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We examine the extent to which an investor’s tastes and beliefs can be jointly recov-
ered from knowledge of his/her consumption choice. More precisely, we assume that
the investor’s preferences admit an expected utility representation, but with subjective
(unknown) probabilities, and investigate what joint restrictions can be placed on utility
functions and beliefs. If the investor draws utility from intertemporal consumption, we
show that the set of utility functions and beliefs that are consistent with a given con-
sumption choice can be characterized by a martingale condition. In the Markovian case,
this characterization can be restated in terms of a Riccati differential equation that must
be satisfied by the investor’s relative risk aversion function. To each solution of this
differential equation is associated a unique utility function and a unique set of beliefs
supporting the given consumption choice. Moreover, we show that the differential equa-
tion has at most one solution in the class of utility functions displaying infinite absolute
risk aversion at the origin. Thus, preferences (and associated beliefs) can be uniquely
recovered within this class.

Following the work of Mehra and Prescott (1985), there has been consider-
able empirical evidence that stock risk premia are too high relative to what
would be implied by the Lucas (1978) model with a single representative
agent having a constant relative risk aversion utility function, at least for
“reasonable” levels of risk aversion. In attempting to solve this “puzzle,”
various extensions of the basic model have been proposed, based on differ-
ent preference assumptions for the representative agent or on the introduction
of market frictions.! Recently, several attempts have been made to explain
the size of the equity premium puzzle by assuming that investors are het-
erogeneous, either in terms of their endowments [Constantinides and Duffie
(1996)], or in terms of their information/beliefs [e.g., Abel (1990), Detemple
and Murthy (1994)], or in terms of their risk aversion [Dumas (1989)]. One
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of the motivations of this article is to study under what circumstances het-
erogeneity in beliefs and risk aversion might be observationally equivalent.

The relevance and the apparent difficulty of this task were summarized by
Kraus and Sick (1980, p. 335):

Since restrictions on beliefs and restrictions on preferences have both shown them-
selves to be productive routes to theories of security market equilibrium, the ques-
tion naturally arises as to whether one can distinguish the effects of beliefs and
preferences in observed prices. It is certainly not obvious that this can ever be done.
Since individual agent optimality conditions involve the product of probability and
marginal utility, it may be that any set of equilibrium prices that are consistent
with some combination of beliefs and preferences could also have resulted from
different beliefs combined with different preferences.

Kraus and Sick approached this issue by considering a highly parameterized
single-period model with a riskless asset, a single risky asset with a normally
distributed payoff, and a representative agent having constant absolute risk
aversion and derived conditions under which both the mean of the risky
asset’s payoff and the representative agent’s risk aversion coefficient can be
uniquely inferred from the two assets’ prices.

In this article we consider a general dynamic model with von Neumann—
Morgenstern utility functions and possibly non-Markovian price processes.
By making use of martingale techniques and Girsanov’s theorem, beliefs are
represented in full generality as probability measures on the set of observable
events. Because of this generality, it is easy to see that if the investor has a
utility function for wealth or consumption at a single future date, then the
problem is indeed indeterminate, in the sense that, subject to minor technical
conditions, for any given utility function and consumption/investment policy,
it is possible to construct a set of beliefs that would make the given policy
optimal. On the other hand, if the investor draws utility from intertemporal
consumption, we show in Section 2 that the set of preferences and beliefs
that are consistent with a given consumption process can be characterized
by a martingale condition. We formulate our dynamic model in continuous
time for ease of notation, but our conclusions also apply to a discrete-time
economy.

