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This article presents a continuous-time agency model in the presence of adverse selec-

tion and moral hazard with a risk-averse agent and a risk-neutral principal. Under the

model setup, we show that the optimal controls are constant over time, and thus the

optimal menu consists of contracts that are linear in the final outcome. We also show

that when a moral hazard problem adds to an adverse selection problem, the mono-

tonicity condition well known in the pure adverse selection literature needs to be

modified to ensure the incentive compatibility for information revelation. The model

is applied to a few managerial compensation problems involving managerial project

selection and capital budgeting decisions. We argue that in the third-best world, the

relationship between the volatility of the outcome and the sensitivity of the contract

depends on interactions between the managerial cost and the firm’s production func-

tions. Contrary to conventional wisdom, sometimes the higher the volatility, the higher

the sensitivity of the contract. The firm receiving good news sometimes chooses safer

projects or invests less than it does with bad news. We also examine the effects of the

observability of the volatility on corporate investment decisions.

In modern financial economics, managerial moral hazard and adverse

selection are widely accepted as impediments to effective contractual

arrangements between the manager (the agent) and investors (the princi-

pal), resulting in inefficiencies of overall corporate management. Adverse

selection problems arise from information asymmetry between the manager

and investors before and/or after contracting, and moral hazard problems

stem from the unobservability of managerial effort after contracting.
Although in real-life problems, moral hazard and adverse selection are

often inseparable, in the literature each is often investigated in isolation.1

This article develops a continuous-time agency model to examine char-

acteristics of optimal managerial decisions and compensation schemes in
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the presence of both adverse selection and moral hazard problems. The

main focus is on optimal managerial risk-taking behaviors in project

selection and capital budgeting.

It is well recognized that, for general applicability to financial economic

problems, an agency model should be rich enough to allow the manager

(1) to control both the mean and variance of the outcome and (2) to be

risk-averse. However, no existing agency model for optimal contracting

appears to have enough flexibility to accommodate these two features
under adverse selection and moral hazard.

Obviously, the controllability of the mean and variance is important

because most financial management decisions involve trade-offs between

risk and return.2 Managerial risk aversion is also critical in managerial-

contracting problems. Without risk aversion, managerial behavior in

corporate risk management becomes trivial because the manager only

considers expected payoffs, completely ignoring risks.3

In general, however, it is extremely difficult to incorporate the above
two important features into a discrete-time contracting model, partly

because of the well-known serious technical obstacles in using the first-

order approach and partly because of the unmanageably complex alge-

braic structures of solutions, if any.4 These obstacles can be overcome

with a continuous-time agency framework.

In this article, the outcome is driven by a Brownian motion with drift.

During a contracting period, the risk-averse agent continuously exerts

effort to control both the drift and diffusion (volatility) rates of the
outcome. The risk-neutral principal has an imperfect knowledge of the

agent’s ability to control the outcome. She observes the final outcome

only, and she may or may not observe the agent’s volatility controls.

This model extends Holmstrom and Milgrom (1987), Schättler and Sung

(1993), and Sung (1995) by incorporating adverse selection problems into

their pure moral hazard models.5 It can also be viewed as an extension of

Laffont and Tirole (1986) in that it introduces both uncertainty to the

outcome of the agent’s effort and risk aversion to the agent’s preference.
Conceptually, this article is most closely related to McAfee and McMillan

2 Early literature also recognizes the importance but lack of this decision-making feature in agency models.
See Kaplan (1984), Holmstrom and Ricart i Costa (1986), and Lambert (1986).

3 The managerial risk aversion is also important from the financial economics perspective. The agency
problem between the manager and investors typically arises from the idiosyncratic (firm specific) part of
the overall profit. See, for example, Darrough and Stoughton (1986). Since the compensation scheme
necessarily depends on the idiosyncratic risks, the manager exhibits risk aversion over the same risks,
whereas well-diversified investors still remain risk-neutral.

4 See, for example, Mirrlees (1999), Rogerson (1985), and Jewitt (1988).

5 There are many other related continuous-time agency models. See Sung (1997) for the outcome driven by
point (jump) processes; Sung (1991) and Müller (1998) for the first-best solutions; Ou-Yang (1999) for
portfolio management applications; Detemple, Govindaraj, and Loewenstein (2001) for a general class of
utility functions; and Schättler and Sung (1997), Hellwig and Schmidt (1998), and Müller (2000) for
relationships between discrete-time and continuous-time models.
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(1986) and Baron and Besanko (1987), who investigated interactions of

moral hazard and adverse selection problems with a noisy outcome and a

risk-averse agent. Unlike them, we allow the agent to control the variance

as well as the mean of the outcome and solve the problem with optimal

contracts.6

We show that the optimal menu consists of linear contracts. This

linearity basically follows from the informational constraint imposed on

the principal’s problem that requires her to observe only the final out-
come and to implement controls based on her initial (time - 0) informa-

tion. However, the linearity can also be related to the existing literature. It

is well known that contracting under adverse selection requires the prin-

cipal to pay an information rent to induce the agent to reveal his private

information. In our continuous-time framework, the rent can be

expressed as the expected value of a stochastic process, which we call

the information rent process. In fact, the information rent process at any

intermediate time t (<1) turns out to be the instantaneous rate of an extra
cumulative utility gain up to time t, the agent would enjoy had he chosen

a (marginally) wrong contract at time 0. In general, the rate is history-

dependent. Thus, if allowed to observe the whole outcome process, the

principal should take this history-dependent information rent process

into account in designing the menu of contracts, which makes her pro-

blem no longer stationary. However, observing only the final outcome,

the principal is concerned with the expected value of the rent process.

Since the principal’s information remains the same until time 1, the
expected value does not change over time, and thus the whole system of

the risk-neutral principal’s problem becomes stationary as seen in Holm-

strom and Milgrom (1987) and Sung (1995). Therefore, the optimal

controls (effort levels) remain the same over time, and contracts become

linear.

We also show that when a moral hazard problem adds to an adverse

selection problem, the monotonicity condition that is well known in the

pure adverse selection literature needs to be modified. Typically in the
literature, Spence–Mirrlees single-crossing and monotonicity conditions

are imposed to induce the agent to reveal his private information.

Roughly speaking, the monotonicity condition stipulates that sensitivities

of contracts in the optimal menu be nondecreasing in the agent type.7

This monotonicity condition is derived based on the fact that once the

6 For other pure adverse selection problems with risk-averse agents, see Matthews (1983), Maskin and
Riley (1984), and Salanié (1990). Picard (1987) and Caillaud, Guesnerie, and Rey (1992) examined
adverse selection and moral hazard problems with linear and quadratic contracts when both the principal
and agent are risk-neutral and the outcome of the agent’s effort is noisy. Faynzilberg and Kumar (2000)
established a closed-form solution to a binomial outcome model with a risk-averse agent under moral
hazard and adverse selection.

7 See Garcia (2002) for a multidimensional-outcome version of the monotonicity condition.
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agent chooses a contract with a particular sensitivity from the menu, he is

forced to choose a particular effort level. However, under our adverse

selection and moral hazard, the agent’s choice of a contract from the

menu cannot prevent him from opportunistically choosing effort levels

differently from what the principal desires. Thus, the classical monotoni-

city needs to be modified to counteract such an agent’s opportunism in

effort choices. [See inequalities (6) and (15) in the text.]

Our model is applied to managerial-contracting problems where the
manager exerts costly effort to control the drift of the outcome, but can

costlessly choose the volatility. This volatility choice affects the net pre-

sent value (NPV) of the firm before managerial compensation. Typically,

given the drift, the higher the volatility, the higher the NPV.8 Thus, the

volatility choice can be interpreted as a project selection.9 We call the

optimal project under moral hazard the second best and the optimal

project under adverse selection and moral hazard the third best.

We argue that in the third-best world, the relationship between the
volatility of the outcome and the sensitivity of the contract depends on

interactions between the managerial cost and firm’s production functions.

If the managerial effort productivity is not affected by the volatility, then

the well-known negative relationship can hold: regardless of the observa-

bility of the volatility, the higher the sensitivity, the lower the volatility.

However, if the effort productivity is favorably affected by high volatility,

then it is sometime possible that the opposite relationship can hold:

regardless of the observability of the volatility, the higher the sensitivity,
the higher the volatility.

If the effort productivity increases with the volatility, an increase in

volatility brings two opposite effects to the investors’ expected wealth: a

negative effect of increasing the managerial compensation risk premium

and a positive effect of increasing the effort productivity. If the net effect

is positive, investors would like to increase the sensitivity even when the

volatility increases. Hence, the sensitivity can sometimes be positively

related to the volatility.10

We further explore, in Section 5, direct effects of the observability on

the volatility choices in the second- and third-best worlds. Note that given

a contract in place, the manager tends to make more conservative project

8 Demski and Dye (1999) examined a similar problem with a different approach, focusing on the agent’s
reporting strategies about the project quality without relying on the revelation mechanism.

9 The volatility level can alternatively be interpreted as the amount of investment on a project, in the sense
that high investment makes the dollar outcome riskier. Thus, project selection problems throughout this
article can be viewed as capital-budgeting problems.

10 In the second-best world examined in Propositions 3-II-ii and 4-II-ii, the net effect is zero. Thus, there is
no relationship between the volatility and the sensitivity. However, given the above intuition, one may
conjecture that the positive relationship can sometimes hold even in the second best, if the agent’s cost
structure changes from the one specified in Section 5. We leave the detailed investigation of this
possibility for future research.
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selection decisions when the decisions are unobservable than he does

when they are observable. Thus, it seems reasonable to argue that both

in the second- and the third-best worlds, the unobservable volatility is

likely to be lower than the observable volatility. However, opposite cases

can also occur: the unobservable volatility can sometimes be higher than

the observable volatility, particularly when the managerial effort is suffi-

ciently less important than the project selection in improving the total

expected profit of the firm.11 We argue that such opposite cases are more
likely to happen in the third best than in the second best, because the

third-best sensitivity is typically lower than the second best, and thus the

third-best managerial effort is less important than the second best. The

possibility of the opposite cases in the third-best world also helps to

conditionally support a conjecture by DeMarzo and Duffie (1995) that

inefficient managers may choose riskier projects in a hope of lucky draw.

In most cases, however, their conjecture does not hold because of the

managerial conservatism in the private project selection.
The remainder of this article is organized as follows: Section 1 describes

the general continuous-time model of adverse selection and moral hazard

for both observable and unobservable volatilities. Section 2 provides a

summary of the analysis for the case of observable volatility without

proofs and present comparative statics results. Section 3 outlines the

analysis for the case of unobservable volatility, with detailed explanations

and proofs delegated to the Appendix. This section also presents com-

parative statics results. Section 4 presents an application of our general
results to a few managerial-contracting problems. Section 5 investigates

effects of the observability of volatility choices. Finally, Section 6 offers a

summary of the article and suggestions for future research.

1. The General Model

The formal model of this article belongs to a category of complete con-

tracting under adverse selection and moral hazard with full commit-

ment.12 The principal is risk-neutral, and the agent exhibits constant

absolute risk aversion (CARA) with a CARA coefficient of r � 0. The

principal has an imperfect knowledge of agent’s ability �, whereas the

agent knows � with certainty. The principal knows that � is a random

variable independent of all other random variables in the article and

11 Sung (1995) also reports this possibility using a numerical example in a second-best world. We say the
managerial effort is less important than the project selection if the managerial effort level is less sensitive
to the sensitivity of the contract than the project NPV.

12 It is well known that contracting with full commitment is ex ante optimal, but allowing renegotiation is ex
post optimal, and that full commitment is suitable for short-term contracting. For long-term contracting,
renegotiation can be a significant issue. For conditions where an optimal long-term contract can simply
be a sequence of short-term contracts, see Rey and Salanié (1996). However, we leave for future research
further implications of renegotiation in a continuous-time agency model with long-term contracting.
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distributed on a strictly positive compact interval �:¼ [�L,�H], with a

probability density function given by h(�), where h(�) > 0 for all � 2 �.

Before time zero, the principal offers a menu of contracts from which

the agent is allowed to choose one. The menu can contain different

contracts for agents with different abilities, �’s. Once a contract is chosen,

the agent exerts effort to affect the outcome process during a continuous-

time period [0,1]. At time 1, the agent is compensated according to the

contract, and the principal keeps the outcome after the compensation.
The uncertainty environment to the agent is given by the probability

space (O, F, P), where O is C [0,1], the space of all continuous functions on

the interval [0,1]. A standard Wiener process {Bt} is defined on (O, F, P)
and generates the filtration {Ft; t 2 [0,1]}, satisfying the ‘‘usual’’ condition

with F1¼F; that is, F0 contains all probability null sets and Ft is right

continuous. Here {Bt} is short for {Bt; t 2 [0,1]}. Throughout the article,

this short notational convention for all random processes is used.

The outcome process resulting from the agent’s effort during [0,1] is
denoted by {Yt} and is driven by the following stochastic differential

equation (SDE) with an initial value of Y0 2 R:

dYt ¼ f ðmt, stÞdtþ stdBt:

The drift f: U � �!R is bounded and continuously differentiable in

(�, �) 2 U � �, where U is an open interval and � is a strictly positive

open interval. Further, we assume that f� is bounded away from zero and

strictly increasing in � and that f��, f�� � 0. Throughout the article, we
use subscripts �, �, and � to denote partial derivatives of a function with

respect to its corresponding arguments. Further, we use the dot operator

to denote the total differentiation of a function with respect to �, for
example, ẋðyÞ ¼ dxðyÞ=dy.

The agent exerts effort to control {(�t, �t)} and observes the whole

outcome process {Yt} in addition to his own effort {(�t, �t)}, which means

he observes {Bt} as well.13 For effort (�t, �t)at time t, the agent incurs an

instantaneous cost of c. The cost effectiveness of his effort is also affected
by his ability � 2 �. In particular, the cost, c: U � �� �!R+, is bounded

and continuously differentiate, and the cumulative cost up to time t isR t
0
cðms; ss; yÞds without discounting. Assume that c� and c� are bounded

and that c�, c�, c��, c�� � 0.

The principal can observe Y0 and Y1 but not intermediate outcomes.

For example, investors (the principal) receive (credibly audited/verified)

financial statements such as a balance sheet and an income statement to

verify the final cumulative profit at the end of period. Even without
knowing intermediate profits, the principal (or the auditor) may be able

13 This setup for the agent control spaces is basically the same as in Sung (1995) except that the outcome
process in this article is slightly more general than that of Sung who sets f(�t, �t)¼�t.
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to verify the final cumulative profit by checking all entry items in those

financial statements. It may also be possible to force the manager (the

agent) to report intermediate profits. However, verifying those intermedi-

ate profits may be too costly to be economically justifiable.14

Let {Gt}be the filtration generated by the principal’s observation pro-

cess {Y0,Y1}. Thus, G0 � F0 � Gt, 8 t 2 [0, 1], and G1 is the augmented

sigma algebra generated by Y1. Needless to say, Gt � Ft, 8 t 2 [0,1]. In

addition to {Y0,Y1}, the principal may or may not observe the agent’s
volatility controls. We consider two cases:

Case 1. The agent chooses the volatility only once at time zero such that

�t¼ �0 for all t 2 [0,1], and the principal observes the volatility. We assume

that the volatility is verifiable and contractible. Thus, each contract consists

of a sharing rule S(Y1,�) and a level of volatility �(�) 2 S, and we write the

menu of contracts as {(S(Y1,�), �(�)); � 2 �}. If agent � chooses
ðSðY1;ŷÞ; sðŷÞÞ, then he should choose the volatility such that st ¼ sðŷÞ,
for all t 2 [0, 1]. That is, the volatility is fixed by the choice of a contract.

Case 2. The agent continuously controls the volatility process {�t} over

time based on information {Ft}, and the principal does not observe the

volatility controls. Thus, the volatility is not contractible and we write the
menu as {S(Y1,�); � 2 �}.

In both cases, we assume that an admissible sharing rule S for each

� 2 � is a G1- or Y1-measurable random variable of the following

structure: S(Y1,�)¼F(Y1,�) + �(�)Y1, where � 2 R and F is bounded

Y1-measurable random variable. We further require that the admissible

sharing rule S implement (i.e., induce the agent to choose) G0-measurable
drift and diffusion rates over time.

If agent � choose a contract ðSðY1; ŷÞ; sðŷÞÞ in Case 1 or SðY1; ŷÞ in

Case 2, then he would exert effort ½ðmtðŷ; yÞ; stðŷ; yÞÞ� and the outcome

would evolve as follows:

dYt ¼ f ðmtðŷ, yÞ, stðŷ, yÞÞdtþ stðŷ, yÞdBt, ð1Þ

where mtðŷ; yÞ and stðŷ; yÞ are short for mtððYs; 0 � s � tÞ; ŷ; yÞ and

stððYs; 0 � s � tÞ; ŷ; yÞ, respectively. In both Cases 1 and 2, the agent is

allowed to choose an Ft-predictable drift process {�t}. In Case 1,

stðŷ; yÞ ¼ sðŷÞ 2 S for all t 2 [0,1]. In Case 2, the agent is free to choose

14 One can also think of a case where the agent voluntarily reports intermediate outcomes. However, it can
be shown that if they cannot be verified, the agent’s voluntary reports of a finite number of intermediate
outcomes after exerting effort cannot improve the contract. The reason is that to induce the agent to
truthfully report intermediate outcomes, it is necessary that the contract should be independent of the
agent’s reports. However, an issue may arise if the agent reports continuously, because then the reports
reveal not only all intermediate outcomes but the whole volatility process. We conjecture that the optimal
contract should be independent of both the agent’s reports and the volatility process revealed by the
reports, and thus unverifiable continuous reports are not useful either.
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an Ft-predictable volatility process fstðŷ; yÞg. We assume that for each

ðŷ; yÞ, f and � satisfy a Lipschitz condition so that SDE (1) has a unique

strong solution.15

Finally, we define the principal’s Hamiltonian as follows:

Hðm, s, yÞ :¼ f ðm, sÞ � cðm, s, yÞ � r

2

c2mðm, s, yÞ
f 2m ðm, sÞ

s2 � vðyÞcyðm, s, yÞ, ð2Þ

where

vðyÞ :¼

Ry
yL

hðy0Þdy0

hðyÞ :

As will be seen later, this Hamiltonian is relevant to both cases of

observable and unobservable volatilities.

