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This article investigates the interaction between market entry, company foreclosure,
and capital structure in a duopoly. We find that the order in which firms foreclose
is determined not only by differences in firm-specific factors, but also by common
economic factors, such as the interest rate and the market profit volatility. We extend
the exit model by allowing financially distressed firms to renegotiate their debt contracts
through a one-off debt exchange offer. We find that firms with high bankruptcy costs or
with prospects of profit improvement can get bigger reductions on their debt repayments.
Investigating market entry, we find that financial vulnerability of the incumbent induces
earlier entry.

Firms come and go, and the death of one firm may help the survival of
another. One can almost regard this as a natural law of economics. Corporate
bankruptcies, not surprisingly, have led to extensive research into the causes
of business failure. Generally speaking, these causes can be categorized into
aggregate economic factors and firm-specific factors.

Altman (1971) examines the influence of aggregate economic factors on
business failure during the period 1947-1970. He finds that a firm’s propen-
sity to fail is heightened during periods of reduced economic growth, poor
stock market performance, and unfavorable money supply conditions.

There are many different firm-specific factors that can cause businesses
to fail, but the vast majority are, in one way or another, linked to inef-
ficiency, competition, or the firm’s financial structure. Inefficiencies result
from poor management decisions and they adversely affect operating profits.
Dun and Bradstreet (1980b) report that more than 90% of all failures result,
directly or indirectly, from one type of inefficiency or another. Competition is
often mentioned as another cause of bankruptcy. For example, an inefficient
monopolist that is protected by a patent may be less likely to go bankrupt
than a firm facing cutthroat competition. The market structure in which the
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firm operates is therefore an important determinant of firm entry and exit.
Competition between firms weeds out inefficient and poorly managed com-
panies and creates space for new and more innovative firms. More recently,
the finance literature has stressed the importance of financial variables such
as high leverage, the lack of financial resources, and liquidity problems. As
such, an efficient firm can still fail, simply because of bad financial manage-
ment. Brigham and Gapenski (1997) note that a recent Dun and Bradstreet
compilation attributes 47% of business failures to financial factors. In con-
clusion, on a firm-specific level, business failure is linked to a firm’s real
decisions, competitive environment and financing decisions.

The difficulty is that, in reality, business failure is rarely caused by one
single economic or firm-specific factor. More often, failure is the result of
a complex interaction between various causes. It is only recently, however,
that researchers have tried to unravel the intricacies of this interaction. For
instance, several recent empirical studies seem to indicate that there exists a
negative relationship between leverage and investment (or output levels), that
is, product-market competition becomes ‘“softer” when leverage increases.
Chevalier (1995), examining exit decisions in the supermarket industry, finds
that unleveraged firms are more likely to open stores and less likely to exit
in markets where competitors have recently experienced a leveraged buy-
out. Kovenock and Philips (1997) extend previous studies by including both
market structure and plant-level efficiency as determinants of investment and
plant closing decisions, and find both variables to be highly significant. They
find that highly leveraged firms in industries with high concentration are more
likely to close plants and are less likely to increase investment. Rival firms
are less likely to close plants and more likely to invest when the market share
of leveraged firms is higher. Zingales (1998) studies the survival of trucking
companies (during the 8 years after the Carter deregulation) as a function
of their economic efficiency (fitness) and their financial resources (fatness).
He finds evidence that more efficient firms are more likely to survive after
deregulation, but he also discovers that their leverage at the beginning of
the deregulation period has a negative impact on the probability of survival 8
years later. Therefore not only the “fittest” but also the “fattest” firms survive.
Finally, Dun and Bradstreet (1980a,b) find that young firms have a more vul-
nerable capital structure and are more prone to bankruptcy than older more
established firms.

In parallel to the empirical literature, a number of theoretical articles
have investigated the link between a firm’s real (dis)investment decisions,
financing decisions, and market structure. One strand of articles [eg., Dotan
and Ravid (1985), Brander and Lewis (1986, 1988), Fudenberg and Tirole
(1986a), Maksimovic (1988), Poitevin (1989), and Bolton and Scharfstein
(1990), among others] ties in with the microfinance literature [see Ravid
(1988) for a review] and has been investigating the impact of market structure
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on the interaction between financing and production decisions.!'? Some of
these articles suggest that product-market competition becomes “softer” when
leverage increases [e.g., Fudenberg and Tirole (1986a), Poitevin (1989),
Bolton and Scharfstein (1990), and Faure-Grimaud (1998)], while other arti-
cles argue that leverage changes managerial and shareholder incentives in
a way that makes product-market competition “tougher” [e.g., Brander and
Lewis (1986), Maksimovic (1988), Fulghieri and Nagarajan (1996)]. It should
be noted that these models are essentially static one-period models, where
production decisions are made at the beginning of the period and profits
are realized at the end of the period. Entry and exit decisions of firms are
not explicitly modeled.> Furthermore, since these models are static, it is not
obvious how they could be used for pricing purposes.

Another strand of articles has focused on modeling investment and
bankruptcy decisions within a dynamic contingent claims analysis frame-
work. Brennan and Schwartz (1984) and Mello and Parsons (1992) study
contingent claims models in which real investment and closure decisions
interact with debt valuation. Dixit (1989) studies entry and exit decisions
under all equity financing. Fisher, Heinkel, and Zechner (1989) analyze a
firm’s optimal dynamic financing policy in the presence of recapitalization
costs. Mauer and Triantis (1994) analyze the interaction between a firm’s
dynamic investment, operating, and financing decisions in a model with
operating adjustments and recapitalization costs. Others model firm fore-
closure and its impact on optimal capital structure and bond prices [e.g.,
Leland (1994) and Leland and Toft (1996) for infinite and finite maturity
debt, respectively]. One common feature of all these models is that they
implicitly assume that the firm operates in a monopolistic environment. Fries,
Miller, and Perraudin (1997) study the other polar case of entry and exit
under perfect competition and its implication for the pricing of corporate
debt. The model has similarities with the Leahy (1993) model, which studies
competitive entry and exit under all equity financing.

Surprisingly the intermediate oligopoly case has been little studied, despite
the fact that it is the most common market structure.* The study of busi-
ness failure in an oligopoly differentiates itself from the other two polar

! Fulghieri and Nagarajan (1996) focus on entry rather than on the production decision. They examine the
strategic role of high leverage and bankruptcy threats in deterring entry into monopolistic markets.

2 A number of game-theoretical articles model firm exit under all equity financing within a deterministic
framework, where time is the state variable and assuming either complete [Ghemawat and Nalebuff (1985,
1990)] or incomplete information (‘war of attrition’ models) [Fudenberg and Tirole (1986b)]. The exit game
developed in this article relates most closely to Ghemawat and Nalebuft (1985).

3 The usual assumption is that firms default if operating profits are below the debt obligations [e.g., Brander
and Lewis (1986, 1988)]. This ignores the important fact that the equity holders have the option to keep the
firm going by injecting cash. Empirical observation confirms that firms which make losses often continue to
operate for quite a long time.

*Smets (1991) and Grenadier (1996) present Stackelberg leader-follower models of entry under all equity
financing, and do not consider bankruptcy.
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cases in that it requires the explicit modeling of strategic behavior between
firms. Although strategic behavior has recently been introduced into contin-
gent claims models of corporate default, the focus has been on modeling
conflicts of interests between different stakeholders within a financially dis-
tressed firm. The motivation for these models lies in the empirical observation
[see Franks and Torous (1989, 1994)] that financially distressed firms often
manage to renegotiate their claims and that it is not unusual for equity holders
or junior creditors to obtain concessions from senior creditors. Anderson and
Sundaresan (1996) and Mella-Barral and Perraudin (1997) present a model of
strategic debt service by equity holders, while Mella-Barral (1999) develops
a model of dynamic debt restructuring.

This article presents a dynamic contingent claims model of strategic entry
and exit in a duopoly. When determining the entry and exit thresholds, strate-
gic behavior between the firms is explicitly modeled. The model allows us
to analyze the order in which firms go bankrupt within a given industry, and
the extent to which this order is influenced by aggregate economic factors
and firm-specific factors. In addition, we allow financially distressed firms to
decrease their debt through take-it-or-leave-it debt exchange offers made by
the equity holders to the bank. Our model therefore also allows for strategic
behavior between the stakeholders of a given firm. We analyze whether the
terms of the debt exchange (i.e., the size of the concessions made by the
bank) depend on the market structure in which the firm operates. We also
examine whether debt reorganizations can influence the order in which firms
foreclose and hence a firm’s prospects of survival. Answers to these ques-
tions may provide us with some understanding of why debt reorganizations
help some firms to survive while for other firms they are merely a delay of
execution.

We obtain the following main results. In the case of market exit, we find
that higher operating profits, lower debt repayments, larger incremental gains
from becoming a monopolist, and higher bankruptcy costs give a firm a com-
petitive advantage versus its competitors in the battle for survival. Moreover,
the extent to which these firm-specific determinants can be substituted for
one another depends on factors common to all firms, such as the interest
rate, profit growth, and profit volatility. Changes in the general economic
environment can therefore reverse the order in which firms are expected to
foreclose. Turning to market entry, we find that a follower’s need to borrow
money tends to delay its entry, whereas any financial vulnerability of the
incumbent firm tends to speed up entry. The latter finding supports those
articles which argue that leverage makes product-market competition softer.

The structure of the article is as follows. In Section 1, I develop a bench-
mark case by analyzing the valuation of a monopolistic firm which has an
option to leave the market if profits decline. In Section 2, I focus on the
duopoly case, and derive an equilibrium condition that allows us to deter-
mine the order in which firms foreclose when market conditions deteriorate.
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Section 3 extends the model to the oligopoly case. In Section 4, I allow
financially distressed firms to get debt relief through a one-off debt exchange
offer made by the equity holders to the bank. I analyze how the option to
reduce debt affects the firms’ exit strategies. Section 5 completes the model
by analyzing the decision of a firm to enter into a market that has one active
firm. We investigate how the timing of entry is influenced by the cost of
entry and by the incumbent’s and the entrant’s capital structure. We try to
shed some new light on whether increased leverage makes product-market
competition “tougher” or “softer.”” We conclude by examining whether the
youngest (entrant) or the oldest (incumbent) firm dies first whenever the
market declines.

. Firm Valuation in a Monopoly

In this section we model the foreclosure decision of a levered monopolist who
operates in a market with uncertain operating profits. The model is similar
to the one developed by Fries, Miller, and Perraudin (1997), Mella-Barral
(1999), and Mella-Barral and Perraudin (1997), among others, and it will
serve as a simple benchmark for our model of exit in a duopoly, developed
in Section 2.

Consider a firm that generates a net operating income of Ilx,, per period,
where IT is a strictly positive constant and x, follows a geometric Brownian
motion

dx, = ux,dt + ox,dB,, (1)

2
for constants u <r, o0 >0, u < &

s and a standard Brownian motion, B,.
The state variable x, represents the impact of aggregate economic factors on
operating profits, while IT is a firm-specific profit parameter that depends on
the firm’s efficiency and the market structure.

Next, suppose that the firm has entered into a debt contract under which
bondholders receive a perpetual flow of coupon payments, b, until the firm
goes bankrupt. Assume further that investors are risk neutral and that there
exists a risk-free asset yielding a constant interest rate, », at which investors
may borrow or lend freely. Under these conditions the value of the firm’s

equity and debt must satisfy, respectively, the following equations:

d |
rV[ = (H.Xt _b)+EEI‘/H—A|A:0’ (2)
d
rLo=bt Bl 3)

> The condition + < %- ensures that the expected time to hit the bankruptcy threshold, x, is finite. This implies,

for example, that in the deterministic case the profit growth rate needs to be negative.

