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Dai and Singleton (2002) and Duffee (2002) show that there is a tension in affine term

structure models between matching the mean and the volatility of interest rates. This

article examines whether this tension can be solved by an alternative parametrization

of the price of risk. The empirical evidence suggests that, first, the examined para-

metrization is not sufficient to solve the mean-volatility tension. Second, the usual

result in the estimation of affine models, indicating that some of the state variables

are extremely persistent, may have been caused by the lack of flexibility in the

parametrization of the price of risk.

Term structure models have several uses, including pricing fixed-income
derivatives, managing the risk of fixed-income portfolios, and detect-

ing relationships between the term structure of interest rates and macro-

variables such as inflation and consumption. To perform well in these

tasks, term structure models must be numerically and econometrically

tractable while matching the empirical properties of the term structure

movements.

At least two empirical properties of the term structure of interest rates

have been well established by financial economists over the years [see
Dai and Singleton (2003) for a survey]. First, the term premium, or

the expected excess return of Treasury bonds, has a high time variability.

Second, the volatility of interest rates is time varying. These two properties

are so prominent in the data that they will be referred to as stylized

facts.

While these two stylized facts are very well established in the empirical

literature, affine term structure models are thoroughly discussed in the

theoretical literature. Affine models are those in which the yield of zero
coupon bonds are affine functions of the model state variables. Classic
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examples of affine models are Vasicek (1977) and Cox, Ingersoll, and Ross

(1985; hereafter CIR).

The interest in affine models is understandable given their convenient

numerical and econometric tractability. Aside from their tractability,

however, there is evidence that current affine models do not match the
two stylized facts verified by the empirical term structure literature. Spe-

cifically, Dai and Singleton (2002) and Duffee (2002) provide evidence

that current affine models with sufficient flexibility to generate the

observed variation in the term premium are incapable of producing any

time variation in the volatility of interest rates. That is, there is a tension

between matching the first and second moments of the data in the affine

models.1

Only a subset of affine models has been empirically rejected. The
theoretical definition of affine models is not based on any parametrization

for the price of any source of risk [see Duffie and Kan (1996)]. Conversely,

the time-series estimation of affine models is based on maintained hypoth-

eses about the prices of risk. Consequently, if the empirical rejection of

affine models is driven only by the maintained assumption about the price

of risk, then it may be possible to build highly tractable and accurate affine

models by allowing more flexible parametrization for the price of any

source of risk.
The affine term structure model proposed here is different from pre-

vious affine models because of its parametrization for the price of any

source of risk. The proposed model is called the ‘‘Semi affine square-root’’

(SAS-R) model. The SAS-R model assumes a parametrization for the

price of risk more flexible than the parametrizations assumed in affine

models previously examined in the empirical literature.

To analyze the difference in performance of the SAS-R model in rela-

tion to other affine models in the current literature, a series of traditional
affine models is compared with the corresponding SAS-R models. The

power of each model to explain the time variation of the term premium is

compared. The comparison between thesemodels indicates that the SAS-R

model improves in matching the time variability of the term premium. The

SAS-R model improvement is caused by the fact that it allows the change

in sign of any source of risk. The change in sign of the price of risk permits

the SAS-R model to match the mean reversion that is in the level of the

rates. In all the estimated SAS-R models, the level of the rates is more
mean reverted than in the corresponding traditional affine models.

The mean reversion of the state variables in the SAS-R model explains

some puzzling results of previous studies of affine models, and it suggests

that a difference may exist in the performance of the proposed model in

1 There is evidence that this mean-volatility tension is also present in other models outside the affine class
[see Ahn, Dittmar, and Gallant (2002)].
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detecting relationships between the term structure of interest rates and

macrovariables. Extremely persistent state variables are a finding

common to previous estimations of affine models.2 Indeed, highly persis-

tent state variables with half-lives of centuries are not unusual in the

estimation of affine models. State variables with half-lives of centuries
are puzzling because it would be economically sensible to find state vari-

ables with half-lives of the same magnitude as the average duration of

business expansions or contractions. The faster mean reversion of the

state variables in the SAS-R model suggests that the strong persistence

in other affine models could have been partially driven by the strong

restrictions in the price of risk. Consequently some of the relationships

between the term structure of interest rates and macrovariables derived in

previous studies may have been skewed by the price of risk restrictions.
Even though the SAS-R models perform better in matching the time

variability of the term premium, the SAS-R improvement is not sufficient

to solve the tension between matching the first and second moments of

yields. To analyze this tension, a model that does not allow for stochastic

volatility of yields is estimated and used as a benchmark of the perfor-

mance to forecast the change in yields. This homoscedastic model per-

forms better in forecasting changes in yields than any other estimated

model with stochastic volatility.
The remainder of the article is organized as follows: Section 1 presents

a general semiaffine square-root model. Section 2 empirically examines

the proposed model. Section 3 summarizes the results. All proofs are in the

appendix.

1. Model

The description of the model is divided into two sections. First, a general

semiaffine square-root model is presented. Second, the models estimated

in the empirical section of the article are presented.

1.1 The SAS-R model

Let Xt¼ (X1,t, . . . ,Xn,t)
0 be a state variable vector following an Itôo process.

Under the framework set out by Duffie and Kan (1996), an affine term

structure model satisfies the following two conditions: First, the short-

term interest rate is

rðXtÞ¼ d0 þ
Xn
i¼1

di �Xi;t ð1Þ

2 Some examples of estimations of affine models that resulted in state variables with extremely strong
persistence are in Chen and Scott (1993), Pearson and Sun (1994), Campbell and Viceira (1997), Duffie
and Singleton (1997), Jagannathan and Sun (1998), and Duffee (2002).
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Second, under the equivalent martingale measure, Q, the state variables

follow the diffusion

dXt ¼ kQðuQ �XtÞ dtþ�
ffiffiffiffiffi
St

p
dW

Q
t , ð2Þ

where di, i¼ 0 to n are constant, uQ is an n� 1 vector, and kQ is an n� n

matrix. The notation (ku)Q is used to denote the n� 1 vector equal to
kQ� uQ. The matrix � is an n� n matrix and St is a diagonal matrix with

the ith diagonal element given by ai þb0
iXt, ai is a constant, and bi is an

n� 1 vector. The following notation is also used, a¼ (a1, . . . ,an)
0 and b

equal to the n� n matrix whose ith row is b0
i.

In addition to these conditions, sufficient technical conditions must be

assumed to guarantee that the model is admissible. For a description of

these technical conditions see Dai and Singleton (2000). Notice that no

assumption is made about the parametrization of l(Xt) to define an affine
model. The pricing formulas are independent of the parametrization of the

price of risk vector.

The SAS-R model is an affine model where, in addition to the condi-

tions of Equations (1) and (2), the price of risk has the following para-

metrization:

lðXtÞ¼��1l0 þ
ffiffiffiffiffi
St

p
l1 þ

ffiffiffiffiffiffiffi
S�
t

p
l2Xt, ð3Þ

where l0 and l1 are n� 1 vectors and l2 is an n� n matrix. The matrix

S�
t is an n� n diagonal matrix with the ith diagonal element given by

S�
t ði, iÞ¼ ðai þb0

iXtÞ�1
if infðai þb0

iXtÞ > 0 and S�
t ði, iÞ¼ 0 otherwise.

Completely affine models are affine models where the vector l0 and the

matrix l2 in Equation (3) are null. Essentially affine models were proposed

by Duffee (2002), and they are affine models where the vector l0 in

Equation (3) is null. The semiaffine model is an extension to the essentially

affine models where l0 is not null.

An examination of Equation (3) provides some initial clues about

the cause of the difference between the empirical performance of the

SAS-R model and of the completely and essentially affine models in
matching the time variability of the term premium. First, notice that a

consequence of the parametrization for the price of risk in the com-

pletely affine models is that the sign of the ith element of the price of

risk vector is the same as the sign of the ith element of the vector l1.

Therefore, in the completely affine models, the sign of any element of

the price of risk vector cannot change. Second, the essentially affine

models partially solve this limitation of the completely affine models.

Indeed, an examination of Equation (3) reveals that in the essentially
affine models, the sign of li(X ) can change if S�

t ði, iÞ 6¼ 0, and hence

some of the elements of the price of risk vector can switch

signs. Third, the SAS-R solves the limitation of the completely and
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essentially affine models because the sign of any element in the price

of risk vector l(X) can change.

In essentially affine models, the sign of li(X ) can switch only if

S�
t ði, iÞ is different from zero. By construction, S�

t ði, iÞ is different

from zero only if Xi does not affect the volatility of yields. Conse-
quently, essentially affine models allow for sign switching in the price

of risk only at the expense of limiting the volatility dynamics. The

additional term, ��1l0, in the price of risk parametrization of the

SAS-R model offers additional sign-switching flexibility at no expense

of limiting the volatility dynamics. As opposed to essentially affine

models, the SAS-R model can match the time variability of the term

premium without the expense of not matching the time variability of

the volatility of the rates.
The drift of the state variables under the physical probability measure

in the SAS-R model is given by

mðXtÞ¼ kuþ�
ffiffiffiffiffi
St

p
��1l0 � k�Xt, ð4Þ

where k¼ kQ ��ðl1ð1Þb
0

1 . . . l1ðnÞb0
nÞ

0 ��
ffiffiffiffiffi
St

p ffiffiffiffiffiffiffi
S�
t

p
l2 and ku¼ k� u¼

(ku)Qþ�(l1(1)a1 . . . l1(n)an)
0.