2. The Optimal Menu of Contracts with Observable Volatility

In this section, we analyze Case 1 where the volatility is observable and can

be chosen only once at time 0. The principal’s problem is stated as follows:

Problem 1. Choose G1-measurable controls {(�t(�, �)); � 2 �} and a G1-

measurable menu of contracts, {(S(Y1,�), �(�)); � 2 �}, to maximize

E(Y1�S(Y1, �)) subject to the following four constraints:16

(i) 8 �, dYt¼ f(�t(�,�), �(�))dt + �(�)dBt,

(ii) 8ðŷ; yÞ 2 �2; fmtðŷ; yÞg

2 argmax
fm0t2Ftg

EB �exp �r SðY1, ŷÞ �
R1
0

cðm0t, sðŷÞ, yÞdt
" #( ) !

s:t: dYt ¼ f ðm0t, sðŷÞÞdtþ sðŷÞdBt

,

8>>>><
>>>>:

15 The SDE yields a unique strong solution, if the following Lipschitz condition is satisfied. [See Revuz and
Yor (1999, p. 375f).] For o; ō 2 Of�Cð½0; 1�Þg, there exists a constant K such that for each ðŷ; yÞ,

jftðo, ŷ, yÞ � ftðo, ŷ, yÞj þ jstðo, ŷ, yÞ � stðo, ŷ, yÞj � K sup
0 � s � t

jos � osj,

where ftðo; ŷ; yÞ is short for f ðmtfYsðoÞ; 0� s� tg;ŷ; yÞ; stðfYsðoÞ; 0 � s � tg;ŷ; yÞ and stðo; ŷ; yÞ
is another short notation for stðfYsðoÞ; 0 � s � tg;ŷ; yÞ. Note that even though we allow the agent
to choose Ft-predictable controls, optimal controls will turn out to be G0-measurable, because the
principal’s restrictive information structure {G0,G1}.

16 Note that the principal only chooses a menu of contracts and the agent chooses effort levels on �.
However, the problem statement also allows the principal to choose {�t(�,�)} from the agent’s argmax set
of fmtðŷ; yÞ;ŷ; y 2�g. This is according to the usual conventional assumption that when the agent has
multiple optimal control processes or when the argmax set has more than one element, he chooses one
from them to maximize the principal’s utility.
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ðiiiÞ 8y, y 2 argmax
ŷ

EB �exp �r SðY1, ŷÞ�
R1
0

cðmtðŷ, yÞ, sðŷÞ, yÞdt
" #( ) !

s:t: dYt ¼ f ðmtðŷ, yÞ, sðŷÞÞdtþ sðŷÞdBt

,

8>><
>>:

ðivÞ 8y,EB �exp �r SðY1, yÞ �
Z1
0

cðmtðy, yÞ, sðyÞ, yÞdt

2
4

3
5

8<
:

9=
;

0
@

1
A

� �expf�rW0g:

In the principal’s objective criterion, E is the expectation operator with
respect to both observed process {Y0,Y1} and agent ability �; that is, E is

a double integral under two probability measures on Y1and �. Constraint
(ii) is for the incentive compatibility associated with moral hazard: Given

any contract ðSðY1; ŷÞ; sðŷÞÞfrom the menu, agent � chooses optimal

controls fmtðŷ; yÞg based on the Brownian filtration {Ft}. E
B is the expec-

tation operator with respect to the Brownian motion process {Bt} condi-

tional on ðŷ; yÞ 2 �2. The superscript B also emphasizes that the agent

information evolves according to {Ft}. Note that in the agent’s problem,
the choice of � is determined by the contract, because � is observed by the

principal. Constraint (iii) is for the truthtelling condition associated with

adverse selection: Given a menu of contracts {(S(Y1,�), �(�)); � 2 �},

agent � chooses (S(Y1,�), �(�)). This truthtelling condition is a direct

consequence of the revelation principle. The last constraint (iv) is the

usual participation constraint.

The information structures embedded in Problem 1 indicate that the

principal makes decisions based on {G0,G1} and agent � does so based on
{Ft}. Thus, there are two tiers of information asymmetry between the

principal and agent; one about � that is exogenously given before the contract

is chosen and the other about intermediate outcomes {Yt} that are affected

by the agent’s endogenous effort after a contract is chosen. However, since

the principal is the decision maker of the whole system of the problem,

optimal solutions, if any, to the system should be adapted to the principal’s

information, that is, {G0,G1}. Throughout the article, we assume the exis-

tence of optimal controls for both the principal’s and agent’s problems.

2.1 Analysis

In this subsection, we summarize results from the analysis of Problem 1.

Their proofs are omitted because they are very similar to those in

Section 3.1.

The analysis justifies the use of linear contracts in discrete-time models

under adverse selection and moral hazard with a risk-neutral principal
and a CARA preference agent when the outcome is normally distributed.

In particular, optimal controls are constant over time, and they are
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determined by maximizing the principal’s Hamiltonian in (2) over U � �.
For each �, let (��(�), ��(�)) be a solution to the maximization of the

Hamiltonian. We call (��(�), ��(�)) the third-best level of agent �’s effort,
as opposed to the second best (�2nd(�),�2nd(�)) under pure moral hazard.

Then one can show that the optimal menu of contracts is given by

{(S�(Y1,�), �
�(�)); � 2 �}, where S�(Y1,�), the optimal sharing rule for

agent �, is short for S(Y1,�; {(�
�(�0), s�(�0));�0 2 (�,�H)}) and

SðY1, y; fðm�ðy0Þ, s�ðy0ÞÞ;y0 2 ½y, yH �gÞ ¼ w0 þ
ZyH
y

cyðm�ðy0Þ, s�ðy0Þ, y0Þdy0

ð3Þ

þ cðm�, s�, yÞþ r

2

c2mðm�, s�, yÞ
f 2m ðm�, s�Þ

ðs�Þ2� cmðm�, s�, yÞ
fmðm�, s�Þ

f ðm�, s�Þþ cmðm�, s�, yÞ
fmðm�, s�Þ

Y1,

where c(��,��,�) � c(��(�), �� (�),�) and f(��,��) � f(��(�), ��(�)). (Recall

c� is the partial differentiation with respect to its third argument.) The

proof of Equation (3) is essentially the same as that of Theorem A.2 in the
Appendix. Note that ��(�) in Equation (3) can be interpreted as the agent

�’s optimal effort level that the principal seeks to induce through the

optimal menu of contracts {(S�(Y1,�),�
�(�)); � 2 �}.

An intuition for this linearity is presented in Section 3.1. Comparing the

structure of the optimal sharing rule with that of the second best in

Holmstrom and Milgrom (1987), Schättler and Sung (1993), and Sung

(1995), one can see that the second term in the right hand side (RHS) of

Equation (3) is added. This term attributed to the adverse selection effect is
called the information rent to be paid to agent � by the principal in order to

induce the agent to reveal his private information. Recall that the second-

best levels of effort (�2nd(�), �2nd(�)) can be computed by maximizing the

Hamiltonian in (2) with v � 0. An immediate implication is that if c� > 0,

then for given levels of effort (��(�), ��(�)), agent �, except for the least

efficient agent �H, has to be paid higher under moral hazard and adverse

selection than he does under pure moral hazard. Thus, the third-best levels

of effort are different from the second best except for �¼ �L.

2.1.1 Sufficient conditions. There are a couple of subtle technical issues

to have sharing rules in Equation (3) that qualify as truly optimal. Note

that in the process of deriving the menu of sharing rules (3) in the

Appendix, we have simplified incentive compatibility conditions, (ii)
and (iii) of Problem 1, by using the first-order necessary conditions

(FOCs) of the agent’s problem with respect to {�t} and �. Thus, we still

need to make sure the menu {(S�(Y1,�),�
�(�)); � 2 �} satisfies (ii) and (iii).

Before we proceed further, notational clarification is in order. Let a

menu of contracts given by {(S(Y1,�),�(�)); � 2 �}, where S(Y1,�) is a
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general linear sharing rule in form (3) with {(�(�0),�(�0)); �0 2 [�,�H]}, that
is, S(Y1,�) � S(Y1,�; {(�(�

0),�(�0)); �0 2 [�,�H]}). Here (�(�),�(�)), � 2 �,

does not have to maximize the principal’s Hamiltonian in (2). It should be

emphasized that �(�) (with a single-� argument) is the level of agent �’s
effort the principal tries to induce through the menu {(S(Y1,�),�(�)); � 2
�}; that �(�,�) (with double-� arguments) is the optimal level of effort

agent � would actually exert had he chosen the correct contract

(S(Y1,�),�(�)) from the menu and that mðŷ; yÞ is the optimal level of effort
agent � would actually exert had he chosen a wrong contract

ðSðY1; ŷÞ; sðŷÞÞ from the menu. In particular, m�ðŷ; yÞ, denotes the agent

�’s optimal � after choosing a (wrong) contract ðS�ðY1; ŷÞ; s�ðŷÞÞ from the

optimal menu of contracts {(S�(Y1,�), �
�(�)); � 2 �}.

We provide sufficient conditions for a menu to satisfy constraints (ii)

and (iii) of Problem 1 in terms of �- and �-implementabilities. Consider a

menu of contracts {(S(Y1,�),�(�)); � 2 �} with S(Y1,�) � S(Y1,�;
{(�(�0),�(�0)); �0 2 [�,�H]}). If (exogenously) given (S(Y1,�),�(�)) from
the menu, agent � chooses �(�,�) so that �(�,�)¼�(�), then we call

(S(Y1,�),�(�)) �-implementable. If all contracts in the menu are �-imple-

mentable, we call the menu �-implementable. If agent �, � 2 �, correctly

chooses (S(Y1,�),�(�)) from the menu, then we call the menu �-implemen-

table. Note that the menu of contracts {(S�(Y1,�), �
�(�)); � 2 �} with

S�(Y1,�) � S(Y1,�; {(�
�(�0),��(�0)); �0 2 [�,�H]}) can be truly optimal only

if the two implementabilities are satisfied.

For the two implementabilities, we need to know how agent �, � 2 �,
behaves in general given a menu {(S(Y1,�), �(�)); � 2�}. For brevity, we let

the sensitivity of contract (S(Y1,�), �(�)) denoted by �(�). That is,

bðyÞ :¼ cmðmðyÞ, sðyÞ, yÞ
fmðmðyÞ, sðyÞÞ

: ð4Þ

Suppose agent � chooses a contract ðSðY1; ŷÞ; sðŷÞÞ from the menu and

exerts the optimal level of effort mðŷ; yÞ. Then by using essentially the
same argument as in the proof of Lemma A.2 in the Appendix, one can

show that mðŷ; yÞ satisfies the following equation.

bðŷÞ ¼ cmðmðŷ, yÞ, sðŷÞ, yÞ
fmðmðŷ, yÞ, sðŷÞÞ

: ð5Þ

The above equation implies that given contract ðSðY1; ŷÞ; sðŷÞÞ, agent �
exerts efforts on � to equate bðŷÞ, the sensitivity of the contract, to the

marginal cost of effort for marginal expected outcome. Since bðŷÞ is the
marginal benefit to agent � for the marginal effort to increase the expected

outcome by one unit, Equation (5) simply indicates that agent �’s optimal

effort decision is based on a trade-off between the marginal cost and
marginal benefit.
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Note that under our general assumptions that f� > 0, c�, c��, c�� � 0,

and f��, f�� � 0, the agent’s marginal cost for marginal expected outcome

c�/f� is nondecreasing in �, and thus Equation (5) implies that given

(S(Y1,�), �(�)) agent � optimally chooses �(�), that is, �(�,�)¼�(�), that
is, the menu {(S(Y1,�), �(�)); � 2 �} is �-implementable. In other words,

all contracts given in form (3) are �-implementable whether each (�(�),
�(�)) 2 U � � maximizes the principal’s Hamiltonian or not.

Although the �-implementability can easily be secured under the above
general set of assumptions, the �-implementability requires an extra con-

dition. An argument similar to the proof of Theorem A.3 in the Appendix

implies that a m-implementable linear menu given in form (3) is �-imple-

mentable if and only if, for all ðŷ; yÞ,

cymðmðŷ, yÞ, sðŷÞ, yÞmŷðŷ, yÞ þ cysðmðŷ, yÞ, sðŷÞ, yÞṡðŷÞ � 0: ð6Þ

(Recall that ṡðyÞ ¼ dsðyÞ=dy and mŷðŷ; yÞ are the partial derivatives of

mðŷ; yÞ with respect to its first argument.) The above condition can be
related to the classical monotonicity and single-crossing conditions fre-

quently appearing in the mechanism design literature. However, we post-

pone the discussion on differences and similarities between (6) and the

classical conditions until Section 3.1.1.

2.2 Comparative statics
As discussed in section 2.1, if {(��(�), ��(�)); � 2 �} maximizes the

principal’s Hamiltonian in (2) over U � � and satisfies condition (6),

then the menu with sharing rules given in (3) solves Problem 1. To

examine the properties of optimal controls {(��(�), ��(�)); � 2 �}, let us

assume that {(��(�), ��(�)); � 2 �} is the set of interior solutions to the

principal’s Hamiltonian for all �.17 Then FOCs are

0 ¼ fm � cm � rs�2
cm

f 2m
cmm �

c2m

f 3m
fmm

 !
� �ðyÞcmy, ð7Þ

0 ¼ fs � cs � rs�2
cm

f 2m
cms �

c2m

f 3m
fms

 !
� rs�

c2m

f 2m
� �ðyÞcsy: ð8Þ

The first two terms of the RHS of Equations (7) and (8) come from

necessary conditions for the first best requiring to equate the marginal

products to the marginal costs, that is, f� � c�¼ 0 and f� � c�¼ 0. The

17 Given that U and � are open intervals, the assumption of interior solutions is equivalent to the existence
of solutions, and we ignore potential corner solutions. Further note that, as is typically the case in the
moral hazard literature, our principal’s Hamiltonian may not be globally concave in general. Thus, the
FOCs may also describe local maxima, if any, as well as the global maximum.
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third term of (7) and the third and fourth terms of (8) are the marginal

compensation-risk premiums originating from moral hazard. The last

terms of (7) and (8) are related to the marginal information rents due to

adverse selection.

When the volatility is observable, the principal chooses � for the agent,

and the agent chooses � on his own. Thus, the principal’s optimal choice

of � does not, in general, maximize the agent’s expected utility. Conse-

quently, one needs to look at both the principal’s optimization conditions
and agent’s response on � to examine comparative statics of ��, which can

make general comparative statics highly complicated. We simplify both

the principal’s and agent’s optimization conditions assuming c�¼ 0,

which means the agent chooses � costlessly. This assumption can capture

economic situations where the agent can affect the outcome both by

costly effort and costless decision-making. For example, in a corporate

finance problem, the costless decision on � can be interpreted as a

managerial project selection decision. See Sung (1995) and also Section 4.
Comparative statics with c�¼ 0 are given in the following proposition.

Since we have already assumed in the description of the general model

that c�, c��, c�� � 0, f� > 0, and f��, f�� � 0, these conditions will not be

repeated in all statements of results throughout the article.

Proposition 1. Assume that c�¼ 0 and c��, c�� > 0, that ��(�) and ��(�) are
continuously differentiable and that condition (6) is satisfied. Then [m�(�),
��(�)] has the following properties:

(i) If f��¼ 0, then the more efficient the agent, the higher the sensi-

tivity, that is, ḃ
� � 0.

(ii) If f��¼ 0, f� > 0, and f��, f��� � 0, and if for each �, the maximiza-

tion of Hamiltonian yields a unique interior solution, then the more
efficient the agent, the lower the volatility, that is, ṡ� � 0.

Note that in the proof in the Appendix, we utilize condition (6) which is

absent in pure moral hazard models. Ironically, this extra condition plays
a key role in simplifying signs of _� and ṡ. In the second-best world without

a condition like (6), however, those signs are not easy to establish for

general c and f. We defer more direct comparisons of the second- and

third-best solutions until Proposition 3-I in Section 4.

Part (i) of Proposition 1 is consistent with existing adverse selection

literature in which risk-neutral agents are allowed to control only the

mean of the outcome. Thus, Proposition 1 simply reconfirms that existing

findings also hold even when the agent is risk averse and both the mean and
variance are controllable. However, Part (i) requires f��¼ 0. If f�� 6¼ 0, the

volatility level can affect the marginal productivity of the production

function, and thus the sensitivity can be affected by the volatility choice.

For example, if f�� < 0, the marginal productivity drops as � increases,
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which encourages the principal to instruct the agent to choose safe projects

and to provide the agent with a high incentive contract. Consequently, as �
increases, the principal may want to change the sensitivity more slowly

than she may if f��¼ 0. This kind of complication makes it difficult to

establish the sign of ḃ
�
when f�� 6¼ 0.

Part (ii) suggests that the principal instructs more efficient agents to take

lower risks. The reason is as follows: She wishes to provide high incentives

(with high �) for efficient agents, but there are high compensation risk
premiums associated with raising �. To reduce the risk premiums, she

instructs efficient agents to take low risks. She is even more motivated to

discourage efficient agents from taking high risks when f�� < 0, because

their marginal effort productivity f� decreases as � increases.

Note, however, that the abovementioned tendency of risk avoidance

with highly efficient agents critically depends on our assumption that f��
� 0, that is, the agent’s effort productivity is either adversely affected or

unaffected by taking high risks. In Section 4, we shall see that if this
assumption is violated in a particular way, then it is sometimes possible to

have ṡ�<0: the more efficient the agent, the higher the volatility. Roughly

speaking, if the agent’s effort productivity is so favorably affected by high

� that the cost of high compensation-risk premium can be outweighed by

the benefit of improved effort productivity, then the principal may some-

times want to force efficient agents to take high risks.