769



The Review of Financial Studies /v 14 n 3 2001

Under the assumption that V, and L, are twice continuously differentiable
functions of x,, application of Ito’s lemma gives

2
/ G "
rV(x,) = (Ix, — b) + ux,V'(x,) + 7x,zv (x,),

2
o "
rL(x,) =b+ ux,L'(x,) + TX,ZL (x,). “4)

The solution for V and L can then be determined by imposing the relevant
boundary conditions. Some boundary conditions specify the value of the
equity and debt in case the firm goes bankrupt. A first value-matching con-
dition states that the equity has no value when the equity holders file for
bankruptcy, that is, V(x) = 0. Next, bankruptcy stops the flow of interest
repayments, but the bank receives instead X (x,), the residual value of the
firm in liquidation, and consequently the following value-matching condition
needs to be satisfied: L(x) = X (x). Finally, bankruptcy is triggered when the
equity holders do not wish to cover losses any longer. Indeed, since equity
holders could always inject capital to cover losses, the closure trigger, x,
is effectively their choice, and it will be set at the level which maximizes
the equity value. The optimal foreclosure point, x, satisfies the following
“smooth-pasting” condition: V'(x) = 0. By combining the above boundary
conditions and imposing the “no-bubble” condition, it is straightforward to
prove the following proposition.

Proposition 1. The nonstrategic value of the firm’s equity and debt are,
Ix, b
r

respectively,
b Ix x\"
IR
r—pu roor—pl\x

A

Vix,,b, 11, x) = {

where M is the negative root of the characteristic equation A(A — 1)0%/2 +

UA = r. Bankruptcy occurs the first time when x, falls below x = _(ff(;)}l’f 2,

The equations for the value of the equity and the debt have simple intuitive
interpretations. The equity price equals the discounted value of all future
operating profits, minus the discounted value of all future interest payments,
plus an option to foreclose the company. This latter option ensures that
the equity price remains positive, which reflects the limited liability of the
equity holders. The value of the risky debt equals the value of the risk-free
debt (i.e., the discounted value of a perpetual stream of interest payments),
minus a risk premium which reflects the fact that, when the company goes
bankrupt, all future coupon payments are canceled and the bank acquires the
liquidation value of the firm instead. The total firm value is then given by
W(x,,b,11,x) =V(x,,b,I1,x)+ L(x,, b, I, x).
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. Firm Valuation in a Duopoly

We now proceed to the more general case where there are two competing
firms in the market. In order to value both firms, we will have to address
the following three questions. First, which firm will leave the market first?
Second, when should the loser optimally leave the market, and when should
the monopolist follow suit? Third, what are the values of the losing and
winning firms? We solve these questions in reverse order. We first determine
the firm values when their exit strategies are exogenously given. Next, we
derive the optimal foreclosure times when the roles of the winner and the
loser are exogenously assigned. Third, we determine endogenously which
firm will leave the market first.

Let us first specify the conditions under which the firms are operating by
introducing the following assumptions.

Assumption 1. There are two firms in the market that each receive profits
after interest repayments of m,.x, — b, (k =i, j). If one of the firms leaves
the market (exit is irreversible), then the remaining firm receives per period
a total net monopoly profit of T1,x, — b, until it leaves the market, where
m, < I1,.

Assumption 2. If both firms decide to default at the same time, then each
firm either acquires the right to become a monopolist, with probability 1/2,
or else, has to leave the market.

Assumption 3. Both firms have complete information with respect to all
model parameters (including their opponent’s).

Assumption 1 states that firms are better off operating in a monopoly than in a
duopoly. Assumption 2 is merely a decision rule to resolve ties. Assumption 3
means that both agents know everything about themselves and each other.
Next, we introduce the following assumption about the exit strategy space of
the firms.

Assumption 4. Each firm is restricted to a single exit trigger strategy, such
that the firm stays in the market if the state variable x, is above this trigger,
and leaves the market if the state variable is below (or at) this trigger. At
the start of the game, the state variable is high enough to ensure that both
firms want to stay in the market.®

The above assumption greatly simplifies the analysis, as it rules out mixed
strategy equilibria or strategies where the firm can abandon the market in an
upward movement of the state variable. Our choice of single trigger strategies
can be justified within the context of this article on at least two grounds.

® This means more specifically that x, > max[x;,, x

X,;41, where x;, and x
as defined below.

X;, are the firms’ duopoly exit thresholds
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First, they are very simple strategies, requiring firms to have only a very
low level of rationality. Second, we also want to examine in this article
the impact of debt reorganization and market entry on firm foreclosure in
a duopoly. Extensions of this type would become intractable if we do not
restrict the analysis to simple exit strategies.

The value of each firm will depend on whether it ultimately ends up as
a monopolist or whether it forecloses first. In what follows, we denote the
firm in the former (latter) case as the “winner” (“loser”), and we use the
corresponding subscript “w” (“/”). Let us assume, for the moment, that firm
J leaves the market first at an exogenously given trigger x ;, while i follows
afterwards at x;, where by assumption x; < x;. Hence firm j receives the
duopoly profits 7 ;x, —b; per period until bankruptcy at x ;, at which point the
firm is liquidated. This corresponds exactly to the scenario in the previous
section, and the value of the firm is therefore similar to the one given in
Proposition 1, except for the fact that firm j’s bankruptcy trigger, x , still
needs to be determined.

Firm i receives the duopoly profits 7, x, —b; until the state variable x, drops
to x ;. From then onward, firm i receives the monopoly profits IT,x, —b; until
it leaves the market at x,. The proposition below gives the equity and debt
values for the winning and losing firm when the exit triggers are exogenously
given.

Proposition 2. If firm j is the duopoly firm that is expected to foreclose
first, then the value of its equity and debt are given by

le(xt» bj» njv-ﬁj) = V(-x;a bj, nj’ij)’
Lj[(-xp b]y n/,.l]) = L(x[’ b/’n]aéj) (7)

If firm i is the duopoly firm that is expected to foreclose last, then the value
of its equity and debt are given by

. b, I, —m)x;
= (2 - 8) [
r—por r—pu
b, Tl.x. x A\ »
GGG s
rr=p;\% X

Ix, b b, Ix;\/(x *
‘/iw(x[9b[1n[1£i9'£j) = __+ e — — fOr x[ <.£/,

r—u r ror—pu X;

b, x\ x\*
Lutbn g =21 (2) Jexa(2) . @

Firm j leaves the market first. This happens when the state variable falls to
x,. Firm i defaults afterwards when x, falls further to x; (with x; >x,). The
functions V and L are as defined in Proposition 1.
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Next, we derive the optimal trigger values for x; and x;, at which firms j and
i exit first and second, respectively, under the assumption that the roles of
the winner and the loser are exogenously assigned. The optimal value for x;
can be found be maximizing V,,, (x,, b;, 7;, x;, gj) with respect to x;, or equi-

valently, by applying the smooth-pasting condition: W li,=x, = 0.
Irrespective of whether x, is smaller or greater than x ;, this gives
—b,(r — 1)
= = ©

X, = =X .
=i (1 —)»)l'[,«r =im

Note that the trigger is time consistent (i.e., the trigger is optimal for x, > x ;,
as well as for x, < x;) and independent of firm j’s exit trigger. Further-
more, the winning firm leaves at the same time as it would do if it were a
monopolist. This should not come as a surprise, as firm i’s decision to leave
the market is made after its rival has left the market.

We will show below that if j has to leave the market first, it will do so
at the trigger which optimizes its duopoly equity value V. The intuitive
explanation is that, under complete information, there is no rational reason
for j to back out at a later point, given that it cannot beat its rival. Combining
the results above leads to the following proposition.

Proposition 3. If firm j leaves the market before i, then j leaves as soon
as the profit variable x, falls below its duopoly exit trigger

—Ab;(r — )
=" "7 10
S T o (10
while firm i leaves when x, falls below its monopoly exit trigger
—Ab.(r —
_ A — ) (1

X, = .
= =1 = 0

Finally, we need to determine which firm forecloses first in equilibrium. We
first determine the firms’ optimal reaction functions. The optimal reaction
function for firm i, for example, states whether, for a given exit threshold
of firm j, x;, firm i prefers either to leave first at x;, or else to outlive its
rival. The equity value of staying (V;,) is strictly increasing in the rival’s exit
trigger and is plotted in Figure 1 for decreasing values of x ;. The solid line
represents the equity value of firm i as a monopolist. The equity value when
leaving first at x,, (V;;) is represented by the double-dotted line and is zero
for x, < x,,. If i’s rival is expected to leave early (i.e., x; is high), then firm
i will find it worthwhile to postpone its foreclosure, if necessary, in order to
safeguard a more profitable monopoly position. If, on the other hand, firm j
is due to leave only in the very distant future (i.e., x; is low), then firm i
will prefer to leave first, as its equity holders will not wish to cover losses
for such a long time. Given that V;,, is monotonically increasing in x; and
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Figure 1

Firm i’s equity value under varying exit scenarios

The three U-shaped curves represent firm i’s equity value (V;,) in a duopoly as a function of the profit
variable (x,) for various levels of the rival’s exit trigger (x;). The double dotted line represents firm i’s equity
value (V;)) if it leaves the market before its rival, on the first occasion when the profit variable falls below
X,4- The solid line is firm i’s equity value as a monopolist. The reservation threshold (x;,) is the value of x;
for which firm i is indifferent between leaving first at x,, and waiting until the rival leaves. The parameter
values for this figure are © = 0.0, r =0.05,0 =0.2, b, =1, 7; =1, and IT; = 2.

since V,,, and V;; have the same polynomial form, then, using a continuity
argument, there must be a threshold, x’ i for which i is indifferent between

leaving first or becoming a monopolist at x’;, that is, 3x; such that

. _ ’
Vx, = X 0 V(g by 1y, X)) = Vi, (6, by 1, T, x,, X))

=im?’

with x,, >x', >x, (G, j=1,2;i#j). (12)

Substituting for V,; and V,, in Equation (12) and simplifying gives

,z[ (r = wh,

- _ _a = _
x_j (Hi _ ni)r(l _ k) ('&id Xim ):| =X;,. (13)

By construction, agent i is indifferent between leaving first at x;, or becoming
a monopolist at x;,. Hence x;, can be interpreted as firm i’s “reservation”
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threshold, as it gives a measure of how long agent i would be willing to
make losses and to hold out in order to become a monopolist.”

It is now straightforward to deduce firm i’s reaction function. First, for all x ;
greater than x, , it is optimal for firm i to stay in the market until firm j leaves.
This strategy is time consistent as it remains optimal when x, falls below x ;.
Indeed, Vx, < x,, : V,,,(x,, b;, m;, I1; xlm,xj) > V,y(x,, b, 7, x;,) = 0 (in
fact, Figure 1 shows that V;, increases when x, falls to x; as the probabil-
ity of i becoming a monopolist goes up). Next, Vx, < x; : V,,(xy, b;, 7,
l'[l,x_lm,_ ) < Vy(x,4, b;, m;, x;,,) = 0, and hence 1t is optlmal for ﬁrrn i to
leave at x,,. Finally, if X, =X, then, strictly speaking, firm i is indifferent
between leaving first at L or becoming, with probability one, a monopolist at
x,,. However, if x ; equals x, , then there is a tie in which case firm i becomes
a monopolist only with probability 1/2 (according to Assumption 2). Conse-
quently, firm i will strictly prefer to leave first. In summary, for a given exit
trigger x ; for firm j, firm i’s optimal response is as follows: if x; < x, , then
firm 7 strictly prefers to leave first at x,,, while if x; > x,, then firm / will
wait till firm j leaves first.