As an application of our characterization result, we consider a more gen-
eral version of the “integrability problem” discussed by He and Leland (1993)
and Wang (1993a,b) and relating to the possibility of recovering the repre-
sentative agent’s preferences from knowledge of the aggregate consumption
process and the equilibrium prices.? In Section 3, we specialize our setting to
a Markovian environment similar to that considered in the above articles and

% Dybvig and Rogers (1997) have recently shown that, subject to some additional assumptions on the conditional
distribution of the terminal state-price density (in the case of preferences for terminal wealth) or on the
utility function (in the case of preferences for intertemporal consumption), then recoverability of an investor’s
preferences is possible even from observation of the consumption choice along a single sample path.
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show that our martingale condition characterizing the set of preferences and
beliefs consistent with a given consumption choice can be restated in terms
of a Riccati differential equation. The problem of recovering both preferences
and beliefs amounts to solving such a differential equation. We provide suf-
ficient conditions for this differential equation to admit a unique solution in
the class of utility functions displaying infinite absolute risk aversion at the
origin. Thus, under the stated conditions, preferences (and associated beliefs)
can be uniquely recovered within this class.

Alternatively, our results can be interpreted as providing sufficient con-
ditions for given dividend, stock price, and interest rate processes to be
supported in equilibrium by a representative agent with time-additive pref-
erences. Differently from the existing literature [Bick (1987, 1990), He and
Leland (1993)] that treats the representative agent’s beliefs as exogenous and
his utility function as endogenous, we allow both the representative agent’s
beliefs and his utility function to be endogenously determined when trying to
“rationalize” the given processes. Finally, if the beliefs are exogenously fixed,
our differential equation reduces to a condition on the equity risk premium
that must be satisfied for the assumed price dynamics to be compatible with
the existence of a representative agent having a von Neumann—Morgenstern
utility function. This extends the result of He and Leland (1993) to a setting
with intertemporal consumption and a general interest rate process.

1. The Economy

We consider a standard continuous-time infinite-horizon economy with a
dynamically complete financial market.?

1.1 Information structure

The uncertainty is represented by the canonical probability space for n-
dimensional Brownian motion, defined as follows. Let Q2 = C([0, 00))" be
the space of continuous functions w : [0, c0) — R". On this space, define the
coordinate mapping process w(t, w) = w(t). Finally, let ¥ = o{w; : 0 <
s <t} denote the o-field generated by the sample path of w on [0, 7] and let
P" denote the Wiener measure on F2, that is, the probability measure under
which w is an n-dimensional Brownian motion. All the stochastic processes
to appear in the sequel are assumed to be adapted to the filtration {F}*}.* We
remark that the probability measure P does not need to be interpreted as

3 The result in Theorem 1 would be unchanged in a finite-horizon economy. However, the ODE in Theorem 2
would in general become a PDE in a finite-horizon economy if the equilibrium price coefficients depend on
calendar time.

*We work with the incomplete filtration {F/"} in order to avoid the difficulty illustrated by Example 1.7.6
in Karatzas and Shreve (1998). Completion of the filtration is not needed for our subsequent application of
Girsanov’s theorem and the Martingale Representation theorem.
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representing “objective” probabilities or investors’ beliefs: as it will become
clear in the sequel, the only role of PY is to identify the set of events to
which agents assign positive probability.

1.2 Securities market
The investment opportunities are represented by n + 1 long-lived securities.
The first security is a locally riskless bond whose price is given by

t
B(t) = exp(/ r(r)dt) (D
0

for some interest rate process r with

t
/ |[r(t)|dt < oo as.
0

for all ¢ € [0, 0o0). The remaining » assets are risky. Letting S = (51, ..., Sp)
denote their price process and D = (Dy, ..., D;) their cumulative dividend
process, we assume that S + D is an It6 process:

t

t
S(t)+D(t):S(0)+/ Is(r)u(t)dr—i—/ Is(t)o (v)dw(t), (2)
0 0

where Ig(¢) denotes the n x n diagonal matrix with elements S(¢) and

t t
/ [Is(t)u(r)|dt +/ |15(t)o(r)|2dr <00 as.
0 0

for all ¢ € [0, 00).
The following two assumptions on the security price processes will be
maintained throughout the article.

Assumption 1. The diffusion matrix o satisfies the nondegeneracy condition
xo(o() x> e|)c|2 a.s. 3)

for all (x,t) € R" x [0, 00) and some € > 0.