3. The Optimal Menu of Contracts with Unobservable Volatility

In this section, the volatility process is unobservable and incontractible, as

described in Case 2 of Section 1. The principal’s problem is stated as follows:

Problem 2. Choose G0-measurable controls {(�t(�,�),�t(�,�))}; � 2�} and G1-

measurable menu ofcontracts {S(Y1,�); � 2 �} to maximizeE[Y1 � S(Y1,�)]
subject to the following four constraints:

(i) 8�, dYt¼ f(�t(�,�),�t(�,�))dt + �t(�,�)dBt,

(ii) 8ðŷ; yÞ 2 �2; ½ðmtðŷ; yÞ;stðŷ; yÞ�

2argmax
fðm0t, s0tÞ2Ftg

EB �exp �r SðY1, ŷÞ �
R1
0

cðm0t, s0t, yÞdt
" #( ) !

s:t: dYt ¼ f ðm0t, s0tÞdtþ s0tdBt

,

8>><
>>:

ðiiiÞ 8y, y 2 argmax
ŷ

EB �exp �r SðY1, ŷÞ �
R1
0

cðmtðŷ, yÞ, stðŷ, yÞ, ydt
" #( ) !

s:t: dYt ¼ f ðmtðŷ, yÞ, stðŷ, yÞÞdtþ stðŷ, yÞdBt

,

8>><
>>:
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ðivÞ 8y,EB �exp �r SðY1, yÞ �
Z1
0

cðmtðy, yÞ, stðy, yÞ, yÞdt

2
4

3
5

8<
:

9=
;

0
@

1
A

� �expf�rw0g:

As compared to Problem 1, constraint (ii) now allows the agent to

privately choose both the drift and volatility processes over time. All

other aspects of Problem 2 are basically the same as those of Problem 1.

3.1 Analysis

As in Section 2.1, results are first summarized. Details and their proofs are

given in the Appendix. Again, the analysis suggests that optimal controls

are constant over time, and thus it justifies the use of linear contracts in

analogous discrete-time models when the outcome is normally distributed.
In particular, Theorem A.2 in the Appendix indicates that the principal’s

problem for each � can be relaxed to the maximization of the Hamiltonian

in (2) subject to the (�, �)-implementability constraint. By Theorem A.3 in

the Appendix, if the solution to this constrained maximization problem

satisfies the �-implementability, then the solution also solves the principal’s

original problem. Both the (�, �)- and �-implementability conditions will

be explained in Section 3.1.1.

The principal’s constrained problem implied by Theorem A.2 can
further be relaxed as the maximization of the following Lagrangian for

each � over U x S:

L ¼ f ðm, sÞ � cðm, s, yÞ � r

2

c2mðm, s, yÞ
f 2mðm, sÞ

s2 � �ðyÞcyðm, s, yÞ

þq
cmðm, s, yÞ
fmðm, sÞ

fsðm, sÞ � csðm, s, yÞ � r
c2mðm, s, yÞ
f 2m ðm, sÞ

s

" #
,

ð9Þ

where q is the Lagrange multiplier for the (�, �)-implementability. Note

that the constraint part of the Lagrangian is from the agent’s FOC with

respect to �, which constrains the principal’s problem because it is now

the agent, not the principal, that chooses the volatility. For each �,
let (��(�), ��(�)) be a solution to the Lagrangian maximization. By

Theorems A.2 and A.3, if {(��(�), ��(�)); � 2 �} satisfy sufficient condi-
tions discussed in Section 3.1.1, then the optimal menu of contracts

{S(Y1
�,�); � 2 �} consists of linear contracts of form (3) with {(��(�),

��(�)); � 2 �}.

Our linearity basically follows from the informational constraint

imposed on the principal’s problem which requires that she observe only

the final outcome and implement G0-measurable controls on (�t, �t) over
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time. However, the linearity can also be related to the existing literature.18

Recall that in pure moral hazard models of both Holmstrom and Milgrom

(1987) and Sung (1995), the optimal contract is linear because of the

stationarity of the principal’s dynamic problem. The stationarity results

from the fact that both the principal and agent exhibit CARA preferences.

Under the CARA utility assumptions, wealth effects influence neither the

principal’s nor the agent’s decisions at any intermediate time.

When an adverse selection problem is added to the abovementioned pure
moral hazard models, the principal is concerned with one more constraint

related to the information rent, an amount that the principal has to pay the

agent to reveal his private information. In our continuous time, the rent

can be expressed as the expected value of a stochastic process, which we call

the information rent process. In fact, the information rent process at any

intermediate time t(<1) is the instantaneous rate of an extra cumulative

utility gain up to time t the agent would enjoy had he chosen a (marginally)

wrong contract at time 0. The rate turns out to be c�Lt, a history-dependent
integral, where Lt is a history-dependent exponential martingale and �Lt

is, in effect, the realized cumulative utility at time t. (See Theorem A.1 in

the Appendix.) Consequently, the principal maximizes the expected wealth

subject to an integral constraint defined in terms of the history-dependent

information rent process. If she is allowed to observe the whole history of

the outcome, her constrained maximization would no longer exhibit the

stationarity over time because of the history-dependent integral constraint

and thus could result in history-dependent optimal controls and highly
nonlinear whole-history–dependent contracts.

However, when allowed to observe the final outcome only, the risk-neutral

principal is only concerned with the expected value of the rent process. Since

the principal’s information does not change over time, neither does the

expected value, and thus the integral constraint in the principal’s problem

reduces to a deterministic integral, independent of the history of the rent

process. Therefore, the principal’s problem becomes stationary, resulting in

constant optimal controls and linear contracts.

18 A remark is in order. Recall that linear contracts cannot be optimal in an analogous discrete-time setting,
because the first-best solution can be achieved in the limit by a set of the famous Mirrlees (penalty-reward
type) forcing contracts. In a continuous-time framework, however, it is not possible to achieve the first
best using the Mirrlees forcing contracts, because in continuous time, his contracts do not induce the
agent to choose the first-best level of effort. Consider a Mirrlees penalty-reward contract that implements
the first-best effort in discrete time. Suppose that the same contract is given to the agent in continuous
time. When an intermediate outcome happens to be deeply into the penalty zone, the agent loses the hope
of bringing the outcome process back to the reward zone, and thus abandons the effort, that is, no first-
best effort is made. Even when the intermediate outcome happens to be deeply into the reward zone, no
first-best effort is expected either, because even with zero effort, the agent may find it to be highly unlikely
that the final outcome will drop down into the penalty zone.
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3.1.1 Sufficient conditions. We again discuss the sufficient conditions in

terms of the (�, �)- and �-implementabilities. Consider a menu of con-

tracts {S(Y1,�); � 2 �} with S(Y1,�) � S(Y1,�; {(�(�
0), �(�0)); �0 2 [�,�H]})

as in (3). Here the control pair (�(�), �(�)), � 2 �, does not have to

maximize the principal’s Lagrangian in (9). If given S(Y1,�), agent �
chooses (�(�,�), �(�,�)) such that (�(�,�), �(�,�)) � (�(�), �(�)), then we

call S(Y1,�) (�, �)-implementable. As in Section 2.1.1, �(�,�) and �(�,�) are
controls determined by the agent and �(�) and �(�) by the principal. The

definition of the �-implementability is identical to that of Section 2.1.1.

To provide sufficient conditions for the (�, �)- and �-implementabil-

ities, let us define function F as follows:

Fðm, s; ŷ, yÞ :¼ bðŷÞf ðm, sÞ � cðm, s, yÞ � r

2
ðbðŷÞÞ2s2, ð10Þ

where � is as defined by (4). The above definition is motivated by Lemma

A.1 in the Appendix, which gives the (�, �)-implementability condition

for an admissible salary function. In fact, F is the quantity agent � wishes
to maximize after choosing a contract SðY1; ŷÞ from menu {S(Y1,�);
� 2 �}. Thus, the pair of the agent’s optimal response functions

ðmðŷ; yÞ; sðŷ; yÞÞ is given by

ðmðŷ, yÞ, sðŷ, yÞÞ 2 argmax
ðm, sÞ2U�S

Fðm, s; ŷ, yÞ:

The above implies that each S(Y1,�) is (�, �)-implementable, that is, (�(�, �),
�(�, �)) � (�(�), �(�)), if and only if

ðmðyÞ, sðyÞÞ 2 argmax
ðm, sÞ2U�S

Fðm, s; y, yÞ: ð11Þ

In other words, given contract S(Y1,�), agent � is successfully induced to

choose (�(�), �(�)) if and only if the contract is (�, �)-implementable, or if

and only if (11) holds.

For an insight into the (�, �)-implementable set of controls, or the set of

controls that can make S(Y1,�) (�, �)-implementable, we look at the FOCs

and the second-order necessary conditions (SOCs) for the agent’s problem

in (11). Since f��, f�� � 0, and c��, c�� � 0 by assumption, the FOCs and
SOCs are summarized as follows: with arguments of c and f suppressed,

Fm ¼ bfm � cm ¼ 0, ð12Þ

Fs ¼ bfs � rb2sðy, yÞ � cs ¼ 0, ð13Þ

jF00j ¼ ðbfmm � cmmÞðbfss � css � rb2Þ � ðbfms � cmsÞ2 � 0: ð14Þ

If for each �(�0), the agent’s SOC (14) holds for all (�, �) 2 U � S [i.e., if

F(�, �; �,�)is globally concave in (�, �)], then (�(�,�), �(�,�)) is unique, and
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Equation (12) is trivially satisfied. Thus, under the global concavity

assumption, the (�, �)-implementability reduces to Equation (13), which

is the same as the constraint in the principal’s Lagrangian (9). Then,

contract S(Y1,�) constructed in form (3) by using the solutions to Lagran-

gian (9) is guaranteed to be (�, �)-implementable and is written as S�(Y1,�).
Next, we turn to the �-implementability. By Theorem A.3 in the

Appendix, a menu of (�, �)-implementable contracts {S(Y1,�); � 2 �},

where S(Y1,�) � S(Y1,�; {(�(�
0), �(�0)); �0 2 [�,�H]}) is given in form (3),

satisfies the �-implementability if and only if the following inequality

holds for all ðŷ; yÞ:

cymðmðŷ, yÞ, sðŷ, yÞ, yÞmŷðŷ, yÞ þ cysðmðŷ, yÞ, sðŷ, yÞ, yÞsŷðŷ, yÞ � 0: ð15Þ

As a corollary, one can show that if c�¼ 0, then condition (15) can be sim-
plified to the familiar usual constraint ḃ � 0, that is, the sensitivities of opt-

imal contracts are nonincreasing in �. See Proposition A.2-ii in the Appendix.

Another corollary to condition (15) is that if c�� > 0, c�� � 0,

mŷðŷ; yÞ � 0, and sŷðŷ; yÞ � 0, then (15) is satisfied. These conditions

correspond to the well known sufficient conditions in discrete-time mod-

els: c�� > 0 and c�� � 0 are analogous to the Spence–Mirrlees single-

crossing condition and mŷðŷ; yÞ � 0 and sŷðŷ; yÞ � 0 to the monotonicity

condition. [See Fudenberg and Tirole (1991) or Stole (1997) for an
excellent introduction to these conditions.)19

Their single-crossing and monotonicity conditions are developed for a

one-dimensional outcome. For multidimensional outcomes, Garcia (2002)

provides necessary conditions for the �-implementability. In fact, Garcia’s

necessary conditions more closely resemble ours in (15) in the sense that in

this article we have two-dimensional actions (�, �). Since we have an

agency problem embedded in the adverse-selection problem, it is not

straightforward to provide a direct comparison of �-implementability con-
ditions between the literature and ours. Nevertheless, one may say the main

difference lies in the fact that conditions in both Spence–Mirrlees and

Garcia require restrictions on ðṁðyÞ; ṡðyÞÞ,whereas in this article, a restric-

tion is imposed on ðmŷðŷ; yÞ; sŷðŷ; yÞÞ. The reason is that in pure adverse-

selection models, the principal chooses effort levels for the agent, whereas

in this article, the agent does. This additional opportunistic behavior leads

to a restriction on ðmŷðŷ; yÞ; sŷðŷ; yÞÞ, instead of ðṁðyÞ; ṡðyÞÞ.
The effect of the agent’s opportunistic behaviors on the �-implement-

ability conditions becomes clear when one tries to compare (6) and (15).

19 In fact, the single-crossing conditions for our agent’s problem can be expressed in terms of either the signs of
F�� and F�� or those of Fmŷ and Fsŷ. The inequality condition in (15) is presented in terms of F��(=�c��)
and F��(=�c��). In order to facilitate comparison with frequent results in the mechanism design literature,
Proposition A.1-i in the Appendix alternatively describes a necessary condition for the �-implementability in
terms of Fmŷð¼ ḃfmÞ and Fsŷð¼ ḃfs � 2rbḃsÞ. However, Proposition A.1-ii tells us that under certain
conditions, the two expressions, (15) and Proposition A.1-i, are directly related to each other.
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For the case of (6), the principal uses two instruments to screen agents,

the compensation contracts and the volatility, whereas for (15), there is

only one instrument, the compensation contract. Thus, in the latter case,

the agent is more opportunistic than in the former case. Consequently, the

principal’s choice of menu becomes severely limited as she takes into

account agent y’s all possible opportunistic choices of s(ŷ; y) for all ŷ
given y, resulting in an additional stringent restriction on sŷ(ŷ; y) for all
(ŷ; y), not just on ṡ(y) for all y. Latter case requires a restriction on
sŷðŷ; yÞ, whereas the former is concerned with ṡðyÞ.

3.2 Comparative statics

The following comparative statics shed light on the agent’s optimal

choices of � and �.

Proposition 2. Suppose that the optimal menu consists of contracts in form

(3) with sensitivities ��(�)> 0 for all � 2 � and that for all ð�̂; �Þ, the agent’s
Hessian in (14) holds with strict inequality. Also suppose that (c�/f�)f�� �
c�� � 0, f� � 2r(c�/f�)� < 0, c�� � 0, and c�� > 0. Then the more efficient

the agent, (i) the higher the sensitivity of the contract, that is, �̇
� � 0; and

(ii) the lower the volatility, that is, �̇�ð�Þ � 0.

Note that the condition (c�/f�)f�� � c�� � 0 implies F�� � 0, that is, the

agent’s marginal utility with respect to � decreases as � increases. In other

words, as� increases, the effectiveness of� inmarginally increasing the agent’s
utility diminishes. This condition can be satisfied if c�¼ 0 and f�� � 0. On the

other hand, the condition f�� 2r(c�/f�)�< 0 canbe related to a single-crossing

condition thatFsŷ should be either positive or negative. (See footnote 19 and

the discussion followingPropositionA.1 in theAppendix.) InProposition 2, it

turns out to be Fsŷ � 0, that is, given a contract, the agent’s marginal utility

with respect to � increases as he pretends to be less efficient. Or the effective-

ness of � in marginally increasing the agent’s utility increases, as the agent

pretends to be less efficient. Also note that the agent’s FOC with respect to �
immediately implies that the condition f� � 2r(c�/f�)� < 0 holds if c�¼ 0.

Proposition 2 is similar to Proposition 1, except that conditions to

support ṡ � 0 in Proposition 2 are slightly more general than those in

Proposition 1. General comparative statics with unobservable volatility

are easier to establish than those with observable volatility. The reason is

that when the volatility is unobservable, given a contract, comparative

statics for both � and � are mostly determined by the agent’s problem

alone, whereas when the principal observes the volatility, one needs to
look at the agent’s problem for comparative statics of optimal � and the

principal’s problem for comparative statics of optimal �.
The intuition forProposition2-(ii) is essentially the sameas that forProposi-

tion 1-(ii), except that nowefficient agents are induced, insteadof ‘‘instructed,’’
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to take low risks. Consequently, if f�� � 0 (or (c�/f�)f�� � c��� 0) and if the

volatility is unobservable, then the more efficient the agent, the higher the

sensitivity and the lower the volatility. However, as is the case with observable

volatility, the sign of f�� can be important to establish ṡ�ðyÞ � 0 with unob-

servable volatility. That is, if f�� > 0, then the marginal product of effort �
increaseswith thevolatility so fast that itmaysometimesbepossible tohave the

opposite result, that is, ṡ�ðyÞ<0.We rely on a specific example in Section 4 to

further explore the effect of the sign of f�� on decision variables �
�and ��, and

we compare observable and unobservable volatilities in Section 5.

4. An Example

As mentioned in previous sections, we consider corporate management
problems where the manager can affect the corporate profit by exerting

costly effort � and by making costless decision �, to examine comparative

statics on optimal sensitivities and volatilities under different assumptions

about f��. We assume that �(�) is strictly increasing in �. The second- and
third-best solutions are denoted by (�2nd, �2nd) and (��, ��), respectively.

Let the cost and production functions be given as follows:

cðm, yÞ ¼
1
2
ðamþ byÞ2 if amþ by > 0

0 otherwise

(

f ðm, sÞ ¼ gmþ dmsþ gðsÞ:

Assume that a, b > 0, that g is strictly concave real-valued function and

that �, � 2 R are parameters such that f�¼ � + �� > 0. Given � 2 U, we

call a pair (�, ��� + g(�)) a project. Also we call ��� + g(�) the total NPV

of the project, ��� the effort-productivity gain from volatility, and g(�) the
project NPV. Of course these NPVs are before managerial compensation.

Note that given �, choosing a level of � is the same as choosing a project.

We say g is quadratic if for A, C � 0 and B > 0,

gðsÞ ¼ A� B

2
ðs� CÞ2:

The expected total profit, f, of the firm before managerial compensa-

tion consists of two parts: one from managerial effort, ��, and the other

from the chosen project, ��� + g(�). When � > (<)0, the managerial effort

not only increases the profit of the firm by �� but also improves (reduces)

the project opportunity set {(�, ��� + g(�)); � 2 S} by ���. In the
following subsections, for brevity, we use m to denote a� + b�.