The drift of the state variables is not affine in the SAS-R model, and

for this reason the model is called ‘‘semiaffine.’’ The drift in Equation (4)

has an additional square-root term which motivates the name ‘‘Semi-
affine square-root.’’. The nonlinearity of the drift in Equation (4) raises

a question related to the existence of a solution to the state variables’

stochastic differential equation under the physical probability measure;

this question is answered in Appendix A.1.

The half-lives of the state variables in the essentially and completely

affine models are given by ln(2)/di, where di is the ith eigenvalue of k. The

half-lives of X in the do not have simple expressions because of

the nonlinearity of the drift. However, for the parameters estimated, the
expected value of XtþDt conditional to Xt¼ x is accurately approximated

by �uu � (�uu � x) exp[��kk�Dt]. Hence, ln(2)/�didi i¼ 1 to n, is used as a

measure of the mean reversion of the state variables X, where �didi is an

eigenvalue of �kk.
The price of risk can be parametrized in different ways. However,

arbitrary choices of the price of risk can lead to arbitrage opportunities

[see Ingersoll (1987, p. 400)]. The price of risk parametrization must

satisfy technical conditions to make the model arbitrage free. Formally
the model is arbitrage free if it admits an equivalent martingale measureQ.

The SAS-R model is arbitrage free because it admits an equivalent mar-

tingale measure (for proof, see Appendix A.1). Note that the SAS-R

model is different from completely and essentially affine models because

it simply adds a vector of constants to the price of risk specification.
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1.2 The estimated models

In the empirical work presented herein, some essentially and completely

affine models are compared with their corresponding SAS-R models. To

limit the size of the article, only some SAS-R models are compared with

their corresponding affine models. The completely and essentially affine
models chosen for comparison are the preferred models in Duffee (2002).

All the estimated models have three state variables (n¼ 3) because of the

usual characterization of term structure movements as changes in three

factors [see Litterman and Scheinkman (1988)].

To identify the estimated models, I use a notation similar to the one

in Dai and Singleton (2000). The symbol CAm(n) is used to represent an

n-factor completely affine model with only m state variables causing the

changes in the instantaneous covariance matrix St. In addition, the term
EA represents an essentially affine model and the term SAS-R represents

an SAS-R model. For instance, the term EA1(3) represents a three-factor

essentially affine model with only one factor causing the changes in the

instantaneous covariance matrix. The term SAS-R2(3) represents a three-

factor SAS-R model with only two factors driving the changes in the

instantaneous covariance matrix.

The estimated models are the EA1(3) and its corresponding SAS-R1(3),

the CA2(3) and its corresponding SAS-R2(3), and the CIR and its corre-
sponding SAS-R3(3) model. I estimate the model CA2(3) instead of esti-

mating the model EA2(3) because Duffee (2002) did not find any evidence

that the model EA2(3) has better performance than the CA2(3) model.

There is no semiaffine generalization for the model EA0(3). The model

EA0(3) is estimated because Dai and Singleton (2002) and Duffee (2002)

present evidence that the model EA0(3) is the one that better matches the

time variability of the term premium, therefore the model EA0(3) is used as

a benchmark for the power to forecast yield changes.
Restrictions are imposed on the parameters of the estimated models.

Some of these restrictions result from the canonical form presented in Dai

and Singleton (2000) and in Duffee (2002), other restrictions are imposed

to keep the models parsimonious. An estimation of unrestricted models

indicates that the relaxation of the restrictions imposed for parsimony

would not result in a significant difference in the log-likelihood function.

In all estimated models, the eigenvalues of k are constrained to be positive

to guarantee stationarity of the state variables and the matrix � is
assumed equal to the identity matrix I3,3. This restriction imposed on �
results from the canonical form in Dai and Singleton (2000). Table 1

displays all parameters of the estimated models.

1.2.1 The estimated EA0(3) model. In addition to the constraints
imposed on b, u, a, and k by the canonical form in Dai and Singleton

(2000), some elements of the matrices k and l2 are constrained to be equal
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to zero to keep the model parsimonious. They are k(2, 1), k(3, 2), l2(1, 1),

l2(1, 3), l2(2, 1), and l2(2, 3).

1.2.2 The estimated EA1(3) and its corresponding SAS-R1(3) model

Restrictions are imposed on k, a, b, and u by the canonical form in

Dai and Singleton (2000). The definition of essentially affine models in

Table 1
Estimated parameters in each model

EA0(3) EA1(3) SAS-R1(3) CA2(3) SAS-R2(3) CIR SAS-R3(3)

k(1, 1) 0.558(21.1) 0.003 0.183(1.9) 0.158(5.3) 0.383(3.2) 2.95(25.8) 2.924(26.2)
k(1, 2) 0 0 0 �0.286(�7.6) �0.287(�8.1) 0 0
k(1, 3) 0 0 0 0 0 0 0
ku(1) 0 0.158(2.4) 0.150(2.3) 0 0 0.679(2.5) 0.697(5.6)
d1 0.019(63.7) 0.001(4.4) 0.001(4.4) 0.001(3.3) 0.001(3.3) 1 1
b(1, 1) 0 1 1 1 1 0.005(2.3) 0.005(5.2)
b(1, 2) 0 0 0 0 0 0 0
b(1, 3) 0 0 0 0 0 0 0
a(1) 1 0 0 0 0 0 0
l0(1) 0 0 1.029(2.1) 0 1.166(2.3) 0 0
l1(1) �0.543(�2.6) �0.014(�7.3) �0.194(�2.0) �0.017(�6.4) �0.230(�2.0) �13.52(�2.2) �13.35(�2.1)
l(1,1) 0 0 0 0 0 0 0

l(1, 2) 1.755(24.1) 0 0 0 0 0 0
l2(1, 3) 0 0 0 0 0 0 0
k(2, 1) 0 �0.375(�2.4) �0.380(�1.5) �0.210(�5.9) �0.218(�5.8) 0 0
k(2, 2) 3.304(9.1) 0.587(20.5) 0.585(20.5) 0.390(13.1) 0.378(12.1) 0.455(6.8) 1.424(4.1)
k(2, 3) 0 5.207(1.3) 4.911(1.1) 0 0 0 0
ku(2) 0 �18.787 �0.311 0.210(2.1) 0.191(5.9) 0.037(9.0) 0.036(8.3)
d2 0.008(10.6) 0.001(1.7) 0.001(1.2) 0.001(6.9) 0.001(7.0) 1 1
b(2, 1) 0 10.619(0.8) 10.473(0.6) 0 0 0 0
b(2, 2) 0 0 0 1 1 0.008(9.3) 0.009(8.1)
b(2, 3) 0 0 0 0 0 0 0
a(2) 1 1 1 0 0 0 0
l0(2) 0 0 0 0 0 0 2.934(2.6)
l1(2) �0.217(2.6) �3.731(�1.0) �3.771(�1.0) 0 0 �6.73(�0.9) �115.3(�2.9)
l2(2, 1) 0 39.471(0.6) 39.346(0.4) 0 0 0 0
l2(2, 2) �1.701(�4.5) 0 0 0 0 0 0
l2(2, 3) 0 5.743(1.3) 5.698(1.1) 0 0 0 0

k(3, 1) �0.603(�3.4) 0 0 0.634(5.0) 0.666(4.7) 0 0
k(3, 2) 0 0 0 �1.67(�14.9) �1.63(�14.6) 0 0
k(3, 3) 0.066(1.2) 2.911(7.1) 2.888(7.1) 1.791(19.5) 1.763(19.1) 9� 10�6 0.180(1.8)
ku(3) 0 0 0 �11.387 �1.0008 0 0
d3 0.010(33.2) 0.003(4.6) 0.003(4.6) 0.006(20.0) 0.006(19.4) 1 1
b(3, 1) 0 0.286(2.1) 0.300(2.1) 0 0 0 0
b(3, 2) 0 0 0 1 1 0 0
b(3, 3) 0 0 0 0 0 0.002(19.0) 0.002(19.4)
a(3) 1 1 1 1 1 0 0
l0(3) 0 0 0 0 0 0 1.041(2.0)
l1(3) �0.185(�3.8) 0 0 �0.196(�4.1) �0.200(�4.2) �7.18(�14.9) �100(�2.0)
l2(3, 1) 0.705(3.9) 0 0 0 0 0 0
l2(3, 2) 0.294(2.9) 0 0 0 0 0 0
l2(3, 3) �0.065(�1.1) �1.334(�3.3) �1.308(�3.2) 0 0 0 0

d0 0.062(1.3) 0.049(2.3) 0.012(1.7) 0.049(16.4) 0.015(11.3) �0.307(�3.3) �0.312(�8.2)

The maximum-likelihood estimates of the parameters. T-statistics are displayed in parentheses. The
displayed parameters with values zero or one and without t-statistics are constrained. Some of the
parameter constraints result from the Dai and Singleton (2000) canonical form and others are imposed
to keep the models parsimonious. For a description of the constraints see Section 1.2. The t-statistics of k
(1, 1) in the EA1(3) model and of k (3, 3) in the CIRmodel are not displayed because they are in the frontier
of the parameter space since the state variables are constrained to be stationary. The values of ku(2) in the
EA1(3) and SAS-R1(3) models and ku(3) in the CA2(3) and SAS-R2(3) models result from the constraints
u(2)¼ 0 and u(3)¼ 0 respectively, from the canonical form in Dai and Singleton (2000).
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Duffee (2002) implies that the first row of the matrix l2 is equal to

zero. The additional parsimony restrictions on the estimated EA1(3)

and SAS-R1(3) models are k(3, 1)¼ k(3, 2)¼ 0, l1(3)¼ 0 and l2(2, 2)¼
l2(3, 1)¼ l2(3, 2)¼ 0. The parameters l0(2) and l0(3) are restricted to be

zero in the SAS-R1(3) model.
The major difference between the estimated SAS-R1(3) model and the

estimated EA1(3) model is that l0 is a null vector in the EA1(3) model,

while l0 is not constrained to be zero in the estimated SAS-R1(3). The

number of free parameters in the estimated EA1(3) model is 17 and in its

corresponding SAS-R1(3) is 18.

