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This paper examines the optimal consumption and portfolio-choice problem of long-
horizon investors who have access to a riskless asset with constant return and a risky
asset (“stocks”) with constant expected return and time-varying precision—the reci-
procal of volatility. Markets are incomplete, and investors have recursive preferences
defined over intermediate consumption. The paper obtains a solution to this problem
which is exact for investors with unit elasticity of intertemporal substitution of
consumption and approximate otherwise. The optimal portfolio demand for stocks
includes an intertemporal hedging component that is negative when investors have
coefficients of relative risk aversion larger than one, and the instantaneous correla-
tion between volatility and stock returns is negative, as typically estimated from stock
return data. Our estimates of the joint process for stock returns and precision (or
volatility) using U.S. data confirm this finding. But we also find that stock return
volatility does not appear to be variable and persistent enough to generate large
intertemporal hedging demands.

There is strong empirical evidence that the conditional variance of asset
returns, particularly stock market returns, is not constant over time.
Bollerslev, Chou, and Kroner (1992), Campbell, Lo, and MacKinlay
(1997, Chapter 12), Campbell et al. (2001) and others review the main
findings of the ample econometric research on stock return volatility:
Stock return volatility is serially correlated, and shocks to volatility are
negatively correlated with unexpected stock returns. Changes in volatility
are persistent [French, Schwert, and Stambaugh (1987), Campbell and
Hentschel (1992)]. Large negative stock returns tend to be associated with
increases in volatility that persist over long periods of time. Stock return
volatility appears to be correlated across markets over the world [(Engle,
Itc and Lin (1990), Ang and Bekaert (2002)].
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While there is an abundant literature exploring the pricing of assets
when volatility is time varying, there is not much research exploring
optimal dynamic portfolio choice with volatility risk. This situation is
unfortunate, because Samuelson (1969) and Merton (1969, 1971, 1973)
have shown that time variation in investment opportunities imply optimal
portfolio strategies for multi period investors that can be different from
those of single-period, or myopic, investors. Multi period investors value
assets not only for their short-term risk-return characteristics, but also for
their ability to hedge consumption against adverse shifts in future invest-
ment opportunities. Thus these investors have an extra demand for risky
assets that reflects intertemporal hedging.

Intertemporal hedging is not only conceptually interesting; it is also
empirically relevant. Recent research summarized in Campbell and Viceira
(2002) has found that intertemporal hedging is quantitatively important in
light of the observed predictable variation in both interest rates and equity
premia in the United States [Balduzzi and Lynch (1997), Barberis (2000),
Brandt (1999), Brennan Schwartz, and Lagnado (1996, 1997), Campbell
and Viceira (1999, 2001), Campbell, Chan, and Viceira (2003)].

This article explores systematically optimal portfolio choice with vola-
tility risk in a continuous-time setting. We consider the optimal consump-
tion and investment problem of investors with Duffie and Epstein (1992a,
1992b) recursive utility over consumption. Investors have two assets
available for investment, a riskless asset with constant return and a
risky asset (“stocks”) with constant expected return and time-varying
return volatility.' (In an extension of the model, we allow the expected
excess return on stocks to be an affine function of volatility.)

For mathematical convenience, we work with precision, the reciprocal
of volatility, and assume that it follows a mean-reverting, square-root
process which is instantaneously correlated with stock returns.” This
implies a process for volatility that inherits the properties of the process
for precision and captures the main stylized empirical facts about stock
market volatility. In particular, we allow for imperfect instantaneous
correlation between volatility and stock returns in the model and work
in an incomplete markets setting.

Under these assumptions, we derive analytic expressions for the optimal
consumption and portfolio policies which are exact when investors have
unit elasticity of intertemporal substitution of consumption and approx-
imate otherwise. We use this model to empirically evaluate the importance
of volatility risk for intertemporal hedging in the U.S. stock market, using

! The term “volatility” is somewhat vague, and it is used in the literature sometimes as meaning “variance”
and sometimes as meaning “standard deviation.” Throughout this paper, though, when we use the term
“volatility,” we mean “variance.”

2 Portfolio problems require very often working with precision rather than with volatility itself. One
example is the mean—variance allocation to risky assets, which is linear in precision.
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estimates of the process for stock returns and volatility based on monthly
returns from 1926 to 2000 and annual returns from 1871 to 2000.

Our solution contributes to recent research that has expanded signifi-
cantly the set of known exact analytical solutions to continuous-time
intertemporal portfolio-choice problems with time-varying investment
opportunities. This research has provided solutions in settings where mar-
kets are incomplete, but constraining utility to be defined over terminal
wealth (Kim and Omberg, 1996; Wachter, 2002); and in settings where
investors have utility over intermediate consumption, but constraining
markets to be complete (Brennan and Xia, 2001; Wachter, 2002, Schroder
and Skiadas, 1999; and Fisher and Gilles, 1999). This article provides an
exact solution for the case of utility defined over intermediate consumption
which does not require assuming that markets are complete.

This exact solution requires though that investors have unit elasticity of
intertemporal substitution of consumption. This assumption is difficult to
justify on empirical grounds, because the existing estimates of this elasticity
from aggregate and disaggregate data are well below one [Hall (1988),
Campbell and Mankiw (1989), Campbell (1999), Vissin-Jorgensen (2002)].
However, our calibration exercise suggests that this assumption is not
particularly constraining if one is interested only in dynamic portfolio choice.
This exercise shows that optimal portfolio allocations are very similar
across a wide range of values for the elasticity of intertemporal substitution
of consumption. Working in discrete time, Campbell and Viceira (1999,
2001, 2002) and Campbell, Chan, and Viceira (2003) also reach similar
conclusions in their analysis of optimal consumption and portfolio choice
with time variation in expected returns and interest rates.’

In a papers closely related to ours, Liu (2002) examines the optimal
allocation to stocks when stock return volatility is stochastic.* The paper
provides exact analytical solutions in an incomplete markets setting for
investors with power utility defined over terminal wealth, and specifica-
tions of stochastic volatility which are slightly different from the ones in
this article. Liu (2002) considers the Heston (1993) and Stein and Stein
(1991) models of stochastic volatility, in which volatility follows a mean-
reverting process and stock returns are a linear function of volatility.
These models imply a Sharpe ratio of stocks that is increasing in the
square root of volatility, and a ratio between expected stock excess
returns and stock return volatility—the mean—variance allocation to
stocks—that is constant. Our model where we assume that expected

3 Their analytical solutions are also exact for investors with unit elasticity of intertemporal substitution of
consumption, up to a discrete-time approximation to the log return on wealth.

4 Lynch and Balduzzi (2000) have also addressed tangentially the implications of time-varying volatility for
portfolio choice in their study of optimal portfolio rebalancing with stock return predictability and
transaction costs. They find that allowing for return heteroskedasticity can have important effects on
the optimal portfolio-rebalancing behavior of long-horizon investors.
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stock returns are an affine function of volatility have similar implications
for the Sharpe ratio and the mean—variance allocation to stocks in the
special case where we constrain the intercept of the affine function to be
zero. Liu (2002) also considers a model that includes both interest rate
risk and volatility risk. A calibration of this model to U.S. data arrives at
conclusions similar to ours regarding the relatively modest size of inter-
temporal hedging demands generated by volatility risk. Finally, Liu
(2002) also considers a general class of stochastic volatility models that
nests our basic specification with constant expected returns.

The article is organized as follows. Section 2 states the dynamic opti-
mization problem, Section 3 presents an exact solution to the problem in
the case with unit elasticity of intertemporal substitution. Section 3 also
presents some comparative statics results. Section 4 explains the continuous-
time approximate solution method that allows us to solve the problem when
the elasticity of intertemporal substitution differs from unity and states the
solution implied by the method. Section 5 explores the solution to the
problem when expected excess returns are an affine function of volatility.
Section 6 calibrates the model to monthly U.S. stock market data and
explores the empirical implications of stochastic volatility for portfolio
choice. Section 7 discusses some alternative approximate solution and issues
related to the accuracy of the approximate analytical solution. Finally,
Section 8§ concludes.

. The Intertemporal Consumption and Portfolio Choice Problem

1.1 Investment opportunity set

We assume that wealth consists of only tradable assets. Moreover, to keep
the analysis simple, we assume that there are only two assets. One of the
assets 1s riskless, with instantaneous return

dB,
"
B,

The second asset is risky, with instantaneous total return dynamics

given by
ds, 1
— = pdt + [ —dWj, 1
5, M \/; (1)

where S, is the value of a fund fully invested in the asset that reinvests all
dividends, and y, is the instantaneous precision of the risky asset return
process—and 1/y, is the instantaneous variance.
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Equation (1) implies that the expected excess return on the risky asset
over the riskless asset (u — r) dt is constant over time—we relax this
assumption in Section 4. However, the conditional precision of the risky
asset return varies stochastically over time, and this induces time varia-
tion in investment opportunities. We assume the following dynamics for
instantaneous precision:

dy, = k(0 — y,)dt + o\ /v dW,. (2)

Precision follows a mean-reverting, square-root process with reversion
parameter « > 0, with E[y,] = 6 and Var(y,) = 0°0/2x (Cox, Ingersoll, and
Ross, 1985). In order to satisfy standard integrability conditions, we
assume that 2x0 > o°.