Assumption 2. The process
() =o@® (u@) —rl),
where 1 = (1,...,1)T € R", satisfies
/t |K('L’)|2d1' <00 a.s.
forall t € [0, 00). Moreov;)n the positive local martingale

t t
s<z)=exp(— / K(r)wa(r)—l / |K(r)|2dr) )
0 2 Jo

is in fact a martingale, that is, Epw[§(t)] = 1 for all t € [0, 00), where Epuw
denotes the expectation operator under P™.
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Assumption 1 implies in particular that o (#) has full rank a.s. for all ¢ €
[0, 00), so that the financial market is dynamically complete. Assumption 2
guarantees the existence of a martingale measure [cf. Karatzas and Shreve
(1998), Proposition 1.7.4] and rules out arbitrage opportunities.’

1.3 Trading strategies
Trading takes place continuously and there are no market frictions. An admis-
sible trading strategy is an (n + 1)-dimensional vector process («, §)—where
a(t) and Oy (r) denote, respectively, the dollar amount invested at time ¢ in
the bond and the kth risky asset—satisfying

t

t t
/ |a(r)r(r)|dr+/ |9('L’)T/L(‘L')|d‘[+/ 10(t) o(1)]?dt < o0 as.
0 0 0
(5

and the nonnegative wealth constraint o (z) + 0(1)"1 > 0 as. for all t €
[0, 00).

1.4 Consumption set

There is a single consumption good (the numeraire). A consumption plan is
a strictly positive consumption rate process ¢ with fot c(t)dt < oo as. for
all ¢ € [0, 00).

1.5 Preferences
Investors’ preferences are represented by an additive expected utility function
U for intertemporal consumption,

U()=Ep {/00 e P u(c(r)) dt],
0

where P is a probability measure on FY, p € R and u : (0,00) — R
is an increasing, strictly concave and three times continuously differentiable
felicity function. We will denote by U/ the set of felicity functions u satisfying
the stated assumptions and by U’ the subset of felicity functions displaying
infinite absolute risk aversion at the origin:

U = {u €U :limu’(e)/u'(c) = oo}.

The only a priori restriction placed on P is that it be locally equivalent to
P, that is, that for all ¢ € [0, co) the restriction P; of P to F;* be equivalent
to the restriction P of P¥ to F;”.® We will denote by P the set of possible
“beliefs”, that is, the set of probability measures locally equivalent to P¥.

*We remark that the martingale measure whose existence is guaranteed by Assumption 2 is not necessarily
equivalent to PY, although it is locally equivalent. The definition of local equivalence will be introduced
momentarily.

® Two probability measures are equivalent if they attribute zero probability to the same events.
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Letting

dP;

dpPY
denote the density process of a probability measure P € P with respect to
PY, Theorem II1.3.4 in Jacod and Shiryaev (1987) and Proposition 7.11(b)
in Jacod (1979) show that np can be taken to be a strictly positive P*-
martingale. It then follows from the Martingale representation theorem [Jacod
and Shiryaev (1987), Theorem II1.4.33] and Girsanov’s theorem [Jacod and

Shiryaev (1987), Theorem II1.3.11] that np has the stochastic exponential
representation

t 1 t
np(t)=e><p<—/ yp(f)wa(t)—E/ Iyp(r)lzdf>
0 0

for some n-dimensional process yp with fé lyp(v)|>dt < oo as. for all
t € [0, 00) and that the process

np(t) = (6)

t
wp(t) = w(t) + /0 yp(2)de

is a standard Brownian motion under P. We remark that under P, the gain
process S + D is still an Itd process, with representation

t

t
S(t)+D(t)=S(0)+/ IS(T)MP(T)dT+/ Is(r)o (t) dwp(7),
0 0

where up = u —oyp.

