and suppose that the researcher discards the possibility that ¢y # ¢,
and proceeds by estimating v under the restriction that 1) = v,, and then tests the



null ) = 1, using Rao’s Score (RS) test. When the alternative model is correctly
specified, that is, when ¢y = ¢,, a well known result is that the RS test is locally
most powerful to detect departures from the null in the direction implicit in ¢ # ),
(Cox and Hinkley (1974)).

A natural question is what happens to the RS test when the alternative model is
incorrectly specified, that is, when ¢g # ¢.. Davidson and MacKinnon (1987) and
Saikkonen (1989) have studied the asymptotic distribution of the RS test under local
misspecification. They have found that even under the null hypothesis ¢ = 1, the
RS test no longer has an asymptotic central chi-square distribution and consequently,
even under the null hypothesis the test tends to spuriously reject it too often. In this
case, even though rejections can still be informative about the falseness of the null
model, RS tests are of a rather limited use when trying to explore the appropriate na-
ture of the misspecification, since the test rejects when the null hypothesis of interest
is not true but also when the alternative hypothesis is misspecified.

Based on the results of Saikkonen (1987) and Davidson and MacKinnon (1989),
Bera and Yoon (1993) proposed a modified RS test that, albeit still based on the
restricted maximum likelihood estimator, is insensitive to local misspecification, that
is, the proposed test statistic has the central chi-squared distribution asymptotically
under Hy : ¢ = 1y regardless of whether ¢ = ¢,, in a local sense. This principle has
been succesfully implemented in recent research. For example, Bera, Sosa-Escudero
and Yoon (2001) have found that the presence of first order serial correlation makes
the standard Breusch and Pagan (1980) test for random effects reject the null hypoth-
esis too often, thus implying that rejections of the null may be due to the presence of
random effects but also due to the presence of first order serial correlation. Based on
the aforementioned principle, they derived a RS modified test for random effects that
is not affected by the presence of local serial correlation. In similar fashion, Anselin,
Bera, Florax and Yoon (1996) derived tests for spatial autocorrelation that are not
sensitive to the presence of local lag dependence. Baltagi and Li (1999) used the
Bera-Yoon principle to obtain tests for functional form misspecification and spatial
correlation.

A well known restrictive feature of maximum likelihood based procedures is that

they require full specification of the underlying probabilistic model, which limits the



scope of the modified test by Bera and Yoon (1993) in situations where researchers
do not have such detailed knowledge. The main goal of this paper is to derive a
Bera-Yoon principle that is based on a restricted generalized method of moments
(GMM) estimation framework which does not require full specification of the proba-
bilistic structure but only some moment conditions. We begin by exploring a standard
testing framework based on restricted GMM estimation with correctly specified al-
ternatives proposed by Newey and West (1987), which is a GMM equivalent of the
RS principle in the likelihood context. We then derive a result similar to that of
Saikkonen (1989) that shows that the Newey-West test behaves incorrectly under lo-
cal misspecification. Section 3 presents the main result of the paper: a modified test
that is insensitive to local misspecification of the alternative hypothesis. Section 4

presents some concluding remarks and directions for future work.

2 The effect of locally misspecified alternatives

Following Hall (2002, Chapter 3), in the context of GMM estimation a model is a
particular set of assumptions about the data generation process for a (possibly vector
valued) random variable of interest y. For the purposes of our problem, and without
loss of generality, suppose that the underlying statistical model can be parametrized
by a 3 x 1 vector of parameters 6 = (v,1,9)’, § € © C R3. We will assume that
there is a vector of m functions ¢(y, 8) for which the following moment conditions are
satisfied:

E g(y,0) =0 if and only if 6 = 6. (1)

These are the moment conditions of the problem, and for identification purposes we
require m > 3. We will refer to 0y = (79, 10, o)’ as the ‘true’ values of the parameters.
There is available an i.i.d. sample yi, ¥y, ..., y, of n observations from the same

data generation process. Define the sample analog of the left-hand side of (1) as

gn(0) = ig(yt,e),

SRS

and let 2, be any m x m positive definite symmetric matrix. The (unrestricted)
GMM estimator of 0 is defined as

