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When a risk factor is missing from an asset pricing model, the resulting mispricing
is embedded within the residual covariance matrix. Exploiting this phenomenon leads
to expected return estimates that are more stable and precise than estimates delivered
by standard methods. Portfolio selection can also be improved. At an extreme, optimal
portfolio weights are proportional to expected returns when no factors are observable. We
find that such portfolios perform well in simulations and in out-of-sample comparisons.

Linear factor-based asset pricing models have solid theoretical foundations
in finance following the work of Ross (1976). However, recent empirical
evidence questions the usefulness of these models, since they do not seem to
fully explain the cross-section of average returns.' This article evaluates the
usefulness of factor-based models from a different perspective. We assume
that asset returns have an exact factor structure, but one of the factors is
unobserved. Under this assumption, we develop implications for estimation
of expected returns and for portfolio selection. The usefulness of imposing an
exact factor structure is assessed by comparing the expected return estimates
and portfolios obtained by invoking these implications to their counterparts
delivered by standard methods.

When a risk factor is missing from an asset pricing model, the resulting
mispricing is related to the covariance matrix. In the absence of such a rela-
tion, mispriced assets could be collected to form asymptotic arbitrage oppor-
tunities. In this article the relation between the mispricing and the residual
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covariance matrix is imposed as a restriction in the estimation of the mis-
pricing component of expected return and in portfolio selection.

It is a common practice in finance to estimate the expected return and its
mispricing component separately for each asset. In this article the mispricing
vector is estimated jointly for a number of assets. The returns on the other
assets are related to an asset’s mispricing through the link of the mispric-
ing vector to a common residual covariance matrix. Since covariances can
be estimated more precisely than means [see Merton (1980)], the restricted
mean estimators that incorporate the link could be quite precise. Simulations
and empirical analysis confirm that this is indeed the case. In simulations,
the expected return estimates that incorporate the link are more precise than
both sample means and the James—Stein shrinkage estimators of the mean,
unless the sample size is large. With any misspecification, the unbiased sam-
ple means become more precise in sufficiently large samples. In empirical
analysis, the restricted expected return estimates are economically reasonable
and more stable over time than both historical averages and grand means of
asset returns. Comparisons of the restricted estimators with their alternative
counterparts reveal the usefulness of imposing the factor structure.

The link between the means and covariances has striking implications for
portfolio selection. A strong form of the link when no factors are observ-
able leads to a simplification in which the identity matrix can be used
in place of the covariance matrix when calculating the tangency portfolio
weights. In simulations, the identity covariance matrix is compared to the
sample covariance matrix as well as to the true covariance matrix that is
used to generate returns. These comparisons are conducted based on the true
Sharpe ratios of the optimal portfolios constructed using the various covari-
ance matrixes. Without exception, the identity matrix outperforms not only
the sample covariance matrix, but also the true covariance matrix, regardless
of what estimator of the mean is used. This result appears to be robust to vio-
lations of the underlying assumptions. Using the identity matrix effectively
links the estimator of the expected return to the covariance matrix, whereas
using the true covariance matrix does not. The gains from using the identity
matrix are especially large when a relatively imprecise estimator of expected
excess return is used, such as the usual sample mean. Portfolios constructed
using the identity covariance matrix also perform very well in out-of-sample
empirical analysis.

The article proceeds as follows. Section 1 presents the factor structure
used in the analysis, including the link between the mispricing and the
residual covariance matrix. Section 2 discusses the application of the “link-
based” approach to estimation of expected returns and to portfolio selec-
tion. Section 3 contains some simulation results illustrating the usefulness
of imposing the link. Section 4 uses actual stock market data to compare
the link-based portfolio selection strategy with some traditional strategies.
Section 5 concludes.
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1. Linear Factor-Based Asset Pricing Models

Consider a linear factor model for the returns on N given assets. Let z,
denote the vector of returns on these N assets in period ¢, with mean p and
covariance matrix V. Throughout the article, the term “return” on a given
asset denotes the asset’s return in excess of the riskless rate, unless the asset
is a zero-investment position. For a set of K factor portfolios, the following
linear relation between the asset returns and the factor portfolio returns is
assumed:

Z=a + Bzy + €, (1)
Ele,]1 =0, Elee'l1=2%2, cov[zg,,€]=0. 2)

B is the N x K matrix of factor sensitivities, zy, is the K-vector of factor
portfolio returns in period ¢, « is the N-vector of mispricings, and €, is the
N-vector of disturbances. Assume that the factor portfolios are not linear
combinations of the N assets, so that X is full rank.

An exact K-factor pricing relation implies that each element of the mis-
pricing vector « equals zero. If exact pricing does not hold due to a missing
factor, then « is nonzero and embedded in the residual covariance matrix X.
The relation between « and ¥ can be developed using the optimal orthog-
onal portfolio discussed in MacKinlay (1995). This is the unique portfo-
lio constructed from the population of assets which is optimal since it can
be combined with the factor portfolios to form the tangency portfolio and
is orthogonal to the factor portfolios.> The optimal orthogonal portfolio is
denoted by /. The usefulness of portfolio # comes from the fact that when it
is added to the K-factor model in Equation (1), the intercept o vanishes and
the factor sensitivity matrix B is not altered. The optimality property leads
to the intercept vanishing, and the orthogonality condition leads to B being
unchanged. Since the mispricing vanishes when 4 is added to the K factors,
h can be thought of as an omitted factor in a linear asset pricing model.
Adding the omitted factor,

7 = Bz, + Bz +u,s (3)
Elu,1=0, Eluu'l=72, “)
covlzg,, u,] =0, covlz,,u]=0, 5)
Elz) =y Elz — )1 = of, ©6)

where £, is the N-vector of assets’ sensitivities to the omitted factor /# and z,,
denotes the return on portfolio 4 at time 7. The link between o and ¥ results

21t is assumed that the K factor portfolios cannot be combined to form the tangency portfolio or the global
minimum variance portfolio. See Roll (1980) for general properties of orthogonal portfolios. See Hansen and
Jagannathan (1997) for a related approach.
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from comparing Equations (1) and (3). Taking the unconditional expectations
in both equations,

o = IBh H‘}w (7)
and by equating the variance of €, with the variance of 8,z,, + u,,
T = BB + @

= aa'lz + @, (8)
Sh
where s, denotes {’j—:, the Sharpe ratio of portfolio 4. Equation (8) links the
model mispricing « to the residual covariance matrix X, given an assumption
about the structure of ®. For example, the derivation of APT in Ross (1976)
assumes that @ is diagonal. In general, if ¥ is unrelated to «, asymptotic
arbitrage opportunities exist. MacKinlay (1995) presents examples of such
opportunities and illustrates that, in the absence of the link, unrealistic risk-
return trade-off positions can be created with even a small number of assets.

2. Expected Returns and Portfolio Selection

This section extends the analysis of Section 1 to develop implications for
estimation of expected returns and for portfolio selection. The environments
with one factor and with multiple factors are analyzed in separate subsections.

2.1 One factor

A statistical model in which asset returns are generated by one factor has
often been employed in finance since the introduction of the diagonal model
by Sharpe (1963) and its application by Treynor and Black (1973). In this
section, asset returns are assumed to be generated by a one-factor model, but
the factor 4 is assumed to be unobserved.® This model corresponds to that
presented in Equations (3)—(6) for K = 0:

z, = Byzp + uy, 9
Elul=0, E[uu'l=®, covlz,, u]=0. (10)

Since z,, is unobserved, the model used in the analysis corresponds to that
presented in Equations (1) and (2) for K = 0:

z, =a+e€, 11
Ele1=0, Elee']l=2%. (12)

* One might think of the true market portfolio as the unobserved factor. In that case, this framework addresses
some of the concerns in Roll (1977). However, our assumptions about the structure of @ are not required to
obtain the CAPM.
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Following the argument from the end of the previous section, Equations (9)—
(12) imply ¥ = aa’'/s; + ®. Thus the mean « appears in the covariance
matrix of returns. This observation is used in the estimation of expected
returns and in portfolio selection.

The usual arbitrage pricing theory assumption in a one-factor model would
be that the elements of u, are sufficiently uncorrelated so that, as the number
of assets in a portfolio goes to infinity, the residual variance of the portfolio
goes to zero. Such an assumption does not put sufficient structure on & for
the purposes of this article. This article makes the stronger assumption that
® is diagonal and proportional to the identity matrix:

b =021 (13)

This assumption in combination with the relation in Equation (8) is referred
to as a “strong form” of the link between « and ¥. While the assumption
may appear strong, this article demonstrates that the payoff from the rigid
structure delivered by this assumption typically dominates the cost due to
possible misspecification.

A reasonable alternative way of specifying & would be to make it diagonal
but not necessarily proportional to the identity matrix, such as in Sharpe’s
diagonal model. Such an approach would account for potential differences
across the N assets in the residual variances from the model that includes
the unobserved factor. This could be useful particularly if the N assets are
fundamentally different from each other, such as if bond portfolios are mixed
with stock portfolios. However, this approach would come at the expense of
having to estimate additional (N — 1) parameters when the model is taken
to the data. Simulation results not reported here have shown that the benefits
of relaxing the assumption of Equation (13) when the N assets belong to
the same broad asset class (for example, when all the assets are individual
stocks or stock portfolios) are small, if any. Since our subsequent analysis
uses assets from the same class, the assumption that @ is proportional to the
identity matrix is maintained throughout the article.