2. Viable Consumption Plans

Under the stated assumptions, it is well known that the investor’s problem of
maximizing the lifetime expected utility over the consumption plans that are
financed by an admissible trading strategy can be written in the following
static form [cf. Huang and Pages (1992) or Karatzas and Shreve (1998)]:

max Ep [/OO e_p’u(c(t))dt}
0

c>0

s.t. Ep {/oo wp(t)c(t) d[:| = W,
0

where W denotes the time O value of the investor’s lifetime endowment,

t 1 t
mp(t) = B(z)“exp(— /O kp() dwp(v) = 5 /0 |Kp<r>|2dr), )

and kp = o~ '(up — r1). The process mp identifies the state-price density
with respect to the investor’s beliefs P.
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The above immediately implies that, if a consumption plan ¢* € C is
optimal for a pair (4, P) € U x P of preferences and beliefs, then it must
satisfy the first-order condition

e Pluc(c* (1)) = Yp (1) ®)

for some Lagrangian multiplier ¢ > 0. Defining the state-price density with
respect to the Wiener measure P" by

t t
(1) =B(t)lexp<—/0 K(‘E)wa(‘t)—%/o |K(‘L’)|2dt>,

it can be easily verified that mp = n}ln, where np is the process in Equa-
tion (6). Thus we can rewrite Equation (8) as

() fuc(c* (1) = np 1)/, ©))

and we have the following characterization of the consumption plans which
are optimal for a given utility function # € ¢/ and some set of beliefs P € P.

Theorem 1. Let c* € C be a consumption plan and let p € R and u € U be
given. Then there exists a P € ‘P such that c* is optimal for an investor with
felicity function u € U, beliefs P € P, and endowment

Wo = Epuw [/oo n’(t)c*(t)dt}
0

if and only if the process eP' 7 (t) Ju.(c*(t)) is a P¥-martingale. If the above
condition is satisfied, then the beliefs P are uniquely determined by
AP uc(c*(0)eP 7 (1)

dPY — uc(c*(t)) (10

for all t € [0, oo].

Proof. Necessity is immediate from Equation (9), the fact that np is a P"-
martingale, and the fact that

Epw [/ n(t)c*(t)dt} = Epu [/ np(l)ﬂp(l‘)c*(l‘)dt:|
0 0

=Ep {/OO np(t)c*(t)dt} = Wo.
0

Conversely, if e’ 7 (¢) /u.(c*(¢)) is a P*-martingale, then Theorem VIII.1.13
in Revuz and Yor (1991) implies that there exists a unique probability mea-
sure P on FY such that

dP; uc(c*(0)el (1)

np(t) = ——5 = ,

dPp uc(c*(1))
so that Equation (9) is satisfied and ¢* is optimal for (u, P). The fact that
P € P (i.e., that P is locally equivalent to P") follows from Propositions
7.14(a) and 7.11(b) in Jacod (1979). ]
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While in the case of preferences for terminal wealth only, it is easy to
see that, given any consumption plan ¢* € C and any felicity function u € U
satisfying minor technical conditions, it is always possible to construct beliefs
P € P that would make the given policy optimal for that particular felicity
function. Theorem 1 shows that a similar result does not apply to the case
of preferences for intertemporal consumption. A given consumption plan is
not necessarily optimal for an arbitrary felicity function given an appropriate
choice of beliefs, as the above martingale condition is not necessarily satisfied
for arbitrary u € U.

It is also worthwhile remarking that the condition of Theorem 1 does
not depend on the particular choice of the probability measure PY: given
any P’ € P, it follows immediately from Proposition I11.3.8(a) in Jacod and
Shiryaev (1987) that the process e”' 7 (t)/u.(c*(t)) is a P*-martingale if and
only if the process e?’mp/(t)/u.(c*(¢)) is a P’-martingale, in which case the
beliefs P of Theorem 1 also satisfy

dPr uc(c*(0)el wp (1)

dpP] ue(c* (1))

3. The Recoverability Problem

One application of the above result relates to the literature on the recov-
erability (or integrability) problem. This line of research is concerned with
the possibility of recovering preferences of the investor by observing con-
sumption/investment decisions. Preferences are assumed to have an expected
utility representation, and beliefs are treated as objective and hence assumed
to be known. Wang (1993a) studied the recoverability problem in a time-
homogeneous model with intertemporal consumption and showed that the
representative agent’s felicity function can be recovered (although not
uniquely) under mild technical conditions. On the other hand, this recov-
erability result was based on the assumption that the only traded asset was a
claim to aggregate consumption and thus ignored the information contained
in the interest rate process. In a discrete-time setting with a Markov output
growth rate process and two traded assets (a bond and a claim to aggregate
consumption), Wang (1993b) showed that recoverability is generically pos-
sible within the larger class of preferences introduced by Kreps and Porteus
(1978).