1.2.3 The estimated CA2(3) and its corresponding SAS-R2(3) model.

Additional parsimony restrictions are imposed on some parameters of

the Dai and Singleton (2000) canonical form. The additional restrictions

on the estimated CA2(3) and SAS-R2(3) models are l1(2)¼ 0, ku (1)¼ 0,

b(3, 1)¼ 0, and b(3, 2)¼ 1. The parameters l0(2) and l0(3) in the esti-

mated SAS-R2(3) model are assumed to be zero. The matrix l2 is null in

both models because Duffee (2002) did not find any evidence that the
model EA2(3) has better performance than the CA2(3) model.

The major difference between the estimated SAS-R2(3) and the esti-

mated CA2(3) models is that l0 is a null vector in the CA2(3) model, while

l0 is not constrained to be zero in the estimated SAS-R2(3) model. The

number of free parameters in the estimated CA2(3) model is 14 and in its

corresponding SAS-R2(3) is 15.

1.2.4 The estimated CIR and its corresponding SAS-R3(3) model. The

matrices k and b are diagonal in the estimated SAS-R3(3) and CIR

models. In addition, the following restrictions are imposed: d1¼ d2¼
d3¼ 1, u(3)¼ 0, l0(1)¼ 0, a is a null vector, and l2 is a null matrix. The
major difference between the estimated SAS-R3(3) model and the esti-

mated CIR model is that l0 is a null vector in the CIR model, while l0 is

not constrained to be zero in the estimated SAS-R3(3) model. The number

of free parameters in the estimated CIR model is 12 and in its correspond-

ing SAS-R3(3) is 14.

2. Empirical Analysis

2.1 Description of the data

The data are composed of monthly observations of yields of zero coupon

bonds with maturities equal to 3 and 6 months, and 1, 2, 5, and 10 years.
The yields are calculated by applying the McCulloch cubic spline method

on month-end price quotes for treasury issues. Price quotes of callable

treasury issues and of bonds with special liquidity problems were not used
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in the calculation. [see Bliss (1997) for a detailed description of the

calculation.]

The period analyzed is from January 1952 to December 1998. There are

564 observations for each yield. The data from 1952 to 1991 are from

McCulloch and Kwon (1993), the data from 1992 to 1998 are based on
Bliss (1997). The data used are the same as the data used by Duffee (2002).

As noticed by Campbell and Viceira (1997) and others, there is strong

evidence of changes in interest rate behavior between 1979 and 1982.

Interest rates were unusually high and volatile between 1979 and 1982.

Even though there is this apparent change in behavior during this period, I

consider the whole time series. The reason for considering the whole

sample period and not considering data only from 1983 to 1998 is that

the slope of the term structure is used in the empirical tests and the power
of the slope to predict changes in yields is smaller over the period of 1983

to 1998 than over the period 1952 to 1998.

Both in-sample and out-of-sample analysis are performed. To estimate

the model, the data between January 1952 and December 1993 are used.

The out-of-sample analysis is performed using the remainder of the data

from January 1994 to December 1998.

2.2 Estimation method

A common assumption in the affine literature is that prices of some zero-
coupon bonds are exactly observed. This assumption permits the inver-

sion of the pricing equations to obtain a time series of the latent state

variables, which are used to estimate the model parameters by maximum

likelihood [see, for instance, Pearson and Sun (1994)]. Herein it is assumed

that the yields of the 6-month, 2-year and 10-year zero-coupon bonds are

observed without errors. The maturities of the perfectly observed rates are

the same as those in Duffee (2002).

The log-likelihood for the exactly observed rates is

lnL¼
XT�1

t¼1

ln f ðy6-month
tþDt , y

2-year
tþDt , y

10-year
tþDt j y6-month

t , y
2-year
t , y

10-year
t Þ, ð5Þ

where y6-month
tþDt , y

2-year
tþDt , and y

10-year
tþDt are the yields of the 6-month, 2-year

and 10-year zero-coupon bonds at time tþDt. The function

f ðy6-month
tþDt , y

2-year
tþDt , y

10-year
tþDt j y6-month

t , y
2-year
t , y

10-year
t Þ is the density for y6-month

tþDt ,
y
2-year
tþDt , y

10-year
tþDt conditional on y6-month

t , y
2-year
t , y

10-year
t , and T is the number

of term structure observations. Herein T is equal to 504 and Dt is equal to

one month.

Through a change of variable, the conditional density f(� j �) of the

exactly observed yields can be written as

fðy6-month
tþDt , y

2-year
tþDt , y

10-year
tþDt j y6-month

t , y
2-year
t , y

10-year
t Þ¼ jJj� fðXtþDt jXtÞ, ð6Þ
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where jJj is the Jacobian of the transformation of the yields y6-month
t ,

y
2-year
t , y

10-year
t to the state variables X1,t,X2,t,X3,t, and f(XtþDt jXt) is the

density for XtþDt conditional on Xt.

The yields of the 3-month, 1-year, and 5-year bonds are assumed to

have measurement errors, which are i.i.d. normal with mean zero and
possibly a nonzero correlation. The choice of normally distributed errors

is made for simplicity, as in Chen and Scott (1993). In principle, all yields

could be measured with errors. Nevertheless, as noted by Duffie and

Singleton (1997), the approach taken here has advantages for pricing

because it forces the model to perfectly fit some yields.

The log-likelihood function is the sum of the log-likelihood of the

exactly observed rates as given by Equation (5) and the log-likelihood of

the model disturbances. The evaluation of the density f(XtþDt jXt) is made
using the quasi-likelihood method. For a detailed description of the

estimation method, see Appendix A.2.

2.3 Estimation results

The estimated parameters and their t-values are displayed in Table 1. The

t-values are given in parentheses. The displayed parameters with values
zero or one and without t-values are restricted. The log-likelihood func-

tion for each model is displayed in Table 2. The likelihood ratio tests are

performed and they indicate that the null hypotheses of the SAS-R models

cannot be rejected at the usual confidence levels. The observed ranges of

the state variables are displayed in Table 3.

Term structure movements are usually interpreted as changes in

the ‘‘level,’’ ‘‘slope,’’ and ‘‘curvature.’’ In the analyzed models, term struc-

ture movements are easily interpreted because yields are given by an affine
function of the state variables, that is, ytt ¼

�AðtÞ
t

þ B0ðtÞ�Xt

t
, and hence a

movement in one state variable, Xi,t, moves the term structure in a way

consistent with the factor loading function
BiðtÞ
t
. To control for the fact

that some of the estimated models allow for feedback in the drift of the

state variables, for instance, the estimated CA2(3) model, I make

the following change of state variables: X�¼ (NQ)�1�X, where NQ is the

eigenvector of the matrix kQ. The yields of zero-coupon bonds as

Table 2
Likelihood ratio test of nested models

EA0(3) EA1(3) SAS-R1(3) CA2(3) SAS-R2(3) CIR SAS-R3(3)

Log-likelihood 14771.7 14966.5 14968.8 14971.3 14973.9 14668.5 14673.6
2 � (log-likelihood difference) 4.6 5.1 10.2
p-value x2[1] 3.2% 2.3% 0.1%

P-values of the likelihood ratio test of the SAS-R model against the corresponding completely and
essentially affine models. The tests do not reject the null hypotheses of the SAS-R model at usual
significance levels.
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functions of X� are ytt ¼
ð�AðtÞþB0ðtÞ�NQ �X �

t Þ
t

, and hence the factor loading

function on the new state variable X �
i;t is ðB

0ðtÞ�NQ

t
Þi. Figure 1 plots the

factor loading functions for the CA2(3) model on the original state vari-

ables and on the transformed state variables X�. The factor loading

functions on the transformed variables for the other models are similar

to the ones plotted for the CA2(3) model, and for reasons of space are not

given here.
An examination of the displayed factor loading function on the trans-

formed state variables X� reveals that, first, one state variable controls the

‘‘slope’’ of the term structure because a change in the slope state variable

greatly affects the difference between the short-term yields and long-term

yields; second, another state variable controls the ‘‘level’’ of the term

Table 3
Range of state variables and prices of risk

EA0(3) EA1(3) SAS-R1(3) CA2(3) SAS-R2(3) CIR SAS-R3(3)

X1 Min �2.184 2.980 2.777 3.877 3.749 0.174 0.182
Max 3.277 63.730 63.126 47.810 46.712 0.292 0.299

X2 Min �1.547 �45.923 �14.102 0.346 0.424 0.020 0.019
Max 1.578 65.130 95.423 30.716 31.959 0.152 0.150

X3 Min �5.202 �4.806 �4.891 �9.284 �3.606 0.007 0.006
Max 7.025 4.028 4.098 11.023 17.263 0.119 0.118

l1(X ) Min �3.258 �0.110 �0.511 �0.115 �0.408 �0.511 �0.501
Max 2.227 �0.024 0.706 �0.033 0.720 �0.395 �0.391

l2(X ) Min �2.901 96.616 88.909 0.000 0.000 �0.240 �1.279
Max 2.413 2399.416 2367.673 0.000 0.000 �0.088 1.448

l3 (X ) Min �1.594 �5.371 �5.359 �1.103 �1.147 �0.108 �0.473
Max 2.013 6.409 6.396 �0.227 �0.238 �0.027 0.688

The maximum and minimum observed values of the state variables and of the price of risk. The SAS-R has
a parametrization for the price of risk that allows all the terms of the price of risk vector to change sign.
This additional flexibility of the SAS-R model is shown through the signs of the maximum and minimum
values of li(X).

