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Existing time-varying covariance models usually impose
strong restrictions on how past shocks affect the fore-
casted covariance matrix. In this article we compare
the restrictions imposed by the four most popular mul-
tivariate GARCH models, and introduce a set of robust
conditional moment tests to detect misspecification. We
demonstrate that the choice of a multivariate volatility
model can lead to substantially different conclusions in
any application thatinvolves forecasting dynamic covari-
ance matrices (like estimating the optimal hedge ratio
or deriving the risk minimizing portfolio). We therefore
introduce a general model which nests these four mod-
els and their natural “asymmetric” extensions. The new
model is applied to study the dynamic relation between
large and small firm returns.

The estimation of time-varying covariances between as-
set returns is crucial for asset pricing, portfolio selection,
and risk management. Yet the development in this area is
lagging significantly behind the development in the time-
varying volatility area, as evidenced by the sparcity of the
literature on modeling time-varying covariances compared
to modeling time-varying volatility. There is also no study
that compares the properties and relative performance of
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the existing multivariate covariance models. In contrast, many univariate
time-varying volatility models have been carefully examined and compared.
For examples, see Pagan and Schwert (1990), Engle and Ng (1993), Amin
and Ng (1994a, b), and Kim and Kon (1994).)

Moreover, none of the popular multivariate models capture the asymmet-
ric volatility effect — a phenomenon that a negative return shock (unex-
pected price drop) will lead to a higher subsequent volatility than a positive
return shock (unexpected price increase) of the same magnitude. In contrast,
there are several univariate models that capture this property. For examples,
see Nelson (1990), Glosten, Jagannathan, and Runkle (1993), and Engle
and Ng (1993). In addition, none of the popular multivariate models allow
for an asymmetric effect in the covariance. Such a phenomenon is likely if
there is an asymmetric effect in the variance. For instance, if the asymmetric
effect is caused by a leverage effect — an increase in the riskiness of the
stock due to an increase in the debt:equity ratio of the firm following a price
drop — then the change in financial leverage in the firm should also change
the covariance between its stock return and the stock returns of other firms
that have not experienced a change in financial leverage. Alternatively, if the
asymmetric effect in volatility is caused by an increase in the information
flow following bad news, then the covariance between stock returns should
be affected because there will be a change in the relative rate of information
flow across firms.

Furthermore, there are few specification tests for the multivariate models.
Perhaps because of this, most multivariate time-varying covariance models
are often chosen on an ad hoc basis. In many cases, the ease of estimation
is the primary factor affecting the choice of model. Robustness checks that
analyze the sensitivity of economic results to model specification are often
omitted.

One objective of this article is to fill these gaps. Specifically, we illustrate
how the existing time-varying covariance models differ from each other. We
propose away to evaluate the specification of these models, and demonstrate
that the choice of a multivariate volatility model can affect estimated portfo-
lio weights and hedge ratios. We also demonstrate that the existing models
do not capture some important stylized facts about asymmetric volatility
relationships, and in the spirit of Hentschel (1995) propose a model that
encompasses the existing models while modeling these stylized facts.

A second objective of this article is to use a general approach to study
the time-varying covariance between the stock returns of large and small
firms. Conrad, Gultekin, and Kaul (1991) found that shocks to large firm
returns are important to the future dynamics of their own volatility as well
as the volatility of small firm returns. Conversely, shocks to small firms have
no impact on the behavior of the volatility of large firms. Our application
furthers this line of research by examining how robust the Conrad, Gultekin,
and Kaul result is with respect to model specification by using our proposed
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encompassing model; extending the study to cover the differential effects
of large and small firm shocks on the covariance; and extending the model
to allow for the asymmetric effects of positive and negative shocks on both
volatility and covariance.