The stochastic process for precision implies a mean-reverting process
for the instantaneous volatility v, = 1/y,. Applying Ito’s Lemma to
Equation (2), we find that proportional changes in volatility follow a
mean-reverting, square-root process:

dv,

o Ko(by — v;) dt — o/UdW), (3)
where 6, = (0 — oz/n)fland ky = k(0 — 0% /k) = K/6,. It is convenient
to note here that the unconditional mean of instantaneous volatility is
approximately equal to:

2
0 202 0 63
This follows from taking expectations of a second-order Taylor expan-
sion of v, = 1/y, around 6. Since we have assumed that the expected
return on the risky asset is constant, Equation (4) is also the uncondi-
tional variance of the risky asset return.’

We also assume throughout the article that the shocks to precision
are correlated with the instantaneous return on the risky asset, with dW,
dW, = pdt. This in turn implies that proportional changes in volatility are
correlated with stock returns, with instantaneous correlation given by

Corr; (@,ﬁ> = —Corr; <dy,,@) = —pdt.

v Sy t

E[v] ~

We have performed a Monte Carlo experiment to corroborate this assertion and the quality of the
approximation [Equation (4)]. Using the monthly parameter estimates of this process shown in Table 1,
we have generated 10,000 time series of the process (1)-(2), each 30 years in length, with a time step
dt =0.01 (or about three days). This experiment shows that the unconditional variance of stock returns
is indeed given by the unconditional mean of volatility, and that the approximation [Equation (4)] is
fairly precise—in our experiment, it underestimates the true variance by 0.27%.
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This model for stock returns and precision or volatility can capture the
main stylized empirical facts about stock return volatility, in particular its
mean reversion and negative correlation with stock returns. It also implies
that proportional changes in volatility are more pronounced in times of
high volatility than in times of low volatility.

Another important implication of this model of changing risk is that
the ratio of the expected excess return on the risky asset to its variance is a
linear function of the state variable. This model assumption greatly facil-
itates solving the dynamic optimization problem that we present below. It
is important, however, to remark that the Sharpe ratio of the risky asset in
this model is not a linear function of the state variable, but a square-root
function. Thus, this model is not mathematically equivalent to a model
where volatility is constant and the expected excess return on the risky
asset changes stochastically in a mean-reverting fashion, as in Kim and
Omberg (1996) or Campbell and Viceira (1999).

1.2 Investor preferences and dynamic optimization problem

Investor’s preferences are described by a recursive utility function, a gen-
eralization of the standard, time-separable power utility model that sepa-
rates relative risk aversion from the elasticity of intertemporal substitution
of consumption. Epstein and Zin (1989, 1991) derive a parameterization of
recursive utility in a discrete-time setting, while Duffie and Epstein (1992a,
1992b) and Fisher and Gilles (1999) offer a continuous-time analogue. We
adopt the Duffie and Epstein (1992b) parameterization:

s=| [Trc. . (5)

where f(Cy, J,) is a normalized aggregator of current consumption and
continuation utility that takes the form

1-1
s c "
fC N =y—a0-mJ <m> =1, (6)

(> 0 is the rate of time preference, v > 0 is the coefficient of relative risk
aversion and v > 0 is the elasticity of intertemporal substitution. Power
utility obtains from (6) by setting ¢ = 1/~.

The normalized aggregator f(C,, J,) takes the following form when

P —1:

<=

H(C, )= 31 =) I o (€) -

log (1) J>] @

The investor maximizes Equation (5) subject to the intertemporal budget
constraint
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1
er: [WI(M—I’)XI‘FVX[— C[]dl+77t\/);dW57 (8)
t

where X, represents the investor’s wealth, 7, the fraction of wealth
invested in the risky asset and C; the investor’s instantaneous
consumption.

. An Exact Solution with Unit Elasticity of Intertemporal
Substitution of Consumption

Building on the work of Merton (1969, 1971, 1973), Giovannini and Weil
(1989), Campbell and Viceira (1999, 2001), and Campbell, Chan, and
Viceira (2003), we show in this section that it is possible to find an exact
solution to the intertemporal optimization problem [Equations (5)—(8)]
when investors have unit elasticity of intertemporal substitution of con-
sumption. In Section 3, we present an approximate analytic solution for
the general case in which ) is not restricted to one.

The optimization problem given by Equations (5)—(8) has one state
variable, the precision of the risky asset return or, equivalently, the
volatility of the risky asset return. Therefore, the value function of the
problem (J) depends on financial wealth (X;) and this state variable.

The Bellman equation for this problem is

0= Su}%{f (C\-, J\) + [ﬂ'[(u — V)Xt + VX, — C[]JX

9) 1, 1
—‘ri’fr Xt JX)(—-FK(Q—)/,)J);
Vi

1
+§0'2Jyyyt + pmrtXtJXy},
where f (C, J) is given in Equation (7) and subscripts on J denote partial
derivatives.

The first-order conditions for this equation are

J
X
JX JXy
= — —r) Y — 0Y;. 11
t X, Jxx (w—=r1) 3 Xszxp Vi (11)

Equation (10) shows the optimal consumption rule. It results from the
envelope condition, f- = Jy, from which the optimal consumption rule
obtains once the value function is known.

Equation (11) shows the optimal portfolio share in the risky asset.
Note, however, that Equations (10) and (11) do not represent a complete
solution to the model until we solve for J(X,, y,). Proposition 1 states the
complete solution to this problem:
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Proposition 1. When =1, there is an exact analytical solution to problem
(5)—(8) with value function given by

1—y

X,
J(X,, /) = exp {4y, + B} i = - (12)

This value function implies the following optimal consumption and portfolio
rules:

G
and
=1 +(1—1>(—)a,4 (14)
t_'}/ 1% Vi v P Vi

where A= A/(1 —~) >0, and A and B are given by the solution to the
system of Equations (26 )—(27).

Proof. Appendix A examines the value function and its coefficients. The
optimal policies follow immediately from direct substitution of the
value function (12) and its derivatives into the first order conditions (10)
and (11).m

Proposition 1 shows that for investors with unit elasticity of intertem-
poral substitution, the optimal log consumption—wealth ratio is invariant
to changes in volatility and it is equal to their rate of time preference. For
these investors, the income and substitution effects on consumption
produced by a change in the investment opportunity set exactly cancel
out, and it is optimal for them to consume a fixed fraction of their wealth
each period. For this reason, this consumption policy is usually termed
“myopic.”

Equation (14) shows the optimal portfolio rule. This rule has two
components. The first component is myopic (or mean—variance) portfolio
demand. The second component is Merton’s intertemporal hedging
demand. Both components are linear functions of precision, which
implies that their ratio is independent of the current level of precision or
volatility. This is the result of returns being instantaneously correlated
with proportional changes in volatility rather than with absolute changes
in volatility.

Inspection of Equation (14) shows that intertemporal hedging demand is
always zero—and myopic demand optimal—in three cases: when
investment opportunities are constant (¢ = 0); when they are time-varying,
but investors cannot use the risky asset to hedge changes in investment
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opportunities (p = 0); and when investors have unit coefficient relative risk
aversion (y = 1). In these cases, multiperiod investors behave as if they were
facing a series of identical one-period problems (Merton, 1969, 1971, 1973;
Giovannini and Weil, 1989). This is why the first component of the optimal
portfolio rule is usually termed “myopic demand.”

In all other cases, intertemporal hedging demand is not necessarily
zero. It depends on all the parameters that characterize investor prefer-
ences and the investment opportunity set. In particular, its sign is a
function of the sign of the correlation between unexpected returns and
changes in volatility (—p) and the sign of (1 — 1/y). When this correlation
is negative (—p < 0), intertemporal hedging demand is negative for
investors with y > 1 and positive for investors with y < 1. Investors
who are more risk averse than logarithmic investors have a negative
hedging demand for the risky asset because it tends to do worse when
there is an increase in risk. On the other hand, investors who are more
aggressive than logarithmic investors have a positive intertemporal hed-
ging demand for the risky asset; they are willing to trade off worse
performance when volatility is high for extra performance when volatility
is low.

We have noted that intertemporal hedging demand is zero when p = 0.
It is also zero when investors are infinitely risk averse. This follows from
the fact that lim, ., A = 0. For these investors, the optimal overall
allocation to the risky asset is zero, since the myopic component of
portfolio demand is also zero when y — oo.

Finally, it is worth nothing here that we can use the explicit solution for
the optimal policies given in Proposition 1 to examine the effect on
intertemporal hedging demand of changes in the parameters that deter-
mine the process for precision, particularly o, k, and p. We perform these
comparative statics exercises in Section 5.

