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This article takes a shrinkage approach to examine the empirical implications of

aversion to model uncertainty. The shrinkage approach explicitly shows how predic-

tive distributions incorporate data and prior beliefs. It enables us to solve the optimal

portfolios for uncertainty-averse investors. Aversion to uncertainty about the capital

asset pricing model leads investors to hold a portfolio that is not mean-variance

efficient for any predictive distribution. However, mean-variance efficient portfolios

corresponding to extremely strong beliefs in the Fama–French model are approxi-

mately optimal for uncertainty-averse investors. The empirical Bayes approach does

not result in optimal portfolios for investors who are averse to model uncertainty.

In standard finance theory, investors optimally allocate their investment
funds to assets using a given stochastic model of asset returns. It follows

that the optimal asset allocation depends on the choice of the model.

Uncertainty about the correct choice of a stochastic model, or simply

model uncertainty, has recently become a research topic of interest. This

issue has been well known as Knightian uncertainty in academic literature.

It even appeared recently in the popular press. In the national best seller,

When Genius Failed: The Rise and Fall of Long-Term Capital Management

by Lowenstein (2000), the issue of model uncertainty is described as
follows: ‘‘There is a key difference between a share of IBM . . . and a

pair of dice. With dice, there is risk—you could, after all, roll snake

eyes—but there is no uncertainty, because you know (for certain) the

chances of getting a 7 and every other result. Investing confronts us with

both risk and uncertainty. There is a risk that the price of a share of IBM

will fall, and there is uncertainty about how likely it is to do so.’’ The book

believes that the partners of Long-Term Capital failed to consider the
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chances that their models are wrong. When models are likely to be wrong

and the correct model is unknown, investors may be averse to the model

uncertainty. I examine the empirical implications of investor’s aversion to

model uncertainty in an asset allocation problem.

Finance professionals often impose restrictions on equilibrium models
when specifying the distribution of asset returns. A major reason is that

using sample estimates of the mean and variance to obtain optimal allo-

cation over a large number of risky assets is well known to be problematic

[Best and Grauer (1991), Britten-Jones (1999), Green and Hollifield

(1992), Michaud (1989), Jobson and Korkie (1980), Polson and Tew

(2000)]. The resulting portfolio usually contains extremely long and

short positions, which are difficult to implement. To solve this problem,

portfolio weights are often constrained to be non-negative, but the opti-
mal portfolios are usually corner solutions that assign zero weights to

many assets and nonzero weights to a few highly risky assets. Such corner

solutions conflict with investors’ intuition about the benefit of diversifi-

cation. More importantly, the optimal portfolio weights are extremely

sensitive to variations in the estimated mean and covariance matrix.

Another major reason for imposing restrictions on asset-pricing models

is that asset prices inconsistent with market equilibrium are believed to be

unlikely to persist. Black and Litterman (1991, 1992) discuss reasons for
imposing asset-pricing models.

The restriction of an asset-pricing model such as the capital asset pricing

model (CAPM) or the Fama–French model reduces the dimension of the

estimation problem and leads investors to allocate wealth among the

factor portfolios in the model. Although restrictions of asset-pricing mod-

els help us obtain portfolios that are more intuitive and easier to imple-

ment, we face uncertainty regarding models’ pricing ability because all

models are rejected in some empirical tests. Shanken (1987) argues that no
model is correct and suggests that the empirical Bayesian approach is an

appropriate method to apply models.

Bayesian inference, which combines the prior beliefs in models and the

information in data, is currently a popular approach in empirical studies

of model uncertainty [Frost and Savarino (1986), Pastor and Stambaugh

(2000), Polson and Tew (2000)]. Since different prior beliefs lead to

different posterior and predictive probability distributions of asset

returns, researchers have tried various prior distributions of the pricing
errors to see how the priors affect asset allocation. Researchers often take

the empirical Bayes approach, in which prior distributions are estimated

from the observed samples. In the current literature, Bayesian analysis of

asset allocation does not incorporate investors’ aversion to uncertainty in

prior beliefs.

In the standard Bayesian analysis of asset allocation, although the

optimal portfolio is obtained from the predictive distribution implied by
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a chosen prior, investors may have multiple prior beliefs in models and

may be averse to model uncertainty. Their uncertainty aversion should

affect their asset allocation. The purpose of this article is to investigate

how investors, who are averse tomodel uncertainty, make asset allocations

when they are uncertain about their prior belief in asset-pricing models.
This article helps us gain more understanding of the empirically observed

asset allocations.

I allow for model uncertainty using the maximin approach, in which

investors choose a portfolio that maximizes the minimum expected utility.

Investors solve the maxmin problem, in which they choose the portfolio

that maximizes the minimum expected utility. The maxmin principle has

been a tradition in Bayesian decision theory. Berger (1985) offers a

detailed overview on maxmin analysis of Bayesian decisions. Using an
axiomatic approach, Gilboa and Schmeidler (1989) further demonstrates

that the minimum expected utility represents the preference with aversion

to uncertainty about the probability distributions. A solution to the

maxmin problem gives the asset allocation optimal for investors who are

averse to model uncertainty. Using maxmin analysis, this article examines

asset allocations associated with the models and data that attract signif-

icant attention in the empirical finance literature. The models are the

CAPM related to the mean-variance utility function and Fama–French
model derived from empirical experience. The data are the returns on

equity portfolios. Many recent articles apply maxmin analysis to finance1

to examine theoretical issues. I bring uncertainty aversion into empirical

studies of asset allocation.

Aversion to uncertainty about an asset-pricing model may lead

investors to hold a portfolio that is mean-variance inefficient for any

prior belief in the model. Over the portfolios sorted by firm size and

book-to-market ratio, there exists no prior belief in the CAPM such that
the tangency portfolio with respect to the predictive distribution gives the

optimal allocation for uncertainty-averse investors. This can be viewed as

a failure of the CAPM in the context of asset allocation. With consider-

able doubts about both estimates, uncertainty-averse investors do not

want to rely on either the estimate restricted by the CAPM or the unre-

stricted estimate. The optimal allocation by uncertainty-averse investors is

not the tangency portfolio for the mean and variance estimated from any

prior belief in the model. It is commonly observed that investors do not
appear to hold mean-variance efficient portfolios. Aversion to model

uncertainty is potentially an important reason.

For some models and data, however, there exist prior beliefs such

that the tangency portfolios are optimal for uncertainty-averse investors.

1 See, for examples, Epstein and Wang (1994), Chamberlain (2000), Hansen and Sargent (2001), Routledge
and Zin (2001), Kogan and Wang (2002), Maenhout (2002), and Uppal and Wang (2003).
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For example, I show that the tangency portfolio corresponding to the

dogmatic prior belief in the Fama–French model is optimal or approxi-

mately optimal for uncertainty-averse investors whose priors are centered

around the Fama–French model. The reason is that the Fama–French

model is a summary of the empirical properties of the portfolios sorted by
firm size and book-to-market ratio and gives a more precise estimate of

the mean and variance than the unrestricted estimate. The analysis in this

article also demonstrates that the tangency portfolio corresponding to the

prior belief obtained from the empirical Bayes approach is not optimal for

investors with aversion to model uncertainty.

In order to apply maxmin analysis to asset allocation using asset-pricing

models, I develop a shrinkage approach for Bayesian analysis of

asset allocation, in which the predictive distribution for a given prior is
used. I show both the predictive mean and variance of asset returns from

the unrestricted sample moments to the estimates restricted by the asset-

pricing model. The predictive mean and variance share the same shrinkage

factor, which indicates the relation between the mean and variance

implied by the asset-pricing model. The shrinkage approach reveals that

a Bayesian investor, facing uncertainty about an asset-pricing model,

implicitly assigns a weight between the unrestricted estimate and the

estimate restricted by the asset-pricing model. The weight is the shrinkage
factor. For a given prior distribution, the weight on the estimate restricted

by the asset-pricing model is larger if the frontier of the factor portfolios

has a higher Sharpe ratio. The weight on the model is large if a long

history of stationary data is not available. Investors who take the empir-

ical Bayes approach, in which they use the observed data to estimate the

prior, choose the shrinkage factor to be 1
2
, which assigns equal weights to

the restricted and unrestricted estimates. The shrinkage approach is useful

because it explicitly shows how a prior belief affects the estimates of mean
and variance. It allows me to solve the maxmin problem and to obtain the

properties of the solutions in the maxmin analysis.

The rest of the article is organized as follows. Section 1 gives an over-

view of the classic, Bayesian, and maxmin analysis in the context of

asset allocation using asset-pricing models. Section 2 develops the shrink-

age approach to the Bayesian and maxmin analysis. Section 3 compares

the maxmin analysis with the empirical approach. Section 4 examines

domestic asset allocations. Conclusions and future research are discussed
in Section 5. Mathematical derivations are provided in the appendix.

1. Aversion to Model Uncertainty

In this section, we review the classic, Bayesian, and maxmin analysis in the

context of asset allocation using asset-pricing models. There are m risky

assets. Let r1t be the m � 1 vector of excess returns over the risk-free rate
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on the assets during period t. An asset-pricing model is given and there are

k factor portfolios in the model. Let r2t be the k� 1 vector of excess

returns on the factor portfolios during period t. The time series of T

observations, denoted by R¼ {rt}t¼1, . . . ,T ¼ {(r01t, r02t)
0}t¼1, . . . ,T, are

assumed to follow a normal distribution with mean m and variance V,
independently across t. The mean and variance are decomposed into the

following parts corresponding to the m assets and k factors:

m ¼
m1

m2

� �
, V ¼

V11 V12

V21 V22

� �
: ð1Þ

The mean and variance can be summarized by the parameters in a regres-

sion model:

r1t ¼ aþ br2t þ ut, ð2Þ

where a is the m � 1 vector of Jensen’s alpha, b is the m � k matrix of the

betas, and ut is them� 1 vector of the residual terms in the regression. The
variance of ut is assumed to be �. It follows that the mean and variance of

the returns can be expressed as

m ¼
aþ bm2

m2

� �
, V ¼

bV22b
0 þ � bV22

V22b
0 V22

� �
: ð3Þ

The asset-pricing model m1¼bm2 holds if and only if a¼ 0m�1, where

0m�1 is the m � 1 vector of zeros.