The organization of this article is as follows: In Section 2, alternative ap-
proaches to modeling time-varying covariances are reviewed. In Section 3,
these models are applied to a dataset containing a large-firm portfolio return
series and a small-firm portfolio return series. Various summary statistics
and graphical techniques are used to highlight the differences between the
existing models on the assumed dynamics of large- and small-firm return
volatilities. In Section 4, a formal testing approach is introduced. The tests
are applied to the models to evaluate their ability to describe the dynamic be-
havior of the covariance between large- and small-firm returns. In Section 5,
an encompassing modeling approach is introduced. The model, which nests
many existing multivariate GARCH models as special cases, is further ex-
tended to allow for asymmetric effects in the variance and covariance. The
general model is then applied to study the time-varying covariance between
large- and small-firm returns. In Section 6 we illustrate the importance of our
results in portfolio selection and dynamic hedging applications. Section 7
concludes the article.

. Alternative Approaches to Modeling Time-Varying Covariances

Multivariate GARCH models are among the most widely used time-varying
covariance models. These include the VECH model of Bollerslev, Engle,
and Wooldridge (1988), the constant correlation (CCORR) model of Boller-
slev (1990), the factor ARCH (FARCH) model of Engle, Ng, and Rothschild
(1990), and the BEKK model of Engle and Kroner (1995). These models
have been applied to many markets and many asset pricing and investment
problems. For an extensive summary, see the survey by Bollerslev, Chou,
and Kroner (1992).

To describe these models, we adopt the following notation:

R : the rate of return of assefrom timet — 1 to timet.

uit: the expected return of assegiven all information at timé — 1.
€it: the unexpected return of asset;; = Rit — wit).

hii; : the conditional variance d®; given all information at timé — 1.

hijt: the conditional covariance betwe&h and Rj; given all infor-
mation at time — 1.

H:: the conditional covariance matr(¥; = [hij]).
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1.1 The VECH model
The VECH model is characterized by the following equation:

hijt = wij + Bijhijt—1 + oij git—16jt—1 foralli,j=1,...,N, (O

wherewij, Bij, andeij, i = 1,...,Nandj = 1,..., N are parameters.
An advantage of the VECH model is that it is easy to understand — it is
simply an ARMA model forg;; jt. Provided thapi; € (0, 1) for all i and

i, Equation (1) can also be rewritten as

hijt = oy + ajj Zt:l,t,BiTj_l(Rit—l — iit-D)(Rit—1 — pjt-1). (2

whereo* = [,Bth0+a)ij0't:()’t_1,3ilj]. That is, except for an adjustment term
o¢* which ensures that the expectationhgt is the unconditional covari-
ance between returisand j, the VECH model estimates the covariance
as a geometrically declining weighted average of past cross products of
unexpected returns, with lower weights for older observations.

The VECH model has two practical shortcomings. First, it%NsN +
1) parameters. So a 20-asset model will have 630 paranfefesscond
implementation problem is that the model might not yield a positive definite
covariance matrix unless nonlinear inequality restrictions are imposed that
govern the rates at which the weights are reduced for older observations
[see Kraft and Engle (1983)]. Without these restrictions, the weights for the
covariance terms could decline too slowly relative to the weights for the
variance terms, causing the off-diagonal terms of the estimated covariance
matrix to become too big relative to the diagonal terms, thus causing the
matrix to be nonpositive definite.

1.2 The BEKK model
The BEKK model represents a solution to the positive definiteness problem.
It is characterized by the following equation:

Hi = Q+ B'Hi_1B + Algr_1g{_; A, ©)

whereQ, A, andB areN x N matrices, withQ symmetric and positive
definite. In this model, thgth covariance can be written as

hijt = wij + COVt,]_(Srt, Sst) + Sp,tflgq’t,l

whereep, gq, &, andes are the unexpected shocks to portfolipsg, r,
ands, andwjj is theijth element of2. The weights in portfoliog and
g come from thdth andjth columns of theA matrix, and the weights in

1 Some, including Bollerslev, Engle, and Wooldridge (1988), refer to this model as the “diagonal VECH”
model.

2210 of these are contained in the estimat€of
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portfoliosr ands come from theth andjth columns of theB matrix. If we
restrictB = « A for some scalat, then we can interpret this model as one
in which there areéN factors (or portfolios of assets) driving the conditional
covariance matrix.