The reaction functions allow us to identify the Nash equilibria of the game.
We can consider three cases. In the first case, firm i “strictly dominates” firm
j. This means either that j’s monopoly tenure is too short to deter i from
staying (i.e., x;, < X ,m) or else firm i’s duopoly tenure is long enough to
deter firm j from staying in the market (i.e., x;;, < x ). In either case there
is a unique Nash equilibrium which involves j leaving first. Indeed, when
X, <x,,, then, even if j were to stay till x;,, it is still optimal for i to stay
il x,,- Hence, since x,, < x,, it is optimal for j to cut its losses and to
leave at x ;,. Similarly, if x,, < x,, then i is, at the earliest, going to leave
at x;,. Consequently j should leave first at x ;,. An analogous reasoning can
be made for the second case where firm j is strictly dominant and i leaves
first, that is, when x; < x; orif x;, <x, . In the third and intermediate
case, neither firm is strictly dominant, that is, X, =X, <Xy and x,, <
x;, < x;,;. In this case there are two Nash equilibria: j leaving first at its
duopoly threshold, and i staying, and vice versa. Indeed, if i could precommit
to stay till its monopoly threshold (x,,) is hit, then it is optimal for j to
leave first, while if j could precommit to stay till x,, , then the optimal
Nash response for i is to leave first. The two Nash equlllbrla may, however,
not be equally appealing as one of the equilibria may involve the “weaker”
firm forcing out the “stronger.” Moreover, if the stronger firm somehow fails
to leave immediately at its duopoly exit trigger, the weaker firm’s plan to
stay may no longer be optimal. We therefore refine the Nash equilibrium
concept by imposing the requirement of subgame perfection. This condition

"1t is important to note that x,, is not really a trigger as no agent necessarily acts at that point. Note also that
x,, is the value for x; for Wthh the value function V;, equals V;, and therefore smooth pastes to the zero

ir iw
Wi O by 7 T Xy qr)l =0

value line at x,,, that is, x,, is also the solution to pr r=xig =
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dictates that the equilibrium needs to be Nash in all possible subgames.
Using a modified version (see appendix) of the backward induction argument
used by Ghemawat and Nalebuff (1985), we show that only one of the two
Nash equilibria is subgame perfect. Similar to the deterministic exit game in
Ghemawat and Nalebuff (1985), we find that, for our stochastic exit game,
the subgame perfect equilibrium corresponds to the firm with the lowest
monopoly exit threshold leaving last.® We can summarize the above results
in the following proposition:

Proposition 4. If firm i strictly dominates firm j (i.e., x; < x,, or x;; <
X,,), then there is a unique Nash equilibrium whereby firm j leaves first. If
neither firm strictly dominates the other (i.e., x;, < x;, < x,;, and x;, <
X, < X;4), then there are two Nash equilibria: firm i (j) leaving first at
X,y (x;4) and firm j (i) leaving second. Only one of the two Nash equilibria
is subgame perfect, namely the equilibrium which involves the firm with the
highest monopoly exit threshold leaving first.

Combining the above cases, simplifying and expressing them in terms of the
underlying model parameters, one can characterize the unique equilibrium
described in the above proposition by the following decision rule:

Proposition 5. Firm j leaves the market first if and only if (x;; < x, ) or
(X < Xj, and x;, < x,,), or equivalently if?

b, =T\ M, 1 [/—A(I,—7)\™
I cmax| (22— ) min| =, — (—IT) (14)
b, —A(I; —7;) I, 7.\ n*—TII.

J J J i i

A

max [k, min[k,, k3]] = O (. 7;, 11, T ). 15)

Furthermore, since k, < ks, the three possible regimes for © arise as follows:

O =K =k Kk k3,0 =k, &= Kk <k, Zkyand O = k;
. b . . . . . b

Kk, < k3 < k,. Hence, if E < K, then i strictly dominates, while if b—; > K3,

then j strictly dominates. If k; < Z— < kj then neither firm strictly dominates.
J

From proposition 5 we can deduce that the order in which firms foreclose is
determined not only by differences in firm-specific factors such as operating
profits, debt levels, and the incremental gain of becoming a monopolist, but
(through A) also by economic factors which both firms have in common,
such as the interest rate, profit growth rate, and the profit volatility.

If the firms have the same monopoly exit trigger (i.e., x,,, = x,,) and neither firm strictly dominates, then
there are two subgame perfect equilibria, corresponding to one or the other firm leaving first. For clarity of
exposition, we do not consider this knife-edge case in the main body of the article. The interested reader is

referred to the appendix.
? The equivalence is not entirely exact as we do not account for the case where % = O. In this case the outcome
J
dependsiqn whlch ({onstraint is bipding: i vyins if x;,; =x,, j wins if X, =Xy and for iy = Xy thf:re are
two equilibria if neither agent strictly dominates. We leave these borderline cases out of the proposition for
clarity of exposition.
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Let us first concentrate on the firm-specific factors. It is clear that,
everything else being equal, the firm with the highest coupon level will
default first. In other words, the firm with the most financial resources sur-
vives, that is, survival of the “fattest.” In the case of the duopoly profit
parameters, one can prove that the three terms which make up ® are nonde-

. 30 (;,7;, 10,1 ;) 10 . . .
creasing in 7r; and therefore ——-——" > (." Hence increases in firm i’s
duopoly profits strengthen its positibn. This is in line with the conventional
wisdom that more efficient firms are more resistant to default, that is, sur-
vival of the “fittest.” The above two results are consistent with the empirical
finding of Zingales (1998) that the “fittest” and the “fattest” firms are most
likely to survive.

Next, there is the monopoly profit parameter. Note that [T, —; is a measure
for the incremental benefit of becoming a monopolist. One can again prove
that M > 0, which implies that as firm i’s benefit of becoming
a monopolist increases, it is prepared to hang on longer in the market, if
necessary. We could refer to this as the survival of the “greediest” firm.
Furthermore, limp _, o x;, = 0 = limp_,,x,,, and limy . x;, = x,,,
that is, when the second mover’s advantage becomes infinitely big (I1, — oc0)
then firm i will be willing to stay in the market forever, although when there
is no incremental gain (I1, — ;) strategic considerations no longer play a
role, and firm i will simply behave as if the other firm is not there and leave
at its nonstrategic trigger x,,,."

The following property is very useful to give us a feel for the overall
relative importance of the firm-specific factors.

Property 1. Va,b > 0:O(am;, br;,all;, bI1;) = %@(Tri, 7;, I, ).

Property 1 implies that the firm which enjoys a larger proportional increase
in its profits than its rival becomes stronger and more likely to survive. A
firm cannot, however, improve its relative position by increasing all its firm-
specific parameters—r;, I1;, and b,—by a constant factor. In other words:
firms which are identical up to a scale factor in their profit and coupon
parameters are equally strong.

Next, Figure 2 shows how the relative duopoly market share Z—f, and the
incremental benefit of becoming a monopolist (l;—l), determine ®. The plot
is constructed for the special (but plausible) case where the monopoly profits
are the same for both firms (IT; = I1; = IT), and hence «, = 1. The solid

"% Since 7r; < I;, it follows that k, > 0, and since &, is linear in 7;, it follows that :% > 0. Next :% =0, and
finally one can show that Z% >0& f(%’) = (%’)A — )\(1_17,‘) 4+ 1 —12>0.Since f(1) =0, f(+00) =+0o0

and Vy > 1: f'(y) > 0, it follows that 3% > 0.

"' An interesting example is, for instance, the case where we have a duopoly consisting of a very big (say 90%
market share) firm and a very small firm, and where, upon market exit, the remaining firm cannibalizes a
fraction of the defaulted firm’s market share. Our model predicts that strategic considerations are unlikely to
be important for the big firm, as the smaller firm is just “too small to matter.”
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Entry and exit regimes as a function of market shares

The figure plots the critical coupon ratio (®) and the corresponding long-run entry and exit regime as a
function of the firms’ relative market share and the incremental benefit of becoming a monopolist. The ©®
space is divided into three zones: ® > 1 (area to the left of the solid line), ® = 1 (area between the solid
and the dashed line), and ® < 1 (area to the right of the dashed line). In the first zone the “last-in-first-out”
regime prevails, in the second zone either regime could occur and in the third zone the “first-in-first-out”
regime dominates. The area above the dotted line represents the economically relevant profit combinations
where a monopolist performs better than two duopolists. The baseline parameter values for this figure are
n=-0.01,r=0.0250 =0.1, and 7; = 1.

line (k; = 1) and the dashed line (x; = 1) divide the ® space into three
zones. The first zone, ® = «; > 1, corresponds to the case where i has a
much larger market share than j, which allows firm i to win despite having
a relatively higher coupon than firm j. Moreover, if :— < Ky, then i not
only wins, but also strictly dominates j (since x,, < x ). In a second zone,
® = k, = 1, the market shares are somewhat more equally distributed, and
the firm with the lowest coupon (and hence lowest monopoly trigger) wins.
Of interest, in this zone, a slightly larger monopoly tenure (through a lower
debt coupon) is sufficient to offset a relatively large disadvantage in terms of
duopoly market share. For example, for nﬂ = 3, and for any relative market
share (%) lying between 0.36 and 1.7, the firm with the lowest coupon
wins. This rather strong result is similar to the one described in Ghemawat
and Nalebuff (1985). They show that the firm with the longer monopoly
tenure (i.e., lower monopoly trigger) has a substantial competitive advantage
that can only be offset if it has a disproportionately shorter duopoly tenure
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The critical coupon ratio (®) as a function of firm i’s duopoly profit parameter (r;)

The critical coupon ratio (®) is plotted as a function of firm i’s duopoly profit parameter for varying values
of firm j’s monopoly profits, that is, IT; = 2 (solid line), 3 (dashed line), and 4 (dotted line). The parameter
values for this figure are 4 = —0.01, r = 0.025, 0 = 0.1, 7; = 1.5, and I1; = 4.

than its rival.'> Note that as the incremental monopoly benefit (%) increases,
larger discrepancies in the market shares are allowed without affecting the
outcome. The reason is that both firms have an increasing incentive to hang
on longer, making strict dominance only possible through larger market share
or coupon asymmetry. Finally, in a third zone, ® = «k; < 1, firm i has a
substantially smaller market share. It can only win by having a substantially
smaller coupon (i.e., Z—j < k3 < 1), and it will otherwise be strictly dominated
by firm j. We will come back to this figure at the end of this article, when
we discuss entry and exit regimes.

Figure 3 gives us some insight into the relative importance of individual
firm-specific factors by plotting out the critical coupon ratio (®) as a function
of the duopoly profit parameter (rr;) for varying values of IT;. As previously
mentioned, ® is nondecreasing in 7, that is, as 7; increases, firm i is able to
survive longest for increasing coupon ratios. The curve also clearly illustrates

Note that this result depends crucially on the assumption that equity holders have no capital constraints.
Under this assumption, since firms are forward looking (sunk losses are irrelevant), the firm with the longest
monopoly tenure has the longer “breath” and can credibly justify incurring losses longer. The firm with the
higher monopoly threshold knows that its rival has an incentive to hold out longer and therefore finds it
optimal to back out. If, however, there were to be a constraint on the amount of cash equity holders can inject
then results may change quite dramatically. We leave this as an interesting topic for future research.
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the previously discussed three regimes (|, k,, and k) which determine ®.
For low values of 7;, © equals 3, and hence firm i wins if it is not strictly
dominated by j. Next, there is a constant region, ® = «,,"* where the firm
with the lowest monopoly trigger wins. Note again that the outcome remains
unaffected for large variations in ;. Finally, for high values of ;, ® equals
;" and firm i strictly dominates firm j if —' < 0.

We now proceed to the impact on busmess failure of economic factors
which both firms have in common, that is, o, r, and u. Analytical solutions
are unfortunately not always available, as «, and k; are quite complicated
functions of A, but extensive numerical simulations indicate the following:
BK‘ O%>Oaﬁ>0 3%<0 B—Kr‘>0 anda':j<O'6Allder1vat1vesof
IC2 with respect to u, o, and r are trivially equal to zero. A first conclusion
is that common economic factors can affect the order in which firms default,
provided the firms are sufficiently different from one another. When firms
are, however, rather similar (i.e., situated in regime «, where neither firm
can strictly dominate), then economic shocks will affect those firms in the
same way and not influence the order of exit. When firms are, however,
sufficiently different, then volatility increases are to the relative advantage of
the firm with the lower profit and higher coupon parameters, while increases
in the profit growth and interest rates are to the relative advantage of the firm
having the higher profit and lower coupon parameters.