In the classic framework of asset allocation using asset-pricing models,

investors choose either to believe or not to believe the asset-pricing model.
Those who do not believe the asset-pricing model estimate the parameters

without restricting a to zero. Denote the maximum likelihood estimates

of a, b, and � by âa, b̂b, and �̂�, respectively. The maximum likelihood

estimates of the mean and variance are

m̂m ¼
m̂m1

m̂m2

� �
¼ âaþ b̂bm̂m2

m̂m2

 !
, V̂V ¼ b̂bV̂V22b̂b

0 þ �̂� b̂bV̂V22

V̂V22b̂b
0

V̂V22

 !
, ð4Þ

where m̂m2 and V̂V22 are the sample mean and variance of r2t. The above

estimates of m̂m and V̂V are in fact equivalent to the sample mean and

variance of rt. Those investors who do not believe the model make

asset allocation based on the unrestricted estimates of the mean and
variance in Equation (4). Those who believe the asset-pricing model,

however, impose the restriction a¼ 0m�1. Let �bb and ��� be the maximum

likelihood estimates of b and � with the restriction of a¼ 0m�1. The

restricted maximum likelihood estimates of the mean and variance are

�mm ¼
�bbm̂m2

m̂m2

� �
, �VV ¼

�bbV̂V22
�bb
0 þ ��� �bbV̂V22

V̂V22
�bb
0

V̂V22

 !
: ð5Þ
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Those investors who believe the model make asset allocation decisions

based on the restricted estimates of the mean and variance.

Discarding the dichotomy between believing and disbelieving the

model, the Bayesian framework introduces an informative prior distribu-

tion of a to represent an investor’s belief in the asset-pricing model. The
prior of a, conditional on �, is assumed to be a normal distribution with

mean 0m�1 and variance u�, that is,

p aj�ð Þ ¼ N 0m�1, u�ð Þ: ð6Þ

The parameter u is a positive number that controls the variance of the

prior distribution of Jensen’s alpha. Since an asset-pricing model does not
impose any restrictions on b, �, m2, or V22, prior distributions of these

parameters are assumed to be independent and non-informative. Specifi-

cally, each of the prior probability density functions of b and m2 is

proportional to a constant. The prior probability density function of V22

is proportional to jV22j�(kþ1)/2, and the prior probability density function

of � is proportional to j�j�(mþ1)/2. These are the standard specifications

for non-informative prior distributions [Berger (1985), Bernardo and

Smith (1994)].
In Bayesian framework, asset allocation without uncertainty aversion is

based on the predictive distribution, which is the distribution of rTþ1

conditional on the observed data R. Let E [rTþ1jR, u] and V [rTþ1jR, u]
be the mean and variance of the predictive distribution. They depend on

the parameter u. For a given parameter u and portfolio x, the mean-

variance utility function of an investor is

U x; uð Þ ¼ E rTþ1jR, u½ �0x� 1
2
gx0V rTþ1jR, u½ �x, ð7Þ

where g is the degree of risk aversion. Investors choose the following

vector of portfolio positions on the risky assets:

x uð Þ ¼ g�1 V rTþ1jR, u½ �ð Þ�1
E rTþ1jR, u½ �: ð8Þ

Notice that x(u) is not a vector of portfolio weights because the elements

of the vector do not sum up to 1. In order to examine the return of the

optimal portfolio, we need to scale x(u) to portfolio weights. That is,

the vector of portfolio weights is ~xxðuÞ ¼ xðuÞ=ð10mþkxðuÞÞ, where 1mþk is

the mþ k dimension vector of ones. It is obvious that the vector of
portfolio weights, ~xxðuÞ, is independent of the risk aversion parameter g

in Equation (8). It is well known that the risky portfolio ~xxðuÞ
maximizes the Sharpe ratio. This portfolio of risky assets is referred to

as the tangency portfolio in the finance literature.

Suppose that the investor has uncertainty about the correct model, and

is averse to such uncertainty. Such a case can be modeled as the investor

having a set of priors parameterized in terms of u 2 [0, þ1), and the
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utility function minu2 [0,þ1] U(x, u) [see Gilboa and Schmeidler (1989)].

The optimal portfolio choice for such an investor is to solve

max
x

min
u2 0;þ1½ Þ

U x; uð Þ: ð9Þ

In order to show that the solution x� to this maxmin problem exists and is

unique, we employ the shrinkage approach developed in the next section.

The solution x� is sometimes referred to as robust portfolio in the litera-

ture. The asset allocation of x� is optimal for investors who are averse to
model uncertainty. Fixing x�, we can find the solution u� to minu U(x�; u).

It is well known that x� is not necessarily the solution to maxx U(x, u�).

That is, x� can be different from the asset allocation obtained by setting

u = u� in Equation (8). The solution x� and its portfolio weights depend

on the risk aversion parameter g.

The set of predictive distributions obtained by changing u is not a

convex set, that is, a weighted average of two predictive probability dis-

tribution functions is not necessarily a predictive distribution. However,
Gilboa and Schmeidler (1989) require the set of probability distributions

in consideration to be convex in order to show that uncertainty aversion

implies a maxmin problem. We can consider the convex hull of the pre-

dictive distributions and then apply the implication from uncertainty

aversion to maxmin problems established by Gilboa and Schmeidler.

Since a maxmin problem implies behavior of uncertain aversion over

any set of probability distributions, we can then use the maxmin problem

over the set of predictive distributions that is not convex. In fact, the
maxmin principle had been used in Bayesian decisions to express aversion

to uncertainty [see Berger (1985)] before Gilboa and Schmeidler (1989)

established the equivalence axiomatically under the convexity assumption.

The most popular way of solving a maxmin problem is to transform the

maxmin problem to a minmax problem. The minmax problem is

min
u2 0;þ1½ Þ

max
x

U x; uð Þ: ð10Þ

In the minmax problem, investors are conservative and choose the prob-

ability distribution that gives the minimum of optimal utility. If uy is a

solution to the minmax problem, xy is the solution to the utility maximi-

zation problem for given uy. That is, xy ¼ arg maxxU(x; uy)¼ x(uy). The

asset allocation xy can be understood as a conservative portfolio choice.
If we substitute Equation (8) into the utility function in Equation (7),

the minmax problem (10) becomes

min
u2 0;þ1½ Þ

E rTþ1jR, u½ �0 V rTþ1jR, u½ �ð Þ�1
E rTþ1jR, u½ �, ð11Þ

where, the parameter u is chosen to minimize the highest Sharpe ratio of

the predictive mean and variance. The resulting optimal Sharpe ratio is the
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greatest lower bound of the Sharpe ratios that an investor can obtain by

choosing parameter u.

Transformation of a maxmin problem to a minmax problem requires

some assumptions on the utility function. If the utility function U is

(weakly) concave in x and (weakly) convex in u, the maxmin and minmax
problems are equivalent. This is the well-known MiniMax theorem. Sion

(1958) and Bazaraa (1993) provide the general form of the theorem. When

the MiniMax theorem holds, the maxmin and minmax problems are

equivalent and (x�; u�) ¼ (xy; uy). It implies x� ¼ argmaxx U(x; u�)¼ x(u�),

that is, the tangency portfolio corresponding to the particular prior belief

in the model with u¼ u� will be a portfolio that is optimal for investors

averse to model uncertainty. However, when the maxmin and minmax

problems are not equivalent, there is no prior such that the tangency
portfolio given the prior is optimal for uncertainty-averse investors.

2. The Shrinkage Approach

The shrinkage approach to be developed in this section is new. In the

Bayesian approach, different prior beliefs in asset-pricing models lead to

different predictive distributions. However, for each given prior belief, it is

not clear how much impact it has on the predictive distribution. In other

words, we would like to know how a prior belief in an asset-pricing model

affects the estimate of the mean and variance. This section develops the
shrinkage approach that explicitly shows how a prior belief modifies the

sample estimate of the mean and variance toward the estimate restricted

by the asset-pricing model. The shrinkage approach is then used to solve

the maxmin problem.

The shrinkage formulation is summarized in the following theorem,

which relates the predictive mean and variance to the maximum likelihood

estimates:

Theorem 1. Let ŜS be the highest Sharpe ratio of the efficient frontier

spanned by the sample mean and variance of the factor portfolios, and let

v ¼ 1

1þ Tu=
�
1þ ŜS2

� : ð12Þ

Then, the mean and variance of the predictive distribution are

E rTþ1jR,v½ � ¼ v
�bbm̂m2

m̂m2

� �
þ 1�vð Þ

m̂m1

m̂m2

� �
, ð13Þ

V rTþ1jR,v½ � ¼
V11 vð Þ V12 vð Þ
V12 vð Þ0 bV̂V22

 !
, ð14Þ
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where V11(v) and V12(v) are given by

V11 vð Þ ¼ b v�bbþ 1�vð Þb̂b
� �

V̂V22 v�bbþ 1�vð Þb̂b
� �0

þ h
�
v�ddþ 1�vð Þd̂d�v���þ 1�vð Þ�̂�

�
, ð15Þ

V12 vð Þ ¼ b v�bbþ 1�vð Þb̂b
� �

V̂V22, ð16Þ

where �dd, d̂d, b and h are scalars and defined as follows:

�dd ¼ T T � 2ð Þ þ k

T T � k� 2ð Þ � k þ 3

T T � k� 2ð Þ �
ŜS2

1þ ŜS2
, ð17Þ

d̂d ¼ T � 2ð Þ T þ 1ð Þ
T T � k� 2ð Þ , ð18Þ

b ¼ T þ 1

T � k� 2
, ð19Þ

h ¼ T

T �m� k� 1
: ð20Þ

Equation (13) states that the predictive mean is a weighted average of the

estimated means restricted and unrestricted by the asset-pricing model. It

is a shrinkage estimator. The shrinkage target is the maximum likelihood
estimate of m under the restriction of the asset-pricing model. According

to Efron and Morris (1973), v is referred to as the shrinkage factor. This

result is consistent with the well-known observation that posterior mean is

a Bayes–Stein estimator. The predictive variance of the assets, V11(v), is a

quadratic function of the shrinkage factor v, rather than a linear weighted

average. Although this is not a shrinkage estimator in the traditional

sense, it can be understood as a nonlinear extension to the classic shrink-

age estimator. If the shrinkage factor is one, V11(v) is proportional to the
estimate restricted by the model. If the shrinkage factor is zero, V11(v) is

proportional to the unrestricted sample estimate. The theorem also states

that the predictive covariance,V12(v), between the assets and the factors is

proportional to the weighted average of the estimates restricted and

unrestricted by the model. The weight is the same shrinkage factor v.