=~



6, = argmin Q,,(0),

with Q,(0) = ¢.(0)Q2.1g,(0). Let Q = Elg(y,00)9(y,0)']. Then, according to
Hansen’s (1982) results, efficiency requires that we use 2, such that 2, — Q as
n goes to infinity, where ‘—’ denotes convergence in probability. Let Vyg(y, 0) be the
m x 3 Jacobian matrix of g(y,0). Let G = E[Vyg(y, 6p)], and define

Gn(0) = i Enj Vog(y:, 0)
and |
2,(0) = — > 9w 0)g(y:, 0)

It will be useful to label the gradient of the GMM objetive function as follows:

VoQu(0) = Gn(0)Q," (0)9(y. 9). (2)
Also, let B=G'Q7'G, and B,(0) = G,(0)2,1(0)G,.(0).

n

The analytic framework of this paper is a situation where a researcher is inter-
ested in a null model based on the estimation of the parameter v after which, for
specification check or model search purposes, the interest lies in testing Hy : ¢ = 1),
against Hy4 : ¢ # .. That is, estimation and inference proceeds by ignoring the pos-
sible presence of the parameter ¢. Suppose that for some value ¢ = ¢, the following

relationship holds:

91(77 77/}) = 9(77 ¢7 ¢*)

That is, g; is a restricted version of the moment conditions. Under some standard
regularity conditions (described in detail in Appendix 1) a restricted GMM estimator

for ~ is readily available and it is given by

0 = argmin Q: (7, ) subject to 1 = 1)y,

where, according to the previous assumptions,



Ql(wv 7) = 91(77 ¢)/Q;191(77 1/)) = g<77 ¢, gb*)lﬂrzlg(/% wv ¢*)

A standard procedure to test the null hypothesis Hy : ) = 1, can be based on the
gradient test proposed by Newey and West (1987), which is the GMM equivalent of
Rao’s Score test in the context of maximum-likelihood estimation. The test statistic

is
LMy(6) =n VyQi(0) By VyQi(0)

where By., = Byy — By, B Byy. According to Newey and West (1987), when the
model is correctly specified, that is, ¢. = ¢o, and when ¢ = 1, + n/y/n, LMy(0)
has an asymptotic non-central chi-square distribution x?(},) with non-centrality pa-
rameter A\, = 1'By.,n. In particular, when the null hypothesis is true (n = 0) the
test statistic has an asymptotic central chi-square distribution and, hence, when the
adopted simplification on the nuisance parameter is correct, the test has power only
in the alternative it was designed to detect.

A natural question is what happens with LMU,(@) when ¢, # ¢, that is, when it is
based on a false restriction on a parameter that is not of direct interest to the testing
procedure. A general answer to this question would require to explore the nature of
the misspecification in detail, but a particular and commonly proposed situation can
be analyzed. Consider the case where the model is locally misspecified in the sense
that ¢g = ¢ + d/y/n. In this setup, we are interested in exploring what happens
to LMw(é) when we proceed under the assumption ¢ = ¢, and hence the assumed
alternative differs from the true one in a local sense. Let ‘~’ denote convergence

in distribution. The following proposition shows that in general LM, (#) becomes

contaminated by the presence of this local misspecification:

Proposition 1 Under Hy : ¢ = by and when ¢o = ¢ + 6/y/n, LMy(0) ~ x2(\(9)),
with )\(5) = 5,B¢'¢"YB1;}YB"/’¢"‘/5‘

Proof: See Appendiz 2.



The proposition says that under local misspecification of the nuisance parameter,
even when the null hypothesis of interest is correct, the test statistic for testing
Hy : ¢ = 1)y will not have a central chi-square distribution asymptotically as it would
have if the alternative were correctly specified. Then, even when the null is correct,
the testing procedure will tend to reject it due to the locally misspecified parameter
¢. Consequently, under this kind of misspecification, if such a test is used in practice,
rejections are not informative about the nature of the departure from the null model
since both the fact that the null hypothesis Hy : ¢ = 1, is not true and/or the
presence of local misspecifitation (¢ = ¢, + d/4/n) would induce rejection of the
null. This result can be seen as an extension of that of Davidson and MacKinnon

(1986) and Saikkonnen (1989) for the GMM framework.

3 Testing with locally misspecified alternatives

The search for a valid testing procedure that does not depend on the concurrent
estimation of the nuisance parameter ¢ will be based on the fact that an alternative
procedure that would allow us to test Hy : ¢ = ,, and which does not require
restrictions on ¢, can be based on the partially restricted estimator 6 = (7, ., ®),

which solves
0 = argmin Q, () subject to ¥ = 1,.