Finally, we examine the impact of the incremental benefit of becoming a
monopolist on the value of the equity. One can show that

vV, _ |: Xjq n Ab; <)_C]d>k:| (L)k
oIl r—p  ILr(1 —A)\x,, X

>0 < x;,>x,, (16)

Hence firm i’s equity value increases with its monopoly profits, but the
increase is weighted by the discount factor, (;—;)A, to account for the time it
will take for firm j to leave the market This is also reflected in the following
relative pricing measure, RP(x,) = - i (1) XV)” &) g aR;; @), i ’;f;"“ >0
and lim, _, ,, RP(x,) = 0, which means that the strategic issues discussed
in this article start playing less of a role as the likelihood of firms defaulting

becomes smaller.

'3 Indeed, it follows from x; < i, lim,, o4, =0 and lim,_ox; = 0 that &, < k3 <k, and hence that © = k3
for low ;.

aicy

14 Since >0, d'(z =0, and «; < k3, it follows that, as &; increases starting from 0, at some point we will
i i

obtain a snuauon where «x; < k, < k3 and hence © = .
'3 For high ;, we get k, < k; < & and hence © = ;.

'® From Proposition 5 we know that «, and «;, respectively, correspond to the constraints Xy <x;, andx;, <x,
Hence, the derivatives of «, and «; are really determined by the relative sensitivities of the reservatlon and

duopoly thresholds with respect to o, w, and r.
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In conclusion, we have shown that the surviving firm is the one with the
highest operating profits (“fittest”), lowest debt repayments (“fattest”), and
the highest incremental benefit of becoming a monopolist (“greediest”). It is,
however, more important to be “fat and greedy” than to be “fit,” as there is
a substantial advantage to the firm which has the longest monopoly tenure.

. Firm Valuation in an Oligopoly

By applying Proposition 5 iteratively, it is straightforward to extend the model
to the case where there are more than n firms in the market. In order to find
out which firm will leave first, we can adopt the following algorithm. Take
any two firms and (assuming we know the profit parameter for each firm
after its competitor has left) apply Proposition 5. Remove the winning firm
from the list (as this firm is no longer a candidate for leaving first). After
repeating this procedure n — 1 times, only the weakest firm remains and we
have singled out the firm which is first to leave the market. One can then
iteratively apply the previous algorithm to markets of decreasing size and,
by doing so, completely determine the order in which firms are to leave the
market.

. Leverage Reductions Through Debt Exchange Offers

Thus far we have assumed that when firms get into financial distress, they
cannot get relief through a reduction in their interest repayments.'” Franks
and Torous (1994), comparing financial recontracting in distressed exchanges
and Chapter 11 reorganizations, find that distressed firms often manage to
renegotiate their debt obligations. In particular, in the case of informal work-
outs, the majority of payments to bank debt are in the form of new bank
debt involving either an extension of maturity or a reduction of interest or
principal. They argue that creditors are willing to write down their claims in
exchange for equity holders relinquishing the option to delay repayment of
the creditors’ claims. The option to delay may take the form of threatening to
enter Chapter 11 or, once in Chapter 11, delaying the firm’s formal reorga-
nization. It is the costly nature of any formal reorganization which explains
the huge bargaining power equity holders have in informal workouts.

The formal modeling of debt reorganizations has received extensive and
thorough attention in recent articles by Hart and Moore (1989), Gertner and
Scharfstein (1991) and Mella-Barral (1995, 1999), among others. In this arti-
cle, we restrict debt relief to one particular type of out-of-court reorgani-
zation, namely debt exchange offers. In a debt exchange, bondholders swap
their old debt contract for a new one with a reduced coupon repayment. Debt
exchanges have a double effect on the value of the debt. On the one hand,

' Note that since there are no taxes, there is no incentive for firms to increase their leverage over time.
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the value of all future coupon repayments, if the firm fully recovers, will be
lower. On the other hand, the coupon reduction will increase the chances of
the firm recovering. If the latter effect dominates, a debt exchange increases
the market value of the debt and bondholders have an incentive to accept the
debt exchange offer.

We use a simplified version of a debt exchange model developed by
Mella-Barral (1995). He examines the polar cases where debt is either held
by a single bank (private debt) or by many bondholders (public debt) and
finds that under the often criticized exit-consent provision, optimal public
debt exchange offers are ex ante the most efficient. The scope of this section
is much narrower: we illustrate the flexibility of our model by integrating
debt exchanges into our duopoly framework. In addition, assuming that all
debt is held by a bank, we investigate how competition across distressed
firms affects the outcome of debt exchange offers, and also how those debt
reorganizations in turn affect firm exit in a duopoly. We leave efficiency and
bankruptcy law implications as an interesting topic for future research.

In the remainder of this section we first present a simplified version of the
Mella-Barral (1995) debt exchange model for a monopolistic firm. We then
extend the model to allow for debt exchanges within a duopoly and show
how, under close competition, equity holders can get larger debt reductions
in the presence of a rival firm. In particular, we show how a firm with high
bankruptcy costs can, through a debt exchange, acquire a relative competitive
advantage over its competitor with lower bankruptcy costs, and thereby influ-
ence the order in which firms are expected to foreclose. Finally, we consider
some comparative statics.

4.1 Debt exchange offer in a monopoly

In order to model the debt exchange offer, we need to make an assumption
about the form of the renegotiation process and the distribution of the bargain-
ing power across the stakeholders of the firm. Legal evidence [see Warfield
(1994, p. 173] indicates that, at least in the initial stages of reorganizations,
debtors control the renegotiation and sometimes even have exclusive rights to
submit proposals. Empirical evidence on workouts also stresses the bargain-
ing power of equity holders. Therefore, in line with Hart and Moore (1989),
Aghion and Bolton (1992), and Mella-Barral (1995), among others, it is not
unreasonable to assume that the owner manager has all the bargaining power
in the renegotiation which takes the form of a take-it-or-leave-it debt exchange
offer.'® In particular:

Assumption 5. Debt reorganization happens through a one-off take-it-or-
leave-it debt exchange offer made by the owner manager.

'8 Note that reducing the bargaining power would decrease the debtor’s share in the surplus arising from
the debt exchange, but it would not change the qualitative nature of our results. See Fan and Sundaresan
(1997) for a model where bargaining power is split between both parties.
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We do not allow for multiple debt exchange offers in order to keep the
extension tractable and concise. Moreover, one could argue that multiple
reorganizations are costly and may be unacceptable to the bank.

A first issue to be addressed is the timing of the debt exchange. Intuitively
one would expect that if the debt exchange takes place at an early stage
when the firm is not (or only a little) financially distressed, then no or only
a very small concession can be obtained from the bank. By delaying till the
company is more acutely distressed, the owner will be able to obtain bigger
concessions but the cash flows will have to be discounted at a higher discount
rate, as they come at a later point in time. Below we will prove that for a
monopolistic firm the incentive to keep delaying the debt exchange offer is
always dominating. Mella-Barral (1995), however, argues persuasively that,
in practice, once profits drop below the firm’s liquidation point, equity hold-
ers may become unwilling to inject cash any longer, especially if they feel
uncertain about the outcome of the exchange offer beyond that point. This
idea is captured in the following assumption:

Assumption 6. The owner manager fears that workouts proposed in the
future could be unsuccessful and is therefore unwilling to postpone debt
exchange offers beyond the point where direct liquidation of the firm becomes
optimal.

We can now derive the value of the equity and the debt when the firm has
a debt exchange option available. In general, a debt exchange will occur
when the profit state variable x, falls below some level x,, and consists of
the existing debt contract being swapped for a new one with a coupon b*
which is lower than the original coupon b. For a given pair (x,, b*) it is
straightforward to derive the value of the equity and the debt prior to and
after the debt exchange.

Proposition 6. At the first occasion when the profit variable falls below
a level x,, the old debt contract with coupon b is exchanged for a new
contract with reduced coupon b*. The value of the equity and the debt prior
to reorganization are then respectively given by

Ve(x,, x,, b, 0", I, x(b*, H))
Ix b Ix

b A
e o (2% ).
r—u r r—u r &

L,(x,, x,,b,b* 1, x(b*, IT))
b * * b xt g
=—+|L(x,, 0" TLx(" D) — - | =), (17)
r r )_Ce

where the values of the equity and the debt right after the debt exchange are
respectively given by V (x,, b*, I1, x(b*, I1)) and L(x,, b*, I, x(b*, I1)) and
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where x(b*, 1) = 7(11}’7*;;;1_’[‘) is the point at which the company is ultimately
liquidated.

Next, we need to determine the optimal timing of the debt exchange and
the corresponding coupon on the new debt contract. Assuming that debt
exchanges happen through ‘“take-it-or-leave-it” offers made by the owner,
she will choose (x,, b*), the timing and the size of the exchange offer, in
such a way that her equity value is maximized. In doing so, she is, however,
constrained by the fact that the offer should be acceptable to the bank, that
is, the value of the new debt contract should be no less than the value of
the old debt contract. Given that the exchange offer happens within a non-
cooperative setting where the owner has all power, she will extract all of the
surplus and make an offer which makes the bank indifferent between accept-
ing or rejecting the offer. This means that (x,, b*) must satisfy the constraint
L(x,, b* II,x(b*, 1)) = L(x,,b,II, x(b, IT)), where the left-hand side of
the constraint denotes the value of the debt after a successful debt exchange,
and the right-hand side represents the value after the offer has been turned
down. The owner’s constrained optimization problem can then be written as

max, - V,(x, x,, b, b*, T, x(b*, T))

tb* X(x(b* 11 - o A

s..7+|: (5( ’ ))_7i|<m)
b Tetes x ) 18
_;+[ (x, ”‘?}()_c(b,ﬂ))‘ ()

Rearranging the constraint, it is possible to solve for x, in terms of b* and one
can show that g% > 0. In particular, as x, — oo then b* — b. The reason is
that when exchange offers are made at very high profit levels, the probability
of the firm defaulting in future is almost zero, and the bank will not be
motivated to make any significant reduction in interest repayments. On the
other hand, as x, falls, the probability of default starts going up dramatically.
While coupon reductions for distressed firms lower the discounted value of
future interest repayments, should the firm fully recover, they also lower the
probability of the firm defaulting. The owner will set »* in such a way that
both effects exactly offset one another, so that the new debt contract has the
same value as the old one.

Thus far we have not made any explicit assumptions about the functional
form of the firm’s liquidation value, X (x,). When the owner defaults on
her debt repayments, the bank acquires what is left of the company after

bankruptcy. The following assumption of proportional bankruptcy costs
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allows us to obtain simple analytical solutions:

Assumption 7. The residual value of the firm following bankruptcy , X (x,),
equals a fraction « of the unlevered firm value, that is,

I1
X(x,) = % where 0 < a < 1. (19)

The simplest way to solve the owner’s optimization problem [Equation (18)]
is by substituting the constraint into the objective function, hereby eliminating
the variable, x,. Optimizing with respect to b*, we find that the equity value
is decreasing in b* and is maximized for the lowest possible value of b*.
Since gi > 0, it is therefore optimal to delay reorganization as long as
possible, which means that Assumption 6 is binding, and that reorganization
takes place when the owner wishes to foreclose. This leads to the following

proposition:

Proposition 7. A firm which faces no competition has an incentive to
postpone the debt exchange offer as long as possible. Under Assumptions 5,
6, and 7 this means that the debt exchange happens when the firm would
find it optimal to default, that is, at x(b, I1). The corresponding coupon after
restructuring, b*, as a fraction of the original coupon, b, is the solution to

! ar '\ b ar 0 20
(+1—k><b> +o 5 0. (20)
We can conclude that the write-down in interest repayments is determined not
only by the profit level (x,) at which the debt exchange takes place, but also
by the recovery rate (o) and the parameter A which in its turn is a function
of the interest rate, the growth rate, and volatility of operating profits. This is
consistent with the findings of Franks and Torous (1994), which showed that
the cross-sectional variation in write-downs was explained by the detrimental
effect of asset sales on firm value and by the firm’s deteriorating operating
performance. It may appear somewhat paradoxical that the firms with the
lowest recovery rates (e.g., least tangible assets) get the largest debt relief
and are therefore least likely to go bankrupt after the debt exchange offer.
We will return to this issue when we present a more detailed analysis of the
determinants of %* in Section 4.3.