Theorem 1 establishes the link between the classic and Bayesian frame-

works for asset allocation using asset-pricing models. The link is the

shrinkage factor v, which indicates the relative weight between the esti-
mates restricted and unrestricted by the model. More importantly, the

predictive mean and variance share exactly the same shrinkage factor. The

theorem explicitly shows how a prior belief influences the estimated mean

and variance. As expected, the shrinkage factor v is a decreasing function
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of u. When u approaches 0, the weight assigned to the estimate restricted

by the model converges to 1. When u becomes infinitely large, the weight

assigned to the unrestricted estimate converges to 1. Therefore, choosing u

is equivalent to choosing the weight between the estimates restricted and

unrestricted by the model.
Equation (12) captures another new feature, stating that the shrinkage

factor v is an increasing function of the Sharpe ratio of the frontier

spanned by the factor portfolios. Given T and u, more weight is assigned

to the estimate restricted by the model if the Sharpe ratio of the factor

portfolios is higher. This is reasonable. If the asset-pricing model holds,

some combination of the factor portfolios should give the same Sharpe

ratio as the efficient frontier spanned by all the assets. If the Sharpe ratio

of the frontier spanned by the factors is much lower than the Sharpe ratio
of the frontier spanned by all the assets, the asset-pricing model is likely to

be wrong. If the Sharpe ratio of the factors is higher, it is closer to the

highest Sharpe ratio of all the assets, then the model is more likely to be

correct. More weight (a higher shrinkage factor) is therefore assigned to

the estimate restricted by the model.

Theorem 1 points to a simple way to implement the Bayesian analysis.

First, obtain the maximum likelihood estimate subject to the model

restriction and the estimate without the restriction; Then, choose v and
use the formula in the theorem to calculate the predictive mean and

variance. The shrinkage approach provides a simple and intuitive way to

apply Bayesian portfolio selection by choosing v to reflect the investor’s

beliefs about the relative importance between the model and data. For

example, if the investor thinks that the model and the data are equally

important, then they should choose v¼ 1
2
. If the investor thinks that the

data are twice as important as the model, they should choose v¼ 1
3
. This is

consistent with industry practice, in which people often take average
estimates obtained from different models. For example, the asset manage-

ment group at Goldman Sachs averages the estimate from equilibrium

models and that from the views of investors [He and Litterman (1999)].

A major distinction of Theorem 1 from other shrinkage estimation in

the literature is that the shrinkage factor for the variance is the same as

that for the mean. The work by Polson, Johannes and Stroud (2002),

Gron, Jorgensen and Polson (2001), Polson, Jacquier and Rossi (2002),

and MacKinlay and Pastor (2000) demonstrate that it is important to
estimate variance precisely and consider the relation between mean and

variance implied by asset-pricing models. Theorem 1 shows that the pre-

dictive mean and variance both depend on the same shrinkage factor. It

exhibits the importance of the predictive variance through the relation

between the predictive mean and variance implied by an asset-pricing

model. In the next section, I show that shrinkage of variance is important

for optimal asset allocation among a large number of assets. Most existing

The Review of Financial Studies / v 18 n 2 2005

682



shrinkage theorems shrink only the mean of asset returns but assume the

variance to be given.2 Since the main issue in finance is the trade-off

between return and risk, the estimation of variance should be at least as

important as the mean because variance is closely related to risk. Bayesian

inference of variance and its shrinkage formulation are considered in a few
studies,3 but their prior distributions do not consider the restrictions of

asset-pricing models. Those studies shrink the predictive mean and vari-

ance separately with different shrinkage factors that do not reflect any

relation between the mean and variance.

Theorem 1 allows us to obtain useful properties of the maxmin problem

and to solve it easily because the predictive mean and variance is a simple

function of v, whose range is from 0 to 1 (rather than from 0 to infinity).

The mean-variance utility function of an investor is a function of x and v,
denoted by U(x; v). The maxmin problem becomes

max
x

min
v2 0;1½ �

U x;vð Þ: ð21Þ

Since U(x;v) is continuous in (x;v) and the set of possible v is compact,

the function ~UUðxÞ� minv Uðx; vÞ is continuous in x. Since U(x;v) is

strictly concave in x, the function ~UUðxÞ is also strictly concave in x. It

follows that there is a unique x� that solves the maxmin problem (21).

With the fixed x�, solutions v� to minv U(x�; v) always exist but may not

be unique.

Theorem 1 also makes it easy to solve for the optimal portfolio x� in the

maxmin problem. It follows that

E rTþ1jR,v½ � ¼ m̂m1 þ v �bbm̂m2 � m̂m1ð Þ
m̂m2

� �
, ð22Þ

V rTþ1jR,v½ � ¼
C0 þC1vþC2v

2 b b̂bþ v �bb� b̂b
� �� �

V̂V22

bV̂V22 b̂bþ v �bb� b̂b
� �� �0

bV̂V22

 !
, ð23Þ

where

C0 ¼ bb̂bV̂V22b̂b
0 þ hd̂d�̂�, ð24Þ

C1 ¼ b �bb� b̂b
� �

V̂V22b̂b
0 þ bb̂bV̂V22

�bb� b̂b
� �0þ h �dd� d̂d

� �
�̂�þ hd̂d ���� �̂�

� �
, ð25Þ

C2 ¼ b �bb� b̂b
� �

V̂V22
�bb� b̂b
� �0þ h �dd� d̂d

� �
���� �̂�
� �

: ð26Þ

2 See, for example, Andersen (1971), Black and Litterman (1991), Efron and Morris (1973), Jobson and
Korkie, Ratti (1979) and Jorion (1986, 1991). Pastor and Stambaugh (1999) have noticed that if there is
one asset and one factor, the posterior mean of Jensen’s alpha is approximately a weighted average of the
estimated alpha restricted and unrestricted by the model.

3 See Brown (1976), Frost and Savarino (1986), Jagannathan and Ma (2003), and Ledoit and Wolf (2003).
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Then, the predictive mean and variance can be written as

E rTþ1jR,v½ � ¼ A0 þ vA1, ð27Þ

V rTþ1jR,v½ � ¼ B0 þ vB1 þ v2B2, ð28Þ

where

A0 ¼
m̂m1

m̂m2

� �
, ð29Þ

A1 ¼
�bbm̂m2 � m̂m1

0k�1

� �
, ð30Þ

B0 ¼
C0 bb̂bV̂V22

bV̂V22b̂b
0

bV̂V22

 !
, ð31Þ

B1 ¼
C1 b �bb� b̂b

� �
V̂V22

bV̂V22
�bb� b̂b
� �0

0k�k

 !
, ð32Þ

B2 ¼
C2 0m�k

0k�m 0k�k

� �
: ð33Þ

Substituting Equations (27) and (28) into the utility function, we obtain

U x,vð Þ ¼ U0 xð Þ þ vU1 xð Þ þ v2U2 xð Þ, ð34Þ

where

U0 xð Þ ¼ x0A0 � 1
2
gx0B0x, ð35Þ

U1 xð Þ ¼ x0A1 � 1
2
gx0B1x, ð36Þ

U2 xð Þ ¼ �1
2
gx0B2x: ð37Þ

Basic algebra for quadratic functions implies that ~UUðxÞ ¼ minv Uðx,vÞ
and has the following analytical expression:

~UU xð Þ ¼ U0 xð Þ�U2
1 xð Þ= 4U2 xð Þð Þ if x 2 X ,

min U0 xð Þ,U0 xð Þ þU1 xð Þ þU2 xð Þf g, if x 62 X ,

(
ð38Þ

where the set X is defined as

X ¼ x : U2 xð Þ > 0, 0 < �0:5U1 xð Þ=U2 xð Þ < 1f g: ð39Þ
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Since ~UUðxÞ is strictly concave, multivariate optimization programs work

well in finding x� on computer.

The shrinkage is critical for obtaining the properties and solutions of

the maxmin problem. It also allows us to check if the utility function

U(x, v) is convex in v so that we know if we can apply the MiniMax
theorem. The function is convex in v for any x if and only if U2(x) is non-

negative for any x. This is true if and only if the matrix B2, or equivalently

C2, is negative semi-definite. Since the nature of C2 depends on the

observed data, convexity of the function U(x,v) in v depends on the

observed data. We cannot impose assumptions on the shape of U(x, v)

because such assumptions can be violated by the observed data. In empir-

ical applications, we should examine eigenvalues of C2 because C2 is

negative semi-definite if and only if all eigenvalues are non-positive.
It is important to keep in mind that the Minimax theorem is only a

sufficient but not necessary condition for the maxmin and minmax prob-

lems to be equivalent. Therefore, if the function U(x, v) is not convex in v

for every x, we need to solve the minmax problem to find out whether the

maxmin and minmax problems are equivalent. We are interested in the

equivalent of the two problems because it tells us whether an optimal

portfolio for uncertainty-averse investors can be a tangency portfolio

given a particular value of u in the prior. Using the shrinkage factor v,
the minmax problem becomes

min
v2 0;1½ �

max
x

U x;vð Þ: ð40Þ

A solution vy, referred to as a conservative shrinkage factor in this article,

solves

min
v

E rTþ1jR,v½ �
0
V rTþ1jR,v½ �ð Þ�1

E rTþ1jR,v½ �: ð41Þ

The solution vy exists because the objective function in (41) is continuous

and the set of v is compact. For any given v, a tangent portfolio deter-

mined by the predictive mean and variance is

x vð Þ ¼ g�1 V rTþ1jR,v½ �ð Þ�1
E rTþ1jR,v½ �: ð42Þ

The portfolio choice corresponding to the minmax solution is xy ¼ x(vy).