2.1.1 Estimation of expected return. For estimation purposes, the distur-
bances ¢, in Equation (11) are assumed to be normally distributed. Although
returns on many assets appear to depart from normality to some extent, this
assumption allows convenient estimation of the parameters restricted by the
link using the maximum likelihood procedures. The likelihood function is
proportional to

/ =T1/2

I 2 2 o 2
(o, 8,07z, .., zp) X - +o
[

T / -1
Xexpi—%Z(zt —a) (O;—O; +021> , —a)}. (14)
t=1

h
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The maximum likelihood estimators of «, shz, and o? are obtained by maxi-
mizing the joint log-likelihood function with s7 and o? constrained to be pos-
itive. Since closed-form solutions for the maximum likelihood estimates are
not available, a constrained quasi-Newton numerical procedure is adopted.*

Separately, the model is also estimated conditional on a given value of s,,.
From a Bayesian perspective, conditioning on s, is an extreme case of having
prior information about the maximum Sharpe ratio. The corresponding results
will therefore be informative about the value of having such prior informa-
tion. To some extent, the value of s, can be viewed as the degree of confi-
dence in the K-factor pricing model. A dogmatic belief in the model, which
rules out mispricing, corresponds to s, — 0. The other extreme, s, — 00,
can be viewed as complete skepticism about the model, combined with the
belief that the maximum Sharpe ratio in the population of assets can be arbi-
trarily large. A different way of incorporating a degree of belief in an asset
pricing model is proposed by Pastor and Stambaugh (1999) in estimation of
expected returns, and by Pastor (2000) in portfolio selection.

In simulations and in empirical analysis, expected return estimates and
portfolios obtained from the model restricted by the link ¥ = aa'/si +
021 are compared to alternative estimates and portfolios that do not impose
the restriction. Such a comparison facilitates judgment of the gains from
incorporating the factor structure.

2.1.2 Portfolio selection. In a mean-variance framework with a riskless
asset, the optimal portfolio of the risky assets, the “tangency portfolio,” is
the portfolio with the maximum Sharpe ratio among all portfolios of the
N assets. Let x,. denote the N vector of the tangency portfolio weights.
A standard result from mean-variance mathematics is that

xye = (V') (15)

where ¢ is a conforming vector of ones. Recall from Equations (11) and (12)
that, in the model with no observed factors, the mean p of asset returns z,
is equal to « and the covariance matrix V' is equal to X. Hence,

Xy = (27'0)' T (16)

In simulations and in empirical analysis, the optimal weights are computed as
in Equation (16), using different estimators of o and X. Given the structure
of X from Equation (8), the inverse of X equals [see Morrison (1990, p. 69)]

51 (% a) oL g 17)
= = — aa )
2 st+a'®

* The actual estimation uses Matlab’s constrained minimization routine constr, which uses a sequential quadratic
programming method. For a detailed exposition of this method, see Matlab’s Optimization Toolbox manual.
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Substituting the inverse of ¥ into Equation (16), the weight vector simpli-
fies to

Xy = (O o) 07 e, (18)

It is interesting that since the mean « is embedded in the covariance matrix
%, the residual covariance matrix @ replaces the total covariance matrix in
computing the tangency portfolio weights. When the link between « and ¥
is imposed in the strong form ® = oI, the restricted tangency portfolio
weight vector is

Xy = (o) la. (19)

This simple result is striking. Imposing one-factor structure with an unob-
served factor implies that the tangency portfolio weights are proportional to
the vector of mean returns. In other words, imposing a strong form of the link
is equivalent to using an identity matrix as a covariance matrix in portfolio
selection.

There are two possible sources of gains from using the restricted estimator
of the tangency portfolio weight vector relative to an unrestricted estimator.
First, the restricted estimator of the mean is likely to be more precise due to
including the information in the covariances. Second, the link between « and
X leads to the simplified expression in Equation (19). One need not use the
restricted estimator of « to realize the gains from this second source. Any
estimator of the mean can be embedded in the covariance matrix, leading
to the simplification in Equation (19). Hence plugging in the identity matrix
for the covariance matrix in Equation (16) links together the mean and the
covariance matrix for any estimator of . The importance of both sources of
gains is illustrated in simulations in Section 3.

2.2 Multiple factors
In the multifactor case, an exact (K + 1)-factor pricing relation with K
observed factors is examined. The analysis is presented for the two-factor
case (K = 1), but the extension for K > 1 is straightforward. Let p denote
the observed factor portfolio, and Zpy denote its return at time ¢. The two-
factor linear model is

z=a+ Bz, t+e (20)
Ele]1=0, Elee/'l=3% =ad/si+ ®. (21)

Recall that the second factor can be thought of as the optimal orthogonal
portfolio % that annihilates o upon its addition to the model.
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2.2.1 Estimation of expected return. The expected return for the N
assets is

w=a+pu,. (22)

The expected return has two components, the mispricing vector with respect
to the K-factor model, «, and the factor-related component, Su - The link
between the mispricing and the residual covariance matrix can be used in
estimating «. As in Section 2.1.1, by imposing a rigid structure on ® as
in Equation (13), maximum likelihood can be employed to estimate the
model parameters conditional on the returns on the factor portfolio p. The
maximum likelihood estimate of « is an estimate of the mispricing compo-
nent of the expected return. This estimate can be combined with an esti-
mate of the factor-related component to obtain an estimate of the expected
return.

2.2.2 Portfolio selection. Suppose that the set of investable assets consists
of N assets and K = 1 traded factor portfolios. The objective of mean-
variance portfolio selection is to find the tangency portfolio of the N + 1
assets. The process of choosing the tangency portfolio can be broken down
into two stages, as pointed out by Treynor and Black (1973) and Gibbons,
Ross, and Shanken (1989), among others. In the first stage, the so-called
active portfolio of the N assets is constructed. In the second stage, this
active portfolio is combined with the factor portfolio to form the tangency
portfolio.” In subsequent analysis, we employ a modified version of this
active portfolio, which is uncorrelated with the factor portfolio. The modified
active portfolio can be viewed as the optimal orthogonal portfolio in the
universe of the N + 1 assets. The weights in the active portfolio will be
shown to depend on the mispricing and not on the mean or variance of the
observed factor. The optimal mix of the active and factor portfolios depends
on the factor portfolio’s mean and variance.

Let xy+ denote the (N 4 1) vector of weights in the tangency portfo-
lio, whose first N elements represent the weights in the N assets and the
(N + 1)* element represents the weight in the factor portfolio. It is shown
in the appendix that

Yo
Xve =0l _gn-lg 4t | (23)

where ¢, is a normalizing constant such that ¢/x,+ = 1. When the struc-
ture ¥ = aa'/s; + ® from Section 1 is incorporated and substituted into

? When more than one traded factor portfolio is available, the second stage splits into two steps. One step is
choosing the optimal portfolio of the factor portfolios and the second step is choosing the mix of that optimal
portfolio with the active portfolio.
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Equation (23), the tangency portfolio weights can be written as

0

_ o,® o
Xy+ =€ |:—cz,3/<1>lot:| + 0 ) (24)

=
where ¢, = 1/(1 + &/® 'a/s}).° Consider an active portfolio a, whose
weights are given by
o la

Xqg = C3 |:—,3,CD_1(X:| ’ (25)

where ¢; is a normalizing constant such that (x, = 1. From Equation (24),
the tangency portfolio of the (N + 1) assets can be formed by combining
portfolio @ and portfolio p. (Recall that portfolio p is the (N + 1)* asset.)
Using the fact that portfolio @ is uncorrelated with portfolio p (since its beta
equals zero, i.e., [’ 1]x, = 0), the tangency portfolio is formed with the
weights “2#72 in a and % in p. Furthermore, because a and
Ha/OG+1kp]0 Wa/OG+1kp/0p

p are uncorrelated, the squared Sharpe ratio of the tangency portfolio is the
sum of the squared Sharpe ratios of a and p.

The active portfolio in Equation (25) does not yet reflect the restrictions
imposed by exact factor pricing, since ® is unrestricted. Restricting ® to be

proportional to the identity matrix simplifies the active portfolio weights:

xar =G [_Z/a:| ’ (26)

where ¢, is a normalizing constant such that /x, = 1. The weights on the
N assets are simply proportional to the mispricing vector. The weight on
the factor portfolio makes the active portfolio zero-beta with respect to the
factor.

As mentioned earlier, the modified active portfolio a can be viewed as the
optimal orthogonal portfolio. This portfolio can be added to the K observed
factors and cause the mispricing to disappear. As shown in Equation (26),
a’s weights in the N assets with restricted & are proportional to the mis-
pricing vector. Combining the two observations implies that empirically con-
structed factor portfolios whose weights in the N assets are approximately
proportional to « should do a good job in bringing the model mispricing
close to zero. An example of such empirically constructed factors are the
Fama-French SMB and HML factor portfolios described earlier. Both of

®Inverting ¥ and postmultiplying the result by « gives '« :[ ]<I>'lot =¢,® 'a, where ¢,

1 _
LY 1+o' &~ La/s?
denotes the fraction in square brackets. h
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these portfolios essentially assume long positions in stocks with positive o
estimates and short positions in stocks with negative « estimates (where as
are estimated from the market model), so when added as factors to the market
portfolio, they bring the mispricing closer to zero than the CAPM.

The previously noted two possible sources of gains from using the exact
factor pricing restrictions for portfolio selection are again present. First, the
restricted estimator of the mispricing vector « could be more precise. Second,
the link between « and X leads to the simplified expression in Equation (26).