Figure 1a- Factor Loadings for CA2(3) Model
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Figure 1
Figure 1a plots the factor loadings B0(t)/t as a function of the time to maturity t for the estimated CA2(3)
model. Figure 1b plots the factor loadings B0(t)/t�NQ, which are the factor loading functions on the
state variables X�¼ (NQ)�1X, where NQ is the eigenvector of kQ. Notice that one of the X�0s has a flat
factor loading, which indicates that a change on this state variable changes the level of rates. The factor
loading functions for the other estimated models are not plotted herein for reasons of space. However, all
estimated models have a state variable X� that has a flat factor loading function, B0(t)/t�NQ. The state
variable X� with a flat factor loading function B0(t)/t�NQ is identified as the ‘‘level’’ state variable.
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structure because a change in the level state variable equally affects the

yields of all maturities, and hence shocks in the level state variable result in

parallel shifts in the term structure; and third, the third state variable is

related to shocks in the curvature of the term structure because it explains

the movements of the yield of the 5-year bond that are not correlated with
the movements of the yield of the 10-year bond and of the short term

interest rate. The changes in the yields with longer time to maturity are

mostly explained by the level and the curvature state variables in all

estimated models.

In the EA1(3), SAS-R1(3), CA2(3), SAS-R2(3), CIR, and SAS-R3(3) the

level state variable is nonstationary under the risk-neutral measure and it

is a linear combination of the state variables that affect the volatility of

yields. The diffusion of the state variables X� under the equivalent mar-
tingale measure has drift

ðNQÞ�1 �ðkuÞQ �LQX �, ð7Þ

where LQ is a matrix with the eigenvalues of kQ. It turns out that for
estimated models with stochastic volatility, the level state variable is

nonstationary under the equivalent martingale measure as implied by

the estimated negative values for eigenvalues of kQ (see Table 4). Nonsta-

tionary or highly persistent state variables under the equivalent martingale

measure are necessary because shocks in the level of the term structure

largely affect yields of bonds with a long time to maturity. Hence the effect

of shocks in this state variable must subsist for a long time under the

pricing measure. In addition, an examination of the matrix (NQ)�1 (see
Table 4) reveals that the level state variable is always a linear combination

of the state variables X that affect the volatility of yields. Therefore, in all

models with stochastic volatilities, the level state variable is closely related

to the volatility of the yields.

2.4 The time variability of the term premium

Let RnþDt
tþDt be the log return of holding from t to tþDt a zero-coupon bond

with time to maturity equal to nþDt years at time t. Let yDtt represent the

annualized yield of a zero-coupon bond with time to maturity equal to Dt.
The expected excess return or term premium at time t in the Dt return of

the (nþDt)-year bond is defined as

Et½RnþDt
tþDt � �Dt� yDtt : ð8Þ

Consider the regression

RnþDt
tþDt �Dt� yDtt �ðEt½RnþDt

tþDt � �Dt� yDtt Þ¼ g0 þ g1st þ «tþDt, ð9Þ

where Et½RnþDt
tþDt � �Dt� yDtt is the term premium inferred by a term struc-

ture model and st is the difference between the five-year yield and the
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six-month yield, that is, st is a measure of the slope of the term structure. If

a term structure model matches the time variability of the term premium,

then the coefficients g0 and g1 in Equation (9) should not be statistically
different from zero. Indeed, a term structure model that matches the time

variability of the term premium should embody all the information avail-

able at time t useful to forecast the excess returns of zero-coupon bonds.

The excess return of a zero-coupon bond is by definition

RnþDt
tþDt �Dt� yDtt ¼ðnþDtÞ� ynþDt

t � n� yntþDt �Dt� yDtt , ð10Þ

and hence, Equation (9) has the same information as the regression

yntþDt �Et½yntþDt� ¼a0 þa1 � st þ «tþDt, ð11Þ

where Et½yntþDt� is the expected value of yntþDt, conditional on the informa-

tion at time t calculated using a term structure model. If the coefficient a1

is statistically different from zero in Equation (11), then there is evidence

that the time variability of the term premium is not matched by the

analyzed term structure model.

To analyze whether the SAS-R models and the corresponding essen-

tially affine models match the time variability of the term premium,

Table 4
Eigenvalues, eigenvectors of the matrices K and KQ with the corresponding state variables half-lives

Eigenvalues Eigenvectors

di di
Q NQ (NQ)�1 Half-lives

(years)

EA0(3) 3.304 1.603 1.679 1.000 0.000 0.000 1.000 0.000 0.21
0.558 0.558 1.000 0.000 0.000 1.000 �1.679 0.000 1.24
0.066 0.001 0.291 0.185 1.000 �0.185 0.019 1.000 10.43

EA1(3) 2.911 1.577 0.000 0.000 1.000 0.000 0.000 1.000 0.24
0.587 0.587 11.062 1.000 0.882 �0.882 1.000 �11.062 1.18
0.003 �0.011 1.000 0.000 0.000 1.000 0.000 0.000 220

SAS-R1(3) 2.888 1.581 0.000 0.000 1.000 0.000 0.000 1.000 0.23
0.585 0.585 10.658 1.000 0.881 �0.881 1.000 �10.658 1.13
0.183 �0.011 1.000 0.000 0.000 1.000 0.000 0.000 8.88

CA2(3) 1.791 1.791 0.000 �0.583 0.893 0.570 �1.452 1.000 0.39
0.546 0.541 0.000 0.813 0.471 �0.471 0.893 0.000 1.27
0.003 �0.009 1.000 1.512 0.174 0.813 0.583 0.000 245

SAS-R2(3) 1.763 1.763 0.000 �0.596 0.878 0.610 �1.447 1.000 0.38
0.130 0.540 0.000 0.803 0.495 �0.495 0.878 0.000 1.16
0.631 �0.009 1.000 1.525 0.181 0.803 0.5962 0.000 11.77

CIR 2.945 2.879 1.000 0.000 0.000 1.000 0.000 0.000 0.24
0.455 0.399 0.000 1.000 0.000 0.000 0.000 0.000 1.52
9.E-06 �0.014 0.000 0.000 1.000 0.000 1.000 1.000 78,588

SAS-R3(3) 2.924 2.861 1.000 0.000 0.000 1.000 0.000 0.000 0.22
1.424 0.396 0.000 1.000 0.000 0.000 1.000 0.000 0.72
0.180 �0.014 0.000 0.000 1.000 0.000 0.000 1.000 9.37

Eigenvalues of k (di) and kQ (d
Q
i ), the matrix of eigenvectors of kQ (NQ) and its inverse (NQ)�1 and the half-

lives of the state variables under the physical probability measure. The drift of the SAS-R model is
nonlinear, therefore there is no simple expression for the half-lives of the state variables. For details on the
calculation of the half-lives in the SAS-R model (see Section 1.1).
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Equation (11) withDt equal to six months and n equal to 6months, 5 years,

and 10 years is used. The SAS-R and the essentially affine models, condi-
tional expectations Et½yntþDt� are calculated with the parameters estimated

for each model and displayed in Table 1. The conditional expectations in

the SAS-R model do not have a closed-form solution, and hence they are

calculated with Monte Carlo simulation. See Appendix 4.2 for details.

Table 5 displays the square root of the mean square forecasting error,

ðyntþDt �Et½yntþDt�Þ
2
, of all estimated models. Table 6 displays the results of

Equation (11). The p-values indicate that the SAS-R models match the

time variability of the term premium better than the corresponding essen-
tially and completely affine models. The semiaffine models not only

capture the information on the slope of the term structure better than

essentially affine models, but they also produce better in-sample forecasts

of future yield changes, as indicated by the squareroot of the mean square

error of the forecasts.