Let 5 = (v, ¢)" so 0 is now partitioned as 6 = (¢, #’)’. Again based on the results
of Newey and West (1987), under Hy : 1) = 1), the gradient test statistic

LMy(0) = nV,Qn.(0) B;,lﬁ V. Qn(0)

has a limiting central chi-square distribution with 7 degrees of freedom, where B3 =
Byy — BWBﬁ_ﬂlBW. This second procedure is based on the estimation of v and ¢,
but the purpose of this paper is to derive a valid test for Hy : ¢ = 1, that does
not require the concurrent estimation of the nuisance parameter ¢, being based on
the “fully restricted’ estimator 6. By ‘valid’ we mean a testing prodecure for the null

hypothesis Hy : ¢ = 1, against Hy : ¢ # 1, whose asymptotic distribution is not



affected by whether ¢y = ¢, or ¢y # ¢., at least in a local sense, so that rejections
indicate departures from Hy : ¢ = 1, exclusively.

According to the results in Newey and McFadden (1994), LM, (f) is asympoti-
cally equivalent to a test statistic where the partially restricted GMM estimator
is replaced by an optimal one-step estimator derived from an initial /n-consistent
estimator. Let 6 denote the optimal one-step estimator. Then, an asymptotically

equivalent version of LM(#) is

LMy(0) = VyQu(0) Byly VuQa(9) ~ X7(0). (3)
In order to derive the one-step estimator we will follow the arguments in the
derivation of Bera and Yoon’s (1993) procedure within the context of maximum like-
lihood estimation. Under the null hypothesis Hy : ¢ = 1, and when ¢g = ¢, +0/+/n,
a trivial initial y/n-consistent estimator that can be proposed under the assumptions
of this paper is 0; = (7,10, ¢«)’, where 7 is the GMM estimator of v from the fully
restricted estimation problem. Since ¢y = ¢. + 0/\/n, ¢, is also a /n-consistent
estimator.
Suppose the null hypothesis Hy : ¢ = ), is true, and consider the GMM estimation
of v and ¢ under the restriction implied by the null hypothesis. Following Newey and
McFadden (1994), the optimal one-step estimator is given by

HE MR R AR

From the first order conditions used to derive 4, V. Q,(f) = 0, we obtain

6=0

6 = 6. = B (0)VoQu(h). (4)
where By (0) = Byy — Byy B By
Following the stragegy of the proof of Proposition 1, we obtain a Taylor expansion
of g,(0) around 6 and then plug it in the gradient V¢Qn(9~) to get

VuQn(8) = VyQu(8) + Byo(d — 6:) + 0. (5)
Now, replacing the right hand side of (4) in (5), we get

V@ (0) = VyQu(0) — Bys BV Q. (0) + 0, = VyQ,(0) + o,

8



Then, using (3), and neglecting asymptotically irrelevant terms we obtain an asymp-

totically equivalent version of (3):

LM3(0) = VyQn(0) By, Vy@n(0)
To arrive at the final result, note that By.,4 can be seen as the sum of squared errors
of projecting V,@Q,, on V,Q,, and V,@Q,. By standard linear projection algebra, this
should be exactly the same as the sum of squared residuals of regressing V@, on

V4@, after eliminating the linear effect of V@), that is, Bys.,, then, replacing we
get

LM (0) = VyQn(0) Byp, VQu(0)

which has a central chi-square distribution under Hy : ¥ = 1, and when ¢g =

¢« + 0/y/n. We summarize the main result of this section in the next proposition.

Proposition 2 Define a test statistic LM;Z(@) = VyuQn(0) Bq;(;,7 VQn (), where
VieQn(0) = VyuQ,(0) — BysBy Ve@n(0). Then, under Hy : ¢ = 1, and when
$o = ¢« +0/v/n, LM(0) ~ x*(0).

This result proposes a GMM based statistic that, unlike the Newey-West test, has
asymptotic central x? distribution under the null and when the alternative is possibly
locally misspecified. The derived procedure is still based on the fully restricted null
(small) model, which makes it computationally convenient since all the elements to
construct it are usually available after GMM estimation. The obtained result extends
the likelihood-based Bera-Yoon (1993) principle to the GMM family, and hence it
replaces the distributional requirements of the likelihood framework by moment con-
ditions. Of course, the Newey-West test is a special case of it, and it corresponds to

the case where § = 0, that is, to the case where the alternative is correctly specified.