Finally, He and Leland (1993) considered a setting with a constant interest
rate, a single risky asset which pays no dividends and follows a diffusion,
and a representative agent that maximizes utility from terminal wealth. They
showed that the representative agent’s utility function can be recovered from
knowledge of the equity risk premium at the terminal date and obtained a
partial differential equation that must be satisfied by the relative risk premium
for it to be consistent with the representative agent optimally holding the risky
asset [see also Bick (1987, 1990)]. Again, they ignored the information in
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the interest rate process, since a model with no intertemporal consumption
places no restriction on the equilibrium interest rate.

We investigate next to what extent simultaneous recovery of tastes and
beliefs is possible. As in Wang (1993a), we consider a simple continuous-
time time-homogeneous Lucas economy with a single representative agent.
However, we assume that two assets are traded: a locally riskless bond and
a risky asset. The supply of the risky asset is normalized to one share, while
the riskless asset is taken to be in zero net supply. The representative agent
is endowed with the share of the risky asset at time 0. The risky asset pays
a strictly positive dividend rate process y, where

t

t
y() =y(0)+/0 m(y(f))y(f)der/O s(y(m)y@dw(r)  (AD

for some continuous functions m, s : (0,00) — R with s(y) # 0 for all
y € (0, 00). We assume that for all 7 € (0, co) the random variable y(¢) has
support (0, oo) and focus on Markovian equilibria in which

t
B(t) = exp(/0 F(y(1)) dr) (12)

and

t
S(t)+/ y(r)dr:S(O)+/
0 0

t

t
a(y(r)S(r)dr +/ 6 (y(1))S(r) dw(r)
0
(13)
for some continuous functions 7, 1,6 : (0,00) — R with 6(y) # 0 for
all y € (0, 00). Clearly, Equations (12) and (13) are special cases of Equa-
tions (1) and (2), respectively. The equilibrium condition for this economy
is that the representative agent optimally holds the share of the risky asset,
consuming the dividend y. The following theorem completely characterizes
the set of tastes and beliefs (1, P) € U x P for the representative agent that
are consistent with an equilibrium.

Theorem 2. Let k(y) = ((y) — F())/6(y) and let p € R be given. There
exists a pair (u, P) € U x P of tastes and beliefs for the representative agent
that is consistent with an equilibrium for the above economy if and only if
there exists a strictly positive solution T to the Riccati differential equation

1 n
5s(y>2y2[T/(y> — 1] = [m(y) = RMsMIYT (y)

+ ) = pIT(1)? =0 (14)
that satisfies the integrability condition

t
Epu {CXP(_/O (/G(y(t)) — s(;((fy)()ry)()f))dw(r)

I s((@)y(0)\? B
_5/0 ("(y(”)_ T(y(r) )‘”ﬂ =!
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for all t € [0, 00). If the above condition is satisfied, then

¢ X dy>
= + - —— | d 15
u(c) =y lﬂz/yoexp( /yo o) x (15)
dPp;

t 1 t
pre =exp<— /0 Pp(y(D) dw() — /O ﬁp<y<z>>2df> (16)

for all t € [0, 00), where Y1 € R and yp > O are arbitrary constants that
do not affect preferences and

and

s(y)y
T(y)
Proof. Suppose first that (u, P) € U x P is a pair of preferences and beliefs
for the representative agent that is consistent with an equilibrium. Let ; =

u(y0), ¥2 = uc(yo), v(c) = log(uc(c)/y2), and
_ Mc(y) . 1

vp(y) =k (y) — A7)