. An Approximate Solution for the General Case

We now address the general case, where the investor’s elasticity of inter-
temporal substitution of consumption can take any value. The general
case is interesting for two reasons. First, it is empirically relevant, since
estimates of ¢ available from both aggregate data and disaggregate data
on individual investors suggest that ¢ is below one [Hall (1988), Campbell
and Mankiw (1989), Campbell (1999), and Vissin-Jorgensen (2002)].
Second, it nests as a special case the time-additive power utility case
standard in the literature. Since v = 1/¢ with power utility, the ¢ =1
case does not nest power utility unless we restrict ourselves to the special
case of log utility—where v = 1/¢ = 1.

Unfortunately, there is no exact analytical solution to the model in the
general case. However, we show in this section that we can still find an
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approximate analytical solution to the problem. This solution provides
strong economic intuition about the nature of optimal portfolio choice
with time-varying risk and converges to an exact solution in those special
cases where such a solution is known. We argue in Section 5.3 that, for all
other cases, it is reasonably accurate.

3.1 Bellman equation and approximation

When 1 is not restricted to one, the Bellman equation for the problem is
still given by Equation (9). The first-order condition for portfolio choice
is still given by Equation (11), but the first-order condition for consump-
tion resulting from the envelope condition f- = Jy is different, because
the aggregator takes a different form, given in Equation (6). The first-
order condition for consumption is now given by:

C= I3 [ =) ) =4 (15)

After plugging Equations (1 1) and (15) into the Bellman equation (9),
guessing that J(X,,y,) = I(y)X,}77/(1 = 7), and making the transforma-
tionl = H ™ , we obtain the followmg non-homogeneous ordinary differ-
ential equatlon (ODE):

——ﬂwH*1+wﬁ+( ;( r)? . _PU(M*V)@*V)%%
+V(1—"(/J)+ (%) —% 0 yt)
1—~ o2 H,,
+20—w+g(>y2éy” e

Unfortunately, Equation (16) is a non-linear ODE in H whose analy-
tical solution is unknown except in three special cases. The first two cases
are well known from Merton’s (1969, 1971, 1973) work and correspond to
log utility (v = ¢ = 1) and constant investment opportunities (k, o = 0).

The third case corresponds to power utility and perfect instantaneous
correlation of the state variable with the risky asset return—so that
markets are complete.® This case has also been explored by Wachter
(2002) and Liu (2002). Unfortunately, the assumption of perfect correla-
tion between changes in volatility and asset returns is not empirically
plausible. For example, in Section 6 we estimate that for the U.S. market
this correlation is large, but still far from perfect. This suggests that we
should consider the general case.

With |p| = 1, Equation (16) becomes a non-homogeneous version of the Gauss’ hypergeometric ODE,
which has a closed-form solution in terms of the confluent hypergeometric function (Polyanin and
Zaitsev 1995, p. 143). Unfortunately, this solution has a rather abstruse mathematical form, from
which it is very difficult to obtain any useful economic insights.
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In the general case, it is still possible to find an approximate analytic
solution to the non-linear ODE [Equation (16)], based on a log-linear
expansion of the consumption—wealth ratio around its unconditional
mean. Campbell (1993), Campbell and Viceira (1999, 2001), and Campbell,
Chan, and Viceira (2003) have used an identical approximation to
solve for optimal intertemporal portfolio and consumption problems.
However, while they work in discrete time and use the approximation to
linearize the log budget constraint, we work here in continuous time and
use it to linearize the Bellman equation. We can view this approach as a
particular class of the perturbation methods of approximation described in
Judd (1998), where the approximation takes place around a particular
point in the state space—the unconditional mean of the log consumption—
wealth ratio.

We start by noting that the envelope condition (15) implies

B'H™" =exp {er — x4},
where ¢, — x;, = log(C;/X;). Therefore, using a first-order Taylor expan-
sion of exp{¢; — x,;} around E[c; — x;] = (¢ = x), we can write
BQH_I zho—l—hl(ct—x,), (17)

where /) = exp{¢c—x}, and hy = h;(1 —loghy).

Substituting Equation (17) for ¥ H~! in the first term of Equation (16),
it is easy to see that the resulting ODE has a solution of the form
H = exp{A41y,; + B:}. This solution implies a value function of the form

1—v

7y =ew {- (20 )} as)

where 4, and B; solve a system of two equations given in Appendix A.

3.2 Optimal policies
We now state the approximate solution in the following proposition:

Proposition 2. When 1 # 1, there is an approximate analytical solution to
problem (5)—(8) with value function given by Equation (18). The optimal
consumption and portfolio rules implied by this value function are

C
y"‘:ﬁwexp {—41y, — B}, (19)
t
and
1 1
™= ;(M =)y + (1 - ;) (=p)oAiyi, (20)
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where Ay = —A/(1 — ) >0, and A, and By are given by the solution to
the system of equations (32)—(33). A, does not depend on 1 except
through the loglinearization coefficient hy, and it reduces to A in Proposi-
tion 1 when hy = (.

Proof. See Appendix A. B

The approximate solution depends on the loglinearization coefficient 4,
which is itself endogenous. However, Proposition 2 shows that we can still
derive many properties of the solution without solving explicitly for /4,
using the fact that it lies between zero and one. We now comment on some
of these properties, and leave for Section 5 the description of a simple
procedure to compute numerical values for 4; and the optimal policies.

Proposition 2 shows that the optimal log consumption—wealth ratio is
an affine function of instantaneous precision. Since A4;/(1 — 1)< 0, the
consumption-wealth ratio is a decreasing monotonic function of volati-
lity for investors whose intertemporal elasticity of consumption @ is
smaller than one, while it is an increasing function of volatility for
investors whose elasticity is larger than one.

This property reflects the comparative importance of intertemporal
income and substitution effects of volatility on consumption. To under-
stand this, consider the effect on consumption of an unexpected increase
in volatility. This increase implies a deterioration in investment opportu-
nities, because returns on the risky asset are now more volatile, while its
expected return is the same.

A deterioration in investment opportunities creates a positive intertem-
poral substitution effect on consumption—because the investment oppor-
tunities available are not as good as they are at other times—but also a
negative income effect—because increased uncertainty increases the mar-
ginal utility of consumption. For investors with ¢ < 1, the income effect
dominates the substitution effect and they reduce their current consump-
tion relative to wealth. For investors with v > 1, the substitution effect
dominates, and they increase their current consumption relative to wealth.

Proposition 2 also characterizes optimal portfolio demand in the gen-
eral case. This proposition implies that optimal portfolio demand in the
1 # 1 case is qualitatively analogous to optimal portfolio demand in the
1) = 1 case. This follows immediately from direct comparison of Equa-
tions (20) and (14). These equations are identical, except for the positive
coefficients A; and A. Section 6 shows that, for empirically plausible
characterizations of the process for precision, these coefficients are very
close, which implies that the effect of 1) on optimal portfolio choice is
quantitatively small. Campbell and Viceira (1999, 2001) and Campbell,
Chan, and Viceira (2003) show a similar result in models with time variation
in risk premia and interest rates.
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Finally, we want to note that an important feature of the approximate
solution is that it delivers the exact expression for the optimal policies in
the special cases of log utility (v = ¢ = 1), unit elasticity of intertemporal
substitution, and constant investment opportunities (k,0 = 0 and v, = v).
Appendix A shows this convergence result.

. Consumption and Portfolio Choice When Expected Excess Returns
Covary with Volatility

The analysis of optimal consumption and portfolio choice with time-
varying risk in Sections 3 and 4 assumes that expected excess returns
are constant. A natural extension of this analysis is to replace the assump-
tion of constant expected excess returns with one that allows expected
excess returns to vary with volatility:

E, {% - rdl‘} = (a1 + avy) dt = (a, + Oézyfl) dt. (21)
!

When «, > 0, Equation (21) implies increases in risk are rewarded with

increases in expected excess returns. This model also nests the model in

Section 2, which obtains when ap =0 and a; = p —r.

To derive the optimal policies under this new assumption we follow the
same method as in Section 3. We describe here the solution, and leave for
Appendix B a detailed analysis of its derivation. The approximate solu-
tion implies a value function of the form

1=y

J (X, y1) = exp { (;—7> (A1y: + Az logy, + Bz)} O
- 1—~
where A; and A, solve two independent quadratic equations and B, solves
an equation which is linear, given 4; and 4.
Proposition 3 shows the optimal consumption and portfolio rules implied
by this value function:

Proposition 3. The optimal consumption and portfolio rules when
E([(dS;/S;) — rdf]=(a1 + apv,)dt=(a; + aa/y,)dt are

C
Yt = ﬂw exp {—A41y, — Axlogy; — Ba}, (22)
t
and
1 1
™ :;(alyt +a)+ | 1 = (=p) o (Aiy+ As), (23)

where Ay = —A1/(1 =) >0 and Ay = —A>/(1 — ) <0. Ay and A, do

not depend on 1), except through the loglinearization constant hy. Moreover,
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Ay is mathematically identical to A, in Proposition 2, with oy =p — r. Thus
it does not depend on «», except through hy. A, does not depend on .