This model assumes the conditional covariance matrix of asset returns is
determined by the outer product matrices of the vector of past return shocks.
Because the second and third terms on the right-hand side of Equation (3)
are expressed in quadratic forms, the positive definiteness of the conditional
covariance matrix of asset returns is guaranteed, provide&ttsgpositive
definite. While this model overcomes this major weakness of the VECH
model, it still hag(5/2) N? + (N /2) parameters. So fdd = 20, the BEKK
model has 1010 parameters, seriously restricting the applicability of the
BEKK model to many financial systems.

1.3 The factor ARCH (FARCH) model

The FARCH model was constructed to solve this large-system applicability
problem, while retaining the benefits of positive definiteness. The model is
characterized by the following equation:

He = Q + AV [Bw Hi—aw + a(w'e_1)7], 4

wherei andw areN x 1 vectorsp andg are scalars, an@ is a symmetric
positive N x N matrix. This model is a special case of the BEKK model
in which the A and B matrices are rank one and equal except for a scale
factor. More specifically, the BEKK model becomes the FARCH model if
A = Jaw) andB = /Bwl’. For anN variable system, the number of
parameters in this model {4/2)N? + (5/2)N + 2, which is significantly
less than that of the general BEKK modelNf= 20, this model has 252
parameters, 210 of which are used for estimaging

Let Ryt = w'Ry, whereR; = (Ry, ..., Ryy) is the return to a portfolio
formed with a vector of weights. The return shock of this portfolio at
timet — 1isep—1 = w'ei—1, and the conditional variance of this portfolio
attimet — 1ishpy = w'Hyw. Usinghp andepi—; the FARCH model can
be rewritten in the following alternative form:

hijt = wijj +)Likjhpt foralli,j=1,...,N (5a)
hpt = a)p+,8Hptfl+a€,2)t71, (5b)

wherew, = w'Quw, oij = Qij — AjAjwp, wjj is the(i,j)th element ofQ.
Intuitively this FARCH model assumes that there is a single portfolio whose
variance is driving all the conditional variances and covariances of asset
returns. This common portfolio, or factor, follows a GARCH process. In
the one factor model in Ng, Engle, and Rothschild (198%).is taken to be

the market return. Under this assumption, the entire conditional covariance
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matrix of stock returns is driven by the conditional variance of the market
portfolio.

The key difference between the FARCH model and the BEKK model
is the number of factors that are driving the conditional covariance matrix.
If there areN factors driving the covariance matrix, the BEKK model is
implied. If there is one factor, the FARCH model is implied. The extension
to k factors, 1< k < N, is obvious, and is suggested in Ng, Engle, and
Rothschild (1992).

1.4 The constant correlation (CCORR) model

The CCORR is another way to parsimoniously model a time-varying co-
variance matrix. It restricts the conditional covariance between two asset
returns to be proportional to the product of the conditional standard devia-
tions. In this model the conditional correlation coefficient of the two asset
returns is time invariant. Specifically the model is

hit = wii + Bihiit—1+aiiei_, foralli=1,...,N (6a)
hijp = pij (Vhiie/hyje)  foralli # j. (6b)

The CCORR model is positive definite if and only if the correlation
matrix [o;j] is positive definite. The number of parameters in this model is
only (1/2)N? + (7/2)N. For N = 20, this is 270.

2. Properties of the Four Multivariate GARCH Models

Each of the four models presented in the previous section implicitly imposes
a different set of restrictions on the variance and covariance processes. We
illustrate these differences with a bivariate system of large-firm and small-
firm portfolio returns obtained from the dataset used by Conrad, Gultekin,
and Kaul (1991%. The sample period is from July 1962 to December 1988,
for a total of 1371 weekly observations.