4.2 Debt exchange offer in a duopoly

Contrary to the monopoly case, a debt exchange in a duopoly can potentially
improve the competitive position of a firm in the market, and reverse the
order in which it is expected to leave. If this is the case, then the debt
exchange causes the firm’s default probability to decrease and the quality
of its debt to improve. We will show that, for this reason, the bank will be
prepared to make a bigger percentage coupon write-down than it would do
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for a monopolist or, for that matter, a duopoly firm which does not improve
its competitive position through a debt exchange.

Let us consider in a systematic way the various possible outcomes. In
general, we can distinguish three cases. The first (second) case is the one
where the duopoly firm i is so weak (strong), compared to its rival, that
it will leave the market first (second), whether or not it goes through a
reorganization. This case resembles closely the monopolist’s (nonstrategic)
debt exchange offer (see previous section), and one can show again that
the firm will want to delay the debt exchange as long as possible, that
is, until x(b;, 7;) (x(b;, I1,)) when the firm would otherwise be liquidated.
Analogous to the monopoly case, the coupon after reorganization, b*;, is the
solution to L(x(b;, m;), b*;, m;, x(b*;, m;)) = Lx(b;, ), b;, m;, x(b;, 7;))
(L(x(b;, 1)), b*;, T, x (%, 1)) = L(x(b;, I1,), b;, T1;, x(b;, 11;))) and is
the same as in the monopoly case, due to its independence of the profit scale
parameter (see Proposition 7).

In the third case, the competitors are of more comparable strength: firm i
leaves the market second if it is granted debt relief, whereas it leaves first if
the debt exchange offer is turned down. Hence a debt exchange can make a
crucial difference to the future competitive position of the firm, and conse-
quently also to the future quality of its debt. Intuitively one can predict that
in such cases the bank will be willing to make larger proportional reductions
in the coupon than in the two previous cases. The size of the new coupon, l;,-
(we use a different notation to differentiate from the above b*;), will depend
again on the timing of the exchange, that is, l;i (x;,) (with again % > 0)
and is the solution to L(x,,, b;, I, x(b,, 11,)) = L(x,,,b;,7;, x(b;, 7))
Analogous to the monopoly case, the incentive to delay the debt exchange
still exists. However, contrary to the monopoly case, the equity holder may
now prefer to make the debt exchange offer before the liquidation point [i.e.,
before x(b;, ;)], and this for strategic reasons which we will explain below.
Under the best-case scenario, however, the firm will be able to reorganize
when it would otherwise foreclose, and it will then obtain the lowest possible
coupon 13i (x(b;, m)) = éi. The results can be summarized in the following
proposition:

Proposition 8. When a firm i faces competition, the size of its coupon
reduction depends on whether or not the debt exchange will improve the com-
petitive position of the firm. If the order in which the firm leaves the market
does not depend on the occurrence of a debt exchange, then the coupon b*;
after the debt exchange is the solution to

- a; b*, l_x+b*i+ a; _0 21
1—-x/)\ b, b,  1—x

1 1

If, however, acceptance of the debt exchange offer means that the firm could
leave second, while otherwise it would have had to leave first, then it can
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get a larger percentage coupon write-down. The value of the new coupon,
B,-, depends on the timing of the debt exchange, but the lower bound for it
is realized if the debt exchange offer can be made at the firm’s nonstrategic
liquidation point. This lower bound is defined as é,. = l;i (x(b;, ;) and is
the solution to

ar \(TL\ (b b ax
— 1 ; — = = L =0. 22
( +1_)‘)<”i> (bi> +bi+1_)‘ 22

A ~

One can show that b*; > b; > b,.

The proposition indicates that the bank has an incentive to make a bigger
repayment concession if this leads to an improvement in the strategic position
of the firm within the market [as reflected in Equation (22) by =L, the ratio of
the monopoly profits to the duopoly profits]. Bankruptcy costs agam play an
important role in determining the terms of the debt exchange. In particular,
higher bankruptcy costs lead ex post to larger coupon reductions. In summary,
according to our model, banks are prepared to make bigger concessions to
firms which are too costly to liquidate, and to firms for which debt relief
guarantees a better future profit performance.

The above proposition also implies that the availability to each firm of a
one-off debt exchange offer can influence the order in which firms abandon
the market. The intuition for this is that, while previously only the equity
holders were determining the companies’ survival, now the bondholders will
also play a role. In particular, when a firm’s owner gets tired of injecting
cash, the bank has the power to keep the firm going by reducing the coupon
repayments. Survival within a duopoly therefore also depends on how low
each firm’s bank is prepared to set the coupon repayments. From the pre-
vious proposition we know that the bank would be willing to reduce its
coupon down to éi if necessary to secure the firm’s victory. Consequently
it follows from the exit decision rule [:—} < (>)©] that asymmetric reduc-
tions in firms’ coupons can reverse the order in which firms are expected to
leave. In particular, given that banks have strong incentives to rescue firms
with high bankruptcy costs or with high incremental benefits of becoming a
monopolist (see Section 4.3 for detailed comparative statics), it follows from
the above proposition that these firms are at a comparative advantage in times
of distress. Combining this with our previous findings, we can conclude that
there will be survival of the fittest (i.e., highest m;, I1;), the fattest (lowest

b,), the greediest (hlghest —) and the least tangible (lowest ;) firms.

The final issue to be addressed is the optimal timing of the debt exchange
offer within a duopoly framework. While for the monopolist it is optimal to
delay the debt exchange as long as possible, this is not necessarily the case
for the stronger duopolist whose debt derives value from the expectation that
it will become a monopolist. By refusing to inject capital any longer and by
making an early debt exchange offer, the owner can, under certain conditions,
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put the future monopoly growth option of the company at stake and hereby
cause the debt value to degrade in a way similar to bankruptcy costs. If the
loss in debt value is big enough, the bank will have an incentive to restore
the firm’s original competitive position by accepting the coupon reduction
proposed by the owner. The owner’s power to extract concessions from the
bondholder diminishes, therefore, after its competitor has left the market or
gets into financial distress. This can induce the stronger firm to strategically
propose a debt exchange offer just before the competing firm defaults or
reorganizes.'” A detailed treatment of the timing of debt exchange offers in
a duopoly is, however, beyond the scope of this article.

4.3 Comparative statics

In this section we study the determinants of the ratio of the coupon after
reorganization to the coupon before reorganization. We know already that
this ratio varies from % down to %— In what follows, we restrict the analysis
to the lower bound, as the upper bound is merely a special case of the lower
bound where I1; equals ;. Totally differentiating Equation (22) with respect
to the recovery rate «;, and using the result that (géf.@n,»))k < liklﬂx[k (see
appendix), one finds that (aii /aai) > 0, that is, lower recovery rates lead to
larger coupon write-downs. In the limiting case where recovery rates are zero,
the bank is indifferent between liquidating the firm and relieving it from all
future repayments, that is, lim,__, ii =0.

Analogously, one can show that (a%/a%) > 0. This means that if a firm
can acquire a future monopoly position thanks to a restructuring, then bond-
holders will be willing to make bigger concessions as the incremental profit
from becoming a monopolist increases. Hence the future reward of becoming
a monopolist not only makes equity holders stay in the market, but also
encourages bondholders to make bigger sacrifices as long as these result in

improved profit prospects for the firm. One can easily show that lim g % =

P X (x(;, ) = _]f‘; This reflects the choice bondholders face: either

the firm will be foreclosed, in which case they receive the scrap value
X;(x(b;, 7;)), or they can accept the debt exchange and get risk-free debt

for the same value % The debt has become (quasi) risk free in the latter case
as monopoly profits are so high that the firm is unlikely ever to default as

a monopolist. These results are illustrated in Figure 4 (A) which plots the
coupon write-down, %, as a function of bankruptcy costs for three different
levels of incremental monopoly gains: 17;[— equals 1, 1.2, and 1.5. For a plau-

! A firm may find it advantageous to make a debt exchange offer right before its opponent leaves the market or
reorganizes, thereby forcing the bank to make bigger coupon concessions than it would make after the rival
has left the market. Indeed, by spending her debt exchange option prematurely, the owner is putting her firm
on the brink of defeat and confronts the bank with the choice between turning down the firm’s offer, in which
case the firm loses, or making a debt concession (which ex ante was not necessary for survival) and thereby
ensuring that the company will become a monopolist.

788



Impact of Debt Financing on Entry and Exit in a Duopoly

A B
(=] '}
B B <&
5 -l J 2 N
o =12 ) I
° =15 V4 S,
E + B B
i e N
o - = L~
5 e 58 S
~ e ~ 3 . ~w
c ™ S ~
o o o -
g P ; Sk~
o e s w|— nN/n =1 T -
°3 /,:"' So|l-= nym =2 | [Tl
z A R n/m =15 T
“s EAE) i — —— o)
© 0.1 0.2 0.3 04 05 06 07 08 09 1.0 o 004 0.12 Q.20 0.28 0.36
o (Recovery rate in liquidation) o (Profit volatility)
C D
: — o[
N O~
e~ So|l— n/m =1
3o 2 L= m= 2 -
E FH— N/7m =1 s ol n/m =15 _ -
gl == n/m =12 - =) S =t R I RS Sl
foild o BEUE n/m =15 o R T
=S T C o PP A R wer
= - o LY LT e
~ -~ N
c - c o P
S - S ,
4 ©w P a £
El g
=] S =
S
I e I 5
o b e @
Z 0f e Zz o
< ~
(=1 -0.04 -002 0.00 0.02 0.04 0.06 [} 0.02 0.06 0.10 .14 0.18
w (Profit growth rate) r {Interest rate)
Figure 4

Sensitivity analysis of the coupon write-down

The plot shows the impact of changes in, respectively, (A) the recovery rate, (B) profit volatility, (C) profit
growth rate, and (D) interest rate on the coupon write-down resulting from a debt exchange offer. The ratio
of the new contractual coupon to the original coupon is plotted for various degrees of the incremental benefit
of becoming a monopolist, that is, % =1 (solid line), 1.2 (dashed line), and 1.5 (dotted line). The parameter
values for this figure are u = 0.0, r=0.05 0 =02, and a; = 0.85.

sible level of total bankruptcy costs (say 20%) this corresponds to coupon
writedowns of 32%, 42%, and 49%, respectively.*

The sensitivities of % with respect to u, o, and r are only investigated
numerically, as the derivative of the coupon ratio with respect to A (although
closed form) is rather intractable. Figure 4B shows that the size of the coupon
write-down increases with business risk. The reason is that increased volatil-
ity pushes up (through 1) the default probability. Figures 4C and D show
that the opposite effect occurs for higher growth and interest rates.

Debt Financing and Firm Entry

In this section we extend our duopoly model to investigate the impact of
debt financing on firm entry into a market where a levered monopolist is
active. Upon entry of the follower, the situation reverts to the duopoly exit
game (see Sections 2 and 4). If, after entry, market conditions sufficiently

For comparison, Franks and Torous (1994) found percentage write-downs for bank debt of 13.4% and
13.6% for distressed exchanges and Chapter 11 reorganizations, respectively. For senior debt the percentages
were 21.5% and 53.0%, respectively.
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deteriorate, then two scenarios are possible: the leader forecloses first, and
the follower leaves second, that is, first in first out (FIFO), or alternatively,
the follower abandons first, while the leader leaves second, that is, last in
first out (LIFO). Note that the first scenario also includes the special case
whereby entry by the follower induces immediate exit by the leader. We will
discuss this case in detail below.