Proof. See appendix B. B

Proposition 3 shows that the myopic component and the intertem-
poral hedging component of portfolio demand are both affine func-
tions of precision—not simply proportional to precision, as in the
case with constant expected returns. Thus total portfolio demand is
itself an affine function of precision. The slope of total portfolio
demand is mathematically identical to the optimal portfolio rule in
the case with constant expected returns—with «; replacing p — r. It
captures essentially the effect on portfolio choice of changes in
volatility that are not rewarded by corresponding changes in
expected excess returns.

The intercept of the optimal portfolio rule captures the additional
effects caused by the fact that now a unit shift in volatility changes
expected excess returns by a, units. The magnitude of the intercept
depends on «,, but its sign is independent of the sign of a,. To gain
some intuition on why the sign of «, is irrelevant for intertemporal
hedging, consider myopic portfolio demand when «; = 0. In that
case, the myopic portfolio is long in stocks when «, > 0, and short
when a, < 0, and it has a Sharpe ratio equal to |az|,/v;. Thus
negative shocks to volatility always drive the Sharpe ratio on the
myopic portfolio downwards regardless of their impact on expected
excess returns; they represent a worsening in investment opportu-
nities. Equation (23) with a; = 0 shows that whether this leads to a
positive or a negative intertemporal hedging demand for shocks
depends on the sign of the instantaneous correlation between returns
and shocks to volatility (—p) and (1 — 1/v). In particular, when —p < 0
and so return is low when volatility is high, an investor with v > 1 will
have a positive intertemporal hedging demand for the risky asset, because
it tends to pay when investment opportunities worsen and the marginal
utility of consumption is high.

. Optimal Consumption and Portfolio Choice with Stochastic Volatility:
The U.S. Experience

5.1 Parameter values

This section examines the implications for optimal portfolio choice and
consumption of the patterns in volatility observed in the U.S. stock market.
Table 1 reports parameter estimates of the process (1)—(2) and their stan-
dard errors. We estimate the model using the Spectral Generalized Method
of Moments (SGMM) of Chacko and Viceira (2003), Jiang and Knight
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Table 1
Estimates of the stochastic process for returns and volatility
Model
dS;/S; — dB,/B; = (u— r)dt + /v, dW,
vi=1/y
dy; = (0 — y,)dt + o\/ydW,,
dWdW, = pdt
Parameter estimates (s.e.)
1926.01-2000.12 1871-2000
= 0811 .0848
(.0235) (.0369)
K 3374 .0438
(.3025) (.0443)
[4 27.9345 25.2109
(1.7961) (12.5738)
o 6503 1.1703
(.4802) (.6892)
p 5241 3688
(.2274) (.3665)

Table 1 reports estimates of the stochastic process driving stock returns and volatility using Spectral
GMM. The monthly estimates are based on excess stock returns on the CRSP value-weighted portfolio
over the T-bill rate from January 1926 through December 2000. The annual estimates are based on excess
equity returns on the Standard and Poor Composite Stock Price Index over the prime commercial paper
rate from 1871 through 2000. The annual dataset is an updated version of Shiller’s (1989) long-run data,
publicly available at his website [http://www.econ.yale.edu/shiller/]. Standard errors are bootstrapped,
and parameter estimates are annualized to facilitate their interpretation.

(2002), and Singleton (2001).” Standard errors are bootstrapped, and para-
meter estimates are annualized to facilitate their interpretation.

We provide two sets of parameter estimates. The first set is based on
monthly excess stock returns on the CRSP value-weighted portfolio over
the T-bill rate from January 1926 through December 2000. The second set
is based on annual excess equity returns on the Standard and Poor
Composite Stock Price Index over the prime commercial paper rate
from 1871 through 2000. This is an updated version of Shiller’s (1989)
dataset. In both datasets, stock returns are inclusive of dividends. In our
calibration exercises, we set the riskless rate at 1.5% per year.

The estimates of both the unconditional mean of excess returns and
precision have low standard errors in both samples. However, the estimates
of the rest of the parameters—particularly the reversion parameter—
are less precise. These estimates imply a mean excess return around 8%
per year in both samples and, using the approximate expression of the

SGMM is essentially GMM estimation based on the complex moments generated by the characteristic
function of the process. Unlike other methods such as the Efficient Method of Moments (EMM), SGMM
does not require discretization of the parameter space, and it is simple to apply in practice. SGMM
estimates are less efficient than EMM estimates, but Chacko and Viceira (2003) note that SGMM
estimates and EMM estimates of stochastic volatility models are otherwise very similar. Note that direct
estimation via maximum likelihood (Lo, 1988) is not feasible here, because the likelihood function of this
process is not known analytically. Full details of the estimation are readily available from the authors
upon request.
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unconditional variance of stock returns given in Equation (4), an uncondi-
tional standard deviation of returns of almost 20% per year in the monthly
sample, and about 25% per year in the annual sample. The instantaneous
correlation between shocks to volatility and stock returns (—p) is negative
and relatively large—about 53% in the monthly sample and about 37% in
the annual sample.

The estimate of the reversion parameter  in the precision equation
implies a half-life of a shock to precision of about two years in the
monthly sample. The rate of mean reversion is slower in the annual
sample, where the estimate of the half-life of a shock to precision is
about 16 years. French, Schwert, and Stambaugh (1987), Schwert (1989),
and Campbell and Hentschel (1992) have also found a relatively slow
speed of adjustment of shocks to stock volatility in low-frequency data.
This slow reversion to the mean in low-frequency data contrasts with the
fast speed of adjustment detected in high-frequency data by Andersen,
Benzoni, and Lund (1998).

These results suggest that there might be high-frequency and low-
frequency (or long-memory) components in stock market volatility
(Chacko and Viceira, 2003). By construction, the single-component
model (1)-(2) cannot capture these components simultaneously. On the
other hand, it is very difficult to find analytical solutions for a model with
multiple components in volatility. We hope that by focusing on estimates
of the single-component model derived from low-frequency data, we can
capture the persistence and variability characteristics of the volatility
process that are most relevant to long-term investors. Accordingly, in
our calibration exercise we focus on the monthly and annual estimates of
the single-component model.

5.2 Calibration results

The optimal portfolio choice and consumption rules given in Equation
(19) and (20) depend on the log-linearization coefficient /;, which is itself
endogenous. To evaluate these expressions numerically, we use a simple
recursive procedure. We take an initial value of /11, solve for the correspond-
ing optimal consumption-wealth ratio (19), and use this consumption—
wealth ratio to calculate a new value for /;. We repeat this procedure until
convergence. In practice, convergence is extremely fast.

Table 2 explores the implications for portfolio choice of the monthly
estimates, while Table 3 explores the implications of the annual estimates.
We consider investors with coefficients of relative risk aversion () in the
interval [0.75, 40], elasticities of intertemporal substitution (¢) in the interval
[1/0.75, 1/40], and a rate of time preference (/3) equal to 6% annually.®

For the annual estimates, the loglinearization parameter /; converges to zero for investors with v =
1/¢=0.75 and 8 = 6%. We use instead v = 1/¢» = 0.8 and 3 = 6%, for which the procedure converges.
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Table 2
Mean optimal percentage allocation to stocks and percentage hedging demand over myopic demand
(Sample: 1926.01-2000.12)

E.LS.

R.R.A. 1/0.75 1.00 1/1.5 12 1/4 1/10 1/20 1/40

A. Mean optimal allocation to stocks (%): E[7,(y;)] = 7(6) x 100

0.75 305.92 305.66 305.42 305.32 305.17 305.09 305.07 305.05
1.00 226.55 226.55 226.55 226.55 226.55 226.55 226.55 226.55
1.50 149.30 149.32 149.34 149.35 149.37 149.38 149.38 149.38
2.00 111.38 111.37 111.37 111.37 111.37 111.37 111.37 111.37
4.00 55.26 55.24 55.21 55.20 55.18 55.16 55.16 55.16
10.0 22.01 21.99 21.97 21.96 21.94 21.93 21.93 21.93
20.0 10.99 10.98 10.97 10.96 10.95 10.94 10.94 10.94
40.0 5.49 5.48 5.48 5.47 5.47 5.47 5.47 5.46
B. Ratio of hedging demand over myopic demand (%)
0.75 1.28 1.19 1.11 1.08 1.03 1.00 0.99 0.99
1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
1.50 —1.15 —1.13 —1.12 —1.11 —1.10 —1.10 —1.09 —1.09
2.00 —1.68 —1.68 —1.68 —1.68 —1.68 —1.68 —1.68 —1.68
4.00 —2.43 —2.47 —2.52 —2.54 —2.58 —2.60 —2.61 —2.61
10.0 —2.86 —2.94 —3.02 —3.07 -3.14 -3.18 —3.20 -3.21
20.0 —3.00 —3.09 -3.19 —3.25 —3.33 —3.38 —3.40 -3.41
40.0 —3.06 -3.17 -3.28 —3.33 —3.42 —3.48 —3.50 -3.51

Panel A reports mean optimal percentage allocations to stocks for different coefficients of relative risk
aversion and elasticities of intertemporal subsitution of consumption. Panel B reports the percentage
ratio of intertemporal hedging portfolio demand over myopic portfolio demand, which is independent of
the level of precision or volatility. These numbers are based on the monthly parameter estimates of the
joint process for return and volatility reported in Table 1.