Since we are not interested in the behavior of the time-varying mean
returns in this study, we simply model the mean of the return vector as a
10th order vector autoregression (VAR) with 10 lags of a threshold term.
Specifically, the model is (far= 1, 2)

Rit = 8io + Zj=12X:=110[8j, Rjt, + djy max—Rjt ., 0] +&it.  (7)

Throughout this articlei = 1 refers to the small-firm portfolio and
i = 2 refers to the large-firm portfolio. The threshold terms are added to

3 Since our main focus is on the effect of last period’s return shocks on current volatility, we replaced the
GARCH terms in all the models except CCORR wih fij; 1], whereg;; = g;;. We chose not to make
this modification to the CCORR model because it would invalidate the essential feature of the CCORR
model, which is that correlations are constant.
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ensure that any asymmetric effects found in the variances and covariances
are not caused by a misspecification in the mean. The estimation is done
in two steps. First we estimate the mean equation to get the residuals
and ¢z, then we estimate the conditional covariance matrix parameters
using maximum likelihood, treatingy; ande, as observable dafaThe

block diagonality of the information matrix under this setup guarantees that
consistency and efficiency are not lost in such a procedure.

The four multivariate GARCH models give very different variance and
covariance estimates. For evidence of this, consider first the summary statis-
tics of the variance and covariance series obtained from the four models.
These summary statistics, including the mean, standard deviation, mini-
mum, and maximum, are reported in Table 1. The covariances obtained
from the BEKK model and the FARCH model tend to be slightly higher
and more volatile than those from the VECH model and the CCORR model.
The BEKK model in particular produces a broad range of covariance es-
timates, as evidenced from the large maximum-minimum range. Focusing
next on the variance estimates, the VECH and CCORR model estimates for
the small-firm variance series are more volatile than those from the FARCH
and the BEKK models. In contrast, the VECH and CCORR estimates of the
large-firm variance series are less volatile than the FARCH and the BEKK
estimates.

For further evidence that the four models can give very different variance
and covariance estimates, consider the correlations between the estimates
from the different models, reported in Table 2. The first panel of Table 2
gives the correlations between the small-firm variance estimates obtained
from the four models. The second panel gives the correlations between the
large-firm variance estimates. The third panel gives the correlations between
the covariance estimates obtained from the four models. The correlations
in panel 2 all exceed 0.99, suggesting that the four models give very sim-
ilar large-firm variance estimates. Therefore, if we are only interested in
estimating the large-firm variance in this dataset, the choice of models is
unimportant. This conclusion does not hold for the small-firm variance and
the covariance. The small-firm variance estimates obtained from the FARCH
and BEKK models are not highly correlated with those obtained from the
VECH and CCORR models. In fact, the correlation between the small-
firm variance estimates obtained from the FARCH model and the CCORR
model is only 0.366. This suggests that these models are producing sub-
stantially different small-firm variance estimates. Similarly, the correlations
between the covariance estimates from all combinations of models are less
than 0.89.

4 This follows the two-step approach of Pagan and Schwert (1990), Gallant, Rossi, and Tauchen (1992),
and Engle and Ng (1993).
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Table 1
Summary statistics of estimated variance and covariance series

Model Variable  Mean SD Minimum  Maximum

Small-firm variance

&2 7.43 28.97 0.00 825.45
VECH hyy 7.73 6.31 3.82 104.98
CCORR hya 7.91 7.08 3.54 117.60
FARCH hyy 7.51 4.14 2.87 33.24
BEKK hix 7.53 4.91 2.64 50.67
Large-firm variance

&2 3.93 8.12 0.00 147.87
VECH hox 3.89 2.58 1.10 21.53
CCORR hox 3.96 2.78 0.98 23.49
FARCH hox 4.12 3.18 0.74 27.08
BEKK hox 4.16 3.20 0.76 26.15
Covariance

e1én 2.61 859 4544 167.55
VECH hix 2.33 1.49 0.30 17.59
CCORR hyx 2.47 1.48 0.91 15.60
FARCH hyx 2.79 2.42 0.30 21.71
BEKK hix 2.77 2.66 0.25 30.71

This table gives summary statistics for the variance and covariance
series estimated from the four multivariate GARCH models discussed
in the article. All four models were applied to the same dataset of
large-firm and small-firm portfolio returnsy; is the return shock to

the small-firm portfolio andy is the return shock to the large-firm
portfolio. hyy is the estimated variance of the small-firm portfolio
returns.h,x is the estimated variance of the large-firm portfolio
returns.h;» is the estimated covariance between the small-firm and
large-firm portfolio returns.