4.1 Observable project selection

As seen in Section 2, investors maximize the Hamiltonian in (2) over

(�, �) 2 U � S. The FOCs are as follows:
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0 ¼ gþ ds� � am� � ra3m�

ðgþ ds�Þ2
s�2� �ðyÞab, ð16Þ

0 ¼ d
a
ðm� � byÞ þ gs �

ra2gm�2s�

ðgþ ds�Þ3
: ð17Þ

Equation (16) implies that given �, the sensitivity of each contract in the menu

is as follows: Let ��1 be the inverse of �. Then for � < ��1((� + ���)/ab),

am�

gþ ds�
¼ ðgþ ds�Þðgþ ds� � �ðyÞabÞ

ðgþ ds�Þ2 þ ra2s�2
ð18Þ

and for � � ��1((� + ��)/ab), c�¼ am� ¼ 0, that is, the sensitivities are

zero.20 That is, for managers with sufficiently low abilities, flat-wage

contracts are optimal.21

Recall that in the first-best world, investors maximize the Hamiltonian

in (2) with r¼ �¼ 0 and that in the second-best world, they maximize the

same with �¼ 0. Thus, the third term of the RHS of the Hamiltonian is

attributed to moral hazard and the fourth term to adverse selection.
Equation (17), the FOC with respect to �, describes the third-best

project selection rule investors instruct the manager to use. Since there

are no terms involving � in Equation (17), one can argue that the third-

best rule is identical to the second-best rule. However, optimal projects

for the second- and third-best worlds, in general, can be different, because

the second- and third-best sensitivities are different owing to the presence

of a term involving � in the FOC in (16) and because the sensitivity affects

the project selection.
For an intuitive understanding of project selection rules, we consider two

benchmark cases. One benchmark is a well-known case with �¼ 0 [see Sung

(1995, p. 735, Equation (19))]. In this case, the FOC in (17) reduces to

gs � rðb�Þ2s� ¼ 0, ð19Þ

where �� ¼ am�/�, the sensitivity of the contract. The above rule simply

states that in both second- and third-best worlds, investors’ project selec-

tion is based on a simple trade-off between the marginal NPV, g�, and the

marginal compensation-risk premium, r(��)2��. The marginal premium is

the cost of forcing the risk-averse manager to choose riskier projects,

20 The possibility of such a flat wage contract is also discussed in Bernardo, Cai, and Luo (2001) in the
context of capital-budgeting problems with the risk-neutral investors and manager. Their case is a special
case of our observable project selection problem with �¼ 0, � > 0, and g being quadratic.

21 In an adverse-selection world, if it were believed that those low ability managers who were expected to
choose flat-wage contracts were not sufficiently qualified, then investors could easily screen the managers
out simply by assigning their certainty equivalent wealth Q(�) below their reservation certainty equivalent
wealth W0.
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because he demands higher risk premium for making his performance

measure Y1 riskier. On the other hand, the first-best project selection rule

is to maximize the total NPV of the project, that is, g�¼ 0, because the

manager receives a fixed salary and thus demands zero risk premium.

The other benchmark case occurs when �¼ 0 and � > 0: The FOC in

(17) becomes

fs ¼ m�dþ gs ¼ 0: ð20Þ

That is, both the second- and third-best project selection rules reduce to

the first-best rule: Given �, choose the project maximizing the total NPV.

In other words, the first-, second-, and third-best project selection rules

are all the same. In particular, the compensation-risk premium does not

affect the investors’ project selection decision even when the manager is

risk averse, because given �, the risk premium stays constant as �margin-

ally increases. Note that the risk premium is a product of the price of risk

(r/2)(c�/f�)
2 and the size of risk �2. As � increases, the size increases but

the price decreases. The two opposite effects exactly cancel each other to

make the risk premium remain constant for all � > 0. This precise offset

leads to the first-best project selection rule even when the manager is risk

averse.

It is instructive to rewrite the project selection rule in (20) as follows:

d2

a2
b�s� � bdy

a
þ gs ¼ 0: ð21Þ

Note that the first two terms, (�2/a2)���� � b��/a, are the marginal benefit

of effort-productivity gain from volatility. Interestingly, given �
�
and �,

this marginal benefit increases with risks. Therefore, when g is quadratic,

investors have incentives to increase risks until they get sufficiently pena-

lized by the negative portion of g�, the marginal project NPV. We use this

observation later in Section 4.2 to compare the manager’s private project

selection rule against investors’.

Comparative statics for the second- and third-best solutions are given
below.

Proposition 3. Assume that there are no flat-wage contracts in the menu of

contracts and that both the second- and third-best solutions uniquely satisfy

the FOCs of corresponding investors’ Hamiltonians with equality.22Then

their solutions have the following properties.

22 In general, the Hamiltonian may not be globally concave. When � > 0 and � � 0, the SOC is algebraically
too complex to express in terms of model primitives. However, when �¼ 0 and � > 0, it can be shown that
the SOC is globally satisfied if a2(�2 + ra2)g�� + �2 < 0, which implies, for instance, that the project
frontier has to be sufficiently concave to ensure the global strict concavity of the Hamiltonian.
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(I) Suppose � > 0 and � � 0

(i) The third-best solutions: �̇
�
< 0 and �̇� > 0.

(ii) The second-best solutions: (1) If � < 0, then �̇2nd < 0 and

�̇2nd > 0. (2) If �¼ 0, then sensitivities and volatilities are the

same across all � 2 �, that is, �̇2nd ¼ �̇2nd ¼ 0.

(iii) Comparison: If �¼ 0, then the third-best volatility is higher

than the second best, that is, for all � 2 (�L,�H], s�(�) >
s2nd(�); and ��(�L)¼ �2nd(�L)¼ �2nd(�).

(II) Suppose �¼ 0 and � > 0

(i) The third-best solutions: �̇ �< 0 and �̇�< 0. If g is quadratic,

s� ¼ ða2BC � abdyÞðd2 þ ra2Þ � d3�ðyÞab
a2Bðd2 þ ra2Þ � d4

: ð22Þ

(ii) The second-best solutions: �̇2nd ¼ 0 and �̇2nd < 0. If g is

quadratic,

s2nd ¼ ða2BC � ab��Þð�2 þ ra2Þ
a2Bð�2 þ ra2Þ � �4

: ð23Þ

(iii) Comparison: If g is quadratic, then for all � 2 [�L,�H], �
�(�) <

�2nd(�) and ��(�L)¼ �2nd (�L).

In the second-best case with � > 0 and, � < 0, Proposition 3-I-ii-(1) is

consistent with the conventional understanding that the higher the vola-

tility, the lower the sensitivity. This negative relationship is intuitive in the

sense that with � > 0 and � < 0, high volatility accompanies low manage-

rial effort productivity and high compensation risk premium, which in
turn implies low sensitivity. However, Propositions 3-I-ii-(2) and -II-ii

suggest that either when � > 0 and �¼ 0 or when � > 0 and �¼ 0, the

second-best sensitivities are the same for all � 2 �.23 Thus, in these second-

best cases, there are no relationships between the sensitivity and volatility.

23 The second-best sensitivity (with known �) remains the same for all � because of the particular structure
of cost and production functions considered in the example. The reason for this can be best understood
by looking at the equivalently transformed problem. Using m¼ a� + ��, one can write c¼ (1/2)m2, for
m > 0 and c¼ 0 otherwise. Then

dYt ¼
g
a
mþ d

a
ms� bg

a
y� bd

a
syþ gðsÞ

� �
dtþ stdBt:

That is, after the change of variable, the cost functions are the same for all �’s, but the outcome processes
are different across �’s. When �¼ 0 and � > 0, in the above outcome process, � does not interact with
effort mt and �t at all. Thus, the second-best sensitivities are the same for all �. When �¼ 0 and � > 0 (see
Part II-ii), � does affect the second-best effort and volatility. However with g being quadratic, c�/f�
coincidentally happens to be constant because the optimal c�¼ am� becomes proportional to f�¼ ���.
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On the other hand, Proposition 3 indicates that the third-best world

preserves most qualitative implications of the second-best world, except

that when �¼ 0 and � > 0, high sensitivity is associated with low volati-

lity, and that when � > 0 and �¼ 0, high sensitivity is associated with high

volatility. The positive relationship in the latter case is in contrast with the

conventional negative relationship between the volatility and sensitivity.

Behind the rationale for the conventional negative relationship is an

implicit assumption that �¼ 0 or the managerial effort productivity
remains the same regardless of the levels of risks. However, when d > 0

and �¼ 0, the positive relationship holds in the third best, because unlike

the second best, the third-best sensitivity is decreasing in � to induce the

manager to reveal his private information. (Recall that the second-best

sensitivity remains the same across all � 2 �.) As the sensitivity increases,

the managerial compensation-risk burden (the marginal cost of manage-

rial project choice) increases. However, as the sensitivity increases, so

does effort (the marginal benefit of the managerial project choice). Pro-
position 3-II-i implies that the net benefit for an efficient manager is

larger than that for an inefficient manager, and thus the efficient manager

chooses riskier projects. Hence, we have a positive relationship between

the sensitivity and volatility.

In comparing the second- and third-best quantitatively, the second-best

volatility can be higher or lower than the third best depending on values

in � and �. If � > 0 and �¼ 0 for each � 2 (�L,�H], the second-best

volatility is pointwise lower than the third best. From now on, whenever
we compare the first-, second-, and third-best solutions, we will always do

so ‘‘pointwise in � 2 (�L,�H],’’ without using this qualifier. With �¼ 0, the

managerial effort productivity is unaffected by volatility. Since the

second-best sensitivity is typically higher than the third best, investors are

less willing to take risks in the second-best world than in the third best.

If �¼ 0, � > 0 and g is quadratic, then the second-best volatility is higher

than the third best. As noted before, with � > 0, the effort productivity

increases with volatility. Thus, for high productivity, a high volatility
environment is necessary. In the third-best world, because of ‘‘information

rent’’ paid to the manager, an efficiency loss is necessary, which makes the

third-best sensitivity and volatility lower than the second best.

4.2 Unobservable project selection

Now, the manager privately makes project-selection decisions. With

c�¼ 0, investors’ Lagrangian (9) can be simplified as follows: For each �

L ¼ f � c� r

2

c2m

f 2m
s2 � �ðyÞcy þ q fs � r

cm

fm
s

� �
: ð24Þ
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With the quadratic cost and f¼ �� + ��� + g(�), the above Lagrangian

yields the following FOCs.

Lm ¼ gþ ds� � am� � ra3m�

ðgþ ds�Þ2
s�2 � �abþ q d� ra2s�

gþ ds�

� �
¼ 0, ð25Þ

Ls ¼ d
a

m� � byð Þ þ gs �
ra2gm�2s�

gþ ds�ð Þ3
þ q gss �

ragm�

ðgþ ds�Þ2

" #
¼ 0, ð26Þ

Lq ¼
d
a
ðm� � byÞ þ gs �

ram�s�

gþ ds�
¼ 0: ð27Þ

Note that by the construction of cost and production functions, the

optimal sensitivity cannot be negative. Thus, by the FOC with respect

to �, the optimal sensitivity

am�

gþ ds�
¼

gþ ds�ð Þ2 � �ab gþ ds�ð Þ þ q d gþ ds�ð Þ � ra2s�
� �

gþ ds�ð Þ2 þ ra2s�2
ð28Þ

is well defined for all � with which the above quantity is positive, that is, for

all �’s such that �ðyÞab gþ ds�ð Þ< gþ ds�ð Þ2 þ q d gþ ds�ð Þ � ra2s�
� �

. For

all other �’s, the sensitivities are zero, that is, c�¼ am� ¼ 0. That is, for

managers with sufficiently low abilities, flat-wage contracts are optimal.

The last two of the above three FOCs describe how the project-selection
decision is made. Since the two are free of terms involving �, again the

third-best project selection rule is the same as the second best. The FOC in

(27) implies that the manager chooses a project equating the marginal

expected compensation to the marginal compensation-risk burden. The

FOC in (26) with q¼ 0 suggests that investors wish the manager to choose a

project equating the marginal NPV to the marginal compensation-risk pre-

mium. (Note that at the optimum, the compensation-risk burden and pre-

mium are equal.) However, since the marginal expected compensation is a
fraction of the marginal NPV, given a contract, the manager tends to be more

conservative in project selection than desired by investors. Hence, there are

conflicts of interests about the project selection between the manager and

investors.

To be specific, we look at two benchmark cases: When �¼ 0 and � > 0,

we have the projection selection considered in Sung [1995, p. 735, Equation

(22)], and by the FOC (27), the project-selection rule can be written as

b�gs � rðb�Þ2s� ¼ 0: ð29Þ

The above rule equates the marginal expected managerial compensation,
��g�, to the marginal compensation-risk burden on the manager, r(��)2��.
Given a contract with ��, the marginal expected compensation for each � is
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a fraction �� of g�, the marginal total NPV of the optimal project. As

compared with the observable project- selection rule in (19), the rule in (29)

suggests that when the project choice is unobservable, the manager has

incentives to choose safer projects than desired by investors, because the

expected marginal benefits to the manager from a risky project is only a

fraction of the marginal NPV from the project.

When � > 0 and �¼ 0, the project-selection rule given by the FOC (25)

can be rewritten as follows

d2 � ra2
� �

b�s� abdyþ a2gs ¼ 0: ð30Þ
In this case, themarginal totalNPV consists of two parts:���¼ (�2/a2)���� �
(b�/a)�, the marginal effort-productivity gain from volatility; and g�, the

marginal projectNPV. In fact, if �2� ra2> 0, then as� increases, themarginal

expected compensation due to the marginal effort-productivity gain grows

faster thanmarginal compensation risk burden.Thus,when g is quadratic, the

manager has incentives to choose risky projects until he is penalized by a

significant reductionof theprojectNPVasg starts decreasingbeyondacertain
level, that is, �¼C. If �2� ra2< 0, then as � increases, the marginal expected

compensation grows slower than marginal compensation risk burden, and

thus the manager has incentives to choose safe projects.

Comparative statics for thesecond-andthird-best solutionsaregivenbelow.

Proposition 4. Assume that there are no flat-wage contracts in the menu of

contracts and that both the second- and third-best solutions uniquely satisfy

the FOCs of corresponding investors’ constrained Hamiltonian with equality.24

Then the solution has the following properties.

(I) Suppose � > 0 and �¼ 0

(i) The third-best solutions: �̇
�
<0 and �̇�>0.25

(ii) The second-best solutions: For all � 2� ḃ2nd ¼ �̇2ndð�Þ ¼ 0.26

(iii) Comparison: ��(�) > �2nd(�) for all � 2 (�L,�H]; and

��(�L)¼ �2nd(�).

(II) Suppose �¼ 0 and � > 0. Also suppose that �_ �2 � ra2
� �

þ ra2 � 0

and (�2 � ra2)g��� � 0 and that either ra2 � �2 � 0 or a2B � �2 �
0.27

24 See footnote 22. The constrained Hamiltonian may not be globally concave in general. When �¼ 0 and
� > 0, the strict concavity holds if �2 � ra2 + a2g�� < 0.

25 If the �-implementability is assumed, then by Proposition 2, one can immediately conclude that ḃ
�
<0 and

ṡ�>0 for � > 0 and � � 0. Note however, that both Propositions 3 and 4 do not a priori assume the
�-implementability.

26 See footnote 23 for an explanation of the same sensitivities.

27 Assumptions of ra2 � �2 � 0, or a2B � �2 � 0, are technical conditions to ensure the (�, �)-implement-
ability, or the manager’s SOC. If � is uniformly distributed, then �_¼ 1, and the condition
�_ðd2 � ra2Þ þ ra2 � 0 is satisfied.
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(i) The third-best solutions: �̇
�
<0 and �̇�<0. If g is quadratic, then

for � 2 �,

s�ðyÞ¼
a2BC � daby
� �

B d2 þ ra2
� �

� r d2 � ra2
� �� �

�B d2 � ra2
� �

�ðyÞabd
B d2 þ ra2
� �

a2B� d2 � ra2
� �� �

ð31Þ
(ii) The second-best solutions: �̇2nd ¼ 0 and �̇2ndð�Þ<0.28 If g is

quadratic, then for �2�,

s2ndð�Þ ¼
a2BC � �ab�
� �

B �2 þ ra2
� �

� r �2 � ra2
� �� �

B �2 þ ra2ð Þ a2B� �2 � ra2ð Þ½ � : ð32Þ

(iii) Comparison: If �2 � ra2 (¼, <)0, then we have ��(�) < (¼, >)

�2nd(�) for all � 2 (�L,�H], and ��(�L)¼ �2nd(�L).

All results in Proposition 4 except part II-iii are qualitatively similar to

those of Proposition 3. The differences between Propositions 3 and 4

occur simply because of project-selection rules (17) and (27). As noted

before, since that he privately recognizes a smaller marginal benefit from

the project NPV than investors do, the manager has stronger incentives to

choose safe projects when his project choice is unobservable than when

observable. In most cases, qualitatively, the stronger incentives alone do
not much alter the relationships of the sensitivity and volatility between the

second- and third-best worlds. For example, both Propositions 3 and 4

agree that if the volatility does not affect the effort productivity, the third-

best volatility is greater than the second best. However, a disagreement can

occur when the volatility positively affects the effort productivity.

To understand the disagreement, recall a couple of facts. First, the third-

best sensitivity is typically lower than the second best. Thus, the risk-averse

manager demands lower risk premium in the third best to choose a risky
project than he does in the second best. Second, consider cases with �¼ 0

and � > 0. When the project choice is observable, investors instruct the

manager to choose the highest NPV project given �, because the positive

volatility effect completely offsets the managerial compensation risk pre-

mium. When the project selection is unobservable, the manager may still

have incentive to choose a lowNPV project to reduce the compensation-risk

burden on himself, unless the positive volatility effect is sufficiently high.