When the maxmin and minmax problems have different solutions, the

optimal portfolio for uncertainty-averse investors is not in the set of
tangency portfolios, P, which is defined as P ¼ {x : x¼ x(v) for some

v 2 [0, 1]}. If investors are restricted to the set of tangency portfolios,

there will be a loss to them in terms of utility minv U(x,v). The loss can

be calculated as

L ¼ max
x

min
v

U x,vð Þ� max
x2P

min
v

U x,vð Þ: ð43Þ
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3. A Comparison to Empirical Bayes Approach

Bayesian analyses of asset allocation in the current literature do not use

maxmin analysis to incorporate aversion to model uncertainty. They often

use the empirical Bayes approach to specify prior beliefs. In the standard

parametric empirical Bayes approach, researchers specify a functional
form of the prior distribution, which sometimes depends on hyperparame-

ters. Researchers estimate the hyperparameters using the marginal distri-

bution of data. Either maximum likelihood or the method of moments can

be used to estimate the hyperparameters. This approach is also called the

compound decision problem in statistics literature. In this approach, the set

of data used for estimating hyperparameters is the same set of data used

for computing the posterior distribution. Berger (1985) and Bernardo and

Smith (1994) provide overviews of the compound decision problems.
Since the empirical Bayes approach is often applied in asset allocation, it

is important to understand what shrinkage factor it implies and whether

the resulting asset allocation is optimal for investors averse to model

uncertainty.

For the issues examined in this article, the hyperparameter is u. In order

to determine u, classic statistical inference is used to estimate the sampling

distribution of Jensen’s alpha. The estimated sampling distribution is then

used as the informative prior distribution of Jensen’s alpha. In the appen-
dix, it is shown that, under the null hypothesis of a¼ 0m�1, the sampling

distribution of the maximum likelihood estimator of a, conditional on the

factor and the parameters (a, b, �, m2, V22), is a normal distribution with

mean 0m�1 and variance T�1ð1þ ŜS2Þ�. That is,

âaj� � N 0m�1,
1

T

�
1þ ŜS2

�
�

� �
: ð44Þ

This sampling distribution is the multi-factor version of formula (5.3.16)
in Campbell, Lo and MacKinley (1997), which has only one factor. It

follows from Equation (6) that the parameter in the prior distribution of

a should be specified as

u ¼ T�1
�
1þ ŜS2

�
: ð45Þ

Substituting this choice of u into Equation (12) gives v¼ 1
2
. This important

result is stated in the following theorem:

Theorem 2. If the prior distribution of a is chosen to satisfy

V ½aj�� ¼ V ½âaj��, the shrinkage factor is v ¼ 1
2
.

A researcher taking the empirical Bayes approach, therefore, assigns equal

weights to the estimates restricted and unrestricted by the asset-pricing
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model, implying that the model and data have equal importance. This

makes it convenient to compare the asset allocation obtained using the

empirical Bayes approach with the allocation obtained using the maxmin

approach. Most applications in asset allocation deviate from the standard

compound decision problem by choosing u different from Equation (45).
For example, one can estimate a prior variance for alpha using an earlier

or different set of data. Alternatively, one can estimate a prior variance of

alpha using the cross-sectional variance of estimated alphas in a large

cross section of assets. Even when some people choose u without

estimation, they tend to make it more or less consistent with

our empirical experience with the data. No matter how a prior variance

is inferred from data, it implies a shrinkage factor. If a prior variance

of alpha is close to empirical estimate, the implied shrinkage factor is
close to 1

2
.

It seems that the empirical Bayes approach is biased toward models—

the shrinkage factor is always 1
2
, no matter how many data are observed

and used. This is caused by setting the prior mean of Jensen’s alpha to

zero. One may let a j ��N(l, u�), where l is anm� 1 vector, in the prior

distribution and take the empirical Bayes approach to determine both the

hyperparameters l and u. The resulting predictive mean and variances will

be close to the sample estimates.4 In this case, there is no faith in the asset-
pricing model, and the model is in fact not used in asset allocation. Using

classical statistical inference to determine both l and u can be criticized as

non-Bayesian because it relies solely on data. We are only interested in the

case of l¼ 0, in which the informative prior distribution of Jensen’s alpha

imposes a prior belief in the model. Choosing a prior distribution for

Jensen’s alpha with a zero mean is equivalent to choosing the model as

reference. The setup of this kind of prior distribution allows the model to

exert influence on the posterior and predictive distributions. The built-in
influence of the model is the purpose of this article’s exercise—asset

allocation using asset-pricing models.

In the empirical Bayes approach, researchers sometimes use different

sets of data to estimate the prior and posterior distributions. For example,

a researcher may use earlier observations to estimate the prior distribution

and use later observations to estimate the posterior distribution. Or, a

researcher may construct her prior distribution using a different set of

assets. Alternatively, a researcher might form her prior opinion by reading
other people’s research that uses either different set of assets or different

period of observations. This kind of empirical Bayes approach can be

different from the compound decision problem.

4 The main reason is that we use data to infer the value of l. If we set l to be a known number, a shrinkage
result similar to Theorem 1 holds but the shrinkage target is different. In fact, Theorem 1 should be
viewed as the case setting l¼ 0.
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Suppose the prior distribution is estimated by a set of observed returns

Ro¼ (Yo, Xo) on some assets and factors. This set of data can be entirely

different from, overlap with, or coincide with the data R¼ (Y, X ), which

are used for estimating the posterior and predictive distributions.

Although the factors in the two sets of data must be the same, the actual
observed data Xo and X can be different if the two sets of data cover

different periods. Suppose there are To observations and mo assets in the

set of data Ro. Let �̂�o be the estimated variance of the residual in

the regression of Yo on Xo, and ŜSo the highest sample Sharpe ratio of

the factor portfolios estimated from Xo. It follows from (44) that

âaj� � N 0mo�1,
1

To

�
1þ ŜS2

o

�
�

� �
: ð46Þ

Therefore, we should choose u ¼ T�1
o ð1þ ŜS2

oÞ.
With the above choice of u, the shrinkage factor will depend on the

sample size and the factor Sharpe ratio. Substituting the above u into

Equation (12), we obtain

v ¼ 1þ T

To
� 1þ ŜS2

o

1þ ŜS2

 !�1

: ð47Þ

Since the factor Sharpe ratios are usually much smaller than 1, the ratio

ð1þ ŜS2
oÞ=ð1þ ŜS2Þ is not very different from 1. The shrinkage factor is then

mainly determined by the relative size of the two sets of samples, that is,

v � (1þT/To)
�1. If more observations are used for estimating the prior

variance of Jensen’s alpha, more weight will be assigned to the estimate
restricted by the asset-pricing model. When researchers arbitrarily deter-

mine which data are used for the prior and which are used for the poste-

rior, the resulting shrinkage factor is arbitrary. One should be cautious

about the empirical Bayes approach that is not a compound decision

problem.

4. Empirical Results

Let us first look at allocations when the factor in the asset-pricing model is

the monthly excess return on the value-weighted market index portfolio of
NYSE, AMEX, and NASDAQ during the period from July 1963 to

December 1998. The excess returns on the assets are the monthly excess

returns on the portfolios used by Fama and French (1993) and updated to

the end of 1998. In order to compare the CAPM with the Fama–French

model, the returns on the two Fama–French factors, SMB and HML, are

also included as part of the asset returns. The data are obtained from

Kenneth French’s Web page. The last five of the Fama–French portfolios

that contain the largest firms are excluded because the market, SMB and
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HML factors are almost a linear combination of the 25 Fama–French

portfolios. Table 1 presents the tangency portfolio weights for various

values of the shrinkage factor v. As expected, most of the weight is on the

market portfolio when v is close to 1.

Since the Fama–French model is empirically successful in fitting the

data, it is natural to apply it to asset allocation. The returns on the factors

in this model include the returns on the SMB and HML portfolios in

addition to the monthly excess returns on the value-weighted market
index portfolio. The excess returns on the assets are the monthly excess

returns on the Fama–French portfolios considered in Table 1. The tan-

gency portfolio weights for various values of v are reported in Table 2.

When v is close to 1, most of the portfolio weight is assigned to the three

Fama–French factors. When the value of v is 1 or less, the portfolio

weights in Tables 1 and 2 are very similar. In this case, the tangency

portfolios are mainly determined by the unrestricted sample estimates.