. Simulation Results

This section presents a simulation experiment designed to evaluate the poten-
tial gains from linking the means to the covariances. In a simulated environ-
ment, the true mean and covariance matrix are known, which is helpful in
assessing the usefulness of their alternative estimators. The analysis with one
unobserved factor is applied in two environments. In the first environment,
returns are generated by a single factor, as assumed in the estimation. This
environment provides a measure of the maximum gains from imposing the
a — ¥ link. In the second environment, returns are generated by two factors,
but the estimation is again conducted assuming only one unobserved factor.
This environment illustrates the benefits of using the restricted framework
under a misspecified model.

3.1 Environment I: One-factor return-generating model
Returns on N = 10 assets are generated from a one-factor model:

2, = Bpzp + 1, ~ N(©O,071y), 2y, ~ N(y, 07), t=1,....,T. (27)

The parameters of the simulated environment are specified to correspond
approximately to monthly returns. The elements of 8, are evenly spread
between 0.5 and 1.5, and 0 = (20/@)%. The moments of the factor
portfolio returns are set equal to u, = (8/12)% and o, = (16/«/ﬁ)%, o)
the Sharpe ratio of the factor portfolio 4 is s, = 0.1443 (or 0.5 annualized).
One thousand samples are generated for three values of T': 60, 120, and 360.
The estimation results are reported in Table 1 for expected returns and in
Table 2 for portfolio selection.

3.1.1 Expected return. Four estimators of the expected return vector o
are calculated for each asset. The first estimator is the (unrestricted) sample
average return, denoted by a subscript u. The second estimator is the James—
Stein estimator, subscripted by JS. Following Jorion (1986), the James—Stein
estimator of the expected return vector is computed as

Gys =0 Ggppt + (1 — ) &, (28)
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Table 1
Simulation results for expected returns in a model with one unobserved factor
T =60 T =120 T =360
@, — 0.0018 —0.0223 0.0112
S N §
{ (@, —a)? }2 0.9776 0.7006 0.3983
d,—a —0.1893 —0.1913 —0.1536
- 1
{ (@,5 —a)? }2 0.7064 0.5245 0.3451
@, —«o 0.0828 0.0147 0.0179
J——|
{ @, —a)? }7 0.4436 0.3732 0.2598
@, —a —0.0044 —0.0004 —0.0006
—_ 1
{Gp—a?)? 0.1308 0.0921 0.0529
One thousand different samples of length 7' of returns on N = 10 assets are generated from a one-factor model
z, = Brzp +uy, Ll,NN(O,UZIN), zh/~N(uh,(7hz), t=1,....T,

where the elements of g, are spread evenly between 0.5 and 1.5, 0 = 20%, p;, = 8%, and o), = 16%, all annualized. The true
expected asset returns are denoted by o = B, 1y, and s, = 1, /0y, denotes the factor’s Sharpe ratio.

&, — a denotes the grand mean across simulations and across N assets of the deviations of the expected return estimates

— 1
from the true expected returns. { (&g — «)? }7 denotes the square root of the grand mean across simulations and across N
assets of the squared deviations of the expected return estimates from the true expected returns. The subscript s takes on values
from the set (u, JS, rl, r2), where u stands for the unrestricted estimate, JS stands for the James—Stein estimate, 1 stands for
the restricted estimate when the true value of s, is unknown, and r2 stands for the restricted estimate when s, is known. All
values are reported in percentage points per month.

where @ is the vector of sample means of the assets’ returns, &, is the
average return on the global minimum variance portfolio,

R V&
Comy = —t/l}flt ) (29)
and
(N=-2)/T

W =min | 1

; (30)

’ ~ ~ g — A A
(@ = dgpyV)'V "o — AGuyt)

where V is the sample covariance matrix of returns. In repeated samples,
this shrinkage estimator has lower risk than the sample mean.” The third
estimator is the restricted estimator » 1, obtained by maximizing the likelihood
function in Equation (14). The fourth estimator is obtained by maximizing
the likelihood conditional on the true value s, = 0.1443, and denoted by 2.8

7 For more details, see the references in Jorion (1986). In an earlier version of the article, we reported results
for a James-Stein estimator that shrinks the sample means & to their grand mean ¢'@//'t. Those results are
similar to the results reported here.

8 In some samples, the sample mean of the factor returns is negative, although the population mean is positive.
In such cases, the restricted mean return estimates are predominantly negative across assets, and the negative
mean estimates of the high-mean assets (those with high factor loadings) are larger in absolute value than
those of the low-mean assets. To handle this problem without using unobserved information, the signs of the
restricted estimates are reversed when their sum across assets is negative (i.e., when the expected return on
the estimated global minimum variance portfolio is negative). The sign reversal yields more sensible expected
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For each estimator, measures of bias and precision are presented. The bias is
calculated as the estimate’s average deviation from the true expected return.
The precision is calculated as the root mean square error (RMSE), the square
root of the average squared deviation. All averages are grand means, taken
across the 1,000 samples and across the N = 10 assets.

Table 1 reports the results for expected returns, all on a monthly basis.
The average biases are close to zero, except for the James—Stein estimator,
whose bias is -0.19% with ' = 60 and 7 = 120. The mild bias is not
surprising, since all expected returns are forced to be the same, while they
are not the same in the population. The RMSE varies substantially across the
four estimators, and the variation is most dramatic for 7 = 60. The RMSE
for the unrestricted estimate is 0.98%. The James—Stein estimator reduces the
RMSE to 0.71%, and the first restricted estimator to 0.44%. The RMSE is
further reduced to 0.13% when the value of s, is known. The reason behind
this reduction is that s7 is difficult to estimate precisely, since it enters the
likelihood function in Equation (14) only by dividing «er’, which is also being
estimated. Estimation error in s can result in multiplicative estimation error
in the estimates of «. The reduction in RMSE becomes less pronounced as T
increases, since sample mean is an unbiased estimator, unlike the restricted
estimators. However, some reduction is still present for 7 = 360: the RMSE
of the sample mean is 0.40%, whereas that of the second restricted estimator
is only 0.05%.

In an earlier version of the article, the simulation exercise was also repeated
with N = 30 assets, leading to the same conclusions. Using the information
in the covariances increases the precision of the expected return estimates,
especially for smaller values of 7. As T increases, the gains from restricting
the parameters are smaller due to the unbiasedness of the unrestricted estima-
tor. Additional information about the Sharpe ratio of the unobserved factor is
very helpful in increasing the precision of the expected return estimates: for
T = 60, the mean square error is on average reduced by a factor of about 50.

3.1.2 Portfolio selection. Portfolio selection is examined next, using the
same set of simulated samples. Given the estimates [ for the expected return
vector and V for the covariance matrix, the vector of tangency portfolio
weights can be calculated as

=0V ' . 31

In a simulated environment, it is natural to compare portfolios based on their
true Sharpe ratios. Let i and V' denote the true mean and covariance matrix,

return estimates. The occurrence of the simulated samples with the sign reversal is low, at most 9% with
T = 60, so the impact of the sign reversal on the results reported in Tables 1 and 3 is low. There is no impact
at all on the portfolio selection results in Tables 2 and 4, since reversing the signs of all mean returns has no
effect on the tangency portfolio weights.
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respectively. The true expected excess return of portfolio X is w(¥) = X',

. . . ~ ~ ~al . .
and the true standard deviation is o (x) = [x'V x]2. The true Sharpe ratio is
calculated as

- n(x)

" (32)

o)
~

Five different values are considered for the expected return—the true value,
the unrestricted estimate u (the sample mean), the James—Stein estimate J S,
the restricted estimate » 1, and the restricted estimate 2. Five different values
are used for the covariance matrix—the true value, the unrestricted estimate
u (the sample covariance matrix), the restricted estimate r1, the restricted
estimate 72, and the identity matrix. Recall that using the identity matrix
corresponds to imposing the mean—covariance link. For restricted estimates
of the mean, using the identity matrix is equivalent to using the restricted
covariance matrix. For the true mean, using the identity is the same as using
the true covariance matrix, since the true covariance matrix is chosen such
that the simplification of Equation (18) into Equation (19) applies.

For each combination of the mean vector and the covariance matrix, Table 2
reports the average (monthly) true Sharpe ratios across the 1,000 simulations.
Below each average, the standard deviation of the 1,000 ratios is reported.
Panel A contains the results for 7 = 60. The value of 0.1351 in the top left
corner of the panel is the true maximum Sharpe ratio for the 10 assets, cal-
culated using the true mean and covariance matrix. With the true mean, the
choice of the covariance matrix has a fairly small effect on the tangency port-
folio’s true Sharpe ratio. However, when the mean is estimated, the choice of
the covariance matrix is much more important. In general, using the sample
mean (&,) results in poorly behaved portfolios, with average Sharpe ratios
of about 0.04. However, when the identity matrix is used as the covariance
matrix, the average Sharpe ratio for the sample mean is much higher, 0.1130.
This is a striking result—with the mean return estimated as the sample aver-
age, using the identity matrix is far better than using the true covariance
matrix. This finding is also observed for the other expected return estimates.
The James—Stein estimator outperforms the sample mean for every covari-
ance matrix, and the highest Sharpe ratio (of 0.1269) is obtained using the
identity matrix. The restricted estimates both outperform the James—Stein
estimator for every covariance matrix, and the Sharpe ratio (of 0.1349) for
the identity matrix is very close to the true value.