The disagreement depends on quantity �2 � ra2 < 0. If �2 � ra2 < 0, or
if the volatility effect is not sufficiently positive, then the marginal positive

volatility effect on the expected managerial compensation does not com-

pletely offset the managerial marginal risk burden, and thus given �, the
manager tends to choose safer projects than investors desire. Since the

28 See footnote 23.
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third-best sensitivity is typically lower than the second best, the third-best

contract typically gives lower managerial risk burden, and therefore the

third-best volatility becomes higher than the second best, which results in

a disagreement between Propositions 3 and 4. That is, when observable,

the third-best volatility is lower than the second best, whereas when

unobservable, the opposite holds.

However, if �2 � ra2 > 0, or if the volatility effect is sufficiently positive,

then the managerial marginal compensation risk burden is completely off-
set by the marginal benefit of positive volatility effect. Thus, both the

manager’s and investors’ interests are aligned to choose the highest NPV

project given �. Hence, in this case, both Propositions 3 and 4 agree, that is,

observable or not, the third-best volatility is lower than the second best.

5. Effects of Unobservability

Given our results thus far, we compare observable and unobservable

project-selection cases. First, we discuss a simple benchmark where at

the optimum, both observable and unobservable volatilities turn out to be

the same. Then we present a case deviating from the benchmark.

5.1 A simple case where the observability is irrelevant. A glance at the

Lagrangian reveals simple, albeit restrictive, conditions under which the

unobservability does not affect the principal’s wealth, as in the following

proposition, which can also be viewed as a corollary to Theorem A.2 in
the Appendix.

Proposition 5. (1) If c��¼ f�¼ 0 and c��¼ 0, then the observability of � is

irrelevant for � 2 �. (2) If c��¼ f�¼ 0 and c�� 6¼ 0, then the observability of

� is irrelevant only for �¼ �L, the most efficient agent.

Under pure moral hazard [see Sung (1995, Corollary 1)], if c��¼ 0 and

f�¼ 0, then the observability of � is irrelevant. However, Proposition 5

indicates that if an adverse selection problem is added, then the observa-

bility matters even when c��¼ 0 and f�¼ 0, unless c��¼ 0.

If c�� 6¼ 0, and if the adverse selection problem is added to the moral

hazard, then given a contract, �(�) affects the marginal information rent

c�. If c�� > (<)0, then the information rent to be paid to each agent

increases (decreases) with �, a negative (positive) effect to the principal
expected wealth. Thus, when � is observable, given sensitivities, the

principal chooses � by striking a balance among marginal changes in four

factors: marginal expected outcome, agent’s cost of effort, compensation-

risk premium, and information rent. [See (8), the investors’ FOC with

respect to �.] However, when � is unobservable, each agent completely

ignores the marginal information rent and bases a project decision on a

trade-off among three factors: marginal compensation, marginal cost of
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agent’s effort, and marginal compensation-risk burden. [See (13), the

agent’s FOC with respect to �.] That is, conflicts can arise between the

principal and agent over the choice of �. Therefore, if c�� 6¼ 0 under

adverse selection and moral hazard, the observability matters even when

c��¼ 0 and f�¼ 0.

5.2 A case where the observability matters. Recall from Section 4 that

given a contract, the manager has incentives to privately choose safer
projects than desired by investors, and thus unobservable volatility is

expected to be lower than observable volatility. Also recall that the total

expected outcome can be increased either by increasing managerial effort

or by choosing risky projects. When effort incentives can conflict project-

selection incentives, investors should weigh the importance between the

two and decide which incentive has to be sacrificed in favor of the other.

In the presence of adverse selection, the sensitivity is typically lower

than the second best, and thus the contribution of managerial effort to the
expected outcome becomes less important than it is in the second best. As

a result, investors can be more willing to sacrifice managerial effort

incentives in the third best than they are in the second best, which can

in turn make it more likely that unobservable volatility is greater than

observable volatility in the third best than in the second best.

We reinforce the above intuition by using the case of f¼��� + g(�)
considered in Propositions 3-II and 4-II. In this case, we have explicit

solutions for optimal volatilities, which makes the comparison easier.

Proposition 6. Suppose the assumptions for Proposition 4-II-i hold, then

optimal observable and unobservable volatilities in the second- and third-

best worlds are compared as follows.

1. 8y; sobs2ndðyÞ > sunobs2nd ðyÞ.
2. s�obsðyÞ > ð¼;<Þs�unobsðyÞ iff ðaBC � bdyÞd��ðyÞBa2b > ð¼;<Þ0.
3. If � is uniformly distributed on [�L,�H], then

sobs� ðyÞ > ð¼ , <Þsunobs� ðyÞ iff y < ð¼ , >ÞyK :¼
aBCdþ Ba2byL

bd2 þ Ba2b
:

When f¼��� + g(�) with quadratic c and g, Proposition 6 indicates

that it does not happen in the second best that the unobservable volatility

is greater than the observable volatility. However, in the third best it can

happen, because the managerial effort is less important than it is in the
second best, and thus investors are more willing to sacrifice the efficiency

of managerial effort incentives.

More clearly, under the uniform distribution assumption, for suffi-

ciently high y; s�obsðyÞ<s�unobsðyÞ. That is, the degree of the willingness to

sacrifice effort incentives increases as the managerial effort efficiency
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decreases. This suggests that sufficiently inefficient managers such that

� > �K are induced to choose higher volatilities when their choices are

unobservable than they are when observable. This implication condition-

ally supports the conjecture by DeMarzo and Duffie (1995, p. 769) that

inefficient managers may choose riskier projects in a ‘‘hope of a lucky

draw.’’ Of course, if �H < �K, then DeMarzo–Duffie case cannot occur. In

general, their conjecture does not hold for sufficiently efficient managers

such that � < �K, because managers are risk-averse and they are efficient
enough that investors do not want to sacrifice the efficiency of effort-

incentive contracts too much.

6. Conclusion

We have presented a continuous-time principal-agent model under

adverse selection and moral hazard, where the principal is risk-neutral,

the agent exhibits constant absolute risk aversion, and the agent controls

both the drift and volatility of the outcome process. The principal may or
may not observe the volatility and is allowed to observe the final outcome

only. We have shown that in the principal’s problem, the truthtelling

condition inducing the agent to reveal his private information can be

reduced to an information-rent integral constraint. Thus, solving the

principal’s problem becomes similar to solving, under the integral con-

straint, a pure moral hazard problem as seen in Holmstrom and Milgrom

(1987), Schättler and Sung (1993), and Sung (1995). Given the principal’s

informational restriction to observe the final outcome only and to imple-
ment controls based on her initial information, this integral constraint

introduces no wealth effect to her problem, and thus optimal contracts

remain linear in the final outcome. We have also shown that the optimal

menu is required to satisfy a modified version of the well-known Spence–

Mirrlees single-crossing and monotonicity conditions, to prevent the

agent’s opportunistic effort choices after choosing a wrong contracts

from the menu.

As an application of the general model, we have provided in Section 4
an example that can be used to address various corporate contracting

problems and project-selection decisions under adverse selection and

moral hazard. Note that our project-selection problems can also be easily

transformed into capital budgeting problems by interpreting the volatility

choice as the choice of a dollar amount of investment: the higher the

volatility, the larger the investment.

The example in Section 4 reveals that corporate project choice or

investment decisions can be affected not only by the observability of
managerial decisions and information asymmetry, but also by interac-

tions between the managerial cost and corporate production functions.

We have shown that contrary to conventional wisdom, it is sometimes

possible to have a positive relationship between the volatility and the
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sensitivity of the contract. Such a case can sometimes happen, if the

managerial effort productivity is favorably affected by the riskiness of

the firm. In this case, efficient managers choose riskier projects or invest

more than inefficient managers do.

If the effort productivity is either unaffected or unfavorably affected by

the volatility, then we have the conventional negative relationship

between the volatility and the sensitivity. In this case, efficient managers

choose safer projects or invest less than efficient managers do.
We have argued that in most cases, the manager tends to be more

conservative in project-selection decisions when they are unobservable

than when they are observable. However, under adverse selection and

moral hazard, when investors believe there is a positive probability that

the manager is highly efficient but in fact he is not sufficiently efficient up

to a threshold, then he may be optimally induced to choose riskier projects

when the choice is unobservable than when the choice is observable. This

result conditionally supports DeMarzo–Duffie’s (1995) conjecture.
On the other hand, it is well known that above results on project

selection/capital budgeting decisions under adverse selection and moral

hazard presented in Section 4 can also equivalently be applicable to the

same decisions under hidden information and moral hazard, in which

information asymmetry occurs after the managerial contract is signed but

before the manager exerts effort. [See Fudenberg and Tirole (1991, Chap-

ter 7)]. Under hidden information and moral hazard, the manager with

good (bad) news behaves like an efficient (inefficient) manager under
adverse selection and moral hazard.

For instance, the example in Section 4 can be reinterpreted in the

context of hidden information and moral hazard as follows: Regardless

of the observability of volatility (investment decisions), (1) if managerial

effort productivity is unaffected by the volatility (by the amount of

investment), then the firm, after receiving good news, chooses safer

projects (invests less) than it does after receiving bad news; and (2) if

the managerial effort productivity is sufficiently positively affected by the
volatility (by the amount of investment), then the firm, after receiving

good news, can sometimes choose riskier projects (invest more) than it

does after receiving bad news.

For simplicity, let us focus on unobservable capital budgeting implica-

tions. In the first case, the firm’s conservatism in investment decisions

with good news appears to be counterintuitive. When good news arrives,

the manager chooses a high-sensitivity contract as a consequence of the

revelation mechanism. Since the high sensitivity increases the compensation-
risk burden on the manager, he invests less. Thus, good news is associated

with a small investment. However, in the second case, the high sensitivity

does not necessarily increase the compensation-risk burden as much as it

does in the first case, because a large investment improves his effort
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productivity and reduces the marginal price of the compensation-risk

burden per one unit of volatility. (Note that the compensation-risk

burden depends on the marginal cost of effort and the volatility.) As a

result, good news can be associated with a large investment.

The continuous-time model of this article may be extended to many

interesting economic settings. In our adverse selection model, when the

information asymmetry exists before contracting, managerial career con-

cern and renegotiation can potentially emerge as important considera-
tions in long-term contracting. [See Fudenberg, Holmstrom and Milgrom

(1990) and Rey and Salanié (1996).] It would be interesting to see how the

information asymmetry in terms of managerial ability can affect manage-

rial contracting if managerial career concern and the possibility of rene-

gotiation are allowed to dynamically interact with adverse selection. A

continuous-time model that can successfully tackle these issues with risk-

averse agents allowed to control both the mean and volatility of the

outcome might help provide new economic insights into many existing
long-term agency problems in financial economics.

The optimal menu in the article may possibly be extended to an optimal

screening menu. In this article, the principal has already decided to hire

the agent and tries to offer a menu of contracts which the agent will

accept. However, one can think of a more complex setting where the

principal tries to hire one agent from a pool of many candidates with

different ability levels and would like to screen out bad candidates from

the pool by using a menu of contracts. This problem is more complex
than ours in the sense that it involves an optimal screening menu. That is,

it requires the principal to consider the probability of successfully hiring

one qualified agent and to solve an additional optimization problem, say,

with respect to �H, after solving our problem. We leave all these poten-

tially interesting extensions for future research.

Appendix

A Proof of Proposition 1. (i) Since cs¼ 0 and c�� > 0, the �-implementability condition in (6)

implies that m�
ŷ
ðŷ; yÞ � 0: On the other hand, by varying Equation (5) over y with ŷ fixed, we have

ðb�ðŷÞfmm � cmmÞmy� � cmy ¼ 0: ðA1Þ
Therefore,

ḃ� ¼ d

dy
cm

fm

� �
¼ 1

fm
ðcmmṁ� þ cmyÞ �

cm

fm
ðfmmṁ� þ fmsṡ�Þ

� �

¼ 1

fm
ðcmm �

cm

fm
fmmÞṁ� þ ðcm

fm
fmm � cmmÞṁy� �

cm

fm
fmsṡ�

� �

¼ 1

fm
ðcmm �

cm

fm
fmmÞmy� �

cm

fm
fmsṡ�

� �
� 0:

For the second equality, we have utilized (A1) evaluated at ŷ ¼ y. The last inequality follows
because f��¼ 0 by assumption and mŷ � 0 by the �-implementability.
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(ii) Since c�¼ 0, the FOC with respect to � is, for each �,

0 ¼ fs þ rs�2
c2m

f 3m
fms � rs�

c2m

f 2m
:

Thus,

0 ¼ fms � 3rs�2
c2m

f 4m
fmsfmm þ rs�2

c2m

f 3m
fm2s þ 2rs�

c2m

f 3m
fmm

( )
ṁ�

þ fss þ 2rs�
c2m

f 3m
fms � 3rs�2

c2m

f 4m
f 2ms þ rs�2

c2m

f 3m
fms2 � r

c2m

f 2m
þ 2rs�

c2m

f 3m
fms

( )
ṡ�

þ 2rs�2
cm

f 3m
fms � 2rs�

cm

f 2m

( )
ċm:

However, the second curly bracket term is equal to H��. By the second-order condition with

respect to � to maximizeH with a unique solution, we knowH�� < 0. Note also that the first

and third curly bracket terms are nonpositive. Thus, in order to conclude ṡ � 0; it suffices to

show ċm � 0 and ṁ�<0.
Note that Equation (A1) implies m�yðŷ; yÞ<0, because c��, c�� > 0. Therefore, by the

differentiability of ��(�),

ṁ�ðy, yÞ ¼ m�
ŷ
ðŷ, yÞ þ m�yðŷ, yÞjŷ¼y < 0:

For the last inequality, we have utilized the fact that mŷ � 0 by the �-implementability.

Next, in order to see ċm � 0; note that ċm ¼ cmmṁ� þ cmy ¼ cmmðm�ŷ þ m�yÞ þ cmy ¼
ðcm=fmÞfmmm�yþ cmmm�ŷ, by Equation (A1). However since fmm¼ 0 and m�

ŷ
� 0, we have

ċm ¼ cmmm�ŷ � 0. &

B Appendix to Section 3.
Sections B.1 and B.2 provide the detailed derivation of the optimal menu. Section B.3

contains the proof of Proposition 2.

B.1 The agent’s problem.
In this section, we consider a class of Y1-measurable salary functions S(Y1, y) that are

representable in the following form.

SðY1, yÞ ¼ FðY1, yÞ þ
ð1
0

xðt,Yt, yÞdtþ
ð1
0

Zðt,Yt, yÞdBt, ðA2Þ

where 	 and 
 are bounded Borel-measurable functions. In other words, we are interested

in Y1-measurable salary functions S that can be expressed in the form of the RHS of

(A2).29 This class is much larger than that of the principal’s admissible salary functions

described in Section 1. In Section B.2 where we discuss the principal’s problem, we will

narrow down the above class to the principal’s admissible set of salary functions.

We start the analysis of Problem 2 with constraint (ii). Suppose that given a menu of

contracts {S(Y1,�);y 2 �}, agent � chooses a contract SðY1; ŷÞ and exerts optimal effort

29 Note that the results in the section will exactly hold, even if S in (A2) is allowed to depend on the whole
history of the process {Yt}, as in Schättler and Sung (1993).
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fðmtðŷ; yÞ;stðŷ; yÞÞg: Let �e�rQðŷ;yÞ be agent �’s optimal expected utility at time zero given

SðY1; ŷÞ. The quantityQðŷ; yÞ is agent �’s optimal certainty equivalent wealth given SðY1; ŷÞ.
When ŷ ¼ y; we also write Q(y, y) � Q(y).

It can then be shown that the FOC of agent �’s problem given by constraint (ii) implies30

SðY1, ŷÞ ¼ Qðŷ, yÞ þ
ð1
0

cðmtðŷ, yÞ,stðŷ, yÞ, yÞdtþ
r

2

ð1
0

c2mðmtðŷ, yÞ,stðŷ, yÞ, yÞ
f 2m ðmtðŷ, yÞ, stðŷ, yÞÞ

s2t ðŷ, yÞdt

�
ð1
0

cmðmtðŷ, yÞ,stðŷ, yÞ, yÞ
fmðmtðŷ, yÞ,stðŷ, yÞÞ

f ðmtðŷ, yÞ,stðŷ, yÞÞdtþ
ð1
0

cmðmtðŷ, yÞ,stðŷ, yÞ, yÞ
fmðmtðŷ, yÞ, stðŷ, yÞÞ

dYt:

ðA3Þ

Note that the LHS of Equation (A3), a member of the optimal menu, is specifically designed

for agent ŷ. The RHS describes the agent’s optimal responses given contract SðY1; ŷÞ. In
other words, if he were given SðY1; ŷÞ, agent � would choose effort levels ½ðmtðŷ; yÞ;stðŷ; yÞÞ�
so that the LHS is equal to the RHS.

Under the optimal menu, however, constraint (iii) implies that agent � always chooses

S(Y1,y). Let {(�t (�), �t (y))} be the effort levels that the principal expects agent � to choose

given S(Y1, �). That is, the principal expects {(�t(y), �t(y))} � {(�t(y, y), �t(y, y))}. Then, the
optimal menu consists of contracts of the following form:

SðY1, yÞ ¼ QðyÞ þ
ð1
0

cðmtðyÞ,stðyÞ, yÞdtþ
r

2

ð1
2

c2mðmtðyÞ,stðyÞ, yÞ
f 2m ðmtðyÞ,stðyÞÞ

s2t ðyÞdt

�
ð1
0

cmðmtðyÞ,stðyÞ, yÞ
fmðmtðyÞ, stðyÞÞ

f ðmtðyÞ,stðyÞÞdtþ
ð1
0

cmðmtðyÞ,stðyÞ, yÞ
fmðmtðyÞ,stðyÞÞ

dYt:

ðA4Þ

Equation (A4) specifies a necessary form of optimal contracts under constraints (ii) and (iii),

that is, under moral hazard and adverse selection. However, this form represents too large a

family of candidates for optimal contracts. The reason is that contract S(Y1, �) of form (A4)

does not always guarantee that agent � actually chooses {(�t(�),�t(�))}. Note that a menu of

contracts of form (A4) can be a candidate for an optimal menu only when given the menu,

agent � optimally chooses S(Y1, �) and optimally exerts effort {(�t(y),�t(y))}.
We refine this family of contracts of form (A4) in two steps. First, we use the following

lemma, which characterizes the necessary and sufficient condition under which given con-

tract S(Y1, �) of form (A4), agent � optimally chooses {(�t(y), �t(y))}. We call this condition

the (�, �)-implementability.