We assume that the duopoly profits for the leader and the follower are
given by 7, and m,, respectively, while the monopoly profits for both firms
are, for simplicity, assumed to be the same, that is, I1, = I1, = II. Upon
entry, the follower pays a nondepreciable sunk cost (K ), and enters into
a perpetual debt contract with coupon b. The coupon of the monopolist is
denoted by b, . In line with recent corporate finance articles [Hart and Moore
(1989) and Aghion and Bolton (1992) among others], debt can be justified on
the basis that firms are not wealthy enough to finance their entire activities
themselves, and require external financing.?' Finally, in order to keep the
notation and exposition simple, note that we do not consider, in this section,
debt reductions after entry. The effect of debt reorganization was already
analyzed in the previous section and one could incorporate the results here
as well, if necessary.

The aim of this section is to address the following questions. When does
the follower enter the market, and how is entry influenced by the cost of
entry and the way the leader and the follower are financed? And, which exit
regime is likely to prevail (LIFO or FIFO) if, through entry and exit, the
market structure can keep alternating between a duopoly and a monopoly?

For given values of the firms’ profit and coupon parameters, we can (using
Proposition 5) determine whether the follower is going to leave first or
second. It is then straightforward to derive the value for the follower’s option
to enter under the LIFO or FIFO regime.?

Proposition 9. The value of the follower’s option to enter the market under
the LIFO regime is given by

OWgi(x,,Xp)
:(T[F)EFI_’_(O[_I)nF)_C(bF’nF)( X )A—KF> <_x_r>ﬂ (23)
r—up r—up X(bp,7p) Xpp

2! Alternatively, the traditional trade-off theory of capital structure argues that the optimal debt-equity mix strikes
a balance between the tax deductibility of interest payments and the cost of financial distress. In this article I
assume that there are no taxes in order to keep the entry and exit model as transparent as possible.

22 We assume for analytical convenience that the incumbent cannot leave the market before entry has happened.
In a previous version I relaxed this assumption by allowing the market to die before entry could take place,
which has the implication that the incumbent’s exit threshold before entry is higher than its monopoly exit
threshold when entry is no longer possible. The reason is that the threat of entry lowers the expected profits
of the incumbent which makes it less attractive to hang on when profits are low. We found, however, that in
economic terms the effect is of second order when the entry threshold and the incumbent’s exit threshold are
not too close. Hence we ignore this case for simplicity as it complicates the solutions substantially without
adding much additional insight.
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The optimal entry trigger, Xy, is the solution to w:& Further-

X Fk
o3 o3 o5 pE
more, one can show that 7 >0, SH =0, 3);” >0 and 3;” =0.

The value of the follower’ s opnon to enter the market under the FIFO regime
is given by

Ix —Dx(b,, 1 5 * P
OWpy (X, Xpy) = Tru @ DIxGrID (e —Kr s
r—pn r—p '&(bF’H) Xpw

if Xpy <Xy
= ﬂ]:w(xtvfﬂu)

nF)EFw_i_(a—l)Hg(bF,H) o\
r—u r—u x(bp,TI)

+(H_”F)£(bLs7TL)< X )A—KF> (f_r)ﬁ
r—p x(by,7p) Xrw

if Xpy>Xp

=O0Wg,(x,,Xp,) (24)

OWFw('xt’)sz) = (

The entry strategy, X, depends on the cost of entry, K  and the incumbent’s
foreclosure trigger, x,,=x(b;,m;):
if Kp <K then Xp, <x,, and Xy, is the solution to
if K<Kp<K then Xpy=2X,, and
if K <K, then %, > x,, and Xy, is the solution to

00Wp, O Xpy) 0
0XFy -

QOW oy (X Xpy) _ 0
8iFw -

where K and K are the solution to respectively

(o — 1)n BK TI(1-B)
- — —ﬂ)(

+—=4+——=0 (25)
(@I (—ﬁ)(
r —

(va H) ) X r—p
,B_K_{_rr(l M)+ -p)

If K. <K then entry induces immediate exit of the incumbent. One can show

that

'x(bF’n)> X1 r—u
If Xp, <x, then $Ee >0, 2w <0, 8w 5. 0 gpd e =0,

=0. (26)

K p " by Vx 1
= _ OXpy dxpu dxpw OXpy
If Xp,=x,, then K, =0, =0, e =0 and ¥w>0
= Xy dx” axm OXpy
If Xp, >x,, then ok >0, <0, T >0 and d£Lw<0

Let us first concentrate on the LIFO case. As would be expected, higher costs
of entry slow market entry. Entry is further delayed if the firm has to rely
on debt financing (i.e., % > 0). The reason is that the value of the firm
is a decreasing function of leverage since there are bankruptcy costs but no
taxes in our model. Totally differentiating the first-order condition for X,

with respect to «, one can show that higher recovery rates (or equivalently,
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BXF,

lower bankruptcy costs) speed up entry (i.e., < 0). From the real options
literature [see for instance Dixit and Pmdyck (1994) for proofs], it is well
known that more uncertainty, higher interest rates, and higher entry costs
delay entry (i.e., Ba%f‘ > 0, Bg—)‘” > 0 and g;—i > 0). Finally, as the follower
cannot win, his entry decision is not influenced by potential monopoly profits
(.e., ajr’l’ = 0), nor by the incumbent’s foreclosure time (i.e., ;j” =0).

Moving on to the FIFO case, the main difference now is that the entrant
will experience an increase in profits if the incumbent leaves. A direct con-
sequence of this is that the entry threshold (which partially incorporates
these potential monopoly profits) is reduced. Moreover, the probability of
the incumbent defaulting goes up at an increasing rate as the time to entry
decreases. In the limit, for x,, < x,,, entry leads to immediate crowding
out of the incumbent. Since the expected duration of the duopoly period is
increasing in the entry threshold, the follower has an additional incentive
to enter sooner rather than later. The combined effect can lead to situations
where the entrant invests earlier than if it were to get monopoly profits from
the start (see below).

The proposition shows how the entry strategy depends on the cost of entry.
If the cost is low (K < K), entry happens at such low profit levels that the
incumbent is not able to survive the competition and is crowded out. Entrants
with a cost ranging from K to K all enter at the same time, that is, the first
time when x,, is hit, and drive out the incumbent immediately as well. The
underlying intuition for this result is that the entrant prefers to eliminate the
incumbent rather than fully exploiting its option value of waiting to invest,
because the latter would increase the prospect of competition.”® This leads to
the surprising result that the entrant invests earlier than if it were to receive
monopoly profits from the start and that the incumbent defaults when profits
are actually rising.>* For costs of entry above K, it is no longer feasible for
the entrant to crowd out the incumbent immediately, and we get a situation
where both firms share the market. The time to entry is strictly increasing
with K. Moreover, the incentive to speed up entry becomes weaker as the
probability of the monopolist ever leaving, ("_F‘;) decreases. In the limit,
as K, — oo, the entry threshold under the FIFO regime converges to
the nonstrategic entry threshold under the LIFO regime.

Considering the comparative statics for x,,, the results are fairly standard
and comparable to the FIFO regime for xz, < x,,. When X, = x,, the
results are less standard as parameter changes only affect entry in as far
as they directly influence the incumbent’s exit threshold, x,,. Paradoxically

A standard result from real options theory is that uncertainty combined with irreversibility leads to investment
beyond the break-even point, reflecting the value of the option to delay the investment.

The technical explanation is that even though O Wy, (x,, Xr,,) is continuous in X, there is a kink at X, = x,,

. . . . . . . . . =2 DOW oy (xp Xy

(i.e., there is a discontinuity in the derivative). In particular, VK, € (K, K) : 7WI;P.“ —yy > 0>
” =,

DOW poy (1 X pp) e

T [T (see appendix for further details).
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a lower exit threshold leads to earlier entry, and hence also earlier exit by
the incumbent! Consequently (as 861_0“ < 0) an increase in volatility leads to
earlier entry and earlier exit, which is diametrically opposed to the standard
result in the real options literature that uncertainty delays entry and exit.
Finally, considering the case where both firms share the market, the inter-
esting result is the inverse relationship between the follower’s entry and the
incumbent’s exit threshold (i.e., K_F; < 0): earlier exit (and therefore fac-
tors which influence earlier exit, such as high leverage) by the incumbent
leads to earlier entry by the follower. This result combined with the previ-
ous finding that increased leverage delays a firm’s entry and speeds up its
exit gives support to the stance that leverage makes product-market com-
petition softer [see Fudenberg and Tirole (1986a), Poitevin (1989), Bolton
and Scharfstein (1990), and Faure-Grimaud (1998)]. It is consistent with the
empirical findings of Chevalier (1995) and Kovenock and Philips (1997) that
firms which are highly levered, or increase leverage, experience more aggres-
sive investment behavior from their rivals. Note that volatility now has the
more standard effect of delaying exit (afé’ < 0) and entry (a’;g v > ().

To conclude this section, it is interesting to examine which regime (LIFO
or FIFO) is likely to prevail in the long run if the market structure can keep
alternating between a monopoly and a duopoly.”> We assume in our analysis
that the profit parameters (m;, 7, and IT) remain unchanged over time,
and we try to identify the restrictions on the coupon levels of the entrants
over time which lead to a consistent cyclical behavior. This means that we
look for cyclical behavior according to either the LIFO or the FIFO regime.
Under a recurrent LIFO regime, the firm entering first acquires a first mover’s
advantage that allows it to stay in forever. It shares the market with another
firm when the economy is doing well and it operates as a monopolist in bad
times. Under a recurrent FIFO regime, the oldest firm is the first one to die
(death can happen suddenly in a rising market or some time after entry in a
declining market). Each firm therefore has a similar life cycle: it starts off
as an entrant in a duopoly, then it becomes a monopolist, followed by being
the incumbent in a duopoly, after which it dies. The proposition below gives
the conditions under which a cyclical LIFO and FIFO regime occur.

Proposition 10. If the market structure alternates between a monopoly and
a duopoly and the coupon level of the ith entrant is denoted by by, then
LIFO is the long run regime if Vi : b, < by; O, 7y, I1, I),

FIFO is the long run regime if Yi : b, > by, ® (@, , 7., I1, 1),

In the former case the incumbent stays in forever, while in the latter case the
incumbent is continuously being replaced by an entrant.

An important question now is which regime is likely to prevail. It follows

from the proposition that this is mainly determined by whether ® is bigger

21 thank the referee for pointing this out.
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or smaller than unity. Indeed, if ® > 1, then the FIFO regime is unlikely to
persist in the long run as this would imply that, each round, the coupon of
the follower has to decrease by a factor (%), on average.”® The LIFO regime
is therefore more likely to prevail. On the other hand, if ® < 1, then there
is bias toward the FIFO regime (provided that the debt requirements of each
subsequent entrant do not grow too rapidly). If ® equals unity, then there is
no bias toward one regime or the other, and the outcome depends entirely on
the realization of the future entrants’ coupon levels by;.

Figure 2 (previously discussed in Section 2) plots the prevailing entry
and exit regime as a function of the firms’ relative market share and the
incremental monopoly benefit (for firm i being the leader and firm j being
the follower). A common economic assumption that is implemented in the
plot is that a monopolist can do at least as well as two duopolists, that is,
7; +7; < I1. This constraint is represented by the dotted line and implicitly
eliminates all combinations below this line. We conclude from the plot that
the entry and exit regime is largely determined by the relative market share.
When there is a first mover’s advantage (and the incremental monopoly profit
ratio, I1/m,, is below, say, 2), then the LIFO regime is likely to be the
economically prevailing one. For very large second mover’s advantages, the
FIFO regime dominates, while for all intermediate cases either regime could
occur. Considering, however, the fact that incumbent firms often have an
advantage in terms of market share, and eliminating all cases for which
7, +m < I, the plot seems to indicate that the LIFO regime is the one more
likely to prevail for most standard economic assumptions with respect to the
profit and coupon parameters. This is in line with the empirical evidence that
more established firms are more likely to survive than younger firms.