Judging from these results, it seems clear that the four models can pro-
duce substantially different covariance matrix estimates. These differences
could affect the results of asset pricing exercises and portfolio management
applications, making the choice of the model very important. Given this
conclusion, the obvious next question is: What causes the differences in
the variance and covariance estimates? To answer this, we introduce a mul-
tivariate generalization of the graphical “news impact curve” from Engle
and Ng (1993). Univariate applications, which involve plotting the condi-
tional variance against last period’s shocks, appear in Engle and Ng (1993)
and Hentschel (1995). The multivariate generalization plots the conditional
variance and covariance against large- and small-firm shocks from the last
period, holding the past conditional variances and covariances constant at
their unconditional sample mean levels. We will call these “news impact
surfaces.”

Specifically, letz;_; denote the vector of inputs (known at tirhe- 1)
for the determination ofijj;, excludingei;—1 andej;_1. Also, letZ denote
the unconditional mean af_;. The news impact surface fdx;; is the

824



Modeling Asymmetric Comovements of Asset Returns

Table 2
Correlations of estimated second moments from alternative models

Panel 1: Small-firm portfolio variance series

VECH CCORR FARCH BEKK
VECH 1.000
CCORR 0.999 1.000
FARCH 0.367 0.365 1.000
BEKK 0.642 0.640 0.834 1.000

Panel 2: Large-firm portfolio variance series

VECH CCORR FARCH BEKK
VECH 1.000
CCORR 0.999 1.000
FARCH 0.999 0.999 1.000
BEKK 0.954 0.954 0.955 1.000

Panel 3: Covariance series

VECH CCORR FARCH BEKK
VECH 1.000
CCORR 0.876 1.000
FARCH 0.748 0.785 1.000
BEKK 0.752 0.719 0.885 1.000

Panel 1 of this table gives the correlation matrix of the small-firm variance
series estimated from the four multivariate GARCH models discussed in the
text. Panel 2 gives the correlation matrix of the large-firm portfolio variance
series estimated from these same models. Panel 3 gives the correlation matrix
of the covariance series estimated from these models.

three-dimensional graph of the function:
hije = hij (sit—1, &jt—1; -1 = Z).

The news impact surfaces generated by the four models for the covariance
hix, the small-firm variancl,y:, the large-firm varianch,x, and the cor-
relationh;x /+/h11/h22 are plotted in Figures 1, 2, 3, and 4, respectively.
Figure 1 shows that, in contrast to the univariate model comparisons in
Hentschel (1995), the different models imply substantially different news
impact surfaces for the covariance, even though they are fitted to the same
dataset. These differences are caused by the different functional forms as-
sumed by each of the specifications. For instance, under the VECH model,
past return shocks to the large- and small-firm portfolios enter into the co-
variance equation in the cross-product fofam _162:_1). Hence when the
shocks are both large but of opposite signs, the covariance can be small
or even negative. This is evident from the saddle shape of the VECH news
impact surface in Figure 1. On the other hand, under the CCORR model, the
covariance is proportional to the product of the standard deviations. Thus
when shocks are large, regardless of their signs, the standard deviations and
hence the covariance will be large. Therefore the news impact surface for
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Figure 1

News impact surfaces for covariances

The figures give the news impact surfaces for the covariance between small-firm and large-firm return
shocks under the VECH model, the BEKK model, the FARCH model, and the CCORR model.

the CCORR model is bowl-shaped. For the FARCH model, since the co-
variance is proportional to the variance of a factor which is loaded primarily
on the large-firm portfolio, the FARCH covariance news impact surface is
a U-shaped surface along the axis for the large-firm return shock.

These general shapes are not specific to the dataset analyzed here. For
any application, the impact on covariances of opposite-signed shocks in the
CCORR model will be substantially different than in the VECH model.
Also, the news impact surface for covariances from a FARCH model will
always be U-shaped, with the data determining the direction the parabola
points. Ignoring these differences when choosing which multivariate
GARCH model to employ could lead to a seriously misspecified model.