Lemma A.1. [(�, �)-implementability, Sung (1995, Proposition A.1)]. Contract S(Y1, �) of

form (A4) is (�, �)-implementable, if and only if for t 2 [0,1] a.e.,

ðmtðyÞ, stðyÞÞ 2 argmax
ðmtsÞ2U�S

Fðm,s; mtðyÞ,stðyÞ, yÞ ðA5Þ

where F is defined in (10).

30 If fm� 1, and if st is constant, then (A3) reduces to Holmstrom-Milgrom’s (1987) original representation
of the salary function. Schättler and Sung (1993, Corollary 4.1) proved Equation (A3) by using a
martingale method.
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Lemma A.1 defines all possible levels of agent �’s effort that the principal can induce

through the optimal menu of form (A4). Motivated by Lemma A.1, let us define the (�, �)-

implementable control set UðyÞ � �ðyÞ for each � as follows:

UðyÞ � �ðyÞ :¼ ðm,sÞ
				ðm,sÞ 2 argmax

ðm0 , s0 Þ2U�S
Fðm0,s0;m,s, yÞ

( )
: ðA6Þ

Then Equation (A4) defined on UðyÞ � �ðyÞ characterizes all contracts that satisfy the (�, �)-
implementability. In other words, given S(Y1,�) of form Equation (A4) with fðmtðyÞ;stðyÞÞ 2
UðyÞ � �ðyÞg, agent � optimally chooses effort levels so that {(�t(�,�),�t(�,�))} � {(�t(�),

�t(�))}.

For the second step of the refinement, note that the representation in Equation (A4)

defined on UðyÞ � �ðyÞ, however, is still incomplete because the certainty equivalent

wealth Q(�) is not specified. Theorem A.1 reveals a necessary structure of Q(�) to satisfy

constraint (iii) and (iv). For economy of notation, let QðŷÞ; cðmtðŷÞ; stðŷÞ; ŷÞ;
mtðŷÞ; and stðŷÞ be equivalently denoted by Q̂; ĉ; m̂t; and ŝt, respectively.

Theorem A.1. Let {S(Y1, �)} be the optimal menu of contracts of form (A4). Assume that for

all t 2 ½0; 1�; mtðŷ; yÞ and stðŷ; yÞ are differentiable in ðŷ; yÞ a.e. Then constraints (iii) and (iv)

imply that for all �,

QðyÞ ¼ W0 þ
ðyH
y

EB

ð1
0

cy mt,st, y
0ð ÞLt y0ð Þdt

2
4

3
5dy0, ðA7Þ

where

LtðyÞ ¼ exp � 1

2

ð1
0

r
cmðmt, st, yÞ
fmðmt,stÞ

stðyÞ
� �2

dt�
ð1
0

r
cmðmt,st, yÞ
fmðmt, stÞ

stðyÞ
� �

dBt

8<
:

9=
;,

where (�t, �t, �
0), (�t, �t,�), and Lt(�) are short for (�t(�

0), �t(�
0), �0), (�t(�), �t(�), �), and

Lt({(�s(�), �s(�)); 0 � s � t}, �), respectively. (Note that since {S(Y1, �)} is optimal,

[�t(�), �t(�)] � [�t(�,�), �t(�,�)].)

Proof. Suppose that agent � has chosen SðY1; ŷÞ satisfying (A4). Then the agent’s expected

utility is

uðŷ; yÞ ¼ max
fmt , stg

EB �exp �r Q̂þ
ð1
0

ĉ� ĉm

f̂m
f̂þ r

2

ĉ2m

f̂
2

m

ŝ2t

0
@

1
Adt

2
4

8<
:

0
@

þ
ð1
0

ĉm

f̂m
ðfdtþ stdBtÞ �

ð1
0

cðmt,st, yÞdt

3
5
9=
;
1
A

¼ e�rQ̂ max
fmt , stg

EB �exp �r

ð1
0

Cðmt,st, ŷ, yÞdt

2
4

3
5L̃1ðŷ, yÞ

8<
:

9=
;, ðA8Þ

where

Cðmt,st, ŷ, yÞ :¼ ĉ� cðmt,st, yÞ �
ĉm

f̂m
ðf̂� f ðmt,stÞÞ þ

r

2

ĉ2m

f̂
2

m

ðŝ2t � s2t Þ ðA9Þ
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and

L̃tðŷ, yÞ ¼ exp � 1

2

ðt
0

�r
ĉm

f̂m
st

 !2

dtþ
ðt
0

�r
ĉm

f̂m
st

 !
dBt

2
4

3
5:

Let fðmtðŷ; yÞ;stðŷ; yÞÞg be the optimal levels of effort of agent �, given SðY1; ŷÞ from the

optimal menu. That is, fðmtðŷ; yÞ;stðŷ; yÞÞg solves the maximization problem in (A8), satis-

fying the incentive compatibility condition (ii). By the truthtelling condition (iv), for all

y; ŷ 2 ½yL; yH �,
uðy; yÞ � uðŷ; yÞ:

Since given �, the above should hold for all ŷ 2 ½yL; yH �, we have

uðy; yÞ ¼ max
ŷ

uðŷ; yÞ:

That is,

�e�rQðyÞ ¼ max
ŷ

EB �exp �r QðŷÞ þ
ð1
0

Cðmtðŷ, yÞ, stðŷ, yÞ, ŷ, yÞdt

0
@

1
A

2
4

3
5L1ðŷ, yÞ

8<
:

9=
;,

where L1ðŷ; yÞ is L̃1ðŷ; yÞ evaluated at ðmt;stÞ ¼ ðmtðŷ; yÞ;stðŷ; yÞÞ.
Momentarily, let us assume that Q is differentiable. (We will later show that Q is indeed

differentiate a.e.) By the uniform integrability, the first-order condition with respect to ŷ
evaluated at ŷ ¼ y is

EB �exp �r QðyÞ þ
ð1
0

Cðmtðy, yÞ, stðy, yÞ, y, yÞdt

2
4

3
5

8<
:

9=
;

0
@

� �r
dQ

dy
ðyÞ � r

ð1
0

@C

@ŷ
ðmtðy, yÞ, stðy, yÞ, y, yÞdt

2
4

3
5L1ðy, yÞ þ

@L1ðy, yÞ
@ŷ

8<
:

9=
;
1
A ¼ �expf

� rQðyÞgEB �r
dQ

dy
ðyÞ � r

ð1
0

@C

@ŷ
ðmtðy, yÞ,stðy, yÞ, y, yÞdt

2
4

3
5L1ðy, yÞ þ

@L1ðy, yÞ
@ŷ

8<
:

9=
;

¼ r expf�rQðyÞgEB dQ

dy
ðyÞ þ

ð1
0

@C

@ŷ
ðmtðy, yÞ, stðy, yÞ, y, yÞdt

2
4

3
5L1ðy, yÞ

8<
:

9=
; ¼ 0,

where ð@C=@ŷÞðmtðy; yÞ; stðy; yÞ; y; yÞ ¼ ð@C=@ŷÞðmtðŷ; yÞ;stðŷ; yÞ; ŷ; yÞjŷ¼y, and @L1ðy; yÞ=
@ŷ ¼ @L1ðŷ; yÞ=@ŷjŷ¼y. For the above, we have utilized the fact that the derivative of

the expected value of the Girsanov density L1with respect to ŷ is always zero and

that C(�t(�,�), �t(�,�),�,�)¼ 0. (Note: Since f� is bounded away from zero and since

c� is bounded, we have EB[L1]¼ 1. See Karatzas and Shreve (1987, p. 200, Corollary

5.16). Thus, limDŷ!0
ð1=DŷÞðE½L1ðŷ; yÞ � L1ðy; yÞ�Þ ¼ 0. The uniform integrability fol-

lows because EB ½Lp
1�<1 for p < 1. See Chung (1974, Theorems 4.5.2 and 4.5.4).)

However,

@

@ŷ
Cðmtðŷ, yÞ,stðŷ, yÞ, ŷ, yÞjŷ¼y ¼ cyðmt,st, yÞ, ðA10Þ

where the RHS of the above equation is the partial derivative of c with respect to its third

argument. To see this,
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@C

@ŷ
ðmðŷ, yÞ,sðŷ, yÞ, ŷ, yÞ ¼ ĉy þ ĉm

dm̂

dŷ
þ ĉs

dŝ

dŷ
� cm

@m

@ŷ
� cs

@s

@ŷ
� f̂� f ðmt,stÞ

 � d

dŷ

ĉm

f̂m

 !

� ĉm

f̂m

 !
f̂m
dm̂

dŷ
þ f̂s

dŝ

dŷ
� fm

@m

@ŷ
� fs

@s

@ŷ

� �
þ r

2
ðŝ2t � s2t Þ

d

dŷ

ĉ2m

f̂
2

m

0
@

1
A

þ r
ĉ2m

f̂
2

m

ŝt
dŝ

d ŷ
� st

@s

@ŷ

� �

¼ ĉy þ ĉs �
ĉm

f̂m

 !
f̂s þ rŝt

ĉ2m

f̂
2

m

2
4

3
5 dŝ

d ŷ
� cm �

ĉm

f̂m

 !
fm

" #
@m

@ŷ

� cs �
ĉm

f̂m

 !
fs þ rst

ĉ2m

f̂
2

m

2
4

3
5 @s
@ŷ

�½f̂� f ðmt, stÞ�
d

dŷ

ĉm

f̂m

 !
þ r

2
ðŝ2t � s2t Þ

d

d ŷ

ĉ2m

f̂
2

m

0
@

1
A:

When ŷ ¼ y, we have f̂ ¼ f ; ŝ ¼ s, and m̂ ¼ m, and thus the FOC for (A5) with respect to �

[or the (�, �)-implementability] implies that the above equation reduces to Equation (A10).

Furthermore, since C(�(�,�), �(�,�),�,�)¼ 0 and Q(�) is independent of the Brownian

motion B, the above first-order condition reduces to

0 ¼ dQ

dy
ðyÞ þ EB L1ðyÞ

ð1
0

cyðmtðy, yÞ, stðy, yÞ, yÞdt

2
4

3
5

¼ dQ

dy
ðyÞ þ EB

ð1
0

cyðmtðy, yÞ, stðy, yÞ, yÞLtðyÞdt

2
4

3
5,

ðA11Þ

where Lt(�)¼Lt(�,�) which is the same as the definition following Equation (A7). The last

equality is a standard result that can be easily established using Itô’s formula and the fact

that Lt is a martingale.

To justify Equation (A11), we still need to check the differentiability of Q. In fact, we

claim thatQ is nonincreasing in � and thus differentiable with respect to � a.e. Constraint (iii)

implies that given �, we have for all ŷ and admissible {(�t, �t)}

�e�rQðyÞ � EB �exp �r QðŷÞ þ
ð1
0

Cðmt, st, ŷ, yÞdt

0
@

1
A

2
4

3
5L1ðŷ, yÞ

8<
:

9=
;: ðA12Þ

Choose � and ŷ such that y < ŷ. Since Equation (A12) holds for all admissible {(�t, �t)},

�e�rQðyÞ � �e�rQðŷÞEB �exp �r

ð1
0

Cðm̂t, ŝt, ŷ, yÞdt

2
4

3
5L1ðŷ, yÞ

8<
:

9=
; � �e�rQðŷÞ:

For the last inequality, note

Cðm̂t, ŝtŷ, yÞ ¼ Cðm̂t, ŝt, ŷ, ŷÞ þ cðm̂t, ŝt, ŷÞ � cðm̂t, ŝt, yÞ � 0,

because Cðm̂t; ŝt; ŷ; ŷÞ ¼ 0 and c� � 0. Therefore, QðyÞ � QðŷÞ for y < ŷ and Q(�) is differ-

entiable a.e.
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Finally, since Q is nonincreasing in �, it suffices to have Q(�H) � W0 in order to satisfy

constraint (iv) for all �. Since Q values do not affect the agent’s effort decisions, we have

Q(�H)¼W0 to maximize the principal’s wealth. Therefore, Equation (A11) and Q(�H)¼W0

imply Equation (A7). &

We will use Equation (A7) to simplify the principal’s problem of adverse selection. As

an immediate corollary, the representation of the salary function under moral hazard

by Holmstrom andMilgrom (1987) and Schättler and Sung (1993) can be modified as follows.

Corollary A.1. Under adverse selection and moral hazard, the salary function S(Y1, �) is

represented as follows:

SðY1, yÞ ¼ W0 þ
ðyH
y

EB

ð1
0

cyðmt, st, y0ÞLtðy0Þdt

2
4

3
5dy0 þ ð

1

0

cðmt, st, yÞdtþ
r

2

ð1
0

c2mðmt,st, yÞ
f 2m ðmt,stÞ

s2t ðyÞdt

�
ð1
0

cmðmt,st, yÞ
fmðmt,stÞ

f ðmt,stÞdtþ
ð1
0

cmðmt,st, yÞ
fmðmt,stÞ

dYt:

ðA13Þ

The above two-step refinement suggests that Equation (A13) defined on UðyÞ � �ðyÞ
represents a necessary condition to satisfy constraints (ii), (iii), and (iv) of Problem 2. It is

also sufficient for constraints (ii) and (iv). Later in Theorem A.3, we will discuss a sufficient

condition for constraint (iii). Now we are ready to move on to the principal’s problem.

B.2 The principal’s problem. The results thus far have been obtained regardless of

the principal’s risk preferences. Now we assume the principal is risk-neutral. We relax the

principal’s problem by replacing the original constraints (ii), (iii), and (iv) with Equation

(A13) defined on UðyÞ � �ðyÞ.
Then the risk-neutral principal’s problem in a relaxed form can be stated as follows:

Problem 20. Choose G0-adapted controls fðmtðyÞ; stðyÞÞ 2 UðyÞ��ðyÞg; y 2 �g to maximize

ðyH
yL

EY1 Y1 �QðyÞ �
ð1
0

cþ r

2

c2mðmtðyÞ,stðyÞ, yÞ
f 2m ðmtðyÞ, stðyÞÞ

s2t ðyÞ
 !

dt

2
4

3
5hðyÞdy,

s:t: ðiÞ 8y, dYt ¼ f ðmtðyÞ, stðyÞÞdtþ stðyÞdBt,

ðiiÞ 8y,QðyÞ ¼ W0 þ
ðyH
y

EB

ð1
0

cyðmtðy0Þ,stðy0Þ, y0ÞLtðy0Þd

2
4

3
5dy0,

where EY1 is the expectation operator with respect to Y1 conditional on �.

A close inspection of Problem 20 reveals that it is a mixture of deterministic and stochastic

control problems: deterministic in � and stochastic in {Yt}. The problem can be greatly

simplified because the principal can only observe {Y0, Y1}. Since G0 � Gt for t 2 [0,1),

implementable controls from the principal’s perspective are restricted to be G0-measurable.

Theorem A.2. For each (t, �) 2 [0,1] � � a.e., optimal controls for Problem 20 are given by

ðm�t ðyÞ; s�t ðyÞÞ 2 argmaxðm;sÞ2UðyÞ��ðyÞHðm; s; yÞ, where H is as defined in (2). That is, the

optimal controls are constant over time.
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Proof. Since the principal observes only Y1, the resulting salary function for each � has to be

both Y1-measurable and (�, �)-implementable for each y. Since G0 � F0, constraint (ii) is

equivalent to

QðyÞ ¼ W0 þ
ðyH
y

EY1

ð1
0

cyðmtðy0Þ,stðy0Þ, y0ÞLtðy0Þdt

2
4

3
5dy0

¼ W0 þ
ðyH
y

ð1
0

cyðmtðy0Þ,stðy0Þ, y0Þdtdy0:

For the last equality we have used Fubini’s theorem, the fact that (�t(�
0), �t(�

0)) are G0-

measurable and E[Lt]¼ 1.

Then Problem 20 can be solved in two steps. First we separate the stochastic control

problem from the deterministic control problem as follows. Let the Hamiltonian be

HðQðyÞ, fmtg, fstg, y, lÞ :

¼ EY1 Y1 �QðyÞ �
ð1
0

cþ r

2

c2m

f 2m
s2t

 !
dt

2
4

3
5hðyÞ � lEY1

ð1
2

cyðmt,st, yÞdt

2
4

3
5: ðA14Þ

Then by using the Pontryagin maximum principle, the necessary conditions are

dl
dy

¼ � @H

@Q
¼ hðyÞ, ðA15Þ

lðyLÞ ¼ 0, ðA16Þ

fðmt�,st�Þg 2 argmax
fðmt , st Þ2UðyÞ��ðyÞg

HðQ, fmtg, fstg, y, lÞ: ðA17Þ

By (A15) and (A16), we have lðyÞ ¼
Ð y
yL
hðy0Þdy0.