T = = — .
W= = v,
Then
_ [y
ve) = /yo ()
and
¢ d
Mc(C)=1//2€XP(U(C))=1//2€XP<— / Ty> (18)
yo T'(y)

In analogy with Equation (7), let

t 1 1
ﬂ(t)=B(t)_1eXp(—/0 I?(y(f))wa(f)—E/o |/2(y(r))|2dr>. (19)

By Theorem 1, the pair (u, P) is consistent with an equilibrium if and only
if the process e”' (1) /u.(y(t)) is a P¥-martingale, in which case

AP Yne’'n(t)

dPP”  uc(y(®)
By the martingale representation theorem, the above condition amounts to
the existence of a process yp such that

Yoel'm(t) ! (e 2
uc(y(®) _eXp(_/O ve(t)dw() = 5/0 yp(7) dr), (20)

or, equivalently [using Equations (18) and (19) and taking logs],

t t 1
~ /0 R(y(0)) dw(t) — /0 (f(y(r))—p+2k<y<r>>2> dt —v(y(1))
t 1 t
=— / yp(®)dw(t) - 5 / yp(7)? dr.
0 0
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Also, by It6’s lemma,

t
v(y(t))=/0 s((@))y (V' (y(1)) dw(t)

t 2
+/0 (S(y(f)) y(@)*" (y(1)) +m(y(r))y(r)v’(y(f))) dt

2
_ /’s(y(r))y(r) oo
o T
+/’(s(y(r))zy(r)zT’(y(r)) B m(y(r))y(r)> g
0 2T (y(v))? T (y(7))

N

Oy
()’

The last two equations imply yp () = yp(y(t)), where pp(y) = k(y) —
and

sMAPT' () m(y)y

1
+70) = p =5 (Pp? = (1?)

2T (y)? T(y) 2
_ sy ROy
2T (y)? T(y)

The strict positivity of T follows from the definition and the fact that u € U,
while the integrability condition follows from Equation (20) and the martin-
gale property of e® m(t)/uc(y(t)).

The proof of sufficiency is similar. ]

Theorem 2 shows that recovering the set of pairs (u#, P) consistent with the
aggregate consumption process y in Equation (11) and the equilibrium price
process (B, S) in Equations (12) and (13) amounts to determining the set
of strictly positive solutions 7' to the ordinary differential equation (ODE)
[Equation (14)], which in addition satisfy the integrability condition. Each
such solution T corresponds to a unique (up to a linear transformation that
does not affect preferences) utility function # € U through Equation (15) and
a unique set of beliefs P € P through Equation (16) that are consistent with
an equilibrium. The function 7' corresponds to the Arrow—Pratt coefficient of
absolute risk tolerance associated with u.

We remark that the set of solutions 7' to the ODE [Equation (14)] is, as we
would expect, unaffected by the particular choice of the probability measure
PY, as we have from Girsanov’s theorem
f—Fpo —F

o

mp —Kprs =m — Pprs — s=m—Ks

for all P’ € P.

In the case of objective beliefs (P = PY), we have yp = 0, and thus,
assuming that < (y) # O for all y € (0, 00), Equation (17) implies T (y) =
s(y)y/k(y), so that the representative agent’s utility function is uniquely
identified (up to a linear transformation). The ODE [Equation (14)] then
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becomes a condition that must be satisfied by the coefficients of the price
process for them to be consistent with an equilibrium with a single rep-
resentative agent with a felicity function in U. This generalizes the results
of Bick (1987, 1990) and He and Leland (1993) to allow for intertemporal
consumption and a nonconstant interest rate process.

The next proposition provides sufficient conditions for the above ODE to
admit a unique solution satisfying the boundary condition limy o T'(y) = 0.
Thus, preferences (and associated beliefs) are in this case uniquely deter-
mined in the class U’ of utility function displaying infinite absolute risk
aversion at the origin (a class which includes the CRRA utility functions
typically used in finance). This extends the recoverability result of Kraus and
Sick (1980) to an intertemporal setting and to a much larger nonparametric
class of preferences and beliefs.