Table 1
Asset Allocation Using the CAPM

ŜS ¼ 0:1219, T = 426

v 1.00 0.95 0.90 0.75 0.50 0.30 0.10 0.01

Optimal portfolio weights
MKT 1.00 1.19 2.97 0.57 0.69 0.71 0.72 0.73
SMB 0.00 �0.59 �6.03 1.33 0.95 0.88 0.85 0.84
HML 0.00 �0.32 �3.27 0.72 0.52 0.48 0.46 0.45
S-L 0.00 �0.36 �3.65 0.81 0.58 0.53 0.51 0.51
S-2 0.00 0.13 1.32 �0.29 �0.21 �0.19 �0.19 �0.18
S-3 0.00 �0.04 �0.36 0.08 0.06 0.05 0.05 0.05
S-4 0.00 0.35 3.54 �0.78 �0.56 �0.52 �0.50 �0.49
S-H 0.00 0.15 1.57 �0.35 �0.25 �0.23 �0.22 �0.22
2-L 0.00 0.02 0.16 �0.04 �0.03 �0.02 �0.02 �0.02
2-2 0.00 0.07 0.75 �0.17 �0.12 �0.11 �0.11 �0.10
2-3 0.00 0.19 1.94 �0.43 �0.31 �0.28 �0.27 �0.27
2-4 0.00 0.19 1.94 �0.43 �0.31 �0.28 �0.27 �0.27
2-H 0.00 0.08 0.81 �0.18 �0.13 �0.12 �0.11 �0.11
3-L 0.00 �0.21 �2.12 0.47 0.33 0.31 0.30 0.29
3-2 0.00 0.07 0.72 �0.16 �0.11 �0.10 �0.10 �0.10
3-3 0.00 �0.02 �0.21 0.05 0.03 0.03 0.03 0.03
3-4 0.00 0.12 1.26 �0.28 �0.20 �0.18 �0.18 �0.18
3-H 0.00 0.12 1.27 �0.28 �0.20 �0.19 �0.18 �0.18
4-L 0.00 0.30 3.08 �0.68 �0.49 �0.45 �0.43 �0.43
4-2 0.00 �0.35 �3.55 0.78 0.56 0.52 0.50 0.49
4-3 0.00 �0.11 �1.17 0.26 0.18 0.17 0.16 0.16
4-4 0.00 0.05 0.56 �0.12 �0.09 �0.08 �0.08 �0.08
4-H 0.00 �0.05 �0.54 0.12 0.08 0.08 0.08 0.07

This table reports the tangency portfolio weights on assets and factors for various values of the shrinkage
factor v. The assets are the Fama–French portfolios, excluding the five portfolios that contain the largest
firms, and the SMB and HML portfolios constructed by Fama and French (1993) according to firms’
market capitalization and book-to-market ratio. There is one factor, which is the value-weighted market
index return of the NYSE, AMEX, and NASDAQ. The monthly excess returns on these portfolios during
the period from July 1963 to December 1998 are used for estimating the mean and variance of the
predictive distribution. The sample Sharpe ratio (ŜS ) of the factor portfolios and the number of time-
series observations (T ) are provided.
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Now, let us examine the optimal allocation with aversion to uncertainty

about the CAPM. The solution x� to the maxmin problem corresponding

to each selected degree of risk aversion is scaled into a vector of portfolio

weights and reported in columns 2–5 of Table 3. The risk aversion g is set

to be 3, 5, 7, or 9 in this article.5 It is interesting that the solution to the

maxmin problem assigns large positive or negative weights to either SMB

or the HML portfolios, even when the CAPM is used to shrink the
estimate. The optimal portfolio for an investor with aversion to model

uncertainty is very different from the market portfolio prescribed by the

CAPM. It is also very different from the portfolio based on the unres-

tricted sample estimate. It indicates that the utility loss caused by the

Table 2
Asset Allocation Using the Fama–French model

ŜS ¼ 0:2551, T¼ 426

v 1.00 0.95 0.90 0.75 0.50 0.30 0.10 0.01

Optimal portfolio weights
MKT 0.32 0.29 0.24 �0.12 1.46 0.89 0.77 0.74
SMB 0.04 �0.03 �0.13 �0.82 2.25 1.15 0.92 0.86
HML 0.64 0.66 0.68 0.84 0.12 0.38 0.43 0.45
S-L 0.00 �0.04 �0.10 �0.55 1.41 0.71 0.56 0.52
S-2 0.00 0.02 0.04 0.20 �0.51 �0.26 �0.20 �0.19
S-3 0.00 0.00 �0.01 �0.05 0.14 0.07 0.06 0.05
S-4 0.00 0.04 0.10 0.53 �1.36 �0.68 �0.54 �0.51
S-H 0.00 0.02 0.05 0.24 �0.61 �0.30 �0.24 �0.22
2-L 0.00 0.00 0.00 0.02 �0.06 �0.03 �0.02 �0.02
2-2 0.00 0.01 0.02 0.11 �0.29 �0.14 �0.11 �0.11
2-3 0.00 0.02 0.06 0.29 �0.75 �0.38 �0.30 �0.28
2-4 0.00 0.02 0.06 0.29 �0.75 �0.38 �0.30 �0.28
2-H 0.00 0.01 0.02 0.12 �0.31 �0.16 �0.12 �0.12
3-L 0.00 �0.03 �0.06 �0.32 0.82 0.41 0.32 0.30
3-2 0.00 0.01 0.02 0.11 �0.28 �0.14 �0.11 �0.10
3-3 0.00 0.00 �0.01 �0.03 0.08 0.04 0.03 0.03
3-4 0.00 0.02 0.04 0.19 �0.49 �0.24 �0.19 �0.18
3-H 0.00 0.02 0.04 0.19 �0.49 �0.25 �0.19 �0.18
4-L 0.00 0.04 0.09 0.46 �1.19 �0.60 �0.47 �0.44
4-2 0.00 �0.04 �0.10 �0.53 1.37 0.69 0.54 0.51
4-3 0.00 �0.01 �0.03 �0.18 0.45 0.23 0.18 0.17
4-4 0.00 0.01 0.02 0.08 �0.22 �0.11 �0.09 �0.08
4-H 0.00 �0.01 �0.02 �0.08 0.21 0.10 0.08 0.08

This table reports the tangency portfolio weights on assets and factors for various values of the
corresponding shrinkage factor v. The assets are the Fama–French portfolios constructed by Fama and
French (1993) according to firms’ market capitalization and book-to-market ratio, excluding the five
portfolios that contain the largest firms. There are three factors, which are the SMB and HML risk factors
constructed by Fama and French (1993) and the value-weighted market index return of the NYSE,
AMEX, and NASDAQ. The monthly excess returns on these portfolios during the period from July
1963 to December 1998 are used for estimating the mean and variance of the predicative distribution. The
sample Sharpe ratio (ŜS ) of the factor portfolios and the number of time-series observations (T ) are
provided.

5 Bodie et al. (1999, pp. 191–193) calibrated that g¼ 2.96 for U.S. investors. Similarly, Pastor and
Stambaugh (2000) calibrated that g¼ 2.84.

The Review of Financial Studies / v 18 n 2 2005

690



uncertainty about the CAPM is probably as important as the loss caused

by the uncertainty about the unrestricted estimate. The optimal alloca-

tions by uncertainty-averse investors in no way resemble the tangency
portfolios obtained in Table 1. For the CAPM, there is no prior belief that

gives the allocation optimal for uncertainty-averse investors. That is, there

is no v such that x�¼ arg maxxU(x; v). Thus, the optimal allocation for

uncertainty-averse investors is not a tangency portfolio corresponding to

any prior beliefs in the CAPM. In particular, the tangency portfolio

obtained using the empirical Bayes approach (v¼ 0.5) is not optimal for

uncertainty-averse investors.

Naturally, we should also look at the effects of aversion to uncertainty
about the Fama–French model. The solutions to the maxmin problems

are reported in columns 6–9 of Table 3. When the Fama–French model is

used, the portfolio weights in the solution to the maxmin problem is very

similar to the tangency portfolio weights implied by the model with v

being close to 1 in Table 2. Therefore, when the Fama–French model is

under consideration, an investor with aversion to model uncertainty can

approximate his desired asset allocation by setting the shrinkage factor v

Table 3
Asset Allocation with Aversion to Model Uncertainty

The CAPM Fama–French model

g 3.0 5.0 7.0 9.0 3.0 5.0 7.0 9.0

MKT 1.13 0.97 0.98 0.89 0.32 0.32 0.32 0.31
SMB �0.42 0.20 0.08 0.38 0.04 0.04 0.04 0.03
HML �0.20 0.05 0.02 0.10 0.64 0.64 0.64 0.64
S-L 0.03 0.00 �0.02 �0.02 0.00 0.00 0.00 0.00
S-2 0.00 �0.01 �0.01 �0.04 0.00 0.00 0.00 0.00
S-3 0.03 �0.07 0.01 0.01 0.00 0.00 0.00 0.00
S-4 0.02 0.05 �0.02 �0.11 0.00 0.00 0.00 0.00
S-H 0.08 �0.04 0.01 0.00 0.00 0.00 0.00 0.00
2-L 0.02 �0.03 0.00 �0.05 0.00 0.00 0.00 0.00
2-2 0.02 �0.02 0.00 �0.01 0.00 0.00 0.00 0.00
2-3 0.02 �0.02 �0.01 0.00 0.00 0.00 0.00 0.00
2-4 0.05 �0.05 �0.04 �0.02 0.00 0.00 0.00 0.00
2-H 0.06 �0.01 0.00 �0.05 0.00 0.00 0.00 0.00
3-L 0.01 0.00 �0.01 �0.01 0.00 0.00 0.00 0.00
3-2 0.02 0.02 0.00 �0.04 0.00 0.00 0.00 0.00
3-3 0.05 0.01 �0.03 �0.06 0.00 0.00 0.00 0.00
3-4 0.03 �0.04 0.00 0.00 0.00 0.00 0.00 0.00
3-H 0.04 0.00 0.01 �0.04 0.00 0.00 0.00 0.00
4-L 0.00 �0.02 0.02 0.02 0.00 0.00 0.00 0.00
4-2 �0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00
4-3 0.02 0.00 0.02 �0.01 0.00 0.00 0.00 0.00
4-4 0.01 0.01 �0.01 0.03 0.00 0.00 0.00 0.00
4-H 0.00 0.00 0.00 0.03 0.00 0.00 0.00 0.00

For the assets and data considered in Tables 1 and 2, this table presents the portfolio weights in the
solutions to the maxmin problems, for various degree of risk aversion g, when the CAPM or the Fama–
French model is used in asset allocation.
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close to 1 or simply assuming that the model holds. It appears puzzling

that aversion to uncertainty about the Fama–French model leads to

asset allocations similar to the tangency portfolio obtained from the

model. In fact, in the set-up of the maxmin problem, the investor is

making a choice between two stochastic models— the predictive distribu-
tion restricted by the Fama–French model and the unrestricted predictive

distribution. The unrestricted predictive distribution may be more likely

to be incorrect than the Fama–French model because the estimate

depends too much on noisy observations. In this case, aversion to uncer-

tainty about the unrestricted predictive distribution forces the investor to

rely more on the Fama–French model. The optimal asset allocation with

uncertainty aversion is also very different from the tangency portfolio

obtained from the empirical Bayes approach (v¼ 0.5) when investors use
the Fama–French model.