Table 3
Mean optimal percentage allocation to stocks and percentage hedging demand over myopic demand
(Sample: 1871-2000)

E.LS.

R.RA. 1/0.80 1.00 1/1.5 12 1/4 1/10 1720 1/40

A. Mean optimal allocation to stocks (%): E[m,(y,)] = 7#(0) X 100

0.80 289.13 281.23 277.71 276.64 275.43 274.85 274.68 274.60
1.00 213.79 213.79 213.79 213.79 213.79 213.79 213.79 213.79
1.50 135.34 135.42 135.54 135.60 135.69 135.74 135.76 135.77
2.00 99.54 99.42 99.25 99.16 99.01 98.91 98.88 98.86
4.00 48.54 48.31 47.97 47.78 47.45 47.24 47.16 47.11
10.0 19.16 19.03 18.82 18.71 18.51 18.38 18.34 18.31
20.0 9.54 9.47 9.35 9.29 9.18 9.11 9.08 9.07
40.0 4.76 4.72 4.66 4.63 4.57 4.54 4.52 4.51
B. Ratio of hedging demand over myopic demand (%)
0.80 8.19 5.24 3.92 3.52 3.06 2.85 2.79 2.76
1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
1.50 —5.04 —4.98 —4.90 —4.86 —4.80 —4.76 —4.74 —4.74
2.00 —6.88 —6.99 -7.15 —7.24 -7.37 —7.47 —7.50 —-7.51
4.00 -9.19 -9.61 —10.25 —10.60 —11.22 —11.62 —11.77 —11.85
10.0 —10.38 —11.00 —11.95 —12.49 —13.40 —14.01 —14.23 —14.35
20.0 —10.76 —11.44 —12.49 —13.09 —14.10 —14.77 —15.02 —15.14
40.0 —10.94 —11.66 —12.76 —13.38 —14.44 —15.14 —15.40 —15.53

See note to Table 2.
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Panel A of each table reports mean optimal percentage allocations to
stocks. It shows that the mean optimal portfolio allocation to stocks varies
widely across investors with different coefficients of relative risk aversion
but similar elasticity of intertemporal substitution of consumption. By
contrast, there is very little variation in the mean optimal portfolio alloca-
tions of investors with different elasticities of intertemporal substitutions of
consumption but similar coefficient of relative risk aversion. Campbell and
Viceira (1999, 2001) and Campbell, Chan, and Viceira (2003) find similar
results in models with time-varying expected returns and interest rates.

Panel B evaluates the empirical importance of intertemporal hedging
demands resulting from volatility risk. It reports the percentage ratio of
hedging portfolio demand over myopic portfolio demand. Equations (14)
and (20) show that this ratio is independent of the level of precision or
volatility. Consistent with the results in Propositions 1 and 2, the esti-
mated negative instantaneous correlation of volatility with stock returns
implies a positive intertemporal hedging demand for investors with v < 1
and a negative demand for investors with v > 1.

More importantly, Panel B shows that our estimates of volatility risk
imply intertemporal hedging demands that are typically small. By con-
trast, Brandt (1999), Campbell and Viceira (1999, 2001, 2002), Campbell,
Chan, and Viceira (2003), and others have shown that the time variation
in risk premia or in interest rates estimated from U.S. data imply large
intertemporal hedging demands for investors with similar preferences.

There are, however, striking differences across both samples. The monthly
estimates generate very small intertemporal hedging demands: Even for highly
risk-averse investors (v = 40), hedging demand reduces myopic demand by
less than 4%. By contrast, the annual estimates generate much larger inter-
temporal hedging demands: Hedging demand reduces myopic demand by
4.7% for investors with v = 1.5 and by almost 16% for investors with v = 40.

Figures 1 through 4 report the results of comparative statics exercises
that evaluate the sensitivity of intertemporal hedging demand to changes
in the persistence, mean and variance of precision, and in its correlation
with stock returns. These are the main dimensions along which the
monthly estimates differ from the annual estimates. These figures plot
the ratio of hedging demand to myopic demand for investors with ¢) = 1/2
and v = {2, 4, 20} as we consider changes in the parameters of interest
and keep the rest of the parameters at the values implied by the monthly
estimates. It is possible to show analytically that qualitatively similar
results hold for general parameter values in the case 1) = 1.°

First, we examine in Figure 1 the effect on intertemporal hedging of
changes in the persistence of shocks to precision (k), holding the first and

We omit these results from the paper to save space. However, they are readily available from the authors
upon request.

1386



Dynamic Consumption and Portfolio Choice

rod
L 4

Figure 1

Effect on optimal portfolio d d of ¢ ted ch

in the persnstence of shocks to precision

This figure plots the ratio of intertemporal hedgmg demand to myopic demand for investors with ¢ = 1/2
and v = {2,4,20} as we consider changes in « that leave the first and second unconditional moments of
stock returns and precision constant at the values implied by the monthly estimates shown in Table 1. This
figure considers values of x implying half-lives of a shock to precision between 6 months and 30 years. The
vertical line intersects the horizontal axis at the value implied by the monthly estimate of r.

second unconditional moments of stock returns and precision constant at

the values implied by the monthly estimates.'”

We consider values «

implying half-lives of a shock to precision between 6 months and 30
years. Figure 1 shows that a compensated increase in persistence leads
to an increase in the size of intertemporal hedging demand. However, this
increase is small. Similar results, not shown here to save space, obtain

when we consider compensated changes in o.

Interestingly, Figure 1 shows that the absolute magnitude of intertem-
poral hedging demand does not increase monotonically with compen-
sated increases in persistence. The case 1) = 1 provides some intuition
for this result. When v = 1, the inflection point is x = (3. Thus a compen-
sated increase in persistence increases the size of intertemporal hedging
demand only when the rate at which investors discount future utility of
consumption is smaller than the rate at which shocks to precision die out.

10 We achieve this by varying o appropriately as we change the persistence parameter . Note that Var (y,) = 020/2x
and Var (dS,/S,) ~ 1/ + Var (y,)/0°. Thus setting o> = 2« Var (y,)/6) leaves these moments unchanged as we vary .
Furthermore, the unconditional mean of precision (f) and stock returns (1) do not change with either  or o.
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Effect on optimal portfolio d d of comp ted changes in the instantaneous correlation of shocks to

volatility and stock returns (— p)

This figure plots the ratio of intertemporal hedging demand to myopic demand for investors with ¢ = 1/2
and v = {2,4,20} as we consider changes in the instantaneous correlation between shocks to volatility and
stock returns, while holding the rest of the parameters constant at their monthly estimates shown in Table 1.
The vertical line intersects the horizontal axis at the value implied by the monthly estimate of —p.

Second, we consider the effect of correlation. Figure 2 repeats the
experiment of Figure 1, except that it considers changes in the correlation
coefficient p. The effect of changes in correlation is somewhat larger than
the effect of compensated changes in persistence, especially when we
consider correlations close to perfect, but it is still modest. Figure 2 also
shows that intertemporal hedging demand increases monotonically with
compensated increases in persistence.

Third, we explore the effect on intertemporal hedging demand of
changes in the unconditional variance of precision, while keeping its
mean constant. Since Var(y) = 0%0/2x, we can implement this exercise
by considering uncompensated changes in o or k. We report results based
on varying ¢ and note that varying « instead of o produces similar results.
We determine a reasonable range of variation for o using the fact that the
unconditional variance of stock returns also changes with o [Equation (4)];
we consider values of o implying stock return volatilities between 18 and
30%. Figure 3 reports the result of this experiment, with the stock return
volatility implied by ¢ on the horizontal axis.
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Figure 3

Effect on optimal portfolio demand of changes in the variance of precision

This figure plots the ratio of intertemporal hedging demand to myopic demand for investors with ¢ = 1/2
and v = {2, 4,20} as we consider changes in the unconditional variance of precision, while keeping its mean
constant. Since E[y,] = 6 and Var(y,) = ¢20/2#, we implement this exercise by changing o and holding the
rest of the parameters constant at their monthly estimates shown in Table 1. We consider values of o
implying stock return volatilities between 18 and 30%. To facilitate interpretation, the horizontal axis plots
stock return volatility instead of o or Var(y,). The vertical line intersects the horizontal axis at the value
implied by the monthly estimate of the unconditional standard deviation of stock returns.