4 Concluding remarks and future work

This paper studies the behavior of standard GMM based specification tests after esti-

mating null models. In particular, the paper shows that when the alternative model is

9



locally misspecified, the usual Newey-West test statistic does not have an asymptotic
central x? distribution under the null hypothesis, which leads to spurious rejections
of the null. This limits the use of such test since rejections are not informative about
the source of the misspecification. The paper explicitely derives the asymptotic dis-
tribution of the Newey-West test under the misspecified alternative for the case of
local misspecification, and based on this result it proposes a modified test that is
insensitive to local misspecification. A convenient computational feature is that the
proposed modified test can still be computed based on the restricted GMM estima-
tor. The results of this paper can be seen as extending those of Saikkonen (1989),
Davidson and MacKinnon (1987) and Bera and Yoon (1993) to the more general
GMM framework, which, unlike the maximum likelihood setup, does not require full
specification of the underlying probability model.

A potential source of applications of the proposed modified procedure is the modi-
fied tests recently proposed based on the Bera-Yoon principle in the likelihood frame-
work, which includes recent work by Bera et al. (2001), Anselin et al. (1996) and
Baltagi and Li (1999). All these results are based on stringent distributional assump-
tions, so it would be important to derive GMM based equivalent of those tests that
do not require full specification of the underlying likelihood. Another source of ap-
plicability is to produce resistant versions of recent GMM based tests. For example,
Saavedra (2002) derives GMM versions of spatial lag and autocorrelation tests, and it
would be interesting to derive a spatial lag test that is insensitive to serial correlation.

Another important route to explore is the evaluation of the small sample perfor-
mance of the proposed test statistics through the design of Monte Carlo experiments.
In particular, it would be important to explore the severity of local misspecification
on the size of standard Newey-West tests. Also, it would be relevant to explore how
restrictive is the local nature of the proposed solution, though the results in Bera et
al. (2001) look promising, in the sense that their local procedure is shown to provide

a useful correction even in non-local frameworks.

10



References

Anselin, L., Bera, A., Florax, R. and Yoon, M., 1996, Simple diagnostic tests for
spatial dependence, Regional Science and Urban Economics, 26, T7-104.

Baltagi, B. and Li, D., 1999, LM tests for functional form and spatial correlation,
mimeo, Texas A&M University.

Bera, A. and Yoon, M., 1993, Specification testing with locally misspecified alterna-
tives, Econometric Theory, 9, 649-658.

Bera, A. and Yoon, M., 2001, Adjustments of Rao’s score test for distributional and lo-
cal parametric misspecifications, mimeo, University of Illinois at Urbana-Champaign.

Bera, A., Sosa-Escudero, W. and Yoon, M., 2001, Tests for the error component
model in the presence of local misspecification, Journal of Econometrics, 101, 1-23.

Breusch, T. and Pagan, A., 1980, The Lagrange multiplier test and its applications
to model specification in econometrics, Review of Economic Studies, 47, 239-253.

Cox, D.R. and Hinkley, D.V., 1974, Theoretical Statistics, Champan & Hall/CRC,
New York.

Davidson, J. and MacKinnon, J., 1987, Implicit alternatives and the local power of
test statistics, Fconometrica, 55, 1305-1329.

Godfrey, L. and Orme, C., 1996, On the behavior of conditional moment tests in the
presence of unconsidered local alternatives, International Economic Review, 37, 2,
263-281.

Hall, A., 2002, Generalized Method of Moments, Oxford University Press, Oxford,
forthcoming.

Hansen, L.P., 1982, Large sample properties of generalized method of moments esti-
mators, Econometrica, 50, 1029-1054.

Newey, W. and West, K., 1987, Hypothesis testing with efficient method of moments
estimation, International Economic Review, 28,3, T77-787.

Newey, W. and McFadden, D., 1994, Large sample estimation and hypothesis testing,
in Engle, R. and McFadden, D. (ed.), Handbook of Econometrics, Volume 4, 2111-
2245, North Holland, Amsterdam.

Saavedra, L., 2002, Tests for spatial lag dependence based on method of moments
estimation, Regional Science and Urban Economics, forthcoming.