Even though the results indicate that the semiaffine extension improves

the matching of the affine models to the time-varying term premium, the

tension between matching the first and second moments of the data
remains. The model with no stochastic volatility, EA0(3), performs better

than all the models with stochastic volatility in terms of matching the

expected changes in yields. The EA0(3) model not only captures all the

information on the slope of the term structure but also produces better

forecasts of changes in yields. The problem with the EA0(3) model is that

by construction it does not produce any time variation on the volatility of

Table 5
Square root of the mean squared error of each model (%)

EA0(3) EA1(3) SAS-R1(3) CA2(3) SAS-R2(3) CIR SAS-R3(3)

In-sample (1952–1993)

y6-month 1.3450 1.3709 1.3604 1.4350 1.4336 1.4811 1.4555
y5-year 0.8348 0.8874 0.8749 0.9163 0.9112 0.9141 0.9088
y10-year 0.7079 0.7579 0.7443 0.7741 0.7648 0.7789 0.7718

Out-of-sample (1994–1998)

y6-month 0.6128 0.5251 0.5311 0.6277 0.6512 0.6139 0.5522
y5-year 0.7858 0.7184 0.7325 0.8204 0.8620 0.7965 0.7883
y10-year 0.7256 0.6717 0.6879 0.7308 0.7830 0.7139 0.7204

Out-of-sample (1995–1998)

y6-month 0.4095 0.3922 0.4091 0.5506 0.5340 0.5141 0.5120
y5-year 0.6961 0.6518 0.6764 0.7624 0.7796 0.7267 0.7485
y10-year 0.6585 0.6279 0.6542 0.6881 0.7170 0.6674 0.6931

The root mean squared error (RMSE) is the squareroot of the mean squared forecasting error
ðyntþDt �Et½yntþDt�Þ

2
, where the conditional expectations, Et½yntþDt�, are calculated with the parameters

displayed in Table 1. The displayed values are percentages. The forecasting period (Dt) is six months.
There is a clear increasing pattern in the RMSE’s from the left to the right, indicating that models with
time-varying yield volatilities have more difficulty in forecasting future yields. This is the tension between
matching the first and second conditional moments of yields that has been described in the literature [see,
for instance, Dai and Singleton (2002)].
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yields and hence it does not match one of the stylized facts of the term

structure literature.

To a certain extent we should expect models with stochastic volatility to

perform worse than homoscedastic models in the Equation (11). Models

with stochastic volatility are required to match not only the expected
changes in yields but also the conditional variances of yields, while the

homoscedastic model, EA0(3), has to match only the expected change

in yields. Under this point of view, the relevant question is whether the

stochastic volatility models are using all the information in the term

structure to produce forecasts.

To test if the stochastic volatility models are incorporating all the

information available at time t to produce forecasts, I run a regression

Table 6
Regression of the forecasting residuals on the slope of the term structure

EA0(3) EA1(3) SAS-R1(3) CA2(3) SAS-R2(3) CIR SAS-R3(3)

y6-month

Adj. R2 �0.0018 0.0343 0.0301 0.0605 0.0592 0.0831 0.1497
a0 �0.0001

(0.0017)
0.0033
(0.0017)

0.0029
(0.0017)

0.0028
(0.0017)

0.0030
(0.0017)

0.0046
(0.0018)

0.0054
(0.0017)

a1 0.0157
(0.1223)

�0.2510
(0.1210)

�0.2344
(0.1191)

�0.3450
(0.1231)

�0.3414
(0.1233)

�0.4158
(0.1289)

�0.5459
(0.1181)

p-value 0.4490 0.0193 0.0248 0.0026 0.0029 0.0007 0.0000

y5-year

Adj. R2 �0.0010 0.1087 0.0958 0.1346 0.1283 0.1240 0.1684
a0 0.0004

(0.0009)
0.0040
(0.0009)

0.0035
(0.0009)

0.0031
(0.0009)

0.0028
(0.0009)

0.0037
(0.0009)

0.0037
(0.0009)

a1 �0.0248
(0.0744)

�0.2814
(0.0747)

�0.2620
(0.0750)

�0.3261
(0.0737)

�0.3166
(0.0733)

�0.3118
(0.0739)

�0.3612
(0.0733)

p-value 0.3695 0.0001 0.0003 0.0000 0.0000 0.0000 0.0000

y10-year

Adj. R2 �0.0002 0.1405 0.1240 0.1599 0.1480 0.1677 0.1904
a0 0.0004

(0.0007)
0.0036
(0.0007)

0.0030
(0.0007)

0.0031
(0.0007)

0.0026
(0.0007)

0.0036
(0.0007)

0.0033
(0.0007)

a1 �0.0290
(0.0615)

�0.2736
(0.0615)

�0.2538
(0.0620)

�0.2999
(0.0611)

�0.2850
(0.0607)

�0.3081
(0.0612)

�0.3260
(0.0614)

p-value 0.3187 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

The models are tested through the in-sample regression

yntþDt �Et½yntþDt� ¼a0 þa1 � st þ «tþDt,

where ynt is the yield of a zero-coupon bond maturing at time tþ n. The conditional expectations, Et½yntþDt�,
are calculated with the parameters displayed in Table 1. The difference between the five-year yield and the
three-month yield is represented by st. The forecasting period (Dt) is six months. The reported p-values are
for a one-tailed test. If a model matches the time variability of the term premium, then a1 should not be
statistically different from zero. The variances of «tþDt are assumed constant in the above ordinary least
squares (OLS) regression. The standard errors are displayed between parentheses. The standard errors are
corrected for heteroscedasticity and autocorrelated residuals by the Newey and West estimator with nine
lags. The null hypothesis that a1¼ 0 is rejected in all models, but EA0(3) at a 5% confidence level. There is
a clear decreasing pattern in the p-values from the left to the right, indicating that models with time-
varying yield volatilities have more difficulty in forecasting future yields. The SAS-R extension
contributes to solving this tension because the SAS-R models capture more of the information on the
slope of the curve.
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similar to Equation (11):

yntþDt �Et½yntþDt� ¼a0 þa1 � st þ «tþDt: ð12Þ

However, as opposed to the Equation (11), the variances of «tþDt are not

assumed constant. The variances of «tþDt are assumed to be equal to s2Vt,

where s2 is constant and Vt is the conditional variance of the yntþDt

calculated by each model. If a model incorporates all the information

available at time t to forecast the changes in yields and their variances,
then a0 and a1 should be equal to zero and s2 should be equal to one.

Equation (12) is estimated by weighted least squares, the estimation

results are displayed in Table 7. The null hypothesis that a1¼ 0 in Equa-

tion (12) is not rejected as often as in the Equation (11). Thus there is

evidence that part of the reported failure of affine models with stochastic

volatilities in forecasting changes on yields is due to the fact that the test

based on Equation (11) does not take into account all the information

provided by the models.
Even though Equation (12) does not reject the affine models with

stochastic volatilities as often as Equation (11), the results of Equation

(12) indicate that the mean-volatility tension that has been described in the

literature is still present. In the case of the EA1(3) model and yield y6-month,

the tension is present because the yield change forecast is worse than in the

EA0(3) model. However, Equation (12) gives evidence that no information

is missed by the model because, as indicated by the P-values, we cannot

reject the assumption that a1¼ 0 at usual confidence levels. Therefore, in
this case, the mean-volatility tension happens because the information

available at time t is shared to calculate the conditional mean and variances

of yields. In the case of the yields with time to maturity longer than

6 months, the tension is present not only because the yield forecast is

worse than in the EA0(3) model, but also because some information is

missed by the models with stochastic volatilities, as indicated by the rejec-

tion of the assumption that a1¼ 0 at the usual confidence levels.

The out-sample results of Equation (11) are displayed in Tables 8 and 9.
Two out-sample periods are analyzed, one is from January 1994 to

December 1998 and the other is from January 1995 to December 1998.

The results displayed in Tables 5, 8, and 9 indicate that the out-sample

results are less clear than the in-sample results in relation to the relative

performance of the examined models. In some cases, the SAS-R model

outperforms the corresponding essentially affine models, in other cases the

SAS-R does not outperform the corresponding essentially affine models.

It is interesting to notice how the inclusion of the year 1994 changes the
out-sample results. There were a series of rate increases in 1994 [see

Campbell (1995)]. These rate increases make the statistical relationship

between future changes in rates and the slope of the term structure
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between 1994 and 1998 different from the usual relationship, and thus the

estimated a1’s in the 1994–1998 period are substantially different from

those estimated in the 1952–1993 period. If the year 1994 is not included in

the out-sample analysis, then the usual statistical relationship between

future changes in rates and the slope of the term structure holds, and the

out-sample results are qualitatively similar with the in-sample results.

2.5 Intuition for improvement caused by the semiaffine models
The SAS-R model produces higher variability of the term premium than

the corresponding affine models because the price of risk in all the ele-

ments of the price of risk vector in the SAS-R model can change sign. The

Table 7
Regression of the forecasting residuals on the slope of the term structure considering the heteroscedasticity
of the residuals forecasted by each model

EA0(3) EA1(3) SAS-R1(3) CA2(3) SAS-R2(3) CIR SAS-R3(3)

y6-month

Adj. R2 �0.0018 0.0281 0.0249 0.0535 0.0523 0.0816 0.1495
a0 �0.0001

(0.0017)
0.0028
(0.0017)

0.0021
(0.0017)

0.0025
(0.0018)

0.0027
(0.0018)

0.0053
(0.0018)

0.0057
(0.0017)

a1 0.0157
(0.1223)

�0.1555
(0.1251)

�0.1413
(0.1230)

�0.2502
(0.1280)

�0.2466
(0.1282)

�0.4217
(0.1301)

�0.5534
(0.1182)

p-value 0.4490 0.1072 0.1256 0.0256 0.0275 0.0006 0.0000

y5-year

Adj. R2 �0.0010 0.1023 0.0890 0.1260 0.1211 0.1226 0.1678
a0 0.0004

(0.009)
0.0036
(0.0009)

0.0026
(0.0010)

0.0030
(0.0009)

0.0025
(0.0009)

0.0038
(0.0009)

0.0034
(0.0009)

a1 �0.0248
(0.0744)

�0.2159
(0.0787)

�0.1976
(0.0793)

�0.2603
(0.0787)

�0.2496
(0.0782)

�0.2945
(0.0753)