Figure 3 shows that intertemporal hedging demand is highly responsive
to changes in the variance of precision, especially when investors are
highly risk averse. However, this could be the result of changes in the
unconditional variance of stock returns rather than the result of changes
in the unconditional variance of precision, since both moments increase
with o. To isolate one effect from the other, Figure 4 evaluates the effect on
intertemporal hedging demand of changes in the unconditional variance of
stock returns that leave the unconditional variance of precision constant.'!
Figure 4 shows that this effect is relatively small. Thus this analysis suggests
that intertemporal hedging demand is comparatively more responsive to
changes in the unconditional variance of the state variable than to changes
in the persistence of shocks to this variable, its mean, or its correlation with
stock returns.

From Equation (4), we can change the unconditional variance of stock returns by changing 6. To keep
Var(y) = 0°0/2k constant, we also need to change o or » as 0 changes. We choose to vary o. Varying «
instead of o does not change the conclusions.
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Figure 4

Effect on optimal portfolio demand of changes in the unconditional variance of stock returns, holding the
unconditional variance of precision constant

This figure plots the ratio of intertemporal hedging demand to myopic demand for investors with ¢» = 1/2
and v = {2,4,20} as we consider changes in the unconditional variance of stock returns, holding the
unconditional variance of precision constant. Since Var(dS,/S,) =~ 1/6+ Var(y,)/6> and Var(y,) =
0%0/2k, we implement the change in Var(dS,/S,) by varying 6, and we hold Var(y,) constant by varying
o appropriately. We hold the rest of the parameters constant at their monthly estimates shown in Table 1.
We consider values of 6 implying stock return volatilities between 18 and 30%. The vertical line intersects
the horizontal axis at the value implied by the monthly estimate of the unconditional standard deviation
of stock returns.

Table 4 explores the implications for consumption and savings of time
variation in volatility. Panel A in the table reports the exponentiated
optimal mean log consumption-wealth ratio and Panel B reports the
long-term expected return on wealth. The numbers in the table are
based on the monthly sample. Panel A shows that optimal consumption
depends on both ~ and 4. It is a positive monotonic function of v when
1 > 1, while it is a negative monotonic function of v when ¢ < 1. It is
independent of y and equal to the rate of time preference 3 (6%) when
1) = 1—as shown is Section 3.

These patterns are identical to those found by Campbell and Viceira
(1999) in the context of a model with time-varying expected returns. We
simply summarize here their explanation for those patterns. Consider first
the right-hand column of Panel A. It reports the exponentiated mean
optimal consumption—wealth ratio of investors who are extremely reluc-
tant to substitute consumption intertemporally (¢ is very close to zero)
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Table 4

Optimal consumption—wealth ratio and long-term expected return on wealth (sample: 1926.01-2000.12)
E.IS.

R.R.A. 1/0.75 1.00 1/1.5 12 1/4 1/10 1/20 1/40

A. Consumption-wealth ratio (%): C,/X, = exp {E[c,—x,]} x 100

0.75 3.30 6.00 8.68 10.01 12.01 13.21 13.61 13.81
1.00 4.44 6.00 7.56 8.34 9.51 10.22 10.45 10.57
1.50 5.51 6.00 6.49 6.74 7.11 7.33 7.41 7.45
2.00 6.02 6.00 5.98 5.97 5.95 5.94 5.93 5.93
4.00 6.77 6.00 5.23 4.84 4.25 3.90 3.79 3.73
10.0 7.21 6.00 4.79 4.18 3.27 2.72 2.54 2.45
20.0 7.36 6.00 4.64 3.96 2.95 233 2.13 2.03
40.0 7.43 6.00 4.57 3.86 2.78 2.14 1.93 1.82
B. Long-term expected return on wealth (%): (7(6)(u—r) +r) x 100
0.75 26.31 26.29 26.27 26.26 26.25 26.24 26.24 26.24
1.00 19.87 19.87 19.87 19.87 19.87 19.87 19.87 19.87
1.50 13.61 13.61 13.61 13.61 13.61 13.61 13.61 13.61
2.00 10.53 10.53 10.53 10.53 10.53 10.53 10.53 10.53
4.00 5.98 5.98 5.98 5.98 5.97 5.97 5.97 5.97
10.0 3.28 3.28 3.28 3.28 3.28 3.28 3.28 3.28
20.0 2.39 2.39 2.39 2.39 2.39 239 2.39 2.39
40.0 1.95 1.94 1.94 1.94 1.94 1.94 1.94 1.94

Panel A reports percentage exponentiated mean optimal log consumption-wealth ratios for different
coefficients of relative risk aversion and elasticities of intertemporal substitution of consumption. Panel B
reports the percentage unconditional mean of the log return on wealth. These numbers are based on the
monthly parameter estimates of the joint process for return and volatility reported in Table 1.

but differ in their aversion to risk. These investors wish to maintain a
constant expected consumption growth rate, regardless of current invest-
ment opportunities. They can do this by consuming the long-run average
return on their portfolio, with a precautionary-savings adjustment for risk.
If the investor is highly risk averse, as she is in the bottom of the column,
then she chooses a portfolio which is almost fully invested in the riskless
asset and earns a low return with little risk. If she is highly risk tolerant, she
chooses a levered portfolio with a high expected return and risk. This
explains why the mean log consumption—wealth ratio is higher at the top
of the column than at the bottom. Precautionary savings explain why the
mean log consumption—wealth ratio is very close to the long-term expected
return on wealth at the bottom of the column, and is lower at the top.
Now consider what happens as investors become more willing to sub-
stitute consumption intertemporally; that is, as ¢ increases and we move to
the left in Panel A. Ignoring precautionary savings effects, an investor who is
willing to substitute intertemporally will have higher saving and lower con-
sumption than an individual who is reluctant to substitute intertemporally, if
the time-preference adjusted rate of return on saving is positive, but will have
lower saving and higher current consumption if it negative. Panel A illus-
trates this pattern. Investors with low-risk aversion -y at the top of the panel
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choose portfolios with high expected returns, so a higher v corresponds to a
lower average consumption—wealth ratio; investors at the bottom of the
table choose portfolios with low expected returns, and so for these investors
a higher 1 corresponds to a higher consumption—wealth ratio.

Finally, Table 5 investigates the effect on optimal portfolio choice when
expected returns change with volatility, using the model of Section 4. This
model assumes that

E, {% - rdt] = a1 + anv,. (24)

t

Table 5
Mean optimal percentage allocation to stocks when expected stock excess returns are an affine function of
volatility (sample: 1926.01-2000.12) (E,[dS,/S; — rdt] = a; + a2v;)

a2

R.R.A. —2.00 —0.75 —0.25 0.00 0.25 0.75 2.00

A. Mean optimal allocation to stocks (%)

0.75 322.33 311.56 306.80 305.32 303.83 300.85 294.03
1.00 236.25 229.64 227.11 226.55 225.99 224.87 222.06
1.50 153.22 150.32 149.36 149.35 149.36 149.37 149.34
2.00 113.20 111.69 111.24 111.37 111.52 111.82 112.57
4.00 55.30 55.04 55.02 55.20 55.38 55.75 56.77
10.0 21.81 21.83 21.87 21.96 22.06 22.26 22.83
20.0 10.86 10.88 10.91 10.96 11.01 11.12 11.44
40.0 5.42 5.43 5.45 5.47 5.50 5.56 5.72
B. Intercept of hedging demand (%)
0.75 -2.03 -0.35 —0.04 0.00 —0.04 —0.36 -2.08
1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
1.50 1.24 0.19 0.02 0.00 0.02 0.20 0.31
2.00 1.44 0.22 0.02 0.00 0.03 0.23 1.56
4.00 1.13 0.17 0.02 0.00 0.02 0.18 1.26
10.0 0.55 0.08 0.01 0.00 0.01 0.09 0.63
20.0 0.29 0.04 0.00 0.00 0.01 0.05 0.34
40.0 0.15 0.02 0.00 0.00 0.00 0.02 0.18
C. Slope of hedging demand times 6 (%)
0.75 9.36 5.72 4.02 3.25 2.55 1.39 0.02
1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
1.50 —5.52 -2.96 -2.07 —1.68 —1.32 —0.73 —0.01
2.00 —6.37 -3.36 —2.34 —1.90 —1.50 —0.84 —0.02
4.00 —4.89 —2.54 -1.77 —1.44 —1.14 —0.64 —0.01
10.0 -2.36 —1.22 —0.85 —0.70 —0.55 —0.31 —0.01
20.0 —1.25 —0.65 —0.45 -0.37 -0.29 -0.16 0.00
40.0 —0.64 —0.33 —0.23 —0.19 —0.15 —0.08 0.00

Panel A reports mean optimal allocations to stocks based on Equation (23) in Proposition 3, for different
values of the coefficient of relative risk aversion and the slope of the expected return function. The elasticity
of intertemporal substitution of consumption is set to 0.50 throughout the table. Panel B reports the
percentage value of the intercept of the intertemporal hedging component, and Panel C reports the
percentage value of the slope of the intertemporal hedging demand time 6, the unconditional mean of
precision. Mean intertemporal hedging demands obtain by adding the numbers in Panel B and C. These
numbers are based on the monthly parameter estimates of the joint process for return and volatility reported
in Table 1, except that we vary the unconditional mean of precision and the intercept of the expected return
function as we vary the slope as to hold the unconditional mean and variance are those implied by monthly
estimates of the model with constant expected returns shown in Table 1.
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Table 5 explores how the allocations of Table 2 change as a, moves away
from zero, holding the unconditional mean and variance of stock returns
constant. To hold the unconditional mean excess return at the same
value as in the benchmark case a, = 0, for each value of a,, we set
a; = p—r — auEJv], where E[v,] is given in Equation (4). To hold the
unconditional variance of stock returns constant, we recompute 6 for
each value of a». Since we do not have an analytical expression for the
variance of stock returns when expected returns are time varying, we use
Monte Carlo simulation to determine the value of 6 that leaves the
variance unchanged as we move a, away from zero.'?