Figure 2 shows that there are also significant differences between the
news impact surfaces for the variance of the small-firm portfolio obtained
from the four different models. The VECH model and the CCORR model
restrict the variance of the small-firm portfolio to depend only on the square
of the return shock for the small-firm portfolio. This restriction forces the
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News impact surfaces for small-firm variances
The figures give the news impact surfaces for the small-firm variances under the VECH model, the BEKK
model, the FARCH model, and the CCORR model.

large-firm return shock to have no effect on the small-firm variance, thereby
restricting the news impact surfaces to be flat along any line parallel to the
large-firm axis. On the other hand, the news impact surface implied by the
FARCH model suggests that it is the large-firm return shock which has
the biggest impact on the variance of the small firm portfolio, while the
news impact surface from the BEKK model suggests that both large- and
small-firm shocks matter.

Notice also that the news impact surface generated for the small-firm
variance (Figure 2) and for the covariance (Figure 1) from the FARCH
model are identical, except for a scale factor. This restriction must hold
because the same portfolio drives all the elements of the FARCH covariance
matrix.

Consider next the news impact surfaces for the large-firm variances in
Figure 3. The four models give almost identical large-firm news impact
surfaces, suggesting that when modeling large-firm variances, these four
models are very similar. But notice also that the large-firm news impact
surfaces from the CCORR and VECH models point along the opposite axes
from the small-firm variance surfaces for these same models. This result

827



The Review of Financial Studies / ¢ fh 4 1998

VECH BEKK
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Figure 3

News impact surfaces for large-firm variances

The figures give the news impact surfaces for the large-firm variances under the VECH model, the BEKK
model, the FARCH model, and the CCORR model.

is caused by restrictions in the underlying models. Similarly, restrictions
in the FARCH model force the FARCH news impact surfaces to all point
along the same axis.

Finally, we provide the news impact surface for the correlations in Fig-
ure 4. The surface from the CCORR model is flat, because correlations in
this model are not a function of the information set. However, notice that
the news impact surfaces for the correlations from the FARCH model are
also quite flat. This is not surprising, because in a one-factor model the
correlation is

_ 0ij +)\.i)\.jhpt
\/(O’ij + 1 —ixihp)(ojj + AjAjhp)

Lt

The same dynamics are driving both the numerator and denominator of
this expression, leaving only minimal dynamics in the ratio. In a two-factor
model, one would expect more dynamics in the correlations.

Based on the above observations, we can conclude that (i) the different
covariance matrix models impose significantly different restrictions on the
dynamic behavior of the variances, covariances and correlations; and (ii) an
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VECH BEKK
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News impact surfaces for correlations

The figures give the news impact surfaces for the correlation between small-firm shocks and large-firm
shocks under the VECH model, the BEKK model, the FARCH model, and the CCORR model.

important difference between the models is the way they allow past shocks
of asset returns to affect the variances and covariances. These results can-
not be overemphasized and are particularly important for applications that
rely crucially on covariance estimates, such as portfolio choice problems,
hedging problems, and asset pricing problems. Very careful consideration
should go into the choice of a multivariate GARCH model before estimation

is conducted, and thorough specification testing on the estimated model is
essential before conclusions are made based on the model. It is therefore
valuable to have a set of specification tests available, and it is to this that
we now turn our attention.

. Robust Conditional Moment Tests

To test the validity of a model, a natural approach is to compare the ex post
cross-product matrix of the vector of residuals to the estimated covariance
matrix. For the covariance case, this is like superimposing a scatter plot of
the cross-product of residuals (a plotafej; againstej;_1 andeji_1) on
the three-dimensional graph for the covariance news impact surface. Rec-
ognizing that the covariance news impact surface is a graplh:cigainst
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&it—1 andej;_1 and recognizing that the unconditional expectatioms;afj

is hjjt, we can test the models by measuring the vertical distance between
sitgjt andh;j; and studying whether these distance measures follow some
specific patterns. For instance, if the model gives a covariance news impact
surface that is too low whenevar_; is negative, then the vertical distance
betweere;; ¢y andh;j; will tend to be positive whea;; _; is negative.