�0.3418
(0.0744)

p-value 0.3695 0.0031 0.0065 0.0005 0.0008 0.0001 0.0000

y10-year

Adj. R2 �0.0002 0.1341 0.1156 0.1534 0.1423 0.1645 0.1869
a0 0.0004

(0.0007)
0.0031
(0.0007)

0.0021
(0.0008)

0.0028
(0.0007)

0.0020
(0.0008)

0.0035
(0.0007)

0.0027
(0.0008)

a1 �0.0290
(0.0615)

�0.2168
(0.0653)

�0.1976
(0.0669)

�0.2448
(0.0651)

�0.2297
(0.0650)

�0.2708
(0.0637)

�0.2880
(0.0646)

p-value 0.3187 0.0005 0.0016 0.0001 0.0002 0.0000 0.0000

Similar to the Table 6 regression, the models are tested through the in-sample regression

yntþDt �Et½yntþDt� ¼a0 þa1 � st þ «tþDt,

where ynt is the yield of a zero-coupon bond maturing at time tþ n. The conditional expectations, Et½yntþDt�,
are calculated with the parameters displayed in Table 1. The difference between the five-year yield and the
three-month yield is represented by st. The forecasting period (Dt) is six months. As opposed to the
regression in Table 6, the variances of «tþDt are not assumed constant, but «tþDt is assumed to have
variance equal to s2Vt, where s

2 is constant and Vt is the conditional variance of the y
n
tþDt calculated by

each model. This regression is estimated by weighted least squares. The standard errors are displayed
between parentheses. The standard errors are corrected for autocorrelated residuals by Newey and West
estimators with nine lags and Bartlett kernel. The results do not change qualitatively if Newey and West
estimator with five lags and a rectangular kernel is used. The reported p-values are for a one-tailed test. If a
model matches the time variability of the term premium, then a1 should be statistically not different from
zero. The null hypothesis that a1¼ 0 is not rejected as often as in the regression displayed in Table 6 and
hence there is evidence that part of the reported failure of affine models with stochastic volatilities is due to
the fact that the test on Table 6 does not take into account all the information provided by the models.
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instantaneous term premium in the SAS-R model is

mP � r¼�BðtÞ0 ��
ffiffiffiffiffi
St

p
�ð��1l0 þ

ffiffiffiffiffi
St

p
l1 þ

ffiffiffiffiffiffiffi
S�
t

p
l2XtÞ: ð13Þ

While the instantaneous term premium in the essentially affine models is

mP � r¼ �BðtÞ0 ��
ffiffiffiffiffi
St

p
�ð

ffiffiffiffiffi
St

p
l1 þ

ffiffiffiffiffiffi
S�
t

p
l2XtÞ: ð14Þ

The EA1(3), CA2(3) and CIR, models do not produce a high time varia-

bility of the term premium because not all the individual elements of

the price of risk vector, that is, the individual elements of the vectorffiffiffiffiffiffiffiffiffi
Stl1

p
þ

ffiffiffiffiffiffi
S�
t

p
l2Xt in Equation (14), can change sign and they are very

close to zero. Consequently changes in the state variables Xi,t cause small

changes in the instantaneous term premium mP � r. The estimated SAS-R
models produce higher time variability of the term premium because all

the individual elements in the price of risk vector, that is, the individual

elements of the vector ��1l0 þ
ffiffiffiffiffi
St

p
l1 þ

ffiffiffiffiffiffi
S�
t

p
l2Xt in Equation (13)

can change sign. Consequently changes in the state variables Xi,t cause

Table 8
Out-of-sample regression of the forecasting residuals on the slope of the term structure out-of-sample period
starting in 1994

EA0(3) EA1(3) SAS-R1(3) CA(3) SAS-R(3) CIR SAS-R3(3)

y6-month

Adj. R2 0.3816 0.1313 0.1525 0.0101 0.0525 �0.0154 �0.0192
a0 �0.0061

(0.0017)
�0.0033
(0.0018)

�0.0039
(0.0018)

�0.0037
(0.0023)

�0.0039
(0.0022)

�0.0016
(0.0024)

�0.0022
(0.0019)

a1 0.5263
(0.1698)

0.2764
(0.1772)

0.2973
(0.1764)

0.1373
(0.2297)

0.2296
(0.2304)

0.0511
(0.2396)

�0.0015
(0.1913)

p-value 0.0016 0.0624 0.0489 0.2763 0.1616 0.4160 0.4969

y5-year

Adj. R2 0.1144 0.0050 0.0146 �0.0147 0.0137 �0.0131 �0.0136
a0 �0.0063

(0.0032)
�0.0032
(0.0031)

�0.0041
(0.0031)

�0.0039
(0.0035)

�0.0050
(0.0034)

�0.0033
(0.0035)

�0.0042
(0.0033)

a1 0.3780
(0.2673)

0.1483
(0.2590)

0.1752
(0.2583)

0.0690
(0.2937)

0.1979
(0.3050)

0.0809
(0.2942)

0.0723
(0.2709)

p-value 0.0816 0.2847 0.2503 0.4076 0.2595 0.3922 0.3953

y10-year

Adj. R2 0.0584 �0.0161 �0.0113 �0.0192 0.0002 �0.0192 �0.0192
a0 �0.0050

(0.0033)
�0.0023
(0.0031)

�0.0033
(0.0032)

�0.0027
(0.0033)

�0.0040
(0.0033)

�0.0022
(0.0033)

�0.0031
(0.0032)

a1 0.2646
(0.2658)

0.0494
(0.2522)

0.0778
(0.2513)

0.0045
(0.2711)

0.1364
(0.2863)

�0.0019
(0.2695)

0.0071
(0.2561)

p-value 0.1620 0.4227 0.3790 0.4934 0.3178 0.4972 0.4890

The models are tested through the out-sample regression

yntþDt �Et½yntþDt� ¼a0 þa1 � st þ «tþDt,

where ynt is the yield of a zero-coupon bond maturing at time tþ n. The conditional expectations, Et½yntþDt�,
are calculated with the parameters displayed in Table 1. The difference between the five-year yield and the
three-month yield is represented by st. The forecasting period (Dt) is six months. The reported p-values are
for a one-tailed test. If a model matches the time variability of the term premium, then a1 should not
be statistically different from zero. The standard errors are displayed in parentheses. Standard errors are
corrected for heteroscedasticity and autocorrelated residuals by the Newey and West estimator with nine
lags. This table displays the results of this regression using data from January 1994 to December 1998.
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significant changes in the term premium mP� r. The observed range of the

elements of the price of risk vectors are displayed in Table 3. Notice that
the EA1(3), CA2(3), and CIR models do not produce the same wide range

of values for the elements of the price of risk vector as their corresponding

SAS-R models.

It is possible to argue that it is not necessary to build affine models that

allow the change in sign of the price of risk in order to explain the time

variability of the term premium. A close examination of Equation (13)

reveals that the instantaneous term premium could change sign in a

multifactor completely affine model where the elements of the vector l1
have opposite signs. Therefore a completely affine model could potentially

explain the time variability of the term premium. However, this argument

does not take into consideration that term structure models must explain

not only the term premium variation, but also the relative movements of

bonds with different times to maturity.

To see why the argument above fails, take for instance a two-factor CIR

model where the yield of a zero-coupon bond with time to maturity t is

given by ytt ¼
ð�AðtÞþ

P2

i¼1
BiðtÞ�Xi;tÞ

t
and the instantaneous term premium is

mP � r¼�BðtÞ0 �
b1X1;t 0

0 b2X2;t

� �
� l1 ð15Þ

Table 9
Out-of-sample regression of the forecasting residuals on the slope of the term structure out-of-sample period
starting in 1995

EA0(3) EA1(3) SAS-R1(3) CA2(3) SAS-R2(3) CIR SAS-R3(3)

y6-month

Adj. R2 �0.0250 0.0845 0.0687 0.2531 0.2501 0.3299 0.3443
a0 �0.0022

(0.0016)
0.0008
(0.0017)

0.0001
(0.0017)

0.0014
(0.0022)

0.0016
(0.0022)

0.0037
(0.0022)

0.0023
(0.0018)

a1 �0.0003
(0.1369)

�0.2816
(0.1377)

�0.2578
(0.1393)

�0.5539
(0.1819)

�0.5496
(0.1815)

�0.6710
(0.1826)

�0.6121
(0.1437)

p-value 0.4991 0.0237 0.0357 0.0020 0.0021 0.0003 0.0001

y5-year

Adj. R2 �0.0016 0.0701 0.0583 0.1296 0.1251 0.1245 0.1132
a0 �0.0019

(0.0037)
0.0011
(0.0035)

0.0002
(0.0036)

0.0011
(0.0039)

0.0007
(0.0039)

0.0017
(0.0039)

0.0004
(0.0037)

a1 �0.2140
(0.2982)

�0.4382
(0.2867)

�0.4074
(0.2903)

�0.6042
(0.3144)

�0.5946
(0.3166)

�0.5931
(0.3146)

�0.5474
(0.2993)

p-value 0.2385 0.0670 0.0840 0.0308 0.0337 0.0332 0.0373

y10-year

Adj. R2 0.0347 0.1225 0.1068 0.1598 0.1507 0.1621 0.1477
a0 �0.0006

(0.0038)
0.0019
(0.0036)

0.0010
(0.0036)

0.0019
(0.0038)

0.0012
(0.0038)

0.0024
(0.0038)

0.0012
(0.0037)

a1 �0.3283
(0.3003)

�0.5253
(0.2838)

�0.4921
(0.2879)

�0.6175
(0.2988)

�0.6002
(0.3021)

�0.6206
(0.2971)

�0.5789
(0.2910)

p-value 0.1403 0.0357 0.0475 0.0226 0.0268 0.0215 0.0267

This table is analogous to Table 8. It displays the results of the out-of-sample analysis using data from
January 1995 to December 1998. For a discussion of the reasons behind the effect of excluding the year of
1994, see Section 2.4.
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In the model above, assume that X1,t explains the movements of the level

of the term structure and X2,t explains the movement of the slope of the

term structure. This is equivalent to saying that for a long time to matur-

ity, B2(t) is small in relation to B1(t), and hence the term premium of a

long-term bond is mostly driven by X1 [see Equation (15)). Because the
first element of the vector B1(t)

0 �b1X1,t� l1(1) does not change sign, the

instantaneous term premium of a long-term bond will rarely have changes

in sign. Therefore this model cannot explain at the same time the term

premium variation, that is, the changes in the sign of mP� r, and the

relative movements of bonds with different time to maturity, that is,

B2(t) � B1(t) for large t.