Proposition 1. Suppose that the functions a(y) = W and b(y) =
r(“ )2_ £ are continuous on [0, 00), with b nonnegative. Then the ODE [Equa-
tion (14)] has a unique strictly positive solution T with limy o T (y) = 0.
Thus, there exists a unique pair (u, P) € U' x P (up to a linear transfor-
mation of u that does not affect preferences) of tastes and beliefs for the

representative agent that is consistent with an equilibrium.

Proof. Under the given assumptions, the ODE [Equation (14)] can be rewrit-
ten as

T'(y) = 14 2a()T(y) = 26(NT (). 21

The fact that the Riccati equation [Equation (21)] subject to the boundary
condition 7' (0) = 0 has a nonnegative solution on [0, oo) follows from The-
orem IV.5.2 in Fleming and Rishel (1975), while uniqueness follows from
standard results [e.g., Corollary 2.4.3 in Miller and Michel (1982)]. The fact
that the solution is strictly positive on (0, c0) follows from the fact that
T(0) = 0 and Equation (21) implies T'(y) = 1 whenever T (y) = 0. [ ]

The conditions of the previous proposition do not apply to the case in
which the coefficients 7, &, m, and s are constant. However, for this case we
can prove a stronger result.

Proposition 2. Suppose that the functions 7, k, m, and s are constant on
(0, 00), with 7 > p and s > 0. Then there exists a unique pair (u, P) € UxP
(up to a linear transformation of u) of tastes and beliefs for the representative
agent that is consistent with an equilibrium. In particular, letting

2
S;—m+/2s+\/<sz2—m+/25) +252(r — p)
- >

>0 (22
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and
yp =K — as,
we have
l—a :
1
wey={¢  TeF] (23)
log(c) otherwise
and
dPp; . 1.,
apy = exp <VPw(t) - 27/Pt>- (24)

Proof. Under the stated assumptions, the solution of the ODE [Equation (14)]
with an arbitrary initial condition T (yg) = Ty > O is given by

(@s2yo + 2(r — p)To)y? — as(yo — aTo)yl
aas?yo + 2(r — p)To)yP +2(r — p)(yo — aTo)ylk

where « is the constant in Equation (22) and

2
\/(Szz—m—i—/?s) +252(r — p)
2

2

T(y)=

y, (25)

B = > 0.

Taking To = yo/a, Equation (25) gives T(y) = y/« for all y, which is the
only solution that is defined and strictly positive on (0, co). Since y/T(y)
is constant in this case, the integrability condition of Theorem 1 is trivially
satisfied. Thus, both preferences and beliefs can be uniquely recovered in the
class U x P (or in U’ x P) in this case and are given by Equations (23)
and (24), respectively. |

N

Remark. The case of constant coefficients provides a simple illustration of
the implications of treating beliefs as subjective. If beliefs are treated as
objective (i.e., P = PY), then yp = 0 and Equation (17) immediately gives
T (y) = ys/k, implying a constant relative risk aversion function with rel-
ative risk aversion coefficient k /s (which is consistent with the CCAPM).
Equation (14) then becomes a restriction on the price coefficients,
A k 1, [k
F—p=m———ks|—+1]), (26)
s 2 (s )
which restates the well-known relation between the equilibrium interest rate
and the rate of change in the marginal utility of the representative agent:
Fop= _myucc(y) + %Szyzuccc(y) . @27
uc(y)
Treating beliefs as subjective, Proposition 2 shows that the representative
agents’ utility function can still be uniquely recovered and that it must still
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display constant relative risk aversion. Moreover, a given price process can
be supported in equilibrium whether or not Equation (26) holds, as Equa-
tion (27) is always satisfied under the appropriate choice of beliefs (as given
in Proposition 2).