The striking result that the identity matrix outperforms not only the sample
covariance matrix but also the true covariance matrix is consistent with the
importance of sample interaction between the means and covariances. If the
mean « is replaced by an arbitrary estimator &, it is 1mportant to embed & @ in
the estimator of the covariance matrix and use ¥ = &&'/ s}+06?1. When 3 is
inverted as in Equation (17) and postmultiplied by &, the resulting tangency
portfolio weights are proportional to & [see Equation (19)]. In other words,
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Table 2
Simulation results for true Sharpe ratios of tangency portfolios in a model with one unobserved factor

2 %, Z 2 Iy
Panel A: T = 60
o 0.1351 0.1243 0.1284 0.1284 0.1351
0.0000 0.0048 0.0024 0.0025 0.0000
a, 0.0422 0.0398 0.0439 0.0396 0.1130
0.0383 0.0369 0.0390 0.0406 0.0347
Qg 0.0767 0.0699 0.0808 0.0781 0.1269
0.0367 0.0349 0.0351 0.0383 0.0219
@, 0.1236 0.1341 0.1349 - 0.1349
0.0052 0.0011 0.0001 - 0.0001
a,, 0.1234 0.1342 - 0.1349 0.1349
0.0053 0.0010 - 0.0001 0.0001
Panel B: T = 360
o 0.1351 0.1334 0.1336 0.1336 0.1351
0.0000 0.0008 0.0006 0.0007 0.0000
a, 0.0845 0.0832 0.0849 0.0839 0.1312
0.0289 0.0292 0.0294 0.0296 0.0139
Qg 0.0997 0.0980 0.1000 0.0996 0.1337
0.0219 0.0230 0.0228 0.0211 0.0043
a,, 0.1331 0.1350 0.1350 - 0.1350
0.0009 0.0001 0.0000 - 0.0000
a,, 0.1330 0.1350 - 0.1350 0.1350
0.0010 0.0001 - 0.0000 0.0000
One thousand different samples of length 7' of returns on N = 10 assets are generated from a one-factor model
z, = Bpzp +up u, ~ N, O'ZIN), Zpe ™~ N([A.,],G';%), t=1,..., T,
where the elements of g, are spread evenly between 0.5 and 1.5, 0 = 20%, pu;, = 8%, and 0, = 16%, all annualized. The

true mean and covariance matrix of the asset returns are denoted by @ = B, and £ = B, 0,? + 021y, respectively, their

estimates are denoted by ¢, and i}}s, and s, = /0, denotes the factor’s Sharpe ratio. The subscript s takes on values from
the set (u, JS, 1, r2), where u stands for the unrestricted estimate, JS stands for the James—Stein estimate, »1 stands for the
restricted estimate when the true value of s;, is unknown, and »2 stands for the restricted estimate when s, is known. The true
Sharpe ratios corresponding to & and X; are computed as
A
e
AT s V120
(wiqu,,j) /

where the estimated optimal weight vector is W;; = (L’f/’lﬁ,)’lﬁ/’l&,. The values reported below the true monthly Sharpe
ratios are their standard deviations across simulations. '

embedding a mean estimator (restricted or not) in the covariance matrix is
equivalent to using an identity covariance matrix in computing the tangency
portfolio. Using the true covariance matrix £ = aa'/s} + o1 does not link
the mean estimator with the covariance matrix, which reduces the true Sharpe
ratio, as shown in Table 2.

Note that the results for both restricted estimators are almost identical.
This contrasts with the different performance of 1 and r2 in the estimation
of expected return. The reason is that dividing a vector of expected returns
by a scalar has no effect on tangency portfolio weights. As mentioned earlier,
s? enters the likelihood function only by dividing ae’. The estimation error
in s7 divides all elements of « by approximately the same scalar, which has
a very small impact on the optimal weights. Since « enters the likelihood
also without being divided by s7, the results for 71 and r2 could potentially
differ, but the differences are very small throughout the article. Hence the
knowledge of the Sharpe ratio of the optimal orthogonal portfolio is not
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very useful in portfolio selection without observed factors. Moreover, since
portfolio selection does not seem to depend on s7, the difficulty in estimating
s7 has no effect on the interesting portfolio implications of the a-% link.

Panel B of Table 2 contains portfolio selection results for 7 = 360. The
conclusions are similar to those from Panel A, except that the unrestricted
estimate shows some improvement. This is not unexpected, since the sample
mean is unbiased and its variance declines as 7" increases. The James—Stein
estimator again outperforms the unrestricted estimator, and the highest Sharpe
ratios are again achieved by the restricted estimators. As in Panel A, all
expected return estimators perform best with the identity matrix, even better
than with the true covariance matrix.

In an earlier version of the article, the simulation exercise has also been
repeated with N = 30 and N = 80 assets. With the larger values of N, the
true Sharpe ratios for the unrestricted mean estimate are even lower, and the
benefits from using the identity matrix are higher than for N = 10. Otherwise
the larger values of N lead to the same conclusion. There appears to be a
substantial payoff in portfolio selection from embedding the means in the
covariance matrix, especially when the mean is estimated poorly.

3.2 Environment II: Two-factor return-generating model

The purpose of analyzing the second environment is to investigate the robust-
ness of the one-factor analysis in a misspecified model. The estimation is
conducted assuming one underlying factor, although the returns on N = 10
assets are simulated from a two-factor model:

Z=a+pBz, +e.6~NO. D)z, ~ N, o), t=1..T. (33)

Recall that the second factor can be thought of as the optimal orthogonal
portfolio 4 that causes « to disappear upon its addition to the model. Since
Y =ad /s,% + 021, the mean and covariance matrix of returns are

O[Ol, ;2 2
u=a+pu, and V=S—2+,Bﬂap~|—a 1. (34)
h

The parameters of the simulation are specified to correspond approximately
to monthly returns. The elements of « are evenly spread between —(5/12)%
and (5/12)%, creating an annualized spread of 10%. The elements of 8 are
evenly spread between 0.5 and 1.5. The elements of « and B are randomly
paired and the pairs are held fixed across the simulations. The moments of the
factor portfolio p are set to u, = (8/12)% and 0, = (16/+/12)%, so that the
annualized Sharpe ratio of portfolio p is 0.5. Also, s, = 0.0953 (or 0.33 annu-
alized) and o = (20/+/12)%. The Sharpe ratios of the factor 4 underlying o
and of portfolio p imply that the annualized maximum Sharpe ratio for this
simulated environment is 0.6.” One thousand samples are generated for three

% This value is calculated as +/12 x ,/(0.0953)* + (%)2-
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Table 3
Simulation results for expected returns in a model with two unobserved factors
T =60 T =120 T =360

L, — 1 0.0075 —0.0076 0.0113
— 1

{(ﬂu — ;L)Z} 2 1.0564 0.7336 0.4247

s — It —0.1530 —0.1534 —0.1204
_ 1

{5 —w?}? 0.7276 0.5432 0.3661

Ay — 1 0.0559 0.0031 —0.0129
_ 1

{(,, — u)z} 2 0.5353 0.4698 0.3848

o — ) 0.1125 0.1147 0.1146
1

{ Ly — ;L)z} 2 0.3736 0.3490 0.3333

One thousand different samples of length 7' of returns on N = 10 assets are generated from what is effectively a two-factor
model
= +ﬂzp, +¢, ¢~NOX= ocot'/sg +(72]N), Zp ~ N(;Lp,az), t=1,...,T,

where the elements of « are spread evenly between —5% and 5%, elements of B are spread evenly between 0.5 and 1.5 and
randomly assigned to the elements of o, 0 = 20%, wy = 8%, and o, = 16%, all annualized. Above, s, is the Sharpe ratio
of the optimal orthogonal portfolio, which is set equal to 0.33 per year. The values of s, and 5, = /0, together imply
that the Sharpe ratio of the optimal mean variance efficient portfolio equals 0.6 per year. The true expected asset returns are
denoted by 1 =a + Bu .

[ty — i denotes the grand mean across simulations and across N assets of the deviations of the expected return estimates

from the true expected returns. { (it — )? }% denotes the square root of the grand mean across simulations and across N
assets of the squared deviations of the expected return estimates from the true expected returns. The subscript s takes on values
from the set (u, JS, r1, r2), where u stands for the unrestricted estimate, JS stands for the James—Stein estimate, »1 stands for
the restricted estimate when the true value of s, is unknown, and 2 stands for the restricted estimate when s, is fixed at 0.6
per year. All values are reported in percentage points per month.

values of 7: 60, 120, and 360. The estimation results are reported in Table 3
for expected returns and in Table 4 for portfolio selection.

3.2.1 Expected return. Four estimators of the expected return vector . are
considered: the unrestricted estimator u, the James—Stein estimator J.S, the
restricted estimator 71 that incorrectly assumes a one-factor structure, and the
restricted estimator »2 conditional on s, = 0.1732 (or 0.6 annualized) that
incorrectly assumes a one-factor structure. Conditioning on that particular
value of s, in the computation of 2 assumes that the Sharpe ratio of the
unobserved factor is equal to the true maximum Sharpe ratio in the two-
factor environment.