For uncertainty-averse investors, I calculate the utility loss L, defined in

Equation (43), due to the restriction of tangency portfolios. When the

CAPM is used for asset allocation, the utility loss L is 1.38%, 2.24%,

0.49%, and 5.88%, respectively, for g¼ 3, 5, 7, and 9. In comparison,

when the Fama–French model is used for asset allocation, the utility

loss L is zero for g¼ 3 and 5. For g¼ 7 and 9, the utility loss L is not

zero but are only 0.02% and 0.05% respectively. This further demonstrates
that the tangency portfolio obtained by imposing the Fama–French

model is optimal or approximately optimal for uncertainty-averse

investors when they consider asset allocation over the portfolios sorted

by firm size and book-to-market ratio.

Since the Fama–French model is constructed to fit mainly the data

during 1970s and 1980s while the CAPM is motivated from theory, it is

natural to examine the models using the data of 1990s. Table 4 presents

the results using the data of 1990s. When the CAPM is the reference
model, the optimal portfolios for uncertainty-averse investors constructed

from the data of 1990s are not drastically different from those constructed

from the whole sample. When Fama–French model is used, the optimal

portfolios for uncertainty-averse investors using the data of 1990s are very

different from the portfolios using the whole sample. The main change is

in the weights among the three factor portfolios. However, all the optimal

portfolios are heavily concentrated on the factor portfolios if the degree of

risk aversion is high. Therefore, the tangency portfolio of Fama–French
model still offers a good approximation to the optimal portfolio for

uncertainty-averse investors with high degree of risk aversion.

In the above analysis, the maxmin problem is solved directly. The

MiniMax Theorem cannot be applied to the problems discussed in this

article because U(x; v) is not a convex function in v for the problems and

data discussed in this article. As pointed out in Section 2, the function is

convex in v if and only if all the eigenvalues of C2 are non-positive.
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Numerical calculations show that the largest eigenvalue for C2 is positive

for both the CAPM and Fama–French model. Since the conditions in the

MiniMax Theorem are sufficient but not necessary, the maxmin and

minmax problems may happen to be equivalent. Therefore, we should
also solve the minmax problem to compare with the solution to the

maxmin problem. In Figure 1, when the CAPM is used, the optimal

Sharpe ratio is plotted as a function of the shrinkage factor (the solid

curve). Since the curve is strictly decreasing, the conservative shrinkage

factor is vy ¼ 1. A similar curve is plotted for the Fama–French model (the

dotted curve). This curve is also decreasing and thus the conservative

shrinkage factor is vy ¼ 1. For both the CAPM and Fama–French

model, the solutions to the minmax problems assign all the weights to
the models, and the corresponding portfolios have positions only on the

factor portfolios. Since the asset allocation obtained from the Fama–

French model is similar to the allocation obtained from the maxmin

problem, the minmax problem and maxmin problem give similar (but

not always identical) asset allocations when the Fama–French model is

in consideration. This implies that investors who are averse to uncertainty

about the Fama–French model can obtain an approximate optimal

Table 4
Asset Allocation with Uncertainty Aversion Using the 1990s Data

The CAPM Fama–French model

g 3.0 5.0 7.0 9.0 3.0 5.0 7.0 9.0

MKT 1.09 1.06 1.03 1.05 0.65 0.71 0.73 0.72
SMB �0.29 �0.28 �0.05 �0.22 �1.30 �0.45 �0.27 �0.29
HML �0.14 �0.10 �0.06 �0.12 0.87 0.63 0.58 0.59
S-L 0.01 0.01 0.01 0.01 0.04 0.01 0.00 0.00
S-2 0.02 0.03 �0.03 �0.01 0.03 0.01 0.00 0.00
S-3 0.02 0.00 0.01 0.02 0.04 0.01 0.00 0.00
S-4 0.02 0.01 �0.02 0.01 0.02 0.00 0.00 0.01
S-H 0.03 0.04 0.04 0.05 0.09 0.02 �0.01 �0.01
2-L 0.02 0.02 0.01 0.00 0.03 0.00 0.00 0.00
2-2 0.04 0.02 0.01 0.01 0.06 0.01 0.00 0.00
2-3 �0.02 0.00 0.00 0.01 0.01 0.00 0.00 0.00
2-4 0.04 0.05 0.02 0.03 0.13 0.02 �0.01 0.00
2-H 0.06 0.04 0.00 0.03 0.13 0.01 �0.01 0.00
3-L 0.00 0.01 �0.01 0.01 0.00 0.00 0.00 0.00
3-2 0.02 0.02 0.00 0.02 0.04 0.00 0.00 0.00
3-3 0.02 0.00 0.01 0.01 0.02 0.00 0.00 0.00
3-4 0.04 0.04 0.01 0.01 0.09 0.01 0.00 0.00
3-H 0.03 0.02 0.03 0.03 0.07 0.01 0.00 0.00
4-L �0.02 0.00 �0.01 0.00 �0.01 0.00 0.00 0.00
4-2 0.00 0.02 �0.01 0.01 0.02 0.00 0.00 0.00
4-3 �0.01 0.01 0.00 0.02 0.01 0.00 0.00 0.00
4-4 0.02 0.00 0.01 0.01 0.02 0.00 0.00 0.00
4-H �0.02 �0.02 �0.01 0.00 �0.04 0.00 0.00 0.00

For the assets considered in Tables 1 and 2 and using the data from January 1990 to December 1998, this
table presents the portfolio weights in the solutions to the maxmin problems, for various degree of risk
aversion g, when the CAPM or the Fama–French model is used in asset allocation.
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asset allocation by choosing the conservative shrinkage factor. However,

this is not true when the CAPM is used.

Results presented in this section show that, when investors are restricted

in the set of available predictive distributions, the maxmin and minmax

problems are not equivalent in the case of CAPM, and the optimal

portfolio solved from the maxmin problem is not a tangency portfolio.
This fact is true even if we consider the convex hull of predictive distribu-

tions in the maxmin problem. If investors are able to choose probability

distributions from the convex hull,6 the maxmin and minmax problems

are still not equivalent in general because the function U(x,v) is not

always convex in v. If the maxmin and minmax problems turn out to be

equivalent in the convex hull of predictive distributions, the optimal

portfolio must be a tangency portfolio for some probability distribution

that is not in the set of predictive distributions. This still implies that none
of the tangency portfolios obtained from the available predictive distri-

butions are optimal for uncertainty-averse investors.

Besides extending the set of predictive distributions to its convex hull,

we can also reduce the set of probability distributions. A smaller set of

possible probability distributions represents less uncertainty. Investors

may focus on a smaller set of prior beliefs in a model. Particularly inter-

esting sets of available predictive distributions are those obtained by

restricting v between some lower and upper bounds, say v and v. If we
set v¼ 1, higher v represents less uncertainty about the belief in a model.
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Figure 1
Optimal Sharpe ratio as a function of the shrinkage factor
The highest Sharpe ratio of the efficient frontier spanned by the assets and factors is plotted as a function
of the shrinkage factor v. The solid line is for the CAPM with the assets considered in Table 1. The dotted
line is for the Fama–French model with the assets considered in Table 2.

6 In practice, however, there is no obvious way to determine what prior beliefs generate the additional
probability distributions in the convex hull.
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Table 5 presents the portfolio weights in the solutions to

max
x

min
v2 v;�vv½ �

U x,vð Þ,

where v¼ 1 and v¼ 0.25, 0.50, and 0.75. The degree of risk aversion is set
to be 3. When the CAPM is used, the change of the set of v substantially

affects uncertainty-averse investor’s optimal portfolio. When Fama–

French model is used, the optimal portfolio weights are similar to those

in Table 3 as long as the set contains v¼ 1. Since one might want to center

their choice of predictive distributions on the empirical approach, Table 5

also presents the optimal portfolio weights with v¼ 0.25 and v¼ 0.75.

These portfolios are very different from the optimal portfolios with v

ranging between 0 and 1.
Besides helping to solve the maxmin problem, the shrinkage approach

developed in this article offers additional insights into some Bayesian

analysis in the literature on asset allocation. To examine the impact of

model uncertainty on asset allocation, Pastor and Stambaugh (2000)

Table 5
Uncertainty Averse Asset Allocation with Subsets of Priors

The CAPM Fama–French model

v 1.00 1.00 1.00 0.75 1.00 1.00 1.00 0.75
v 0.25 0.50 0.75 0.25 0.25 0.50 0.75 0.25

MKT 1.07 1.03 0.99 0.57 0.30 0.29 0.32 �0.14
SMB �0.25 �0.11 0.03 1.34 0.00 �0.01 0.02 �0.86
HML �0.10 �0.04 0.01 0.72 0.66 0.67 0.65 0.86
S-L 0.02 0.01 0.00 0.81 0.00 0.01 0.00 �0.56
S-2 0.00 0.00 �0.01 �0.29 0.00 0.01 0.00 0.20
S-3 0.01 0.01 0.00 0.08 0.01 0.00 0.00 �0.05
S-4 0.00 0.01 0.01 �0.79 0.00 0.01 0.00 0.54
S-H 0.05 0.01 �0.01 �0.35 0.01 0.00 0.01 0.25
2-L 0.01 0.00 0.00 �0.04 0.01 0.00 0.00 0.03
2-2 0.02 0.01 0.01 �0.16 0.00 0.01 0.00 0.11
2-3 0.01 0.01 0.00 �0.43 �0.01 0.00 0.00 0.30
2-4 0.04 0.02 0.00 �0.43 0.01 0.00 �0.01 0.31
2-H 0.03 0.02 0.00 �0.18 0.01 0.01 0.00 0.13
3-L 0.01 0.01 0.00 0.47 0.01 0.01 0.01 �0.33
3-2 0.00 0.01 �0.01 �0.16 0.01 0.00 0.01 0.11
3-3 0.02 0.01 �0.01 0.04 0.00 0.01 0.00 �0.03
3-4 0.02 0.01 0.00 �0.28 0.01 0.02 0.00 0.19
3-H 0.02 0.01 0.00 �0.28 0.00 0.00 0.00 0.20
4-L �0.01 0.00 0.00 �0.68 0.00 �0.01 �0.01 0.48
4-2 0.02 0.00 0.00 0.79 0.00 �0.01 �0.01 �0.55
4-3 �0.01 0.00 0.00 0.26 0.00 0.00 0.00 �0.19
4-4 0.00 �0.01 0.00 �0.12 �0.01 0.00 0.00 0.09
4-H 0.00 0.00 �0.01 0.12 0.00 0.00 0.00 �0.08