4. Conclusion

We have examined the extent to which a given consumption/investment strat-
egy can be “rationalized” by a simultaneous choice of an agent’s prefer-
ences and beliefs. We have shown that when the investor derives utility
from intertemporal consumption, knowledge of the consumption strategy
does allow inferences about preferences and beliefs. In general, the prob-
lem becomes one of considering the possible existence of utility functions
that will satisfy a martingale condition. In the Markovian case, this martin-
gale condition can be stated as a Riccati differential equation that must be
satisfied by the risk aversion function. Associated beliefs can then also be
identified. Finally, we have provided a set of technical conditions guarantee-
ing that both preferences and beliefs can be uniquely recovered in a large
nonparametric class. The extension of previous results to allow for the joint
recoverability of both preferences and beliefs is made possible by properly
exploiting the information in the equilibrium interest rate process.

References
Abel, A., 1990, “Asset Prices under Heterogeneous Beliefs,” working paper, Wharton School.

Bick, A., 1987, “On the Consistency of the Black-Scholes Model with a General Equilibrium Framework,”
Journal of Financial and Quantitative Analysis, 22, 259-275.

Bick, A., 1990, “On Viable Diffusion Price Processes of the Market Portfolio,” Journal of Finance, 45,
673-689.

Constantinides, G. M., and D. Duffie, 1996, “Asset Pricing with Heterogeneous Consumers,” Journal of
Political Economy, 104, 219-240.

Detemple, D., and S. Murthy, 1994, “Intertemporal Asset Pricing with Heterogeneous Information,” Journal
of Economic Theory, 62, 294-320.

Dumas, B., 1989, “Two-Person Dynamic Equilibrium in the Capital Market,” Review of Financial Studies, 2,
157-188.

Dybvig, P. H., and L. C. G. Rogers, 1997, “Recovery of Preferences from Observed Wealth in a Single
Realization,” Review of Financial Studies, 10, 151-174.

Fleming, W. H., and R. W. Rishel, 1975, Deterministic and Stochastic Optimal Control, Springer-Verlag,
New York.

Hansen, L. P, and R. Jagannathan, 1991, “Implications of Security Market Data for Models of Dynamic
Economies,” Journal of Political Economy, 99, 225-262.

He, H., and H. Leland, 1993, “On Equilibrium Asset Price Processes,” Review of Financial Studies, 6,
593-6117.

Huang, C. F, and H. Pages, 1992, “Optimal Consumption and Portfolio Policies with an Infinite Horizon:
Existence and Convergence,” Annals of Applied Probability, 2, 36-64.

430



On the Recoverability of Preferences and Beliefs

Jacod, J., 1979, Calcul Stochastique et Problemes de Martingales, Springer-Verlag, New York.
Jacod, J., and A. N. Shiryaev, 1987, Limit Theorems for Stochastic Processes, Springer-Verlag, New York.
Karatzas, I., and S. E. Shreve, 1998, Methods of Mathematical Finance, Springer-Verlag, New York.

Kraus, A., and G. A. Sick, 1980, “Distinguishing Beliefs and Preferences in Equilibrium Prices,” Journal of
Finance, 35, 335-344.

Kreps, D. M., and E. L. Porteus, 1978, “Temporal Resolution of Uncertainty and Dynamic Choice Theory,”
Econometrica, 46, 185-200.

Lucas, R., 1978, “Asset Prices in an Exchange Economy,” Econometrica, 46, 1429-1445.

Mehra, R., and E. C. Prescott, 1985, “The Equity Premium,” Journal of Monetary Economics, 15, 145-161.
Miller, R. K., and A. N. Michel, 1982, Ordinary Differential Equations, Academic Press, New York.

Revuz, D., and M. Yor, 1991, Continuous Martingales and Brownian Motion, Springer-Verlag, New York.
Wang, S., 1993a, “The Integrability Problem of Asset Prices,” Journal of Economic Theory, 59, 199-213.

Wang, S., 1993b, “The Local Recoverability of Risk Aversion and Intertemporal Substitution,” Journal of
Economic Theory, 59, 333-363.

431