We consider values of a, equal to {—2.00, —0.75, —0.25, 0.00, 0.25, 0.75,
2.00}." Each row of Table 5 reports allocations corresponding to this set of
values of an, given a particular value of «. All entries in the table assume
1 = 1/2. Panel A reports mean optimal allocations to stocks based on
Equation (23) in Proposition 3. Panel B reports the percentage value of the
intercept of the intertemporal hedging component, and Panel C reports the
percentage value of the slope of the intertemporal hedging demand times 6,
the unconditional mean of precision. Of course, the mean intertemporal
hedging demands obtain by adding the numbers in Panel B and C.

Panel A shows that changes in a, have a large impact on mean optimal
portfolio demands. However, this effect operates mainly through the
myopic component of portfolio demand. Panel B and C show that the
intercept and the slope (times the mean of precision) of intertemporal
hedging demands are too small in absolute value to have any significant
impact on total portfolio demand when using parameter estimates based
on the monthly dataset.

The negative sign of the instantaneous correlation between volatility and
stock returns implies that the intercept is negative for v < 1 and positive for
~ > 1, while the slope is positive for v < 1 and negative for v > 1. We have
noted in Section 4 that the slope captures intertemporal hedging effects of
unrewarded changes in volatility, while the intercept captures intertemporal
hedging effects of rewarded changes in volatility—it is zero when expected
excess returns are constant, and it increases as «, becomes larger in absolute
value. Table 5 shows that the effect of the slope is relatively more important
than the effect of the intercept, at least for values of « close to zero.

5.3 The accuracy of the approximate solution
The portfolio allocations and consumption-wealth ratios shown in Sec-
tion 6 are based on an analytical solution for the optimal rules that is

'2 For each run, we have generated 10,000 time series of the process, each 30 years in length, with a time step
dt = 0.01 (or about three days).

13 This choice is based on the fact that an estimation of the model with time-varying expected excess returns
gives a point estimate of 0.75 for ay, with a standard error of 0.41.
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Table 6
Unconditional standard deviation of the optimal log consumption-wealth ratio (%)

(Sample: 1926.01-2000.12) ( A3020/2K x 100)

E.LS.
R.R.A. 1/0.75 1.00 1/1.5 172 1/4 1/10 1/20 1/40
0.75 1.70 0.00 1.48 2.14 3.07 3.59 3.76 3.84
1.00 1.20 0.00 1.11 1.63 2.39 2.82 2.96 3.03
1.50 0.76 0.00 0.74 1.11 1.64 1.96 2.07 2.12
2.00 0.56 0.00 0.56 0.84 1.25 1.51 1.59 1.63
4.00 0.27 0.00 0.28 0.42 0.64 0.78 0.82 0.85
10.0 0.11 0.00 0.11 0.17 0.26 0.32 0.34 0.35
20.0 0.05 0.00 0.06 0.09 0.13 0.16 0.17 0.17
40.0 0.03 0.00 0.03 0.04 0.07 0.08 0.08 0.09

This table reports annualized, percentage values of the unconditional standard deviation of the optimal
log consumption-wealth ratio for different coefficients of relative risk aversion and elasticities of
intertemporal substitution of consumption. These numbers are based on the monthly parameter estimates
of the joint process for return and volatility reported in Table 1.

exact only for ¢ = 1. In all other cases this solution is approximate, based
on an expansion of the optimal log consumption—-wealth ratio around its
unconditional mean. Campbell (1993) and Campbell and Viceira (2002)
note that this solution method is accurate provided that the log consump-
tion—wealth ratio is not too variable around its unconditional mean.

Table 6 reports annualized, percentage values of the unconditional
standard deviation of the optimal log consumption-wealth ratio,
|41/ Var (y,) = |A41|0\/0/2k. The log consumption-wealth ratio exhi-
bits low volatility in most cases, both in absolute terms and relative to its
mean. The exceptions are investors with very low elasticities of intertem-
poral substitution of consumption and low coefficients of relative risk
aversion. These results suggest that this solution is likely to be accurate
for values of v far from one, in line with the results of Campbell (1993),
Campbell and Koo (1997) and Campbell et al. (2001) for models with
time variation in interest rates and expected excess returns.

Conclusion

We have explored in this paper dynamic optimal consumption and portfo-
lio choice when asset return volatility is time varying. We have considered a
model where long-horizon investors with Duffie and Epstein 1992a, 1992b
recursive preferences over intermediate consumption have two assets avail-
able for investment, a riskless bond and a risky asset (“stocks”). Stock
return precision—the reciprocal of volatility—follows a mean-reverting
process which is instantaneously correlated with stock returns.

We have shown that this model has an analytical solution which is
exact when investors have unit elasticity of intertemporal substitution
of consumption—but not necessarily unit coefficient of relative risk
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aversion—and approximate in all other cases. Optimal portfolio demand for
stocks is a linear combination of two components: a myopic (or mean—
variance) component, and an intertemporal hedging component, both of
which change linearly with precision. We have used this solution to analyti-
cally characterize intertemporal hedging demand in the presence of volatility
risk and to assess its quantitative importance. To this end, we have con-
ducted a comprehensive calibration exercise based on estimates of the joint
process for stock market returns and volatility using monthly U.S. stock
market returns from 1926 to 2000, and annual returns from 1871 to 2000.

Our estimates of the instantancous correlation of precision with stock
returns are large and positive, implying a large negative correlation of
volatility with stock returns. Shocks to precision exhibit low persistence
and variance, especially in the monthly sample. These estimates generate
small, negative intertemporal hedging demands for investors with coeffi-
cients of relative risk aversion larger than one. By contrast, Brandt (1999),
Campbell and Viceira (1999, 2001, 2002), Campbell, Chan and Viceira
(2003) and others have shown that the estimated time variation in risk
premia or in real interest rates in the U.S. results in much larger inter-
temporal hedging demands for investors with similar preferences. A
comprehensive comparative statics exercise suggests that the uncondi-
tional variance of precision has to be much larger to generate intertem-
poral hedging demands of comparable size.

An important caveat of our empirical analysis is that we have counter-
factually assumed that investors observe volatility (or precision), and that
they take as true parameters our empirical estimates of the joint process
for returns and volatility. In practice, however, investors do not observe
volatility, and they do not know the parameters of the process for
volatility or even the process itself. They must infer all of that from
observed returns, and they must account for this uncertainty when they
make their portfolio decisions. The large standard errors of some of our
point estimates, and the significant differences in the estimates from the
monthly sample and the annual sample, suggest that these may be impor-
tant issues. Barberis (2000), Brennan (1998), Xia (2001), and others have
shown that parameter uncertainty and learning can have a large effect on
optimal long-term investment strategies. Integrating all of these effects
into a one single empirically implementable framework is beyond the
scope of this paper, and a challenging task for future research.

We have also considered a model where expected stock excess returns
are an affine function of volatility. In this case, optimal portfolio demand
and its hedging component are both affine functions of precision. A
possible extension of this model could allow for both expected stock
returns and risk to vary over time as a function of a vector of state
variables. Intertemporal hedging demand would then depend on the
resulting process for the Sharpe ratio of stocks, and how it correlates
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with the vector of state variables. However, Campbell (1987), Harvey
(1989, 1991), Glosten, Jagannathan, and Runkle (1993), Ait-Sahalia and
Brandt (2001), and others have modeled time-varying expected returns
and volatility jointly and found that the effects of state variables on
expected returns are stronger than their effects on volatility. This suggests
that the negative hedging demand associated with volatility risk will be
modest even in a framework that combines time-varying volatility with
time-varying expected returns.