Table 3 contains the biases and precisions of the alternative expected return
estimators, analogous to Table 1. The average biases are again fairly close to
zero, no more in absolute value than 0.15% for the James—Stein estimator.'®
The RMSE varies substantially across the estimators. For 7 = 60, the RMSE
for the unrestricted estimator is 1.06%, whereas it is only 0.73% for the

1% An inspection of the biases for each asset reveals that the biases of the restricted estimators can sometimes
be substantial. Although the biases are typically small, for several assets, the bias of r2 exceeds 0.50%. Such
a finding is not unexpected, since the model is misspecified. Despite the bias, each asset’s RMSE for the
restricted estimator is lower than for the unrestricted estimator. Also, the biases of the James—Stein estimators
are typically larger than for the restricted estimators.
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Table 4
Simulation results for true sharpe ratios of tangency portfolios in a model with two unobserved factors

4 7 7 Vo Iy
Panel A: T = 60
" 0.1557 0.1433 0.1424 0.1418 0.1472
0.0000 0.0057 0.0059 0.0061 0.0000
i, 0.0506 0.0461 0.0652 0.0629 0.1094
0.0481 0.0484 0.0571 0.0559 0.0486
s 0.0845 0.0771 0.0971 0.0990 0.1245
0.0437 0.0430 0.0533 0.0501 0.0326
. 0.1177 0.1286 0.1282 - 0.1282
0.0182 0.0087 0.0082 - 0.0082
i, 0.1177 0.1284 - 0.1280 0.1280
0.0183 0.0088 - 0.0083 0.0083
Panel B: T = 360
“w 0.1557 0.1538 0.1400 0.1401 0.1472
0.0000 0.0009 0.0026 0.0025 0.0000
i, 0.1054 0.1037 0.1177 0.1166 0.1413
0.0326 0.0337 0.0259 0.0261 0.0170
s 0.1158 0.1136 0.1293 0.1289 0.1389
0.0253 0.0277 0.0231 0.0204 0.0139
. 0.1275 0.1297 0.1285 - 0.1285
0.0075 0.0033 0.0032 - 0.0032
s 0.1275 0.1297 - 0.1285 0.1285
0.0075 0.0032 - 0.0031 0.0031

One thousand different samples of length 7' of returns on N = 10 assets are generated from what is effectively a two-factor
model
= +/32p, +¢€, € ~NOX :ota'/x,’j +021N), Zp ™~ N(;/.p,ol::), t=1,..., T,

where the elements of o are spread evenly between —5% and 5%, elements of B are spread evenly between 0.5 and 1.5 and
randomly assigned to the elements of a, 0 = 20%, Hp = 8%, and 0, = 16%, all annualized. Above, s, is the Sharpe ratio of
the optimal orthogonal portfolio, which is set equal to 0.33 per year. The values of s, and s, = 11, /0, together imply that
the Sharpe ratio of the optimal mean— variance efficient portfolio equals 0.6 per year. The true mean and covariance matrix
of the asset returns are denoted by = o + fu, and V' = ﬂﬂ’a; + X, respectively, and their estimates are denoted by /i

and 17:‘ The subscript s takes on values from the set (u, JS, r1, r2), where u stands for the unrestricted estimate, J.S stands
for the James—Stein estimate, 1 stands for the restricted estimate when the true value of s, is unknown, and r2 stands for the
restricted estimate when s, is fixed at 0.6 per year. The true Sharpe ratios corresponding to /i; and V; are computed as
)
Wi
AT s A\1/20
(w,jVu,/) /

where the estimated optimal weight vector is i;; = (' I}/’][L,)’l I}/’][L,. The values reported below the true monthly Sharpe
ratios are their standard deviations across simulations.

James—Stein estimator, 0.54% for the restricted estimator »1, and 0.37% for
the restricted estimator »2. As in Table 1, the reduction in RMSE across
estimates is less pronounced for larger values of 7. For T = 360, the RMSE
decreases from 0.42% for the unrestricted estimate to 0.33% for the second
restricted estimate, and JS has a lower RMSE than r1.

In an earlier version of the article, the analysis was repeated with N = 30
assets, leading to the same conclusions. Despite the misspecification, using
the information in the covariances increases the precision of expected return
estimates, especially for smaller values of 7. As T grows, the gains from
imposing the restrictions disappear since the restricted estimators remain
biased, unlike the sample means. Additional information about the maxi-
mum Sharpe ratio for the whole environment reduces the RMSE, but the
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reduction is small as the bias sometimes increases when that information is
incorporated in a misspecified model.

3.2.2 Portfolio selection. Portfolio selection is examined next, using the
same set of simulated samples. Table 4 reports the simulation results in the
same format as Table 2. Panel A contains the results for 7 = 60. The true
maximum Sharpe ratio is 0.1557. In this second environment, using the iden-
tity matrix with the true mean is no longer the same as using the true covari-
ance matrix. The true covariance matrix now has a two-factor structure [see
Equation (34)], and the simplifications of Equations (18) and (19) occur only
with a one-factor structure. Using the sample mean always leads to the low-
est Sharpe ratios. This unrestricted estimate performs worst with the sample
covariance matrix and the true covariance matrix, and best with the identity
matrix. This result deserves emphasis for two reasons. First, even in a mis-
specified model, imposing the link implied by the one-factor model leads to
substantially higher Sharpe ratios. Second, as in the first environment, using
the true covariance matrix with the unrestricted mean estimate works poorly.
Using the identity covariance matrix, which effectively links the covariance
matrix to the sample mean, leads to substantial improvement.

We also observe that shrinking the sample means increases the true Sharpe
ratios. The identity matrix is also the best choice for the covariance matrix
with the James—Stein estimator of the mean. Since the restrictions are now
misspecified, the restricted estimators of the mean, 1 and 72, no longer lead
to average Sharpe ratios close to the true maximum. However, their Sharpe
ratios still uniformly exceed those obtained using the sample means, and
even the James—Stein estimators. The Sharpe ratios are the lowest when the
true covariance matrix is used.

Panel B of Table 4 contains portfolio selection results for 7 = 360. Using
the identity matrix, the average Sharpe ratio is now higher for the unre-
stricted estimate than for the restricted estimates. This is not surprising. As
mentioned earlier, the unrestricted estimate is unbiased and converges to the
true mean as 7 increases. In all cases, the identity matrix continues to be
a reasonable choice for the covariance matrix, despite model misspecifica-
tion in this two-factor environment. This result highlights the importance of
imposing a relation between the mean and the covariance matrix in portfolio
selection.

3.3 Summary of simulation evidence

A number of interesting results emerge from the simulations. First, recall that
using the identity covariance matrix imposes a strong link between the mean
and the covariance matrix in a one-factor model with an unobserved factor.
In all scenarios with estimated means, the true Sharpe ratios are higher when
the identity matrix is used than when the true covariance matrix is used,
even in the presence of misspecification. This powerful result supports an
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important economic role of factor models. Second, portfolio selection can
be improved when the estimate of the mean incorporates the information in
the covariances. This improvement is present in small and medium samples
even when the underlying assumptions are violated. In large samples, with
any misspecification, the improvement disappears as the variance reduction
is more than offset by the bias in the restricted estimates.

The environment analyzed in this subsection illustrates the robustness of
the results to model misspecification. Further analysis reveals that the use-
fulness of linking the mean and the covariance matrix is also robust to other
forms of misspecification. The simulations in both environments have been
repeated with less structure imposed on the true return-generating covari-
ance matrix of ,."" The results in both environments, not reported here to
conserve space, are similar to those reported in Tables 1-4. In an earlier
version of the article, the simulations in both environments have also been
repeated for N = 30 and N = 80, leading to the same conclusions. Across
the simulations, the restricted estimates of the mean are more precise than
the unrestricted estimates, and the identity matrix beats the true covariance
matrix in portfolio selection for all estimates of the mean. In fact, for the
larger values of N, the gains from using the identity covariance matrix are
even larger.

. Empirical Illustrations

This section provides an illustration on actual data of the role that the eco-
nomic restrictions of exact factor pricing can play in estimation of expected
returns and in portfolio selection. Empirical results are presented for two
universes of assets: 10 size-sorted portfolios and 30 individual stocks. For
each universe, two scenarios are considered—one in which no factors are
observed, and the other in which one factor is observed.

4.1 Decile portfolios

The size decile portfolios are value-weighted portfolios of NYSE, AMEX,
and NASDAQ stocks sorted by market capitalization, with an equal number
of NYSE stocks in each decile. Excess decile returns are obtained from the
CRSP for January 1926-December 1996 using the one-month Treasury bill
return as the risk-free rate.

A monthly series of expected return estimates and optimal portfolio weights
is computed using a “rolling sample approach” for windows of 7 = 60 and
T = 120 months. The first sample period for the 120-month window is
January 1926-December 1935. The decile returns from that period are used

""'Let 7, denote a matrix whose all diagonal elements are equal to o> and all off-diagonal elements are equal
to 0%/3. In environment I, the true covariance matrix of u, was set equal to ¥, (as opposed to o*/). In
environment 11, the true covariance matrix of €, was set equal to ae’/s? + V, (as opposed to ae’/s? + o21).
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to estimate expected returns and calculate portfolio weights, and the return on
the resulting portfolio is recorded for January 1936. The 120-month window
is then rolled forward so that January 1926 is dropped and January 1936
is added to the sample, and the portfolio return is recorded for February
1936. This process is continued until a time series of observations through
December 1996 is built. The same approach is used for the 60-month win-
dow, except that the January 1931-December 1935 period is used for the
initial sample.

Three expected return estimates are generated for each decile: the sample
mean, the grand mean of the 10 deciles, and the restricted estimate 72. The
restricted estimate is computed assuming one unobservable factor for s, =
0.1732 (or 0.6 annualized) and s, = 0.2887 (or 1.0 annualized). Only the
restricted estimates conditional on s, are presented. As previously noted, s7
is difficult to estimate. Since expected return is scaled by s7, treating s; as
a free parameter leads to occasional jumps in expected return estimates in
response to changes in the estimate of s7. Conditioning on s, eliminates this
problem.