For the assets and data considered in Tables 1 and 2, this table presents the portfolio weights in the
solutions to the maxmin problems, for various bounds (v and v) of shrinkage factors, when the CAPM or
the Fama–French model is used in asset allocation. The degree of risk aversion g is set to be 3.
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represent u in terms of another parameter s by u¼s2/s2, where s2 is

defined as s2 ¼ traceð�̂�Þ=m. They interpret s2 as the average prior vari-

ance of Jensen’s a and observe that the difference in tangency portfolios
using different models ‘‘are substantially reduced by modest uncertainty

about the models’ pricing abilities.’’ In Figure 2, the shrinkage factor v is

plotted as a function of s. The shrinkage factor drops quickly as s

increases. The sharp reduction of the shrinkage factor explains why mod-

est value of s substantially reduces models’ impact on portfolio choice.

The predictive distribution assigns a small weight to the model when s

increases modestly. The reason for the fast drop of the shrinkage factor is

the large number of observations. It is easy to see this from Equation (12).
Since the factor Sharpe ratio is 0.1219 for the CAPM and 0.2551 for the

Fama–French model, the magnitude of the second term in the denomina-

tor is in the order of Tu, which equals T(s2/s2). When T is large, the

shrinkage factor v drops fast as s increases. This is reasonable. When

more than 30 years of monthly observations are used in the inference of

model parameters, it is implicitly assumed that the parameters are con-

stant and the stochastic process of the returns is stationary over 30 years.

With such a long period, we should be able to estimate the constant
parameters very well with the observed data. Thus, little weight will be

assigned to the model when the model’s pricing ability is quite uncertain.

If the model parameters are varying over time, we are not able to use such

a long period of observation in the inference. It will then be more impor-

tant to apply the restrictions of asset-pricing models.

Theorem 1 can be used to examine whether the shrinkage estimate of

the variance is important to optimal portfolio choice. If the predictive
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Figure 2
The shrinkage factor as a function of s
The shrinkage factor v is plotted as a function of s (in annual percentage returns) in the prior distribu-
tion. The solid line is for the CAPM with the assets considered in Table 1. The dotted line is for the
Fama–French model with the assets considered in Table 2.
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variance is not affected by the shrinkage factor, the vector of portfolio

weights is the weighted average of the tangency portfolios with and with-

out the restriction of the asset-pricing model. In this case, the tangency

portfolio based on the unrestricted sample estimate linearly shrinks to the

tangency portfolio of the factors. This observation offers a way to check
whether shrinkage of variance is important. The weights in Tables 1 and 2

are, however, nonlinear with respect to the shrinkage factor. In Table 1,

the portfolio weight on the market index increases from 1.00 to 2.97 when

the shrinkage factor decreases from 1.00 to 0.90. The weight then

decreases to 0.57 when the shrinkage factor decreases to 0.75. As the

shrinkage factor drops further, the portfolio weight on the market index

rises again. In Table 2, we also observe complicated changes of the port-

folio weight on the market index. These indicate that the shrinkage esti-
mate of the variance has substantial influence on asset allocation. The

shrinkage estimate of the variance could be less important for some small

number of assets, but it is more likely to be important when the number of

risky assets is large. It is the large number of risky assets that motivates us

to impose the restrictions of asset-pricing models, which offers better

estimates by reducing the dimension of our problems [Polson and Tew

(2000)].

5. Conclusion

Standard investment theory seeks to equate owning a share of stock with

rolling a pair of fair dice. In practice, this linkage may be tenuous. Because

the true stochastic process of asset returns is uncertain, owning stock is

like rolling dice without knowing whether the dice are fair or even how

many faces they have. The distinction between owning a stock and par-

ticipating in a lottery causes investors to allocate their assets differently if

investors are averse to model uncertainty. The analysis in this article

maintains the distinction as well as the link between investments and
lotteries. It is shown that investors with aversion to model uncertainty

may choose an asset allocation that is not mean-variance efficient for the

probability distribution estimated from any particular prior belief in the

model. In most cases, the portfolio obtained from the empirical Bayes

approach is suboptimal for uncertainty-averse investors.

This article demonstrates that a Bayesian investor implicitly assigns a

weight (shrinkage factor) between the restricted asset-pricing model and

the data (or the unrestricted statistical model). For a given prior distribu-
tion, the weight on the asset-pricing model is larger if the frontier of the

factor portfolios has a higher Sharpe ratio, that is, history lends stronger

credibility to the factor-based pricing model. The connection between

Bayesian inference and shrinkage estimation is used to understand various

issues on asset allocation in the presence of model uncertainty. Not

A Shrinkage Theory of Asset Allocation

697



surprisingly, the shrinkage factor derived in this article shows that the

weight on the asset-pricing model is large if a long history of stationary

data is not available. The shrinkage approach helps us understand the

empirical Bayes approach in this context. For example, the standard

empirical Bayes approach is shown to assign equal weights to the asset-
pricing model and the data.

The methodology developed in the article is useful to gain insight into

international asset allocation decisions, in particular the home bias phe-

nomenon. The shrinkage approach can be used to provide an alternative

measure of the degree of home bias and examine the effects of world

equilibrium models on the estimated international diversification benefits

for U.S. investors. Finance professionals sometimes contend that

investors’ distrust of the world equilibrium model might justify the home
bias. When discussing the possible explanations for home bias, French

and Poterba (1991) write, ‘‘The statistical uncertainty associated with

estimating expected returns in equity markets makes it difficult for

investors to learn that expected returns in domestic markets are not

systematically higher than those abroad. Because it is difficult to estimate

ex ante returns, investors may follow their own idiosyncratic investment

rules with impunity.’’ The framework developed in this article can be used

to study whether aversion to model uncertainty justifies home bias. This
line of research has been pursued by Wang (2002).

Although the article focuses on the choice between the estimated prob-

ability distributions restricted and unrestricted by an asset-pricing model,

economists usually face the choice of several asset-pricing models. It is an

interesting but difficult task to develop a Bayesian framework of

asset allocation using multiple asset-pricing models. However, it might

be possible and useful to implement the shrinkage approach to the choice

of multiple asset-pricing models. The shrinkage estimate of the mean can
be a weighted average of the estimated means restricted by various mod-

els. The shrinkage estimate of the variance might be constructed as a

quadratic function of the weights and the estimated variances restricted

by the models. The extension of the analysis of model uncertainty to

multiple asset-pricing models deserves more research.

In this article, it is assumed that the observations of returns are drawn

from identical and independent normal distributions with constant para-

meters. The asset allocation problem is considered for an investor with
mean-variance utility function during a single period. Although this is the

simplest problem of asset allocation over multiple risky assets, it offers a

starting point for understanding the complicated problems of dynamic

asset allocation with more general stochastic processes. Numerous recent

articles empirically examine optimal asset allocation problems in multi-

period settings when returns are predictable. For example, Ang and

Bekaert (2002) and Lynch (2001) examine the dynamic optimal portfolios
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of multiple risky assets when asset returns are predictable. When returns

are not distributed identically and independently over time, it would be

useful to incorporate dynamic equilibrium models into asset allocation

decisions for multi-period settings. Dynamic optimal allocation over a

large number of risky assets is more difficult and sensitive to the estimates
of the conditional probability distribution. In this area, it may be even

more interesting and fruitful to address the issue of model uncertainty

using the shrinkage approach.

Appendix A: Mathematical Derivations

A.1. Two lemmas
It is convenient to prove two lemmas before deriving Theorem 1. The set of unknown

parameters is denoted by Y¼ (G, �, m2, V22), where G¼ (a,b)0. The distribution assumption

for asset returns in Section 2 and the prior distribution (6) imply that the posterior distribu-

tion of (G, �) is independent of the posterior distribution of (m2, V22). Let X¼ (r21, . . . , r2T)
0

and Z¼ (i, X), where i is the T � 1 vector of ones. Also, define D¼ u�1JJ 0, where J is a

(kþ 1) � 1 vector in which the first element is one and all other elements are zero. The

posterior distributions imply the following posterior moments of the parameters:

E Gj�,R½ � ¼ Dþ Z0Zð Þ�1
Z0ZĜG ¼ ~GG� ~aa, ~bb

� �0
, ðA:1Þ

E �jR½ � ¼ ðT�̂�þ ĜG
0
QĜGÞ=ðT �m� k� 1Þ� ~��, ðA:2Þ

var vec Gð ÞjRð Þ ¼ ~��	 Dþ Z0Zð Þ�1
, ðA:3Þ

E m2jV22,R½ � ¼ m̂m2, ðA:4Þ

E V22jR½ � ¼ V̂V22T= T � k� 2ð Þ � ~VV22, ðA:5Þ

var m2jRð Þ ¼ V̂V22= T � k� 2ð Þ, ðA:6Þ

where Q¼Z0(IT�Z(DþZ0Z)�1Z0)Z, and the notation ‘‘�’’ represents the expression

‘‘which is denoted by.’’ The above formulae can be obtained by following the standard

derivations in the textbooks of Bayesian statistics.

Lemma 1. The posterior means of the parameters are

E Gj�,R½ � ¼ v�GGþ 1�vð ÞĜG ðA:7Þ

E �jR½ � ¼ h v���þ 1�vð Þ�̂�
� �

ðA:8Þ

E m2jV22,R½ � ¼ m̂m2 ðA:9Þ

E V22jR½ � ¼ aV̂V22, ðA:10Þ

where a¼T/(T� k� 2) and h is defined as in Theorem 1.