Conclusion

This article has examined the impact of capital structure on the investment
and foreclosure decision of firms in a duopoly. Recognizing that the future
gain of becoming a monopolist gives a firm an added incentive to stay in the
market as long as possible, we derived a condition that allows us to deter-
mine the order in which firms leave the market. Consistent with empirical
evidence by Zingales (1998), I found that (everything else being equal) the
firm foreclosing last is the one with relatively high operating profits, lower
debt repayments and a larger incremental gain from becoming a monopolist,
that is, survival of the “fittest, fattest, and greediest” firm. I found that there
is a strong bias towards survival of the firm with the longest monopoly tenure
(i.e., lowest monopoly exit threshold), which implies that it is more impor-
tant to be “fat and greedy” than to be “fit.” An interesting finding is that

% Although entry costs (and therefore the need for external financing) sometimes go down through time (e.g.,

in the case where entry requires the adoption of new technology), this is unlikely to continue indefinitely.
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the extent to which higher operating profits can be substituted for lower debt
repayments (and vice versa) depends on factors common to both firms, such
as the interest rate, profit growth, and volatility. The important implication
of this is that a change in these common economic factors may reverse the
order in which firms are expected to foreclose.

Next, I extended the exit model by allowing financially distressed firms
to reduce their debt repayments through a one-off “take-it-or-leave-it” debt
exchange offer made by the equity holder. Bankruptcy occurs when both the
equity holder and the bondholder refuse to support the firm any longer. We
showed that equity holders have an incentive to delay the exchange offer as
long as possible, as bigger concessions can be obtained when the firm is
more distressed. We also found that firms with higher bankruptcy costs, or
with higher incremental monopoly benefits, can get bigger reductions on their
debt repayments. Allowing for debt exchange offers can therefore reverse the
order in which firms go bankrupt.

Next, we investigated the impact of debt financing on market entry. We
found that, in the presence of bankruptcy costs and the absence of taxes, the
need to borrow money will delay a firm’s entry. Of interest, the follower’s
time of entry also depends on the incumbent’s capital structure if the follower
is destined to outlive the incumbent. A higher coupon level set by the leader
induces earlier entry by the follower, as the latter is keen to drive out the
financially vulnerable opponent as soon as possible. This predatory behavior
is in line with the empirical evidence presented by Chevalier (1995) and
Kovenock and Philips (1997) that firms which are highly levered experience
more aggressive investment behavior from their rivals. As such, the findings
in this article are consistent with those theoretical articles on capital structure
and product-market competition which suggest that a firm’s product-market
competition becomes “softer” when its leverage increases. I also showed that,
for low entry costs, entry happens at such low profit levels that it leads to an
instant crowding out of the incumbent firm. Comparative statics with respect
to the entry trigger can, under those circumstances, be very different from
the predictions of standard real options theory. Finally, we analyzed entry
and exit when the market structure can keep alternating between a monopoly
and a duopoly. I found that for the economically plausible case where there
is a first mover’s advantage in terms of profits or market share, there is a bias
toward the youngest firm defaulting first and the established firm surviving
over time.

The article could be extended in various interesting ways. One could,
for instance, endogenize the production decision and analyze the impact of
capital structure on output decisions of firms. Within our duopoly framework,
production increases could be used strategically to speed up the opponent’s
market exit, whenever it gets into financial distress (similar to the predatory
entry behavior described in this article). Another extension could be to
introduce incomplete information into the model. This could, for example,

795



The Review of Financial Studies /v 14 n 3 2001

imply that both firms know the exact realization of their own profit parame-
ter, but not of their opponent’s. Consequently firms would have to make their
exit decision without knowing their rival’s foreclosure trigger.

Appendix
Proof of Proposition 1. The general solutions to the differential Equations (2) and (3) are

V(xt) = AU + Alx/ + AZX/A + ABX/ﬂ’

L(x,) = B, + B,x, + Byx,* + Byx,”.

Substituting the solutions into Equations (2) and (3) and equating coefficients on like terms
yields A= —(1 = 7)2, A, = “=20, B, =2, and B, = 0.

As x, — oo, the possibility of bankruptcy goes to zero and V and L must therefore satisfy
the following no-bubbles conditions:

lim V(x,) = E,[/m(l'[x, — by exp(—r(s — t))ds] LA
iy i P
. = b
lim L(x,) = E[/ bexp(—r(s — t))ds] =2, @7

which implies that A; = B; = 0, since 8 > 0.

At the foreclosure trigger, x, in the absence of arbitrage the following value-matching
conditions must be satisfied: V(x) = 0 and L(x) + X (x), which allow us to determine the con-
stants A, and B,. Finally, the optimal foreclosure trigger, x, satisfies the following “smooth-pasting

condition” V'(x) = 0.

Proof of Proposition 2. 'V, and L,, are the solutions to the same differential Equations (2)
and (3) and the general solution is therefore the same as given in the proof of Proposition 1.
The no-bubble conditions remain the same as well. The value-matching and smooth-pasting
conditions differ, however.

Atx, = x;, firm j leaves the market and the following value-matching conditions have to be

iw

satisfied:
Vi) = Vy(x;, b;, T, x,)
_ X b LRI YY) '
r—pm r ror—u)\x )’
L, (x;) =Ly, b, T, x,), (28)

where V;, and L, are the nonstrategic claims as defined in Proposition 1. The value-matching
condition determines the remaining constants A, and B,.

Proof of Proposition 3. The proof is as described in the main text preceding the proposition.
The optimal triggers x;, and x,, are the solutions to the smooth-pasting condition

Vi (g by ig) Vi (xp by T Xy X )

J I p— =m =] —_—

ax; |~‘r:£]d =0 and axy |Xr:£mx =0.

Proof of Proposition 4. Case 1. Firm i strictly dominates firm j.

a) X, <Xx;

ir =jm
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The unique Nash equilibrium consists of i staying until x;, and j exiting at x ;,, hereafter for

short: (x,,,,x;,). Indeed, if i plays x,,, then (since x,, < x,, < x,) j should play x,. If j
plays x,, then (since x , > x, ) it is optimal for i to play x,, and hence the equilibrium is
Nash.

(x;4, X;,,) is not a Nash equilibrium: if j plays x ., then it is optimal for i to play x,,, and

hence ] should play x ;.
b) X, <x

(x;,,» X;,) is again the unique Nash equilibrium: if 7 plays x;, (< x,), then it is optimal for j
to play x . If j plays x,, then it is optimal for i to play x,m

(x40 X, ) is not a Nash equ111br1um if i leaves at x,, then (since x,, <
and not X

x,,), j should play x ;,

Case 2. Neither firm strictly dominates the other, thatis, x;, <x, <x,,andx, <x, <ux,.

Zjm —

a) X, <X,
In this case there are two Nash equilibria. We show that only one of the two is subgame perfect.
Given the Markovian structure of the problem and the fact that there is complete information,
the relevant history of the game is captured entirely by the level of the state variable x, and
the action of the players (i.e., whether or not they are still in the market). A proper subgame
starts at the end of every partial history in the node originating with x,. Hence an equilibrium
is subgame perfect if it is a Nash equilibrium in all possible subgames. In what follows V,, (x,)
denotes the firm value for firm j as a monopolist, while V,,(x,, x;) is a shorthand notation for
Vi by, x5, X,)-

Zjm?

Xir Xig] ¢

*We first prove that (x,,,x;,) is subgame perfect: Vx, € [x (X X;4) > 0 since
X,, > x;,, and hence, if j leaves at x,, it is optimal in all subgames for i to stay till x,,
Conversely, Vx, € [x,,,x,]:V;,(x,x,,) < 0 since x,, < x,, , and hence it is optimal for j
in all subgames to play x ;.

*Next, using a modified version of Ghemawat and Nalebuff’s (1985) backward induction
argument, we prove that (x,,,x ) is not subgame perfect. Suppose that j plays x , then

Zir?

Xim Xjm»
3y, > x,,, such that i is willing to sustain losses over [x,,, y,] in order to reap monopoly profits
over [x;,, x;,], that is,: Vx, < y;: i’s expected value of staying until x,, equals V;,(x,,x,,) >0

and Vx, > y;: V,,(x,x;,) < 0. Hence if x, < y,, i’s optimal strategy is to stay. We now
want to prove that there exists a subgame in which it is optimal for firm i not to abandon,
even if firm j threatens to play x,,. Suppose that x, € (x,,,y) and that firm i were to
abandon. The earliest time at which this could possibly be optimal is if x, rises to y,, which
allows us to construct an upperbound for firm j’s value function, denoted by Vj(x,, X y).27
This value function is again the solution to the differential Equation (2) subject to a number
of boundary conditions (see proof of Proposition 1). The value-matching conditions are now,
however, V_,(&l»m,ijm, y;) =0 and V_,-(y,,gjm, y1) =V, (y), that is, j leaves the market first

at x,, and becomes a monopolist at y;. The value function V; is plotted in Figure 5 and is
\ Vi ()

£ ‘»szm:(l’ it must be

situated below j’s monopoly value Vx, € (x,,.y,]. Hence, since

the case that W/“')

‘*‘tzijm < 0. Furthermore, since V,, (y,) > 0, using a continuity argument,

Note that a more complicated exit strategy for firm i would involve not restricting it to one exit trigger (here

X,,,) but allowing it to also optimally choose an upper exit barrier z; (> x,,) such that the value function
smoothpastes at x;,, and z,. It is easy to see that actually z; > y,. However, as mentioned in Assumption 4,
we construct the value functions under the assumption that firms stick to a single trigger point strategy and
leave more complicated strategies as a topic for future research.
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Figure 5

Verification of subgame perfection through backward induction

The figure illustrates the backward induction argument which proves that the Nash equilibrium, where the
firm with the longer monopoly tenure exits first, is not subgame perfect. Hence, the equilibrium where firm i
exits first at x;, and firm j exits last at x ;,, is not subgame perfect. V,, (x,, x;) denotes firm i’s value, when

|
the firm is a duopolist, but becomes a monopolist if x, falls below x . Vi(x,, a, b) denotes the value of firm
J, when the firm is a duopolist, but where it leaves the market if x, falls below a, or becomes a monopolist
if x, rises above b. The dotted line represents firm i’s reservation threshold, x,,.

ds; € (x;,. ) : V(sl,gfm,yl) = 0. Consider now any subgame starting at x, € (x,,,s,),
whereby i and j are still both in the market. Since V(x,,x,,,y) < 0, it is optimal for j to
leave. On the other hand, since V,,(x,, x fm) > 0, it is optimal for i to stay. Hence the Nash
equilibrium in all these subgames is that j drops out immediately and i stays in the market.
Hence the equilibrium whereby j stays till x;, is not subgame perfect.