Figures 1 and 2 present the expected return estimates for 7 = 60 for
deciles 1 (smallest firms), 4, 7, and 10 (largest firms). Figure 1 contains the
results for s, = 0.1732. The sample mean and grand mean estimates are
highly variable. As would be expected, the returns on small stocks are more
variable than the returns on large stocks. For all deciles, the unrestricted esti-
mates are negative in the early 1940s and in the mid-1970s. The restricted
estimates are much smoother. The expected return generally varies between
1 and 2% per month for decile 1, and between 0.5 and 1% per month for
decile 10. In general, the estimates are economically reasonable. The ten-
dency for the unrestricted estimates to move together with the restricted esti-
mates appears weak. Using the information in covariances leads to expected
return estimates that are quite different from the unrestricted estimates. Also
note that the restricted estimates are positively correlated across the deciles,
since they are linked to the same covariance matrix.

Figure 2 contains the results for s, = 0.2887. The higher Sharpe ratio for
the unobservable factor portfolio implies higher restricted estimates of the
mean. These restricted estimates in fact seem to be too high. For example,
the expected return for deciles 1 and 4 is often near or above 2% per month.
If these expected returns seem too high, then s, = 0.2887 is probably too
high, and the true annualized maximum Sharpe ratio is smaller than 1.0.
Comparing the restricted and unrestricted estimates leads to the same con-
clusions as in Figure 1. The restricted estimates are much less variable and
do not appear to move together with the unrestricted estimates.

Table 5 presents out-of-sample monthly Sharpe ratios for eight invest-
ment strategies, based on the 1936-1996 period as well as on two and three
subperiods of equal length. Panel A presents the Sharpe ratios for three pas-
sive strategies: holding the value-weighted market index, the equal-weighted

902



Asset Pricing Models

Decile 1 Decile 4
0.08 0.08
[}
I
0.06 f 0.06
|
0.04

0.02

Expected excess return estimate
Expected excess return estimate

il
0 \‘ i
¢
1
-0.02 -0.02
3601 4601 5601 6601 7601 8601 9601 3601 4601 5601 6601 7601 8601 9601
Month Month
Decile 7 Decile 10
0.08 0.08
0.06 0.06
0.04}:

0.02}

Expected excess return estimate
Expected excess return estimate

ol ¥ (m a_._;IJ I
G e W)
ik

-0.02 -0.02
3601 4601 5601 6601 7601 8601 9601 3601 4601 5601 6601 7601 8601 9601
Month Month

Figure 1

Expected returns for size decile portfolios, 7 = 60, s, = 0.1732

Estimates of expected monthly excess returns for size decile portfolios in January 1936-December 1996 using
three different techniques. Decile 1 represents the smallest stocks and decile 10 the largest stocks. The value
of s, corresponds to an annualized population maximum Sharpe ratio of 0.6. The solid line corresponds to
the restricted estimates that link the means to the covariances, the dashed line to the unrestricted estimates
and the dotted line represents grand means across all 10 deciles.

market index, and an equal-weighted portfolio of the 10 deciles. The Sharpe
ratios are similar across the three passive strategies. They range from 0.0784
to 0.2056, with the lowest values in the periods that include the down-market
of 1973-1974. Panel B presents the results for portfolios constructed using
the unrestricted estimators of the mean and covariance matrix. The unre-
stricted estimators perform very poorly.'? The Sharpe ratios are low and often

"2 The fact that using the unrestricted estimators to compute optimal portfolio weights often results in poorly
behaved portfolios has been documented and discussed in a number of studies, including Dickinson (1974),
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Figure 2

Expected returns for size decile portfolios, 7 = 60, s, = 0.2887

Estimates of expected monthly excess returns for size decile portfolios in January 1936-December 1996 using
three different techniques. Decile 1 represents the smallest stocks and decile 10 the largest stocks. The value
of s, corresponds to an annualized population maximum Sharpe ratio of 1.0. The solid line corresponds to
the restricted estimates that link the means to the covariances, the dashed line to the unrestricted estimates
and the dotted line represents grand means across all 10 deciles.

negative; for the overall period, they are equal to 0.0555 and -0.0356 for esti-
mation windows of 60 and 120 months, respectively.'

Panel C presents the results for the unrestricted mean estimator combined
with the identity matrix. Recall that using the identity covariance matrix
is consistent with imposing the link between the means and covariances.

Jobson and Korkie (1980), Michaud (1989), Best and Grauer (1991), Jorion (1991), Black and Litterman
(1992), Green and Hollifield (1992), and Chopra and Ziemba (1993).

'3 One is cautioned not to attach much significance to the magnitudes of the negative Sharpe ratios. If the mean
return is negative, the magnitude of such a ratio increases as the standard deviation decreases, so that the
negative ratio decreases as risk decreases.
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Table 5
Out-of-sample Sharpe ratios for N = 10 size decile portfolios

1936-1996  1936-1966  1966-1996  1936-1956 1956-1976  1976-1996

A. Passive strategies

VW Market 0.1486 0.1951 0.1016 0.2056 0.0784 0.1523
EW Market 0.1583 0.1936 0.1209 0.1977 0.1007 0.1743
EW 10 0.1532 0.1917 0.1134 0.1909 0.1036 0.1618
B. Sample mean and covariance matrix

T =60 0.0555 0.0006 0.0800 —0.0018 0.0764 0.0715
T =120 —0.0356 0.0774 —0.0737 0.0918 0.0368 —0.0914
C. Sample mean with an identity matrix

T =60 0.1728 0.1919 0.1601 0.1942 0.1258 0.1981
T =120 —0.0349 0.1823 —0.0519 0.1821 —0.0283 —0.0623
D. James—Stein mean with a sample covariance matrix

T =60 0.0584 —0.0053 0.0842 —0.0219 0.0787 0.0729
T =120 —0.0390 0.0548 —0.0638 0.0587 0.0382 —0.0790
E. James—Stein mean with an identity matrix

T =60 0.0665 0.1909 0.0108 0.1911 0.1180 —0.0047
T =120 0.1443 0.2082 0.0909 0.2136 0.0873 0.1296
F. Restricted mean and covariance matrix, unobserved factor

T =60 0.1533 0.1892 0.1156 0.1884 0.1062 0.1631
T =120 0.1532 0.1895 0.1150 0.1889 0.1049 0.1632
G. Restricted mean and covariance matrix, observed factor

T =60, s, =0.0289 0.1253 0.1493 0.0966 0.1528 0.0623 0.1566
T =60, s, =0.0577 —0.0332 —0.0484 0.1111 —0.0597 0.0648 0.1674
T =120, s, =0.0289 0.1423 0.1839 0.0926 0.1931 0.0859 0.1332
T =120, s, = 0.0577 0.1281 0.1542 0.0980 0.1694 0.0984 0.1225
H. Modified restricted estimates, observed factor

T =60, s, = 0.0289 0.1278 0.1540 0.0969 0.1575 0.0620 0.1588
T =60, s, =0.0577 0.1306 0.1448 0.1150 0.1481 0.0691 0.1789
T =120, s, =0.0289 0.1427 0.1838 0.0938 0.1925 0.0862 0.1358
T =120, s, =0.0577 0.1379 0.1651 0.1058 0.1706 0.1013 0.1398

Out-of-sample monthly Sharpe ratios are computed for several portfolio strategies. Among the passive strategies in panel A, the
“VW market” strategy invests in a value-weighted index of all NYSE + AMEX + NASDAQ stocks, the “EW market” strategy
invests in an equally weighted index of those stocks, and the “EW 107 strategy invests equal dollar amounts in N = 10 size
decile portfolios every month. Panels B-H contain the results for strategies that form mean variance efficient portfolios of the
decile portfolios using the stated estimates of the mean and covariance matrix of the deciles’ returns. Every month, 7 most
recent returns are used to estimate the return moments and the portfolios are rebalanced on a monthly basis. In panel F, the
restricted strategies produce identical results for any value of s;,, the Sharpe ratio of the optimal orthogonal portfolio. Panel H
corresponds to the strategy in panel G, except that if the restricted estimates imply extreme weights (i.e., if at least one weight in
the portfolio exceeds 50% in absolute value), the weights in the decile portfolios are scaled down such that the largest absolute
weight equals 50% and the remaining funds are invested in the VW market defined in panel A.

In all but one case, the Sharpe ratios in panel C are higher than in panel B,
supporting the usefulness of imposing the link. Using a 60-month window,
the Sharpe ratios in panel C are quite high and in most cases exceed those of
the passive portfolios. The Sharpe ratio for the overall period is 0.1728,
higher than 0.1583 for the best performing passive portfolio, the equal-
weighted market index. However, using a 120-month window, the results are
mixed, with negative Sharpe ratios in some periods. Clearly the unrestricted
mean estimator can lead to rather unstable optimal weights, even when the
covariance matrix is an identity.

Panels D and E present the results for the James—Stein estimator J.S of
the mean. With the sample covariance matrix, JS does not seem to offer
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any improvement over the unrestricted estimator in this sample. With the
identity matrix, J.S does worse than the sample mean for 7' = 60, but much
better than the sample mean for 7 = 120. The identity matrix with JS
performs much better than the sample covariance matrix. This confirms our
simulation findings that the choice of the covariance matrix is important in
portfolio selection and that imposing the mean-variance link by using the
identity covariance matrix is useful.

Panel F of Table 5 reports the results for the restricted estimators of the
mean and covariance matrix with no observed factors. Recall that using
the restricted covariance matrix is equivalent to simply using the identity
matrix. As discussed earlier, the portfolio weights are not sensitive to s,.
The restricted portfolio does well, with Sharpe ratios that are always positive
and quite high. Comparison with the low Sharpe ratios for the unrestricted
estimates in panel B clearly reveals the usefulness of imposing the restric-
tions. The Sharpe ratios in panel F are always higher than the corresponding
ratios in panel B. Moreover, comparison with panels C, D, and E reveals
that using the restricted mean in general provides more reasonable portfolios
than using either the sample mean or the James—Stein mean, even with the
identity covariance matrix.