Saikkonen, P.;, 1989, Asymptotic relative efficiency of the classical tests under mis-
specification, Journal of Econometrics, 42, 351-369.

11



Appendix 1: Regularity conditions

The following regularity conditions will be assummed. They correspond to the regu-

larity conditions in Theorems 2.6 (consistency of GMM estimator), 3.4 (asymptotic

normality of the GMM estimator) and 4.5 (variance estimation) in Newey and Mc-

Fadden (1994).

1.

), is a sequence of positive semi-definite matrices that converge to a positive

definite symmetric matrix €2, with QFE|[g(y, 6y)] = 0 if and only if 6 = 6.

0y € O, which is a compact set.

. g(y,0) is continuous at each § € © with probability one.

Elsupgeo || 9(y,0) || < oc.

. gn(0) is continuously differentiable in a neighborhood N of ;.

Vgn(60) 2 N(0, 2), where L, denotes convergence in distribution.

There is G() that is continuous at 6y and supgey || Vogn(6) — G(6) |2 0,

p . .1s
where ‘—’ denotes convergence in probability.

For G = G(6y), B=G'QQ"'G is non-singular.

Conditions (1)-(4) guarantee the consistency of the unrestricted GMM estimator

(0 — 6y). Conditions (1) to (8) guarantee asymptotic normality. See Newey and
McFadden (1994) for proofs.
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Appendix 2: Proof of Proposition 1

The logic of the proof follows closely Saikkonen (1989), who bases the proof in stan-
dard Taylor expansions. In the case of GMM the strategy, as in Newey and McFadden
(1994), is to expand only the part of the gradient of the objetive function that corre-
sponds to the moment conditions.

Consider the following version of the gradient of the GMM criterion function:

VoQu(0) = G’ g, (0) (6)

that is, (6) is simply (2) with G,, and Q, replaced by their population limits. The
elements of the matrix B will be denoted by By, By, etc. We will use B, to denote
the row of B corresponding to ¢. For example, By, = (Byy, Byy, Bys)'. B, and By
are defined alike.

Take a first order Taylor expansion of g,(#) about g,(6y) and replace it in (6) to
get

Van(é) = Van(QO) + Bw(é - 90) + 0p
= VyQn(fo) + Byy (¥ —0) — Byg(b1) 6/v/n+ o, (7)

Let 0, = (70, ¥+, ¢+)', and now consider a Taylor expansion of g, (6,) about g, ()
to get:

Vo@Qu(0:) = V,Qn(bo) + By (6 — bo) + 0,
= V,Qu(0o) — Bys 6/Vn+op (8)

Finally, a third Taylor expansion of g,(6.) about g,(0) leads to

V,Qn(0.) = V’an(é) + By (0. — 0) + 0
= =B, (Y =) +op (9)

From (9) we obtain
¥ =0 = =B V,Qn(0.) + 0

13



Plugging it in (7) we get

V¢Q(é) = VyQ(bo) — Bwv an( «) — By 5/\/ﬁ+ Op-

Now replace V,Q,(0.) by the expression in (8):

ViQn(0) = VyQu(6o) = By B [V4Qu(00) = Byg §/v/n] — By §/v/n+ o0y
= VyQu(0o) — Byy BV, Qu(f0) +
+Byy B Bag 5/\/_—Bw¢ 3/vn+ o,
= VyQn(bo) — By B, A/Qn(eo)
— [Bus - wa A Byo| 0/v/n+ o,
= VyQn(o) — Byy B, V,Qn(60) — Bys~0/v/n + 0p. (10)
By the assumed regularity of GMM,
VoQn(y) ~ N(0, B).

Then, the asymptotic distribution of (10) is

VyQ(6) ~ N(=Byg,6/v/n, V)

with

Vo = E[ViQu(f) —BwyB-lmnwo)} [Vu@u(60) = Biy BV, Qu(60)]
= E[VyQu(0) = By BV, Qu(60)] [V4Qn(00) — V@ (60) By By
= Byy — By, B Bdw Bvaw Bw—BvaﬁBwB%le
= Byy — ByyB /By, = By.,.

VQn(0) ~ N(=Byg0/v/n, By.y)

and, consequently,

LMy (0) = VyQu(0) Byl VyQu(0) ~ X*(\(9))
with A(d) = 5’B¢¢.7B;,7Bw¢.v5, which completes the proof.
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