Ghemawat and Nalebuff (1985) prove not only that, in the deterministic case, there is a
unique subgame perfect equilibrium, but also that there is no subgame in which the weaker
firm can credibly force out the stronger firm. To illustrate that the argument above is consistent
with Ghemawat and Nalebuff (1985), we now extend the argument by recursion and derive a
sufficient condition under which i can force out j for all possible subgames. Given that j should
leave at s, if 7 is still in the market at that point, there exists a point y, such that firm i is willing
to sustain losses over the interval [s,, y,] in order to make monopoly profits over (x,,,,s;). We
can again construct an upper bound for firm j’s value function over (s,, y,), this time using the
value matching conditions V,.(s,,s,, y,) = 0 and Vj(yz, s1, %) = V,,,(y,). Define similarly s,
such that V(s,, s;, »,) = 0. Hence, upon reaching s,, firm i will find it worthwhile to stay and
therefore firm j will leave. The argument continues by calculating a sequence s, until we reach
s, > x;,. The Ghemawat and Nalebuff (1985) argument implies that j will leave (if it has not
left before) the market upon reaching s, and given that s, > x, , it is optimal for i to stay until
x;, and hence j should leave the market at x ;,. It is important to note that in order to complete
the recursion beyond x, ., the slope of V;(x,) at each point x, € [x ] should be negative, or
equivalently:

" jms Xir

V/-(XI, Zis Zk+l)

o <0Vz € lx;,x,] (29)

Zir
1 Xt =2k
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As shown before, the condition is always satisfied at x, = x;, and therefore the equilibrium

(Lwijm) is not subgame perfect over [L.m, s;]. One can, however, numerically show?8 that if
o is large, p positive or only slightly negative, and i and j are not too asymmetric, then it can
happen that Equation (29) is not satisfied for all z; € [x;,,, x; ]. The intuition is that when there
is a lot of uncertainty and the state variable decreases slowly, then firm i cannot be guaranteed
that its duopoly losses will be offset by future monopoly losses (as x, may float around for
too long in the loss-making region). The consequence of this is that, while the equilibrium
(X,4» X;,,) is not subgame perfect, it could nevertheless occur if the game were to evolve off
the equilibrium path, that is, if firm j were to stay “accidently” in the market beyond x ;. If,
however, the downward trend is sufficiently dominant then Equation (29) will be satisfied and
the Ghemawat and Nalebuff (1985) backward recursion argument goes through all the way.
Indeed, if u© < O, then as 0 — 0, Vk : s, — y,, and we get a series s, which converges to the

one described in Ghemawat and Nalebuff (1985).

b) X, =X,

im Zjm

In this case there are two subgame perfect equilibria. Indeed Vx, € [x,,, x;,1: V;, (x,, x;,) <
0, and hence j should leave at x;,. On the other hand, since x,, > x,, Vx, € [x,,, X,
Viw (¥, x;,) > 0, and hence it is optimal for i to stay. Subgame perfection of the other equilib-
rium can be shown analogously by relabeling the firms. Note that this knife-edge case was left

out of the main body of the article for clarity of exposition.

Proof of Proposition 5. We first prove that Equation (14) is a necessary Condition (=):
If i wins then it follows from Proposition 4 that i strictly dominates (call this case 1) or
neither firm strictly dominates and i has the lowest monopoly trigger (call this case 2).

Case2 <= (x;, > x,,and x, > x, andx, <x, )<< (x;,>x, andx, <x,)

Kim < Ljm Xjm

Case | & (x;, <x;, orx, <x,).

However, x,, < x, = x,, <x, <x, <x, = (x, <x;)and (x,, <x,). Hence,

if case 1 or case 12 are satisfied, this implies that x,, < x, or (x;,, < x;, and x,, < x,).
Substituting the thresholds for the underlying model parameters gives Equation (14). That
Equation (14) is a sufficient condition (<) follows directly from Proposition 4.

Finally, we prove that k; < k3: x;, < x ir implies that

o by
x,, < x,,. Hence, if B

X, <x,; <x; <x,,, which implies

< k,, then ;%’ < k; and therefore x| < ;.

J
Proof of Proposition 6. The proof is analogous as in Proposition 1, the main difference being
the value-matching conditions which are now for the equity and the debt, respectively, given
by V. (x,, x,, 0, 0%, I1, x(b*, 1)) = V(x,, b*, I1, x(b", IT)) and L, (x,, x,, b, b*, IT, x(b*, T1)) =
Vix,, b, I1, x(b*, ID)).

Although Equation (29) seems to be a condition in the two variables z;, and z,,, one can substitute z, using
the condition V;, (z;,,, z;) = 0, which can be written as

. ) 1
b, mz by TLx,, \(zn \ ] —mzdl \ ™
ZH_([,_A_(,‘_%Xﬂ) }M) S @3)
r r—u 7 r—u Xim I, — m;

One can then easily verify Equation (29) by varying z,,, over the interval [z, Z] such that z,(z) = x,, and
7(2) = x;,.
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Proof of Proposition 7. The constraint can be rewritten as

1

| ]
(& + 1) (b'x(®*, )™ —bx (b, I)*) |

(30)

X,

We first establish the result that 3 b* > 0. Differentiating x, with respect to b*, and substituting
for x(b, IT) and x(b*, IT) one finds that the derivative is positive Yb* € [0, b) if

b*) =\ b\ 1—A AN 1<0 31
f) = <€> + (1= )(;) -1 <0 (31

Evaluating f(b*) at b and 0 gives f(b) =0 and f(0) = —1. Differentiating f(b*) we find that
f'(b*) > 0 over the relevant interval and hence f(b*) < 0.

Next, differentiating x, with respect to 5%, and rearranging finds that the positivity of the
derivative is equivalent to

[b*x(b", T — bx(b, T ] + [(1 = Mx(®", T (b — b")] < 0. (32)

Substltutmg out the first bracketed term using the constraint and rearranging gives (X(b l_[))*
Frwry +ak Next, substituting Equation (30) for x, into V,(x,, x,, b, b*, 7, x(b, 7)) gives a function
to be optimized with respect to b* only. Differentiating with respect to b* and simplifying

leads to
s —X
) A
Ax,ﬂb**‘( i > rk-‘< ) (1—a) <0. 33)
r—pu -1+

The equity value is therefore optimized for as low a debt coupon as possible. It follows from
Assumption 6 that we have a corner solution where the debt exchange offer takes place at the
firm’s foreclosure point. Substituting x, = x (b, IT) gives Equation (20), which can be solved for
the new contractual coupon, b*.

12 Xes

Proof of Proposition 8. Let us denote b the coupon after reorganization. We can distinguish
the following three cases:

Case 1. Firm i leaves first (independent of a debt exchange). In this case the optimization
problem becomes

max V,(x,, x,,. b, b;, 7, x(b;, 7))

IE’ i l’
Xeib

X, b; X, b; X, *
= I 2 Y (b (B, ) — (e 2 | (e (34)
r—por r—poor X,

subject to L(x,,. b;, 7, x(b;, 7)) = L(x,,, b;, 7, x(b;, ,)). (35)

Xies Dis o 0in T

Case 2. Firm i leaves second (independent of a debt exchange). In this case the optimization
problem becomes

max V,, (x,, x,,, b, b;, ;, I, X0

12 Zier Vi Vi
Xo:b

) b, ~ X b, '
= T P Vst B G m) - (P22 2] (2 e
— : r—nu r Xja

subject to L(x,,, b;, T;, x(b;, T1,)) = L(x,,. b;, T, x(b;, T1,)). €1))

ie? i Xies Ois
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Case 3. Firm i leaves second or first (dependent on whether or not a debt exchange takes
place). In this case the optimization problem becomes

maxV(xt,x bbn I, x;,)

ew ie? Vi Vi
X,

X b X b, %\
=27 - |:V,u;(x bis ;. 1, &/4) - <i - *’>i| <*t> (38)
r—un r r—p r Le

x(b,,l'l)) (x b; T[ivi(biaﬂi))- (39)

Lies Vi

subject to L(,,u s
Analogous to Proposition 7, one can again rewrite the constraint and substitute for the variable
X,, in the objective function. Differentiating the objective function with respect to b, one finds
again that equity holders have an incentive to bargain for as low a coupon as possible, and
therefore to postpone the reorganization as long as possible. Using Assumption 6 this means
that in Cases 1 and 2, x,, equals x(b, ) and x(b, IT), respectively. Substituting this into the
constraints leads in either case to Equation (21). In case 3 the equity holder can postpone at
best until x(b;, ;). Substituting x,, = x(b,, 7r;) into the constraint gives Equation (22).

Final]y We need to show that b," > l; First, it follows from Equations (21) and (22) that
b — b as 1L — 1. Second, totally dlfferentldtmg Equation (22) with respect to % and using

A
the result that ( o m) <
it follows that Q, < b‘ <b".

one finds that ﬁ > 0. Hence combining these two results,
jul

Proof of Proposition 9. We present the proof for O W, only. The proof for O W, is analogous.
OW,, satisfies the ordinary differential equation:

2
rOWe,(x) = 15, OW 1, (x) + 237 OW', (3). (40)

The general solution to this differential equation is given by A,x,* + Bx,?, where, as in
Proposition 1, A and B are the negative and positive root the characteristic equation, respectively.
Again, the no-bubble condition for x, — 0 implies that A, = 0 (i = 1, 2). The value-matching
conditions under the FIFO regime for X, < x,, and X, > x,, are, respectively, given by

TP Mxp, | (e — DIx(bg, ) T
OWp\,(Xpys Xpy,) = lxﬁw = Fo F r
r-w r—p x(by, )

=O0OW,,(Xpys Xpy)

Xy N (@ — DIx(b,, ) e\
r—un r—u x(by, I

A
) —Kp Xpy <Xy

OWp\,(Xpys Xp,) = Bszl

M—mp)x X
+( pLLz(ﬂ

r—p Xy

) —Kp Xpy = Xy
= OWp, (Xpy, Xpy) (41

and allow us to determine B, and B,. Optimizing O W, with respect to x,, gives the first-order
condition

1'1(1*,3)_’_(0!*1)1'1(1*,3)( Xpu > BK

22 -0 &
r—u r—u x(bp, I " Xy e
(=P  @=DOG=p)( %, 7' BK
r—pu r—pun x(bp. 1D Trw
o— 3 — - A—1
+M(i> 0 Fzx,
r—u X
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AOW g, (X)X oy I0OW XX H H
It follows that 7*3“_(” rw) oo s 20WreGire) ) since TT > .. Using the first-order
XFuw Fw=XL] Xy YFw=Xr] 20w e K
conditions, define now K and K as the solutions to, respectively, 7F‘3;:"*”""J lipymzy, =0
_ w SPwTE
AOW oy (¥ Xy K) _ 7\ . 0Wp, (4 X pyiKF)
and e 5p,=x, = 0. Hence, VK, € (K, K) : T ltpp=y, > 0 >

QOW pyy (xp FuA3KF)|7

EE Trw=xy sow .

we have an interior maximum at X, < x,,, which is the solution to % = 0. One
W

and the optimal entry threshold, X, is therefore at x,,. For K, < K

can verify that the second-order condition is always satisfied. For K, > K we have an interior

. - . . . AOW oy (X7 Xy .
maximum at X, > x,,, which is the solution to %‘“) = 0. The second-order condition
is given by

(afl)nufl)(xfﬂ)( K )”"‘_ﬁKF

" = Wi, x(by, T Ty
_ a1
+(1_I—7Tp)()t__1)()t_/3) <h) <0. (42)
(r — wWxp, Xu

The second-order condition is satisfied as long as the third term does not become too big, which
requires that x,, does not become too high as this would cause the incumbent to be driven out
upon entry and would lead us back into one of the previous cases. Of interest, one can substitute
the first-order condition into the second-order conditions to get X, > % = ﬁi”,
where X is the entry threshold for an all equity financed perpetual duopoly firm. The intuition
is again that X, (x,,) should be high (low) enough in order to avoid the situation where extreme
predatory behavior means that entry leads to immediate exit.

The comparative statics for K, < K and K, > K can straightforwardly be derived by
totally differentiating the appropriate first-order condition with respect to the various parameters.
Imposing the second-order condition then leads to the appropriate signs. For K < K, < K one

merely needs to investigate the comparative statics with respect to x,, = W

Proof of Proposition 10. The proposition can be obtained by repeatedly applying Proposition 5:

b b b
LIFO is the long run regime <= —% <®A =~ <OA L2 <OA---
b, b, b

< Vi:b, < by0.

b b b
FIFO is the long run regime <= —= >OA ‘L >0OA 2 >OA---

b, br, bps
< Vi:b —bL
: P < -
b o '
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