The performance of the active portfolios constructed using the restricted
estimators (panel F) can also be compared to the performance of passive
portfolios (panel A). Note that, in the overall period, the active portfolios
outperform the VW market. However, the best ex post performance is deliv-
ered by holding the EW market. It is important to realize that, under certain
circumstances, an EW portfolio can be interpreted as a portfolio that imposes
the mean—variance link. Consider the more general specification of the link,
in which & is restricted to be diagonal but not necessarily proportional to the
identity. Recall from Equation (18) that the weights in the optimal portfolio
are proportional to ®~'o. If the expected returns « are positively related and
approximately proportional to the residual variances (the diagonal elements
of @), then the optimal portfolio is approximately equally weighted.'*

The restricted estimation approach is next applied with one observable
factor portfolio, the value-weighted market index. The estimates of the mis-
pricing « relative to the one-factor model are presented in Figures 3 and 4,
for T = 60. The estimates are plotted for s, = 0.0289 and 5, = 0.0577,
which correspond to the annualized Sharpe ratios for the optimal orthogonal
portfolio of 0.1 and 0.2, respectively. For all deciles, the restricted mispricing
estimates are much more stable than the unrestricted estimates. However, the
restricted estimates “jump” when they cross zero. Conditioning on a nonzero
value of s, implies the existence of mispricing, so all elements of o can-
not have values very close to zero. The estimated o for decile 10 is close

' This is theoretically plausible. For example, Merton (1987) proposes a model of capital market equilibrium
with incomplete information in which expected returns are positively related to residual variances.
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Figure 3

Mispricing for size decile portfolios, 7 = 60, s, = 0.0289

Estimates of monthly mispricing for size decile portfolios in January 1936—December 1996 using three dif-
ferent techniques. Decile 1 represents the smallest stocks and decile 10 the largest stocks. The value of s,
corresponds to the annualized Sharpe ratio of the optimal orthogonal portfolio of 0.1. The solid line cor-
responds to the restricted estimates that link the means to the covariances, the dashed line to the usual
unrestricted case and the dotted line represents grand means across all 10 deciles.

to zero, which could be expected since this large firm decile dominates the
value-weighted market index.

In portfolio selection, the value-weighted market is not included among the
investable assets, since it is approximately a linear combination of the decile
portfolios, and is very highly correlated with the decile containing the largest
stocks. Therefore the optimal portfolio computed here is not the orthogonal
active portfolio, but rather the tangency portfolio of the 10 assets:

Xnop = C_Vr s (35)
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Mispricing for size decile portfolios, 7 = 60, s, = 0.0577

Estimates of monthly mispricing for size decile portfolios in January 1936-December 1996 using three dif-
ferent techniques. Decile 1 represents the smallest stocks and decile 10 the largest stocks. The value of s,
corresponds to the annualized Sharpe ratio of the optimal orthogonal portfolio of 0.2. The solid line cor-
responds to the restricted estimates that link the means to the covariances, the dashed line to the usual
unrestricted case and the dotted line represents grand means across all 10 deciles.

where fi, = &, + B,it,, V, = &8,/ + B,B62 + 621, and ¢, = 'V, f,.
The restricted estimates are computed assuming that there is one observ-
able and one unobservable factor. In addition, estimates of the mean [ » and
standard deviation &, of the factor returns are needed. These parameters are
estimated by their sample values for the CRSP value-weighted market index
from January 1926 through the last month in the estimation window.

Panel G of Table 5 reports the results for the restricted estimators of the
mean and covariance matrix with one observed factor. Since the portfolio
weights are now sensitive to s,, the results are reported for s, = 0.0289 as
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well as for s, = 0.0577. The Sharpe ratios are much higher than for the
unrestricted estimates in Panel B, except for 7 = 60 and s, = 0.0577 in
the periods that include the 1936-1956 period. Comparing the Sharpe ratios
from Panels F and G leads to the somewhat counterintuitive result that one
is better off not using the value-weighted market as the factor portfolio when
constructing the optimal portfolio weights. This surprising result is consistent
with the importance of the link, given the empirical fact that stock returns
have one dominant factor. In Panel F, the dominant factor is missing, so there
are substantial benefits from imposing the link. In Panel G, where the impor-
tant factor has been largely accounted for and only relatively unimportant
factors are omitted, the benefits of imposing the link are reduced. Moreover,
the value-weighted market may not be a perfect proxy for the single dom-
inant factor. The usefulness of observing the returns on the value-weighted
market is further compromised given the imprecision of the estimates of its
mean /i, and variance 6.

Recall that s, is the Sharpe ratio of the missing (orthogonal) factor. Hence
a large value for s, implies an important missing factor and could potentially
lead to extreme portfolio weights. Technically ¢, in Equation (35) can be
close to zero, which results in extreme weights. In panel G, this problem
is present for s, = 0.0577. Between 1936 and 1996, the absolute value of
the maximum weight exceeds 100% in 146 months for 7 = 60 and in 101
months for 7 = 120. For s, = 0.0289, the absolute value of the maximum
weight never exceeds 100%.

To investigate the impact of extreme weights, the results of panel G are
replicated with one modification. The portfolio weights are adjusted so that
no long or short position in any single decile exceeds 50%. In each month
for which the largest absolute weight exceeds 50%, the portfolio is modified
such that the weight is reduced to 50% with the same sign. The magnitudes
of the other decile weights are reduced proportionally. The value-weighted
market is added to the portfolio as an extra asset so that the weights sum
to one."

The results for this modified approach are reported in Panel H. The Sharpe
ratios with the modification are generally close to those without the modifi-
cation, with a few exceptions. The very low Sharpe ratios from panel G for
T = 60 and s, = 0.0577 have increased substantially. The negative ratios for
the periods that include the 1936-1956 period are now positive and in line
with the passive indexes. Clearly the results for this period in panel G are
driven by some months with extreme weights.

4.2 Individual Stocks
A universe of 30 individual stocks is selected using the recent composition of
the Dow Jones Industrial Index. In order to be included in the sample, a stock

' The simple ad-hoc modification proposed here is only one of many ways of imposing portfolio constraints.
For example, a reasonable alternative would be to impose a restriction on the sum of squared weights.
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Table 6
Out-of-sample Sharpe ratios for N = 30 Dow Jones stocks

1957-1996  1957-1976  1977-1996  1957-1970  1970-1983  1983-1996

A. Passive strategies

VW Market 0.1180 0.0863 0.1489 0.1140 0.0730 0.1766
EW Market 0.1369 0.1100 0.1682 0.1568 0.1505 0.1022
EW 30 0.1401 0.1425 0.1380 0.1619 0.0807 0.1874
B. Sample mean and covariance matrix

T =60 —0.0281 —0.0299 —0.0290 —0.0863 0.0372 —0.0694
T =120 —0.0196 —0.0806 0.1049 0.1549 —0.1029 0.2068
C. Sample mean with an identity matrix

T =24 0.1300 0.1000 0.1583 0.1290 0.0826 0.1883
T =60 —0.0521 0.0050 —0.0758 0.1327 —0.1046 0.2068
T =120 0.0511 0.0721 0.0698 0.1537 0.0840 0.2336
D. James—Stein mean with a sample covariance matrix

T =60 —0.0480 —0.0412 —0.0811 —0.0910 0.0082 —0.0665
T =120 0.0744 0.0008 0.1565 0.1990 —0.0848 0.2378
E. James—Stein mean with an identity matrix

T =24 0.1401 0.1425 0.1380 0.1619 0.0807 0.1874
T =60 0.0146 —0.0143 0.1444 0.2351 —0.0642 0.2052
T =120 0.1025 0.0613 0.1495 0.1538 —0.0080 0.2127
F. Restricted mean and covariance matrix, unobserved factor

T =24 0.1254 0.1367 0.1156 0.1559 0.0587 0.1701
T =60 0.1173 0.1288 0.1076 0.1362 0.0744 0.1480
T =120 0.1247 0.1351 0.1159 0.1471 0.0824 0.1525
G. Restricted mean and covariance matrix, observed factor

T =24, s, =0.0289 0.1136 0.1087 0.1181 0.1432 0.0575 0.1507
T =24, s, =0.0577 0.1041 0.1259 0.0850 0.1630 0.0364 0.1235
T =60, s, =0.0289 0.0994 0.0543 0.1458 0.0855 0.0253 0.2039
T =60, s, =0.0577 0.0776 0.0264 0.1321 0.0595 —0.0192 0.2190
T =120, s, = 0.0289 0.1065 0.0592 0.1546 0.0932 0.0303 0.2126
T =120, s, =0.0577 0.0892 0.0325 0.1492 0.0683 —0.0087 0.2341

Out-of-sample monthly Sharpe ratios are computed for several portfolio strategies. Among the passive strategies in panel A, the
“VW market” strategy invests in a value-weighted index of all NYSE + AMEX + ZNASDAQ stocks, the “EW market” strategy
invests in an equally weighted index of those stocks, and the “EW 30" strategy invests equal dollar amounts in N = 30 Dow
Jones stocks every month. Panels B-G contain the results for strategies that form mean variance efficient portfolios of the Dow
Jones stocks using the stated estimates of the mean and covariance matrix of the stocks’ returns. Every month, 7" most recent
returns are used to estimate the return moments and the portfolios are rebalanced on a monthly basis. In panel F, the restricted
strategies produce identical results for any value of sy, the Sharpe ratio of the optimal orthogonal portfolio. Panel G contains
analogous results with an observed factor, which is considered investable.

is required to be continuously listed on an exchange in the past 50 years.'s
Among the stocks that currently constitute the Dow Jones 30 index, 22 satisfy
this requirement. The additional eight stocks that satisfy the requirement are
selected from earlier Dow Jones lists.