2.6 The mean reversion in the state variables

The estimation of the SAS-R model indicates that some of the state
variables are mean reverted, while the estimation of the essentially and

completely affine models do not indicate the same degree of mean rever-

sion. For instance, the estimated half-life of the level state variable in the

EA1(3) model is 220 years, while the approximated half-life of this state

variable in the SAS-R1(3) model is 8.88 years.

This limitation of the essentially affine models is clarified in Figure 2.

The estimated drift functions of the level state variable of the estimated

EA1(3) and SAS-R1(3) models are represented in Figure 2. The drift
functions under the equivalent martingale measure are also displayed.

The drift functions under the equivalent martingale measure have a

positive slope because the state variable driving the level of the term

structure is nonstationary under the equivalent martingale measure. The

nonstationary state variable under the equivalent martingale measure

Figure 2a - Drift of the Level State Variable in the EA1(3) Model

Under Both Probability Measures
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Figure 2b - Drift of the Level State Variable in the SAS-R1(3)

Model Under Both Probability Measures
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Figure 2
Figure 2a and 2b plot the drift (under the physical and the equivalent martingale measures) of level state
variable in the EA1(3) and in the SAS-R1(3) models. In Figures 2a and 2b, the drift of the level state
variable has a positive slope under the equivalent martingale measure. Figure 2a shows the limitation of
the EA1(3) model in terms of probability measures, it indicates that, in the EA1(3) model, the drift
functions under the different probability measures can intercept only at the origin. Figure 2a also points
that the non-stationarity of the level state variable under the equivalent martingale measure coupled with
the limitation that the EA1(3) price of risk does not allow the EA1(3) model to match the degree of mean
reversion present in the data. Figure 2b indicates that the SAS-R1(3) model solves the limitation of the
EA1(3) model by allowing the drift functions under different probability measures to intercept at more
than one point.
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attached to the limitation of the price of risk in the essentially affine model

results in a very slow mean reversion. The EA1(3) model restricts the first

element of the price of risk vector to be zero only at the origin, and hence,

in the EA1(3) model, the drift functions under both measures can intercept

only at the origin (see Figure 2a). The EA1(3) model would match the
mean reversion in the data if the drift of the level state variable were

positive for small values of the state variable and negative for large values

of the state variable, and hence, to match the mean reversion in the data

the drift functions would have to intercept at some intermediate value of

the state variable. However, the EA1(3) restrictions do not allow the

existence of such an intermediate intercept point, and hence the EA1(3)

model cannot match the mean reversion present in the data.

The mean reversion of the level state variable in the SAS-R1(3) model
indicates that the very strong persistence of the level state variable in the

EA1(3) model is partially caused by the limitation of the price of risk

parametrization. The EA1(3) model cannot detect the change in the

mean reversion of the level because the level state variable in all models

with stochastic volatility is related to the volatility of yields, and thus the

level state variable in the EA1(3) model, is equal to the first element of the

vector Xt. In the EA1(3) model, this state variable cannot have a general

specification of the price of risk, while in the SAS-R1(3) it can. Since in the
SAS-R1(3) model the price of risk can change sign, the drift of the state

variables under the equivalent martingale measure and under the physical

probability measure can intercept at more than one point (Figure 2b). This

additional flexibility of the SAS-R1(3) model allows it to let the level state

variable be nonstationary under the equivalent martingale measure and at

the same time match the degree of mean reversion present in the data.

The difference in mean reversion is present not only between the EA1(3)

and SAS-R1(3) models, but also between other estimated models. The
estimated half-lives are displayed in Table 4 and they indicate that interest

rates are persistent in the essentially affine and in the semiaffine models.

However part of the persistence of the state variables in the essentially

affine models is caused by its restricted parametrization for the price of

risk. It is also interesting to notice that all semiaffine models have half-

lives similar to the half-lives of the EA0(3) model, which is the model with

the best forecasting performance.

3. Conclusion

The results in this article indicate that the parametrization of the price of

risk has important implications for affine term structure models. First,

richer parametrizations for the price of risk, such as the one in the SAS-R

model, help affine models produce better term premium forecasts. The

improvement in explaining the time variation of the term premium to the
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corresponding essentially affine models is caused by the lack of flexibility

of the essentially affine models in generating enough variation of all

elements of the price of risk vector.

Second, the result common to previous empirical studies, indicating

that some of the state variables underlying the term structure of interest
rates have a large persistence, may have been partially caused by restric-

tions in the price of risk. Consequently some of the relationships between

the term structure of interest rates and macrovariables derived in these

previous studies may have been skewed by the price of risk restrictions.

The results also indicate that the tension between matching the varia-

bility of the term premium and matching the variability of the volatilities

of yields cannot be completely solved by the examined parametrization of

the price of risk. All the estimated models with stochastic volatility per-
formed worse than a model with homoscedastic interest rates in forecast-

ing changes in yields. Some of this trade-off is attributed to the fact that,

by construction, stochastic volatility models are required to match the first

and second moments of the data, while homoscedastic models are not.

However, even after taking into account the time-varying conditional

volatility of the yields calculated by stochastic volatility models, stochastic

volatility models do not seem to incorporate all the information in the

slope of the term structure.

Appendix

A.1 The SAS-R model is arbitrage free

The purpose of this section is to provide a guideline for proof that the SAS-Rmodel satisfies

sufficient conditions for an arbitrage-free economy. For this purpose, details are omitted but

they can be found in the references cited herein.

Let the state variable X be an n-dimensional Itôo process on the filtered probability space

(V, F , F,P) with time set [0, T ]. Let X be defined by some starting point x0 and by the

stochastic differential equation (SDE),

dXt ¼ðkuþ�
ffiffiffiffiffi
St

p
��1l0 �kXtÞ dtþ�

ffiffiffiffiffi
St

p
dWP

t ; 0� t�T , ð16Þ

where WP
t are standard independent Brownian motions under the physical measure P. The

parameters k, u, �, l0, and St are defined in Equations (2 – 4).

Proposition 1. Equation (16) has a weak solution with X0¼x0, if for all i:

1. For all x such that aiþb0
ix¼ 0, b0

i(u � k�x)>b0
i ��

0bi /2.

2. For all j, if (b0
i�)j 6¼ 0, then aiþb0

ix¼ajþb0
jx.

Proof of Proposition. Under Equations (1) and (2), Duffie and Kan (1996) show that the

following SDE has a unique strong solution:

dXt ¼ðku� kXtÞ dtþ�
ffiffiffiffiffi
St

p
dWPAUX

t ; 0� t�T , ð17Þ
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where WPAUX
t are standard independent Brownian motions under an auxiliary probability

measure PAUX. Since E
PAUX
t ½expð1

2

R T

0 �
� 1l0��� 1l0 dsÞ� < 1, the process

jt ¼ exp

Z t

0

��1l0 dW
PAUX
s � 1

2

Z t

0

��1l0���1l0 ds

� �
ð18Þ

is a martingale. Consequently Girsanov’s theorem implies that, under the probability

measure P given by (dP/dPAUX)¼ jt, the process WP
t ¼WPAUX

t �
R t

0
��1l0 ds; 06 t6T is a

Brownian motion with WP
0 ¼ 0. Simply rewriting Equation (17) as

dXt ¼ðkuþ�
ffiffiffiffiffi
St

p
��1l0 �kXtÞ dtþ�

ffiffiffiffiffi
St

p
dWP

t ; 0� t�T , ð19Þ

we see that (X,WP), (V, F , F,P) is a weak solution to Equation (16).

Proposition 2. There exists a probability measure Q on (V, F ) that is an equivalent martingale

measure to P and under which the latent variables Xt follow the Itôo process represented by the

SDE:

dXt ¼ððkuÞQ �kQXtÞ dtþ�
ffiffiffiffiffi
St

p
dW

Q
t , ð20Þ

whereW
Q
t are standard independent Brownian motions under the measure Q, and kQ and uQ are

defined in Equation (2).

Proof of Proposition. Since EP
t ½expð12

R T

0 �
�1l0 ���1l0 dsÞ� < 1, the process

jt ¼ exp �
Z t

0

��1l0 dW
P
s � 1

2

Z t

0

��1l0 ���1l0 ds

� �
ð21Þ

is a martingale, and hence, Girsanov’s theorem implies that, under the auxiliary probability

measure PAUX given by (dPAUX/dP)¼ jt, the process W
PAUX
t ¼WP

t þ
R t

0
��1l0 ds; 06 t6T is

a Brownian motion with WPAUX

0 ¼ 0. The state variables X follow the process under the

probability measure PAUX : dXt ¼ððkuÞP �kP �XtÞ dtþ�
ffiffiffiffiffi
St

p
dWPAUX

t ; 06 t6T.