Now, we need to solve the stochastic control problem (A17). However, note that since

(�t, �t), 8t 2 [0,1), is G0-measurable, the Hamiltonian in (A14) can be restated as follows:

HðQðyÞ, fmtg, fstg, y, lÞ ¼ hðyÞ
ð1
0

f �QðyÞ � cþ r

2

c2m

f 2m
s2t

 !" #
dt� l

ð1
2

cyðmt,st, yÞdt

¼ hðyÞ
ð1
y

Hðmt, st, yÞdt� hðyÞQðyÞ,

where H(.) is given by Equation (2). Then, it becomes a simple pointwise maximization

problem. Thus, ðm�t ðyÞ;s�t ðyÞÞ 2 argmaxðm;sÞ2UðyÞ��ðyÞH mt;st; yð Þ are optimal controls for all t

2 [0,1]. &

By formulation, it should be clear that if solutions to Problem 20 for all � satisfy the

truthtelling constraint (iii) of Problem 2, then they also solve Problem 2. That is, if for each �,

the control pair ðm�t ðyÞ; s�t ðyÞÞ 2 argmaxðm;sÞ2UðyÞ��ðyÞH mt;st; yð Þ is substituted into the salary

function for � in Equation (A13), and if for all � the menu of the salary functions satisfy the

truthtelling constraint (iii) of Problem 2, then the control pairs ðm�t ðyÞ; s�t ðyÞÞ’s for all � and

the resulting menu are optimal solutions to Problem 2. Moreover, since the optimal controls

are constant over time for all �, the menu consists of contracts that are linear in Y1. Of

course, if argmaxðm;sÞ2UðyÞ��ðyÞH mt;s; yð Þ is singleton for all �, then the optimal controls are

unique for all � and so is the menu.
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In order to compute optimal control pairs ðm�t ðyÞ; s�t ðyÞÞ for all �, note that the con-

strained maximization of the Hamiltonian, that is, maxðm;sÞ2UðyÞ��ðyÞH mt;s; yð Þ, can be

relaxed to the maximization of Lagrangian (9) over U � S. The reason is as follows. By

Lemma A.1 or by the set defined in (A6),

max
ðm, sÞ2UðyÞ��ðyÞ

Hðm, s, yÞ ¼
maxðm, sÞ2U�SHðm, s, yÞ

s:t: ðm, sÞ 2 argmaxðm0 , s0 Þ2U�SFðm0,s0; m,s, yÞ

(

Thus, using the agent’s FOCs, the RHS can be relaxed to

max Hðm,s, yÞ

ðm,sÞ 2 U � S Fmðm,s;m, s, yÞ ¼ 0

s:t: Fsðm,s;m, s, yÞ ¼ 0:

However, F�(�, �; �, �, �)¼ 0 is trivially satisfied. Therefore, the above relaxed problem is

equivalent to

max

ðm,sÞ 2 U � S Hðm,s, yÞ

s:t: Fsðm,s;m,s, yÞ ¼ 0:

Hence, we have Lagrangian (9).

The next step is to check whether {S�(Y1,�);� 2 �} satisfies the truthtelling constraint

which requires that given the optimal menu, agent � 2 � should optimally choose S�(Y1,y).
We call this requirement the y-implementability. To establish the sufficiency for the y-
implementability, the following lemma will be useful.

LemmaA.2. Suppose that agent � is given any linear contractSðY1; ŷÞof form (3)with {(�(�), �(�));

� 2 �)}. (Note that S does not have to be S�, that is, (�(�), �(�), �) is not required to maximize the
principal’s Lagrangian given �.) Then the agent’s optimal responses fðmtðŷ; yÞ; stðŷ; yÞÞg are

constant over time such that for all t, ðmtðŷ; yÞ; stðŷ; yÞÞ ¼ ðmðŷ; yÞ;sðŷ; yÞÞ, where

ðmðŷ, yÞ, sðŷ, yÞÞ 2 argmax
ðm0 ,s0Þ2U�S

Fðm0,s0; m̂,s, ŷ; yÞ,

and F is as defined in (10).

Proof. Given SðY1; ŷÞ, agent y solves the following problem.

max
fm0t , s0tg

EB �exp �r Q̂þ ĉ� ĉm

f̂m
f̂þ r

2

ĉ2m

f̂
2

m

ŝ2 þ ĉm

f̂m
Y1 �

ð1
0

cðm0t, s0t, yÞdt

0
@

1
A

2
4

3
5

8<
:

9=
;,

s:t: dYt ¼ f ðm0t,s0tÞdtþ s0tdBt:

The Hamilton-Jacobi-Bellman (HJB) equation for the above problem [see Schättler and

Sung (1993, Theorem 5.1) or Sung (1992, Lemma A.1)] is

0 � @V

@t
þ max

ðm0t , s0tÞ

@V

@y
f ðm0t,s0tÞ þ

1

2

@2V

@y2
s0t

2 þ rcðm0t,s0t, yÞV
� �

with the terminal condition

Vð1, yÞ ¼ �exp �r Q̂þ ĉ� ĉm

f̂m
f̂þ r

2

ĉ2m

f̂
2

m

ŝ2 þ ĉm

f̂m
y

0
@

1
A

2
4

3
5:
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Then one can show that the following function satisfies the above HJB equation:

Vðt,YtÞ ¼ �exp �r Q̂þ ĉ� ĉm

f̂m
f̂þ r

2

ĉ2m

f̂
2

m

ŝ2 þ ĉm

f̂m
Yt þ ð1� tÞFðmðŷ, yÞ, sðŷ, yÞ;m̂, ŝ, ŷ; yÞ

0
@

1
A

2
4

3
5:

Thus, by the verification theorem [Sung (1992, Lemma A.2)], the assertion follows. &

Lemma A.2 tells us that given any linear contract of form (3), agent � still exerts constant

levels of effort on � and � throughout the whole contracting period. Thus, for all t 2 [0,1], we

write ðmtðŷ; yÞ;stðŷ; yÞÞ satisfying Equation (A18) as ðmðŷ; yÞ;sðŷ; yÞÞ without the time sub-

script. In particular, agent �’s responses given S�ðY1; ŷÞ are written as ðm�ðŷ; yÞ; s�ðŷ; yÞÞ.
The following theorem gives the necessary and sufficient condition for a linear menu to

satisfy the �-implementability.

Theorem A.3. (�-implementability) Let a menu of (�, �)-implementable linear contracts be

{S(Y1, �); � 2 �}, each of which is given in the form of Equation (3) with [(�(�), �(�)); � 2 �].

(Note S does not have to be S�.) The menu satisfies condition (iii) of Problem 2 if and only if for

all ðŷ; yÞ, condition (15) holds, that is,

cymðmðŷ, yÞ,sðŷ, yÞ, yÞmŷðŷ, yÞ þ cysðmðŷ, yÞ,sðŷ, yÞ, yÞsŷðŷ, yÞ � 0:

Proof. For Equation (3) to satisfy condition (iii) of Problem 2, agent y should not be able to

find a contract SðY1; ŷÞ; ŷ 6¼ y such that uðŷ; yÞ > uðy; yÞ.

Sufficiency. Suppose that under condition (15), there is SðY1; ŷÞ such that uðŷ; yÞ > uðy; yÞ.
Without loss of generality, we assume that y < ŷ; that is, the agent pretends to be a less

efficient agent ŷ. Given SðY1; ŷÞ, the agent’s optimal response mðŷ; yÞ is, by Lemma A.2,

constant over time, and the expected utility of agent � is uðŷ; yÞ, where

uðŷ, yÞ ¼ EB �exp �r Q̂þ ĉ� ĉm

f̂m
f̂þ r

2

ĉ2m

f̂
2

m

ŝ2 þ ĉm

f̂m
Y1 � cðmðŷ, yÞ, sðŷ, yÞ, yÞ

0
@

1
A

2
4

3
5

8<
:

9=
;

¼ �exp �rðQ̂þCðmðŷ, yÞ, sðŷ, yÞ, ŷ, yÞ
n o

,

where C is defined by Equation (A9), and mðŷ; yÞ and sðŷ; yÞ satisfy (A18). That is,

ðmðŷ, yÞ,sðŷ, yÞÞ 2 argmax
ðm, sÞ

Cðm,s, ŷ, yÞ:

Since uðŷ; yÞ > uðy; yÞ by the hypothesis,

uðy; yÞ ¼ �e�rQðyÞ < �exp �r Q̂þCðmðŷ, yÞ, sðŷ, yÞ, ŷ, yÞ

 �h i

,

or
QðyÞ �QðŷÞ < Cðmðŷ, yÞ, sðŷ, yÞ, ŷ, yÞ:

But since Cðmðŷ; ŷÞ; sðŷ; ŷÞ; ŷ; ŷÞ ¼ 0,

Cðmðŷ, yÞ,sðŷ, yÞ, ŷ, yÞ ¼ Cðmðŷ, yÞ,sðŷ, yÞ, ŷ, yÞ �Cðmðŷ, ŷÞ,sðŷ, ŷÞ, ŷ, ŷÞ

¼ �
ðŷ
y

½Cmðmðŷ, y0Þ,sðŷ, y0Þ, ŷ, y0Þmy0 ðŷ, y0Þ þCsðmðŷ, y0Þ, sðŷ, y0Þ, ŷ, y0Þsy0 ðŷ, y0Þ
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þCy0 ðmðŷ, y0Þ, sðŷ, y0Þ, ŷ, y0Þ� dy0 ¼ �
ðŷ
y

Cy0 ðmðŷ, y0Þ,sðŷ, y0Þ, ŷ, y0Þ dy0

¼
ðŷ
y

cyðmðŷ, y0Þ,sðŷ, y0Þ, y0Þ dy0:

For the above, we have utilized the FOCs, that is,

Cmðmðŷ, y0Þ, sðŷ, y0Þ, ŷ, y0Þ ¼ Csðmðŷ, y0Þ, sðŷ, y0Þ, ŷ, y0Þ ¼ 0:

Therefore, we must have

QðyÞ �QðŷÞ ¼
ðŷ
y

cyðmðŷÞ,sðy0Þ, y0Þ dy0 <
ðŷ
y

cyðmðŷ, y0Þ, sðŷ, y0Þ, y0Þ dy0:

The LHS of the above is from (A7) and the fact that � and � are constant by Theorem A.2.

Moreover, by the (�, �)-implementability, we have �(�0)¼�(�0, �0) and �(�0)¼�(�0, �0). Thus,
we have

ðŷ
y

cyðmðy0Þ,sðy0Þ, y0Þ � cyðmðŷ, y0Þ,sðŷ, y0Þ, y0Þ
h i

dy0

¼ �
ðŷ
y

ðŷ
y0

cymðmðỹ, y0Þ,sðỹ, y0Þ, ŷÞmỹðỹ, y
0Þ þ cysðmðỹ, y0Þ,sðỹ, y0Þ, y0Þsỹðỹ, y

0Þ
h i

dỹdy0 < 0,

contradicting condition (15).

Necessity. Condition (iii) of Problem 2 implies that for all ðŷ; yÞ; uðŷ; yÞ � uðy; yÞ. Then, by
using essentially the same argument as in the proof of the sufficiency, we have

ðŷ
y

ðŷ
y0

½cymðmðỹ, y0Þ,sðỹ, y0Þ, ŷÞmỹðỹ, y
0Þ þ cysðmðỹ, y0Þ,sðỹ, y0Þ, y0Þsỹðỹ, y

0Þ�dỹdy0 � 0:

Since the above holds for an arbitrary choice of pair ðŷ; yÞ such that y < ŷ, (15) should be

satisfied. &

In the mechanism design literature, a necessary condition for the �-implementability

condition is often alternatively presented using the well-known Spence-Mirrlees single

crossing (or sorting) and monotonicity conditions. In the following proposition, we give a

connection between the necessary condition and our condition (15).

Proposition A.1. Let a menu of (�, �)-implementable linear contracts be {S(Y1, �); � 2 �},

each of which is given in the form of Equation (3) with {(�(�), �(�)); � 2 �}. (Note S does not

have to be S�.)

i. If the menu satisfies condition (iii) of Problem 2, then for almost all �,

ḃðyÞ fmðmðy, yÞ,sðy, yÞÞmyðy, yÞ þ ðfsðmðy, yÞ, sðy, yÞÞ � 2r bsðy, yÞÞsyðy, yÞÞ
� �

� 0, ðA:19Þ

where ��(�, �) and ��(�, �) are partial derivatives with respect to their second arguments.
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ii. Suppose that given SðY1; ŷÞ, the Hessian for agent �’s problem is strictly negative, that is,

|F00| < 0. Then (15) implies (A19).

Proof. In this proof, we use the following notational convention. Consider a function

y(x(a, b), a,b). We use a subscript to note the partial differentiation with respect to the

argument of the subscripted variable, for example, ya is the partial differentiation with respect

to the second argument of function y. We also use @
@a

yðxða; bÞ; a; bÞ to mean yxxa + ya.

Part i. Let Uðm; s; ŷ; yÞ :¼ QðŷÞ þCðm;s; ŷ; yÞ. Recall

Cðm, s, ŷ, yÞ ¼ ĉ� cðmt, st, yÞ � bðŷÞ f̂� f ðmt,stÞ

 �

þ r

2
b2ðŷÞðŝ2t � s2t Þ:

We know that given SðY1;ŷÞ, the agent � chooses (�, �) to maximize Uðm; s; ŷ; yÞ. Let the
solution be ðmðŷ; yÞ; sðŷ; yÞÞ. Then the FOCs with respect to (�, �) are

Umðmðŷ, yÞ, sðŷ, yÞ, ŷ, yÞ ¼ �cm þ bðŷÞfm ¼ 0

Usðmðŷ, yÞ, sðŷ, yÞ, ŷ, yÞ ¼ �cs þ bðŷÞfs � rb2ðŷÞsðŷ, yÞ ¼ 0:

Note that in fact U�¼C� and U�¼Cs. By the �-incentive compatibility

@

@ŷ
Uðmðŷ, yÞ,sðŷ, yÞ, ŷ, yÞ ¼ Q̇ðŷÞ þ @

@ŷ
Cðmðŷ, yÞ, sðŷ, yÞ, ŷ, yÞjŷ¼y ¼ 0:

The SOC with respect to ŷ is

d2Q

dŷ
2
þ @

@ŷ
fCmmŷ þCssŷ þCŷg � 0:

Since C�¼C�¼ 0 for all ðŷ; yÞ; @
@yCm ¼ @

@yCs ¼ 0 and the SOC reduces to

d2Q

d ŷ
2
þ @

@ŷ
Cŷ ¼

d2Q

d ŷ
2
þCmŷmŷ þCsŷsŷ þCŷŷ � 0:

Since @
@ŷ

Uðmðŷ; yÞ; sðŷ; yÞ; ŷ; yÞ ¼ 0 for all �, differentiation with respect to ðŷ; yÞ at ŷ ¼ y
yields

d

dy
@

@ŷ
Ujŷ¼y

� �
¼ d2Q

dy2
QðyÞ þ @

@ŷ
Cmmŷ þCssŷ þCŷ

� �
þ @

@y
Cmmŷ þCssŷ þCŷ

� �
¼ 0:

Therefore, using the SOC and the fact that C�¼C�¼ 0 for all ðŷ; yÞ, the above reduces to
q
q�C�̂ � 0. That is,

@

@y
Cŷ ¼ Cmŷmy þCsŷsy þCyŷ � 0:

Since Cyŷ ¼ 0 and since Cmŷ ¼ ḃfm and Csŷ ¼ ḃfs � 2rbḃsðy; yÞ, we obtain the statement of

the proposition.
Part ii. Note that using the FOCs with respect to (�, �), one can show that

mŷðŷ, yÞ ¼
ḃðŷÞ
jF00j �fmFss þ Fmsðfs � 2rbsðŷ, yÞÞ

h i

sŷðŷ, yÞ ¼
ḃðŷÞ
jF00j Fmmð2rbsðŷ, yÞ � fsÞ þ fmFms

h i
If the above two are substituted into (15), with arguments suppressed, we have

ḃðŷÞ ðcmyfmFss � csyfmFmsÞ þ ðfs � 2rbðŷÞsÞðcsyFmm � cmyFmsÞ
h i

� 0:
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On the other hand, the FOCs with respect to (�, �) imply that

my ¼
1

jF00j ðcmyFss � FmscsyÞ

sy ¼
1

jF00j ðcsyFmm � cmyFmsÞ

Therefore, rearranging the LHS of inequality (A20) using the above two equations and

letting ðŷ; yÞ ¼ ðy; yÞ, we have (A19). &

The condition in (A19), consistent with Fudenberg and Tirole (1991, Theorem 7.1), is a

necessary condition for the �-implementability.31 Typically in the literature, signs of Umŷ and

Usŷ are assumed to be either positive or negative. [Note Umŷ ¼ Cmŷ ¼ Cmŷ ¼ ḃfmðm;sÞ and
Usŷ ¼ Csŷ ¼ Csŷ ¼ ḃðyÞðfsðm;sÞ � 2rbsðy; yÞÞ] These sign conditions are referred to as the

Spence-Mirrlees single crossing conditions. Under the single crossing conditions, the signs of

��(�, �) and ��(�, �) are examined as a necessary condition for the �-implementability.

When c�¼ 0, both the (�, �)- and �-implementability conditions are simplified as follows.

Proposition A.2. Suppose that c�¼ 0, that the menu of contracts is given by Equation (3) with

sensitivities of ��(�)¼ c�(�
�(�),�)/f�(�

�(y),��(y))> 0, for � 2 �, and that (��(�), ��(�)) max-

imizes the principal’s Lagrangian (9).

i. The (�, �)-implementability is satisfied if for all (�, �, �) 2 U � S � �

ðb�ðyÞfmmðm, sÞ � cmmðm, yÞÞðfssðm, sÞ � rb�ðyÞÞ � b�ðyÞf 2msðm, sÞ > 0:

ii. Suppose that the (�,�)-implementability condition in part i. holds. If for all (��(�),��(�)), �2�,

f�ð��,��Þðf��ð��,��Þ � r��ð�ÞÞ þ f��ð��,��Þr��Þ��ð�Þ < 0,

and if contracts in the menu are nonincreasing in their sensitivities, that is,ḃ�ðyÞ � 0, then

the �-implementability is satisfied.

Remark. Proposition A.2 implies that if f��, f�� � 0 and if sensitivities in the menu are

nonincreasing in �, then the �-implementability is achieved.

Proof. By Lemma A.2, given a contract with a sensitivity of b�ðŷÞ, agent � 2 � solves the

following problem.

max
ðm0 , s0 Þ2U�S

Fðm0,s0;m�ðŷÞ,s�ðŷÞ, ŷ; yÞ ¼ b�ðŷÞf ðm0, s0Þ � r

2
ðb�ðŷÞÞ2s02 � cðm0, yÞ:

The first-order conditions are

0 ¼ b�ðŷÞfm � cm, 0 ¼ b�ðŷÞfs � rðb�ðŷÞÞ2s�:

Note that Fmm ¼ b�ðŷÞfmm � cmm < 0, Fms ¼ b�ðŷÞfms, and Fss ¼ b�ðŷÞfss � rðb�ðŷÞÞ2 < 0.