Table 6 presents the portfolio selection results for the individual stocks. The
analysis is analogous to that for the decile portfolios, with two exceptions.
First, when the link between the mean and covariance matrix is imposed, the
results for 7 = 24 are added in order to illustrate the approach for 7 < N.

This criterion provides a reasonably long period for out-of-sample comparisons. The effect of survivorship
bias is unlikely to be important, since comparisons are conducted between strategies that combine the same
set of stocks.
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One advantage of the restricted approach to portfolio selection is that there
are no restrictions on the number of assets N. In contrast, using the unre-
stricted approach, the number of assets must be smaller than the number
of time-series observations 7', so that the sample estimate of the covariance
matrix is nonsingular. Second, in one-factor analysis, the factor portfolio is
now included as an investable asset, since it is no longer a linear combina-
tion of the N assets. The optimal portfolio is constructed using the result in
Equation (24) with the restriction ® = o21.

The conclusions for the individual stocks are broadly similar to those for
the decile portfolios. The Sharpe ratios obtained using the unrestricted esti-
mates (panel B) are low and often negative. Using the identity matrix with
the unrestricted mean (panel C) leads to some improvement. Using the iden-
tity matrix with the James—Stein (panel E) and the restricted (panel F) mean
estimates is even better. The restricted estimates with an observed factor
(panel G) perform well, except for a few cases with a large s, for the same
reason as in the previous subsection. As in Table 5, one is better off not
using the value-weighted market as an observed factor portfolio. The only
strategy that yields positive and reasonable Sharpe ratios in all subperiods
and for all values of 7' (including 7 = 24) is the one that uses the restricted
estimates with no observed factors (panel F). Recall that this strategy uses
the identity covariance matrix with the restricted estimate of the mean, which
incorporates the information from the covariances.

While both empirical examples are only illustrative, their results are
promising. The restricted expected return estimates are economically reason-
able and much less variable than historical averages. The portfolio selection
results show that imposing the link between the means and covariances dom-
inates using the estimates that do not invoke implications of an exact factor
structure.

. Conclusion

The debate on the usefulness of factor-based pricing models has centered pri-
marily on their ability to explain the cross section of expected returns. Some
recent evidence has been unfavorable toward these models. However, it is
unlikely that any economic model will explain all phenomena that can be
culled from the data. This article adopts a more positive approach to evaluat-
ing the usefulness of factor-based models. By imposing certain implications
of these models in estimation of expected returns and in portfolio selection,
it is shown that these models can play an important role in finance despite
their apparent imperfections.

The central theme of the article is that, given a factor structure with an
unobserved factor, the vector of expected returns is directly linked to the
covariance matrix of returns. Hence the covariances provide information that
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can be useful in estimating the means. Simulations and empirical illustra-
tions show that this is indeed the case. Substantially higher precision can
be obtained by employing an expected return estimator that incorporates the
link. However, imposing the link is not costless. Since an important assump-
tion must be made about the covariance structure, the proposed estimators of
expected returns are likely to be biased. With a long and stable time series
of returns, it is possible for the noisier but unbiased unrestricted estimates to
be more precise. Nevertheless, the assumption of stability of the return dis-
tribution over very long horizons is not necessarily appropriate, so the role
of the bias should not be overstated.

The link between expected returns and covariances is also important in
portfolio selection. Imposing the link is especially useful when the factors are
difficult to identify precisely and/or are unstable over time. With no observed
factors, a strong form of the link leads to a simplification in which an identity
matrix is used as a covariance matrix when calculating the tangency portfo-
lio weights.'” In all simulated cases with estimated expected returns, the true
Sharpe ratio of the tangency portfolio constructed using the identity matrix
is higher than using the true covariance matrix. This result holds even when
the underlying assumptions are violated. The driving force behind the result
is that using the identity matrix effectively links the expected returns to the
covariances, whereas using the true covariance matrix does not. The differ-
ence between using the true covariance matrix and the identity is especially
large when the usual sample mean is used to estimate the expected return.

This article is also related to the literature on the construction of factors for
linear asset pricing models. In empirical research, factors constructed using
two very different techniques have been widely used. One factor-construction
technique extracts common factors from the sample covariance matrix of
returns using factor analysis or principal components [e.g., Roll and Ross
(1980), Connor and Korajczyk (1986)]. Another factor-building technique
assigns assets to several groups based on certain characteristics so that sam-
ple mean returns differ across the groups. The difference in average returns
across the groups can serve as a factor in a multifactor pricing relation. This
second approach is used to build the Fama and French (1993) SMB and
HML factors.!® The two factor-building techniques lead to different factors
since they use different information to construct the factors. The Connor—
Korajczyk factors are obtained from the information in sample variances and
covariances, whereas the Fama—French factors are obtained from the infor-
mation in sample means. The approach used in this article can be interpreted

If the investable assets are sufficiently different from each other in terms of their residual variances, such
as when assets from different asset classes are mixed together, a weaker form of the link that replaces the
identity matrix with a more general diagonal matrix can be imposed.

The SMB factor is the return of a portfolio of low market value of equity firms minus the return of a portfolio
of high market value of equity firms. The HML factor is the return of a portfolio of firms with high book
value to market value of equity ratios minus the return of a portfolio of firms with low book value to market
value of equity ratios.
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as a mixture of the two techniques. Since the mean return is explicitly linked
to the covariance matrix of returns, factors are built using the sample infor-
mation about both the means and the covariances.

The important issue of estimation risk pioneered by Bawa, Brown, and
Klein (1979) is not addressed, for tractability reasons. When computing the
optimal portfolios, the estimates of the return moments are treated as true
parameters. Estimation risk can be incorporated in a Bayesian framework.
With a noninformative prior, the Bayesian tangency portfolio weights cor-
respond to the unrestricted estimator of the weight vector in Equation (16),
which alleviates the concerns about estimation risk when unrestricted esti-
mators are used.' Using restricted estimators of the return moments also has
a Bayesian interpretation, albeit less formal. The restricted optimal weights
are likely to be close to the weights obtained in a Bayesian framework when
the only prior information is that there is a perfect link between model mis-
pricing and the residual covariance matrix. Conditioning on a certain value
for the maximum Sharpe ratio is similar in nature to specifying a dogmatic
prior belief that the Sharpe ratio is known. Pursuing a Bayesian approach
that allows the data to update a less dogmatic prior about the link is beyond
the scope of this study, but is one direction for future research.

This article provides economic motivation for using a simply structured
covariance matrix, such as an identity matrix, in portfolio selection. The
motivation assumes that expected asset returns are driven solely by the assets’
covariances with an unobserved factor. Nevertheless, an investor may believe
that the assets’ risk premia are not entirely risk-based, as suggested by
MacKinlay (1995). In that case, a simply structured covariance matrix may
serve as a benchmark around which a Bayesian investor can center his prior
beliefs about the covariance matrix. The tightness of the prior would reflect
the degree of belief that the mispricing is risk based. This economic moti-
vation complements the statistical motivation of Ledoit (1997) for shrinking
the sample covariance matrix toward the identity matrix.

Several other issues warrant further study. The robustness of the simulation
result that the identity matrix beats the true covariance matrix in portfolio
selection is important. This result has strong implications for the value of
efforts that seek to develop refined estimators of the covariance matrix for
portfolio selection. The framework proposed here provides a natural way of
allocating among many assets without imposing artificial constraints. The
gains from imposing the link when the number of assets exceeds the number
of time-series observations deserve further investigation. Finally, empirical
analysis using different sets of assets would be informative.

' The correspondence between the Bayesian weights and the unrestricted weights follows because the mean of
the Bayesian predictive density is equal to the maximum likelihood estimate of the mean, and the predictive
covariance matrix is a scalar multiple of the sample covariance matrix.
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While there is substantial empirical evidence questioning the validity of
factor-based asset pricing models, our results suggest that casting the mod-
els aside could be premature. Even if the pricing relation is not exact, assum-
ing that mispricing is due to risk can serve as a powerful tool for estimation
of expected return and for portfolio selection.

Appendix

The appendix derives the formula in Equation (23) for the vector of optimal weights in the
tangency portfolio. From basic mean—variance analysis, this (N + 1) x 1 vector equals

Xyt = WV )T, (Al)

where u* is the (N + 1) vector of expected excess returns with the factor portfolio as the
(N 4 1)* element and V* is the (N + 1) x (N 4 1) excess return covariance matrix:

2 r 2 2
A I B I A (*2)
9 9 Bo, 9

where V' = ﬂﬂ’aj + X has been substituted.
V* can be analytically inverted using the formula for a partitioned inverse [see Morrison
(1990, p. 69)1:

L[ = -mp
=l pse b psoip |- (A3)

Using Equation (A3), u* = [u' ], and substituting « = p — B, from Equation (22), we
obtain

DRTED N
V*—lu* — , | , | P o
—pE BT B, +

T la
=| —prla+s |- G
p
Returning to Equation (A1), the portfolio weight vector is
>l
e R % , (AS5)
P

where ¢, is a normalizing constant such that /x,+ = 1.
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