Proof of Lemma 1. It follows from the properties of the inverse of partitioned matrix that

Dþ Z0Zð Þ�1¼ u�1 þ T i0X

X 0i X 0X

 !�1

¼ vG þ 1�vð Þ Z0Zð Þ�1
, ðA:11Þ
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where v and G are defined as follows:

v ¼ u�1

u�1 þ T � i0X X 0Xð Þ�1
X 0i

, ðA:12Þ

G ¼
0 01�k

0k�1 X 0Xð Þ�1

� �
: ðA:13Þ

It is easy to see that i0XðX 0XÞ�1
X 0i ¼ Tm̂m0

2ðV̂V22 þ m̂m2m̂m
0
2Þ

�1
m̂m2. The inverse matrix of V̂V22 þ

m̂m2m̂m
0
2 is V̂V

�1

22 � V̂V
�1

22 m̂m2m̂m
0
2V̂V

�1

22 ð1þ m̂m0
2V̂V

�1

22 m̂m2Þ
�1, which the reader may verify by multiplying the

two together. It follows that i0XðX 0XÞ�1
X 0i ¼ Tðm̂m0

2V̂V
�1

22 m̂m2Þ=ð1þ m̂m0
2V̂V

�1

22 m̂m2Þ. It is well known
that m̂m0

2V̂V
�1

22 m̂m2 is the square of the highest Sharpe ratio of the frontier spanned by the sample

mean m̂m2 and variance V̂V22. Denoting the Sharpe ratio as ŜS, we have

i0X X 0Xð Þ�1
X 0i ¼ TŜS2=

�
1þ ŜS2

�
, ðA:14Þ

and thus T � i0XðX 0XÞ�1
X 0i ¼ T=ð1þ ŜS2Þ, which gives Equation (12). Equation (A.7) in

Lemma 1 follows immediately from substituting Equation (A.11) into Equation (A.1). Since

substitution of Equation (A.11) into Q gives

Q ¼ v
�
T � i0X X 0Xð Þ�1

X 0i
�
JJ 0, ðA:15Þ

we should have

ĜG
0
QĜG ¼ v

�
T � i0X X 0Xð Þ�1

X 0i
�
âaâa0: ðA:16Þ

Noticing T� i0X(X 0X )�1X 0i¼ i0[IT�X(X 0X )�1X0]i and lettingM = IT� ii0/T, one can then

show that

ĜG
0
QĜG ¼ vâai0 IT �X X 0Xð Þ�1

X 0
h i

iâa0

¼ vY 0 I �X X 0Xð Þ�1
X 0

h i
� M �MX X 0MXð Þ�1

X 0M
h in o

Y

¼ v T ����T�̂�
� �

: ðA:17Þ

Substituting this into Equation (A.2) gives Equation (A.8), which completes the proof of

Lemma 1. &

Lemma 2. The posterior mean of m and V are

E mjV,R½ � ¼ v
�bbm̂m2

m̂m2

� �
þ 1�vð Þ

m̂m1

m̂m2

� �
, ðA:18Þ

E VjR½ � ¼
F vð Þ a v�bbþ 1�vð Þb̂b

� �
V̂V22

aV̂V22 v�bbþ 1�vð Þb̂b
� �0

aV̂V22

 !
, ðA:19Þ

where

F vð Þ ¼ a v�bbþ 1�vð Þb̂b
� �

V̂V22 v�bbþ 1�vð Þb̂b
� �0 ðA:20Þ

þ h v�llþ 1�vð Þ�ll½ � v���þ 1�vð Þ�̂�
� �

, ðA:21Þ
�ll ¼

�
T � 2ð Þ� ŜS2=ð1þ ŜS2Þ

�
= T � k� 2ð Þ, ðA:22Þ

�ll ¼ T � 2ð Þ= T � k� 2ð Þ, ðA:23Þ

and v, ŜS, and h are defined as in Theorem 1 and a is defined as in Lemma 1.
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Proof of Lemma 2. Since the posterior distributions of (G, �) and (m2, V22) are independent,

we have

E mjV,R½ � ¼ ~aaþ ~bbm̂m2

m̂m2

 !
, ðA:24Þ

E VjR½ � ¼
E bV22b

0jR½ � þ ~�� ~bb~VV22

~VV22
~bb
0 ~VV22

 !
: ðA:25Þ

It follows from Equation (A.3) and the law of iterated expectations that

E bV22b
0jR½ � ¼ ~bb~VV22

~bb
0 þ tr F ~VV22

h i
~��, ðA:26Þ

where F is the k � k submatrix in the lower-right corner of (DþZ0Z)�1. Using

Equations (A.5), (A.11), (A.14), and ŜS2 ¼ m̂m0
2V̂V

�1

22 m̂m2, we obtain

tr F ~VV22

� �
¼ 1

T � k� 2
v k� ŜS2

1þ ŜS2

 !
þ 1�vð Þk

" #
: ðA:27Þ

Equation (A.18) in the theorem follows easily from Equations (A.7) and (A.24). Equation

(A.19) in the theorem follows from Equations (A.7), (A.8), (A.25), (A.26), and (A.27). This

completes the proof of Lemma 2. &

A.2. Proof of Theorem 1
It follows from the law of iterated expectations that

E rTþ1jR½ � ¼ E mjR½ �, ðA:28Þ

var rTþ1jRð Þ ¼ E VjR½ � þ var mjRð Þ: ðA:29Þ

Equation (13) holds because of Equations (A.28) and (A.18). Given Equations (A.29) and

(A.19), we only need to figure out var(mjR). This can be written as

var mjRð Þ ¼ var
aþ bm2

m 2

� �
jR

	 


¼ 1

T � k� 2

~bbV̂V22
~bb0 ~bbV̂V22

V̂V22
~bb0 V̂V22

 !
þ

E var aþ bm2jm2,Rð ÞjR½ � 0m�k

0k�m 0k�k

� �
: ðA:30Þ

The second equality in the above expression follows from

var aþ bm2jRð Þ ¼ var E aþ bm2jm2,R½ �jRð Þ þ E var aþ bm2jm2,Rð ÞjR½ � ðA:31Þ

as well as Equations (A.1), (A.4), (A.5), and (A.6). Since aþbm2¼ (Im 	 (1 m0
2)) vec(G), it

follows from Equation (A.3) that

var aþ bm2jm2,Rð Þ ¼ Im	 1,m0
2

� �� ��
~��	 Dþ Z0Zð Þ�1�

Im	 1,m0
2

� �� �0
¼ ~��	

�
1,m0

2

� �
Dþ Z0Zð Þ�1

1,m0
2

� �0�
¼ r~��, ðA:32Þ

where r ¼ (1m0
2) (DþZ0Z)�1 (1m0

2)
0. With Equations (A.4) and (A.6), it is straightforward

to show that the posterior mean of r is E½ rjR� ¼ ~rr, where

~rr ¼ tr Dþ Z0Zð Þ�1 1 m̂m0
2

m̂m2 T � k� 2ð Þ�1
V̂V22 þ m̂m2m̂m

0
2

 !" #
: ðA:33Þ
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One can use Equations (A.11) and (A.14) to show that

~rr ¼ v�rr þ 1�vð Þr̂r, ðA:34Þ

where

�rr ¼ k

T T � k� 2ð Þ þ
T � k� 3

T T � k� 2ð Þ �
ŜS2

1þ ŜS2
, ðA:35Þ

r̂r ¼ T � 2

T T � k� 2ð Þ : ðA:36Þ

Therefore, we have

E var aþ bm2jm2,Rð ÞjR½ � ¼ v�rr þ 1�vð Þr̂r½ �~��: ðA:37Þ

Substituting this into Equation (A.30), we obtain

var mjRð Þ ¼ var
aþ bm2

m2

� �
jR

	 


¼ 1

T � k� 2

~bbV̂V22
~bb0 ~bbV̂V22

V̂V22
~bb0 V̂V22

 !
þ v�rr þ 1�vð Þr̂r½ �~�� 0m�k

0k�m 0k�k

 !
: ðA:38Þ

We then combine Equations (A.38), (A.29), and Lemma 1 to get var(RTþ1jR). Finally,
Equation (14) is obtained by letting �dd ¼ �llþ �rr and d̂d ¼ l̂lþ r̂r. This completes the proof of

Theorem 1.

A.3. Derivation of the distribution in Equation (44)
It follows from the definition of ĜG and Equation (2) that

ĜG ¼ Gþ Z0Zð Þ�1
Z0U : ðA:39Þ

Notice that a¼G0J and âa ¼ ĜG
0
J. We have

âa ¼ aþU 0Z Z0Zð Þ�1
J, ðA:40Þ

which implies that âa, conditional on X and the parameters, has a normal distribution with

mean a and variance

var âað Þ ¼ E U 0Z Z0Zð Þ�1
JJ 0 Z0Zð Þ�1

Z0U
h i

: ðA:41Þ

Let Ui be the ith column of U and sij be the element of � at ith row and jth column. The

covariance between âai and âaj can be calculated as

var âai, âaj

� �
¼ E U 0

i Z Z0Zð Þ�1
JJ 0 Z0Zð Þ�1

Z0Uj

h i
¼ J 0 Z0Zð Þ�1

Jsij : ðA:42Þ

Using the formula of the inverse of partitioned matrix, one can show that

J 0 Z0Zð Þ�1
J ¼ T � i0X X 0Xð Þ�1

X 0i
� ��1

: ðA:43Þ

It then follows from Equation (A.14) that

var âai, âaj

� �
¼ 1

T
1þ ŜS2
� �

sij , ðA:44Þ
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which gives

var âað Þ ¼ 1

T

�
1þ ŜS2

�
�: ðA:45Þ

Therefore, under the null hypothesis of a¼ 0, we have

âaj� � N 0m�1,
1

T

�
1þ ŜS2

�
�

� �
: ðA:46Þ
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