Part i. When b�ðŷÞ ¼ b�ðyÞ; ðm�ðyÞ; s�ðyÞÞ trivially satisfies the first FOC. It also satisfies the

second FOC since (��(�), ��(�)) solves the principal’s Lagrangian maximization. Moreover,

31 To derive a sufficient condition, one may use the line of reasoning found in the proof of Fudenberg and
Tirole (1991, Theorem 7.3). However, their proof is essentially the same as that of our inequality (15).
Thus, of course, the reasoning of Fudenberg and Tirole (1991, Theorem 7.3) should also lead to the
sufficient condition identical to (15).
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by the stated hypothesis, the agent’s SOC is satisfied as well. Therefore, given b�ðŷÞ ¼ b�ðyÞ,
agent � chooses (��(�), ��(�)), satisfying the (�, �)-implementability.

Part ii. Let us differentiate the agent’s FOCs with respect to ŷ,

Fmmmŷ
� þ Fmssŷ

� ¼ �ḃ�fm, Fmsmŷ
� þ Fsssŷ

� ¼ �ḃ�fs þ 2rb�ḃ�s�:

By Theorem A.3, the �-implementability is also satisfied if m�
ŷ
ðŷ; yÞ � 0. Since, by part i., the

determinant of the Hessian is strictly positive, we have

signðmŷ
�ðŷ, yÞÞ ¼ sign ḃ� �fmðfss � rb�Þ � fmsð2rs�b� � fsÞ

� �� 

¼ sign ḃ� �fmðfss � rb�Þ � fmsrs�b�

� �� 

� 0:

For the last equality, we have utilized the agent’s FOC with respect to �. The last inequality is

implied by the stated hypothesis. Thus, by Theorem A.3, the �-implementability is satisfied.

B.3 Proof of Proposition 2
Part i. Suppose agent � chooses contract S�ðY1; ŷÞ. Then the agent’s FOCs are

Fm ¼ b�ðŷÞfm � cm ¼ 0

Fs ¼ b�ðŷÞfs � rðb�ðŷÞÞ2s�ðŷ, yÞ � cs ¼ 0:

Note that the above conditions must hold for all ðŷ; yÞ. Thus, by differentiating the FOCs

with respect to ŷ, we have

Fmm Fms

Fms Fss

" #
mŷ
�ðŷ, yÞ

sŷ
�ðŷ, yÞ

2
4

3
5 ¼

�ḃ�fm

�ḃ�fs þ 2rb�ḃ�s�ðŷ, yÞ

" #
,

where F��¼��f�� � c��, F��¼��f�� � cms, and F��¼ ��fss � r(��)2 � c��. Let the Hessian

be denoted by |F0 0 |. By assumptions, |F0 0 | > 0, F�� < 0, F�� � 0 and F�� < 0.

mŷ
�ðŷ, yÞ ¼ ḃ�

jF00j �fmFss þ Fmsðfs � 2rb�s�ðŷ, yÞÞ
h i

sŷ
�ðŷ, yÞ ¼ ḃ�

jF00j Fmmð2rb�s�ðŷ, yÞ � fsÞ þ fmFms

h i

Therefore, signðm�
ŷ
ðŷ; yÞÞ ¼ signðḃ�Þ and signðs�

ŷ
ðŷ; yÞÞ ¼ �signðḃ�Þ:

Now, suppose ḃ�>0. Then we have m�
ŷ
ðŷ; yÞ > 0 and s�

ŷ
ðŷ; yÞ<0, which imply

cmym�ŷðŷ; yÞ þ cyss�ŷðŷ; yÞ > 0, contradicting the �-implementability condition (15). Therefore,

we must have ḃ� � 0, m�
ŷ
ðŷ; yÞ � 0 and s�

ŷ
ðŷ; yÞ � 0.

Part ii. Note that the FOCs must hold for all ðŷ; yÞ. Differentiating the FOCs with respect to

y, we have

Fmm Fms

Fms Fss

" #
my
�ðŷ, yÞ

sy�ðŷ, yÞ

" #
¼

cmy

csy

" #
:

Thus,

my
�ðŷ, yÞ ¼ 1

jF00j fcmyFss � csyFmsg < 0:

sy�ðŷ, yÞ ¼
1

jF00j fFmmcmy � Fmscsyg � 0:

Contracts Under Adverse Selection and Moral Hazard

1065



However, using results from the proof of part i,

ṁ�ðyÞ ¼ mŷ
� þ my

� < 0

ṡ�ðyÞ ¼ sŷ
� þ sy� � 0,

as claimed in the statement. &

C Appendix to Section 4

C.1 Proof of Proposition 3
From the FOCs given in Equations (16) and (17),

Hmm ¼ �a2 � ra4s�2

ðgþ ds�Þ2
, Hms ¼ d� 2ra3gm�s�

ðgþ ds�Þ3
,

Hss ¼ gss �
ra2g�m�2

ðgþ ds�Þ3
þ 3ra2gdm�2s�

ðgþ ds�Þ4
¼ gss �

ra3gm�2

ðgþ ds�Þ4
ðg� 2ds�Þ:

By the SOC for a unique solution

Hmm < 0, Hss < 0, HmmHss �H2
ms > 0:

Differentiating with respect to �

Hmm
ṁ�

a2
þHmsṡ� ¼ �̇ab, Hms

ṁ�

a2
þHssṡ� ¼

bd
a
:

Therefore,

signðċmÞ ¼ signð�̇abHss �Hms
bd
a
Þ, signðṡ�Þ ¼ signðHmm

bd
a
� �̇abHmsÞ:

Part I with � > 0, � � 0.

(i) The third-best solutions: Note that H�� � 0. Thus,

ċm < 0 and ṡ� > 0:

The following computation indicates that the sensitivity is decreasing in �. (Recall that fm > 0

is always assumed and that the sensitivity in Equation (18) is defined for � + ��� � �ab> 0.)

d

dy
am�

gþ ds�

� �
ðgþ ds�Þ2 þ ra2s�2
h i2

¼ ðgþ ds�Þ 2ra2ds�2ṡ� � �̇ab ðgþ ds�Þ2 þ ra2s�2

 �h

þ2�abðgþ ds�Þdṡ� � 2ðgþ ds� � �abÞra2s�ṡ�
i
< 0:

ðA21Þ

Since the sensitivity is strictly decreasing in �, by Equation (6) and an argument similar to

Proposition A.2-ii, one can show that the �-implementability holds. Moreover, �-imple-

mentability is also ensured because by construction fm > 0, cm, c�� � 0, and f�� � 0 are

satisfied.

(ii) The second-best solutions: By setting �_ ¼ � ¼ 0 in the above computations, the

assertion follows.
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(iii) Obvious from parts I-i and I-ii-(2).

Part II with �¼ 0 and � > 0.

(i) The third-best solutions: note that

�̇abHss �Hms
bd
a

¼ �̇abgss �
bd2

a
< 0, Hmm

bd
a
� �̇abHms ¼ Hmm

bd
a
� �̇abd < 0:

Hence,

ċm < 0 and ṡ < 0:

Moreover, using the same computation as in (A21), one can easily check that the

sensitivity is strictly decreasing. Thus, by the same reasonings as in part I, both �- and

�-implementabilities are satisfied.

Since 0¼ �� + g� and g is quadratic, the closed-form solution for � is

Bðs� CÞ ¼ � bdy
a

þ d3ðds� �ðyÞabÞ
a2d2 þ ra4

:

Thus,

s ¼ ða2BC � abdyÞðd2 þ ra2Þ � d3�ðyÞabÞ
a2Bðd2 þ ra2Þ � d4

:

The denominator is positive by the SOC.

(ii) The second-best solutions: Again, by setting �_¼ � ¼ 0 in the above computations,

the assertion follows.

(iii) Obvious from parts II-i and II-ii. &

C.2 Proof of Proposition 4
Using the FOCs,

Lmm ¼ �a2 � ra4s�2

ðgþ ds�Þ2
, Lms ¼ d� 2ra3gm�s�

ðgþ ds�Þ3
� q

ra2g

ðgþ ds�Þ2
,

Lss ¼ gss �
ra2gm�2

ðgþ ds�Þ4
ðg� 2ds�Þ þ q gsss þ

2ragdm�

ðgþ ds�Þ3

 !
,

Lmg ¼ d� ra2s�

gþ ds�
, Lsq ¼ gss �

ragm�

ðgþ ds�Þ2
:

By the assumption of unique solutions, Lmm < 0, Lss < 0, and the determinant of the

bordered Hessian is strictly positive.

Differentiating the FOCs with respect to �, we have

Lmmṁ
� þ Lmsṡ� þ Lmqq̇ ¼ �ab, Lsmṁ

� þ Lssṡ� þ Lsqq̇ ¼ bd
a
, Lqmṁ

� þ Lqsṡ� ¼
bd
a
:

Since Lmm ¼ Lmma; Lsm ¼ Lsma, and Lqm ¼ Lqma; we have
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Lmm Lms Lmq

Lsm Lss Lsq

Lqm Lqs 0

2
664

3
775

ṁ�=a

ṡ�

q̇

2
664

3
775 ¼

�̇ab

bd=a

bd=a

2
664

3
775:

Therefore,

signðṁ�Þ ¼ sign
bd
a
LqsLmq þ LmsLsq

bd
a
� LmqLss

bd
a
� �̇abL2

sq

� �
,

signðṡ�Þ ¼ sign Lms
bd
a
Lmq þ �̇abLsqLqm � L2

mq
bd
a
� LmmLsq

bd
a

� �
:

Part I with � > 0 and �¼ 0.

(i) The third-best solutions:

Lmm < 0, Lms ¼ � 2ra3m�s�

g2
� q

ra2

g
, Lss ¼ gss �

ra2m�2

g2
þ qgsss,

Lmq ¼ � ra2s�

g
< 0, Lsq ¼ gss �

ram�

g
< 0:

Thus,

signðṁ�Þ ¼ signð��̇abL2
sqÞ < 0, signðṡ�Þ ¼ signð�̇abLsqLqmÞ > 0:

Since c�/f�¼ am�/g, the sensitivity behaves like m�, that is, ðd=dyÞðcm=fuÞ ¼ ða=gÞṁ�<0.
Since the sensitivity is (strictly) decreasing, �-implementability is satisfied by Proposition

A.2.

The (�, �)-implementability is ensured because the agent’s SOC in Proposition A.2-i is

satisfied. That is, since �¼ 0, we have for all (m�, s�)

�a2 gss � r
am�

gþ ds�

� �
� am�

gþ ds�
d2 � 0:

(ii) The second-best solutions: By setting �_¼ 0, we have

ċmðm2nd, yÞ ¼ ṡ2ndðyÞ ¼ ðd=dyÞðcmðm2nd, yÞ=fmðm2nd, s2ndÞ ¼ 0:

Thus, c�(�2nd, �), �2nd(�), and the second-best sensitivities are the same across all � 2 �.

(iii) Comparison: Since ��(�L)¼�2nd(�), �
�(�L)¼�2nd(�), and ṡ� > 0, we have ��(�) >

�2nd(�) for all � 2 (�L, �H].

Part II with �¼ 0 and � > 0.

(i) The third-best solutions:

Lmm ¼ �a2 � ra4

d2
< 0, Lms ¼ d > 0, Lss ¼ gss þ qgsss, Lmq ¼ d� ra2

d
, Lsq ¼ gss < 0:

signðṁ�Þ ¼ sign
bd
a
LqsLmq þ LmsLsq

bd
a
� LmqLss

bd
a
� �̇abL2

sq

� �
,
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signðṡ�Þ ¼ sign Lms
bd
a
Lmq þ �̇abLsqLqm � L2

mq
bd
a
� LmmLsq

bd
a

� �
:

Note that the FOCs (26) and (27) imply that q ¼ �ram=dgss > 0. Using the assumption

(�2 � ra2)gsss � 0, we have ṁ�<0, because

LqsLmq þ LmsLsq � LmqLss �
�̇a2

d
L2
sq ¼ dgss � d� ra2

d

� �
qgsss �

�̇a2

d
L2
sq < 0:

We also have ṡ < 0, because

LmsLmq þ
�̇a2

d
LsqLqm � L2

mq � LmmLsq ¼ d2 � ra2 þ �̇a2

d2
gssðd2 � ra2Þ

� 1

d2
ðd2 � ra2Þ2 þ a2

d2
ðd2 þ ra2Þgss

¼ d2 � ra2 þ a2gss �
1

d2
ðd2 � ra2Þ2 þ a2

d2
gssf�̇ðd2 � ra2Þ þ ra2g < 0:

For the above inequality, we have utilized our assumption that �_ðd2 � ra2Þ þ ra2 � 0, and

the SOC, �2 � ra2 + a2gss < 0.

For the SOC, note that by the assumption of unique solutions, the determinant of the

bordered Hessian is strictly positive, that is,

0 < 2LmsLqsLqm � L2
qmLss � L2

qsLmm ¼ gss

d2
ðd2 þ ra2Þðd2 � ra2 þ a2gssÞ:

Since g�� < 0, we have

d2 � ra2 þ a2gss < 0:

On the other hand, in order to explicitly solve the third-best volatility, let us substitute

q ¼ �ram=dgss into the FOC with respect to �. Then we have

am� ¼ ds� � �ðyÞab
1þ r a

2

d2


 �
þ r

gss
1� ra2

d2


 � :

However, by the constraint

dm� þ gs ¼ r

s
am�,

which implies

gs �
db
a
y ¼ ra2 � d2

a2d
am�:

When g is quadratic, and Equations (A22) and (A23), we have Equation (31).

In order to look at changes in the sensitivity over y, let us use Equation (A.22).
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am�

ds�
¼

Bd d� �ðyÞ
s� ab


 �
Bðd2 þ ra2Þ � rðd2 � ra2Þ

< 1:

The SOC is used for the above inequality. Thus,

d

dy
am�

ds�

� �
¼ � Babd

Bðd2 þ ra2Þ � rðd2 � ra2Þ
d

dy
�ðyÞ
s�

� �
:

Since B(d2 + ra2) � r(d2 � ra2) > 0 by the SOC, ṡ� < 0 and

d

dy
�ðyÞ
s�

� �
¼ 1

s�2
ð�̇s� � �ṡ�Þ > 0,

we have am=ds < 0, satisfying the �-implementability condition.

To check the (�, �)-implementability, note that the agent’s SOC is

a2 Bþ r
am�

ds�

� �
� am�

ds�
d2 ¼ a2Bþ am�

ds�
ðra2 � d2Þ � 0:

Since we know that 0 � am�/��� < 1 from the previous computation, the assumption of

either a2B � d2 � 0 or ra2 � d2 � 0 implies that the agent’s SOC is always satisfied. Thus,

the (�, �)-implementability is satisfied.

ii. The second-best solutions: By setting �_¼ �¼0, we have

ċmðm2nd, yÞ < 0, ṡ2ndðyÞ < 0, and
d

dy
cmðm2nd, yÞ

fmðm2nd,s2ndÞ
¼ 0:

When g is quadratic, Equation (31) implies that the second-best volatility is explicitly

given by Equation (32).

iii. Comparison: By comparing Equations (31) and (32), we have the following relation-

ship. If �2 � ra2 > (=,<)0, then we have ��(�) < (=,>)�2nd(�) for all � 2 (�L,�H], and

��(�L)¼ �2nd(�L). &

D Appendix to Section 5

D.1 Proof of Proposition 5
It suffices to show that under the stated assumptions, the constraint of the principal’s

Lagrangian is not binding. Fix y 2 �. Suppose (��, ��) maximizes the principal’s uncon-

strained Hamiltonian. Since c��¼ f�¼ 0, the FOC with respect to � is

Hs ¼ �cs � rs�
c2m

f 2m
� �ðyÞcys ¼ 0:

On the other hand, since fs¼ 0, the constraint from the principal’s Lagrangian (9), given a

contract with a sensitivity of c�(�
�, ��)/f�(�

�,��), is

Lq ¼ Fs ¼ �r
c2m

f 2m
s� cs ¼ 0:
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Thus, when c��¼ 0, both H� and F� are identical. Moreover, since c��¼ fs¼ 0, F is strictly

concave in (�, �), and the agent’s FOC with respect to �, F�¼ 0 is satisfied with ��. Hence,

the agent optimally chooses (��, ��). That is, the constraint of the Lagrangian is not binding.

If c�� 6¼ 0, ��(�) satisfies both H� and F� that are identical only if y¼ yL, because

�(�L)¼ 0. &

D.2 Proof of Proposition 6
We prove the second claim first. Let

X ¼ a2Bðd2 þ ra2Þ � d4,

Y ¼ ða2BC � abdyÞðd2 þ ra2Þ � d3�ðyÞab

¼ ða2BC � abdyÞ 1

a2B
ðX þ d4Þ � d3�ðyÞab:

Some algebraic manipulations using Equations (31) and (22) yield

sobs� ðyÞ � sunobs� ðyÞ

¼ Y

X
� BY � ða2BC � abdyÞrðd2 � ra2Þ þ Br�a3bd

BðX þ r2a4Þ

¼ ðra2d2 þ XÞrad ðaBC � bdyÞd� �ðyÞBa2b
� �

:

That is,

sobs� ðyÞ > ð¼ , <Þsunobs� ðyÞ iff ðaBC � bdyÞd� �ðyÞBa2b > ð¼ , <Þ0:

Thus, the second part is proven. Note that the second-best volatilities should also satisfy the

above inequality with �(�)¼ 0. But by assumption of interior solutions, we always have

(aBC � b��)d > 0, and thus s2ndobs ðyÞ > s2ndunobsðyÞ.
Under the uniform distribution, �(�)¼ � � �L, and

ðaBC � bdyÞd� �ðyÞBa2b > ð¼ ,<Þ0 iff y < ð¼ ,>Þ aBCdþ Ba2byL
bd2 þ Ba2b

:

Therefore, we are done. &
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