Based on this idea, we define a “generalized residug{”to be the
@i,])th element ofere; — H; so thatuijjy = eirejr — hije. A generalized
residual is the distance between a point on the scatter plgtgf from
a corresponding point on the news impact surface. If the model is correct,
Et—1(uijt) = 0, thusu;j; should be uncorrelated with any variable known
at timet — 1. This observation gives us a natural way to identify mis-
specification by examining whethey;; is correlated with variables known
at timet — 1. These variables are called misspecification indicators. The
choice of misspecification indicators is very important because different in-
dicators can target different forms of misspecification. Inappropriate choice
of misspecification indicators will reduce the ability of the test to detect
misspecificatior?.

In this regard, the graphical representation of the news impact surface
provided above has provided useful hints for finding suitable misspecifica-
tion indicators. Knowing that a major difference between the models is their
asymmetric property, a beneficial approach is to partition¢he, &jt—1)
space in a way that can highlight the asymmetric property. Misspecification
indicators can then be built based on this partition.

A natural way is to partition thésit_1, €jt—1) space into four quadrants
corresponding to the following sign combinationggf_1, €jt—1): (—, —),
(—,+), (+, —),and(+, +). Letl (-) be anindicator function that equals one
if the argument is true and zero otherwise. The misspecification indicators
corresponding to such a partition are

Xit—1 = l(eit—1 < O;¢jt—1 < 0)
Xot-1 = l(git—1 < 0;¢jt—1 > 0)
Xat—1 = | (git—1 > 0; gjt—1 < 0)

Xge—1 = l(git—1 > O; gjt—1 > 0).
Related to these, we can consider the “sign indicators,”

Xst—1 = | (git—1 < 0)

Xet-1 = | (gjt-1 < 0),

5 See Brenner, Harjes, and Kroner (1996) for a detailed description of these types of tests and an illustration
in a univariate GARCH framework.
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which will allow us to test for traditional leverage-type asymmetries in the
data.

As pointed out by Engle and Ng (1993), the magnitudes of the shocks can
also play an important role. Furthermore, the effect of the size of a shock on
the variances and covariances might also depend on the sign of the shock
and possibly the sign of other shocks. To capture such possibilities, we
scale the sign indicators by the size of the shocks. This yields another set
of misspecification indicators:

2

Xrt—1 = &f_1l (6it—1 < 0)
2

Xgt—1 = &ji_q1l (gjt—1 < 0)
2

Xot-1 = €ji_1l (6it-1 < 0)

2
Xio-1 = &1l (gjt-1 < 0).

WhenN = 1, the entire set of 10 indicators reduces to indicators that
match the sign and size-bias tests introduced in Engle and Ng (1993).

To complete the testing design, we borrow the robust conditional mo-
ment test framework of Wooldridge (1990). A test statistic that is robust to
the conditional distribution used when estimating the multivariate GARCH
model is constructed as

Crem = [(1/T) D=t TUijt Agr-11°[(Y/ T Zeca TG A5 4175 (®)

wherelg 1 is the residual from a regression of the misspecification indi-
catorxgi—1 on the derivatives ofijj; with respect to the parameters of the
model. Under general regularity conditions, Wooldridge (1990) shows that
C:cm has an asymptotig?(1) distribution.

The robust conditional moment test statistics can be computed easily
from two auxiliary regressions. The first regressiongs 1 on the deriva-
tives of hjj; with respect to all parameters of the null model. The second
regression is a vector of ones on the produgtgt—1, whereig_1 is the
residual from the first regression. The test statistic isnes the uncentered
R? from the second regression.

The test statistics for the covariance between the small-firm and the large-
firm returns are reported in panel A of Tabl€ 3o highlight the usefulness
of the tests, the Ljung—Box tests for serial correlation in the normalized
cross-product of residuals ¢jt / hijt, are reported in panel B of Table 3.
The Ljung—Box test is a popular diagnostic for models with time-varying
conditional second moments because it addresses whether the model has
adequately captured the serial correlation in the second moments.