Appendix A: Derivation of Optimal Policies Under Constant Expected
Returns

Proof of Proposition 1. Substituting the first-order conditions into Equation (9) and rearran-
ging gives the Bellman equation:

1 2
0= £(C (1), )~ Iy C ()~ 2T gz gy T
2 Jyx Jxx 25
1(Jx)’ 1 @)
+JJxXir — —Lp202yt + 50 —y) + —Jyyozyt,
2 Jyx 2

where C(J) denotes the expression for consumption resulting from Equation (10). Substitu-
tion of Equation (12) into the Bellman equation (25) yields an ordinary differential equation
(ODE). This equation leads to two equations for 4 and B:

aA> +bA+c=0, (26)
(1 =) (BlogB+r— ) — BB+ kA =0, 27)
where

__ ~ (1= 2 2 28
a=5 gy =, +7l, (28)
porolu=—r fBtr 29
v -~ @)

_(u—ry
c= o (30)

Equation (26) is quadratic in 4, and equation (27) is linear in B given A. For general
parameter values, the equation for A has two roots. These roots are real if the discriminant of
the equation, A = b* — 4ac, is non-negative. When v > 1, it is immediate to see by simple
inspection that A is always non-negative. When v < 1, A is positive provided that

_(BAR\_polp=r) =1
A= ({5) 22D T G1)

This expression results from simple algebraic manipulation of the expression for A.
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To determine the sign of the roots of Equation (26), we note that the product of the roots
of the equation is equal to

¢ (=yp-r?

a (1 —p)+p7

Since [’y(l — pz) + pz] > 0 for all v, c/a is always negative when v > 1 and positive when v < 1.
Therefore, the roots of the equation have opposite signs when v > 1, and they have the same
sign when v < 1.

We show now that only one of the two possible solutions for 4 has a limit as v — 1 that
equals the well-known solution in the special case of log utility (v = 1) = 1), for which 4 = B=0,
and the value function is simply log(X;), (Merton, 1969, 1971, 1973). The limit of 4 asy — 1 is
given by

(B+rK)F\/(B+K)

limA4 = 3 s

A1 o
where the negative sign holds when v > 1, and the positive sign holds when v < 1. For general
parameter values, this expression is zero only if we pick the positive root of the discriminant A
when v < 1, and the negative root when v < 1. Note that 4 = 0 and y = | implies immediately
that B = 0.

Proof of Proposition 2. The value function follows immediately from Equations (16) and
(17). Substitution of Equation (17) for ¥ H~! in the first term of Equation (16) results in an
ODE whose solution has the form H = exp{4;y, + B;}, where

(IIA%-Q—}J]A] +c =0, (32)
ho — hi[B1 —log B — ¢ —r(1 —¢) + kA4, =0, (33)
and
o l—v 2 2
0122—7<m>h(1—/})+/)], (34)
by :(hlJr,{),%, (35)
o =) =) (36)

The analysis of the quadratic equation (32) for 4, is parallel to the analysis of the
quadratic equation (26) for 4 in the =1 case, so that we simply state here the
properties of A; derive from this analysis. First, 4;/(1 — ) is independent of 1) given
hy. Second, comparison of Equations (34)—(36) with Equations (28)-(30) shows that
—A;/(1 =) and A4,/(1 —~) are non-negative identical functions of /; and /3, respec-
tively. Thus A; reduces to A when iy = (. Third when v>1, the discriminant of
Equation (32) is always positive and the roots of the equation are real and have
opposite sign; when v < 1, the discriminant can have either sign but, if it is positive,
the roots of the equation are real and have the same sign. However, only the positive
square root of the discriminant ensures in both cases that the approximate solution
approaches the exact solution when ¢ = 1.
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Finally, the optimal policies follow from Equation (18) and the first order conditions (11)
and (15).

Convergence of approximate solution to exact solution in special cases. An important feature
of this approximate solution is that it delivers the exact solution in those cases where this
solution is known: log utility, unit elasticity of intertemporal substitution, and constant
investment opportunities.

For convenience, we note here that the solution to the quadratic equation (32) for 4, is

2 2 N
(I=y)po(p—r) o\ _ (=y)po(u=r) o (p=r)"(1=7)[y(1=p*)+p?]
/r} —(h1+5)+\/((/11+n)_ /r/ )_ / 72r P2)+p

" 2(12)h - ) + 27 B

For log utility (y =1 = 1), we find by direct substitution of ¢) =1 into Equation (37)
that 4; = 0. Further substitution of ' =1 into Equation (33) for B; shows that B; = 0
when h; = (. This implies that C/X, = (3, which is in turn consistent with
hy = exp {E[log(C,/X;)]} = 5. Now, using Equation (37) it is straightforward to check
that

=)

so that m, = (u — r)y, This is the exact solution to the problem with log utility reported in
Merton (1969).

When ¢ = 1 but v # 1, we have that C,/X; = (§ and h;= [ using the same arguments as in
the log utility case. However, the limit Equation (38) is not necessarily zero and the hedging
component of 7, does not vanish. That is, the optimal consumption rule is myopic, while the
optimal portfolio rule is not. This is the case discussed in Section 3. Note that, when v = 1
but ¢ = 1, the result is reversed: The hedging component of 7, vanishes and 7, = (u — r)y,,
but consumption relative to wealth is not constant.

N - . 1
lim ——;1ﬁh:5ﬂ104~>A1:Q (38)
v v

Finally, when investment opportunities are constant, implying x, ¢ = 0 and v, = v,
both policies are myopic. Substitution of these parameter values into the expressions for
ay;, by and ¢, in Equations (34)—(36), shows that Equation (32) reduces to a linear
equation for 4; with solution

_ =01 -9)
A B P (39)

so that A, = (11— r)*/2vh;. Note, however, that o = 0 implies that the optimal portfolio rule is
myopic, even though A, is not necessarily zero: m = (u — r)/yv.
Further substitution of x, o = 0 and v, = v into Equation (32) shows that

hi(1 —loghy) +plogB — B —r(1 =)

B = hl . (40)

Substitution of the solutions for 4; and B given in Equations (39) and (40) into Equation
(19) gives

=1 =logh) +uUB+r(1—¢)  (u-r’(1-9)1

Cr— Xy
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Since ¢, — x, is constant and equal to log /; we can solve Equation (41) for /;. We find that

C 2

_ G l _ (p—r1)
=y =ity (-9

+ (I =)

This is a generalized version of the exact solution given in Merton (1969) for the power utility
case (¢ = 1/~) when investment opportunities are constant.

Appendix B: Derivation of Optimal Policies Under Time-Varying
Expected Returns

We start by guessing the same functional forms for J(X,, y,) and I(y,) as in the model
with constant expected return of Section 4. The Bellman equation for this problem
then simplifies to an ODE in H(y,) given by:

) 1 - 2 1-—
0= —ﬂ“’H’l +'z/)/3+7( 2wa) <2a1az +ozfy,+%) ——pg( 5 7) (cyr + aa)

t

y

T| =

Vi

202 (1-) (H,\2 H, o2 (1— A% 73 Hy,
(1 — )+ 20 (ﬁ) y,_ﬁn(e—y,)+§(}fg+1> (ﬁ) -Gy,

We now guess that H = exp{4,y; + 4> logy, + B} and make the substitution

BYH™ "~ hy + hi(e, — xy),

—logy, ~ 10g91y+6i(1)*9,;) =logk — log(kf — o?) — 1 +HG_OJ%.
v R t

After collecting terms in 1/y,, y, and 1 we obtain two quadratic equations for 4, and A4,,
and a linear equation for B given A; and A4,. The quadratic equations are:

1 — ) h 1 1-— 5
0:%7 [9(h1+n)7 <z‘+§>az+%}@+aﬁg, (42)
1 —)a? 1 —v)poa
0:% - [(h1 +n)7%}Al+a1A%, (43)

where a, = a;and a; is given in Equation (34). The optimal policies obtain immediately from
substitution of the value function into the first order conditions (10) and (11).

Coefficient A, obtains as the solution to the quadratic Equation (42). Note that A4,
does not depend on «a;. This equation has two roots. However, only the root associated
with the negative root of the discriminant ensures that 4, = 0 when a, = 0—that is, it
ensures the mutual consistency between the solution given in Proposition 2 and this
solution. When v > 1, the roots of the equation are real and have opposite signs. The
root associated with the negative root of the discriminant implies that A4,/(1 — ) > 0.
When v < 1, the roots may be real or complex conjugate. The condition that ensures that
the discriminant of the equation is non-negative, so that the roots are real, also implies that
Ay /(1 =) > 0.

Coefficient A, obtains as the solution to the quadratic Equation (43). Simple inspection of
this equation and equation (32) shows that they are identical except that « replaces (u —r) in
Equations (43). Hence the analysis of 4; presented in Section 4 is also valid here, and we have
that 4>/(1 — ) <0, and 4; = 0 when a; = 0. Note that 4; does not depend on «,.
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