From Duffee (2002), it is known that there exists a probability measure Q equivalent to

PAUX, under which the state variables follow the process: dXt ¼ððkuÞQ � kQXtÞ dtþ
�

ffiffiffiffiffi
St

p
dW

Q
t ; 06 t6T and hence, there exists a probability measure Q on (V, F ) that is an

equivalent martingale measure to P and under which the latent variables follow the diffusion

represented by Equation (20).

Under technical conditions [Duffie (1996)], the existence of an equivalent martingale

measure is equivalent to nonarbitrage. Therefore the SAS-R model is arbitrage free. It is

interesting to note that under conditions 1 and 2 of Proposition 1, Equation (20) has a unique

strong solution. Condition 1 of Proposition 1 can be relaxed further as noted by Dai and

Singleton (2000). The proof presented herein can be easily expanded to incorporate the price

of risk given by lðXtÞ¼��1l0ðXtÞþ
ffiffiffiffiffi
St

p
l1 þ

ffiffiffiffiffiffiffiffi
S�
t

p
l2Xt, where l0(Xt) is a strictly bounded

function of X.

A.2 The quasi-maximum-likelihood procedure and the calculation of conditional

expectations

Quasi-maximum-likelihood (QML) is used to estimate all models. In the case of the com-

pletely and essentially affine models, the QML method is the one proposed by Fisher and

Gilles (1996) and Duffee (2002). In this method, the density for XtþDt conditional on Xt is

assumed normal with mean E[XtþDt jXt] and covariance var[XtþDt jXt].

Assume that the matrix k has eigenvalue decomposition k¼N�L�N�1, where N is the

eigenvector matrix of k and L is a diagonal matrix with elements given by the eigenvalues of
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k, (d1, d2, . . . ,dn). The conditional expectation E[XtþDt jXt] is given by

E½XtþDt jXt� ¼ ðI � e�kDtÞuþ e�kDtXt, ð22Þ

where e�kDt¼N� e�LDt�N�1 and e�LDt is the diagonal matrix with the ith diagonal element

given by e� diDt: The covariance matrix var[XtþDt jXt] calculation involves three steps:

1. Define the state variable X �
t as N�1�Xt. The dynamics of the state variable X �

t

is dX �
t ¼Lðu� �X �

t Þ dtþ��S�
t dW

P
t , where S�

tði;iÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ai þb�

i X
�
t

p
, u�¼N�1u, ��¼

N�1� and b�¼bN.

2. Calculate the covariance matrix of X �
tþDt conditional on X �

t by using the expression

var½X �
t jX �

t � ¼ fðdj þ dkÞ�1½G0�j;kð1� e�ðT � tÞðdj þ dkÞÞg

�
Xn
i¼1

½u�i fðdj þ dkÞ� 1½Gi �j;kð1� e�ðT � tÞðdj þ dkÞÞg�

þ
Xn
i¼1

½ðX �
t;i � u�i Þfðdj þ dk � diÞ�1½Gi �j;k �ðe� diðT � tÞ � e�ðdj þ dkÞðT � tÞÞg�,

ð23Þ

where f f ( j, k)g denotes the matrix with the element ( j, k) given by f( j, k), G0 is the

matrix given by
P�diag(a�)

P�0 , and Gi is the matrix given by
P�diag(b�i

�)
P�0.

3. Calculate the covariance matrix of XtþDt conditional on Xt with the expression

var½XtþDt jXt� ¼N � var½X �
tþDt jX �

t � �N 0: ð24Þ

In the case of the SAS-R models, the density for XtþDt conditional on Xt is assumed

multivariate normal. Unfortunately there is no known closed-form solution to the expected

values and covariance matrix of XtþDt conditional on Xt in the SAS-R model and hence, in

the SAS-R case, I adopt an approximation similar in nature to the one proposed by Duffee

and Stanton (2001).3 The approximation is based on a Taylor expansion of the drift of the

state variables around Xt

mðXÞ¼ kuþ�
ffiffiffiffi
S

p
�� 1l0 � k�X , ð25Þ

where
ffiffiffiffi
S

p
is a diagonal matrix with the ith diagonal given by

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ai þb0

iX
p

.

By means of a Taylor expansion around Xt,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ai þb0

iX
p

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ai þb0

iXt

p
þ b0

iðX �XtÞ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ai þb0

iXt

p . Sub-

stituting this Taylor approximation in Equation (25) and rearranging terms results in

mðXÞ � kuþ�AðXtÞ�� 1l0 �ðk�X ��BðXtÞ�� 1l0Þ ð26Þ

where A(Xt) and B(Xt) are diagonal matrices with the ith diagonal term given by

Ai;iðXtÞ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ai þb0

iXt

p
þ �b0

iXt

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ai þb0

iXt

p and Bi;iðXtÞ¼ b0
iX

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ai þb0

iXt

p :

Observe that Equation (26) is a linear approximation for the drift of the state variables in the

semiaffine model. Consequently the procedure used to calculate the expectation and the

covariance matrix in essentially affine models can be used to compute an approximation for

the expectation and for the covariance matrix of XtþDt conditional on Xt in the semiaffine

model.

3 Duffee and Stanton (2001) propose a Kalman filter estimator for the SAS-R model that is based on three
approximations: The first is the use of the instantaneous dynamics of the state variables as proxy for the
discrete-time dynamics. The second is the linearization of the drift of the SAS-R model. The third is the
evaluation of these dynamics at filtered values instead of evaluating them at exactly identified values.
Herein the only approximation is the linearization of the drift of the SAS-R model.

The Review of Financial Studies / v 17 n 2 2004

402



The approximations above are tested by Monte Carlo simulations and they seem to work

very well for Dt equal to one month. I have compared the calculated expectations and

variances of Xtþ1 month conditional on Xt with those computed by the Monte Carlo simula-

tions. The comparison is made for all the estimated semiaffine models with the parameters

displayed in Table 1. A total of 10,000 Monte Carlo simulation runs with antithetic paths,

control variate, Euler discretization of SAS-R diffusion and discretization interval equal to

1/251 year are performed. The control variate is with the estimated essentially/completely

affine model corresponding to the estimated semiaffine model. For instance, for the esti-

mated SAS-R2(3) model the estimated CA2(3) is used.

The approximations are analyzed through the mean square percentage error. In all semi-

affine models the square root of the mean square percentage error of the conditional

expectations are less than 0.35% and the square root of the mean square percentage error

of the conditional variances are less than 0.2%. An examination of Figure 2 reveals that it

is not surprising that these approximations work so well for small periods Dt (1 month).

Figure 2 reveals that the nonlinear drift of the SAS-R1(3) is very close to a linear function in

the range where data are observed. In the case of the SAS-R2(3) and the SAS-R3(3) models,

plots similar to the ones in Figure 2 reveal that the nonlinear drift of the state variables is very

close to a linear function in the observed state variables range. This suggests that the

approximations based on the linearization of the drift should work well for the estimated

semiaffine models.

The likelihood function is maximized, imposing the constraints displayed in Section 1.2

and in Dai and Singleton (2000). In addition, all the state variables that affect the matrix
ffiffiffiffi
S

p

are constrained to be positive in the estimation period. The likelihood maximization of the

models with stochastic volatility involves a large number of constraints and thus the possi-

bility of local optimum is a major concern. To avoid this possibility, I tried a large number of

different starting values.

The starting values of the likelihood maximization for the models EA0(3), EA1(3), and

CA2(3) are based on the results of the maximum-likelihood displayed in Duffee (2002). For

the CIR model, many different starting values were tried and usually the maximization

procedure converged to the same result. The starting values for the models SAS-R1(3),

SAS-R2(3), and SAS-R3(3) are based on the results of the likelihood maximization of the

EA1(3), CA2(3), and CIR models, respectively. The likelihood function is reasonably flat in

relation to the parameters l0, consequently I make a grid search by changing the parameters

that control the mean reversion of the state variables (k and l0), while keeping the diffusion

parameters under the equivalent martingale measure fixed by changing the parameters in the

l1 vector and in the l2 matrix.

The expectations and variances used in Equations (11) and (12) are calculated by

Equations (22) and (24) for the EA0(3), EA1(3), CA2(3), and CIR models and they are

calculated by Monte Carlo simulation for the semiaffine models. A total of 10,000 Monte

Carlo simulation runs with antithetic paths, Euler discretization of SAS-R diffusion, and

discretization interval equal to 1/36 year are performed. Monte Carlo simulations are used in

this case instead of using the approximations given by Equation (26) because the approxima-

tions do not work so well for a six-month forecasting period.

When calculating the expectations used in Equations (11) and (12) for the out-of-sample

period, it is possible to find negative values for the state variables affecting the volatilities of

rates. These negative values are not admissible in the stochastic volatility models. When they

occur, the negative state variable Xi is made equal to a very small positive number and the

other two state variables are found by assuming that the yields of the 6-month and 10-year

yields are observed without errors. These negative values are not found in the estimation

period because in the likelihood maximization, all the state variables that affect the matrixffiffiffiffi
S

p
are constrained to be positive in the estimation period.
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