As can be seen from Table 3, the Ljung—Box tests do not reject any of

8 The final column of Table 3, labeled ADC, will be discussed shortly.
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Table 3
Diagnostic tests for covariance specification

Panel A: Robust conditional moment tests
VECH CCORR FARCH BEKK ADC

I (er_1 < 0) 4.85 5.32 4.91 4.85 —

I (g1 < 0) 16.22 17.63 16.34 16.27 5.48
I (6111 < 0; 621 < 0) 5.88 10.95 6.40 6.45 —

I (e1t-1 < 061 > 0) — 6.84 — — —

I (1t_1 > 0; 61 < 0) — — — 4.10 —
| (614—1 > 0; 6t_1 > 0) 11.09 10.46 12.06 12.67 —

&2 l(ey_1 <0)

1i-1 -
&2 1 (e2-1<0) 3.99 6.45 5.01 5.54 —
g5 1l (ex-1 < 0) — 4.03 4.24 5.40 —
e 1l (€21 < 0) 4.41 4.95 5.11 6.29 —

Panel B: Ljung—Box tests for serial correlationsiea / hix
VECH CCORR FARCH BEKK ADC

Q(6) 3.81 6.18 1.18 2.50 5.63
Q12 6.42 10.39 4.28 5.58 7.90
Q(18 9.39 13.37 9.07 9.88 10.43

Panel A gives the robust conditional moment test statistics for each of the five
models estimated. The misspecification indicators are listed in the first column
and the remaining five columns give the test statistics for each of the five models.
This statistic is distributedf and has a 95% critical value of 3.84. Only those
statistics that are significant at the 5% level are repottgd, is the return shock

to the small-firm portfolio, anel _; is the return shock to the large-firm portfolio.
Panel B gives the Ljung—Box test statistic for serial correlation in the standardized
cross-product of residuals from these five mod@ls.) is the Ljung—Box statistic
forrth order serial correlation. The 5% critical levels @¢6), Q(12), andQ(18)

are 12.6, 21.0, and 36.4, respectively.

the models. This is hardly surprising given that we rarely see Ljung—Box
tests rejecting any variations of GARCH models in the literature. However,
looking at our robust conditional momenttests, the message is very different.
Each model is strongly rejected. The test statistics indicate that all models
fail to capture the asymmetric response of covariance to both large-firm
and small-firm portfolio shocks. As evidenced by the strong test statistics
arising from thel (e2t_1 < 0) indicator, the models are especially bad

at capturing the asymmetric relationship between covariances and shocks
to the large-firm portfolio. Also, judging from the test statistics, there are
more rejections when the shocks are large than when the shocks are small,
suggesting that the size of the shocks matters.

There are more rejections when beth ande,; are negative and when
both are positive. There are two potential explanations for this. First, this
might be due to the high correlation between small- and large-firm returns
(their correlation is 48%), which leads to more observations and therefore
higher power in thé+, +) and(—, —) quadrantg. And two, it could arise

7 About one-third of the observations are in each of(the+) and(—, —) quadrants, and about one-sixth
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because the asymmetric predictability is more pronounced when the com-
mon shock is large. Intuitively, any big shock (whether positive or negative)
is likely to be shared by both the large firm and small firm portfolios, leading
to large return shocks of the same sign. So the observations that drive the
asymmetries are likely to be located in the, +) and(—, —) quadrants.

One important conclusion from these results is that we should not place
too much confidence in statistically insignificant Ljung—Box statistics when
evaluating GARCH models. Even badly misspecified models can capture
the serial correlation in the second moments and give insignificant Ljung—
Box test statistics.

. A General Dynamic Covariance (GDC) Model

The robust conditional moment test results call for a more general model
with an ability to capture the asymmetric effects explicitly. Instead of work-
ing on extensions of each of the four models and comparing the large num-
ber of possible extensions, we adopt a more structured approach, similar to
Hentschel (1995). First, we introduce a general dynamic covariance matrix
model that can nest many of the existing models. Then we generalize this
model to include asymmetric effects. The resulting asymmetric covariance
matrix model encompasses various asymmetric extensions of the four mod-
els. Model selection is much easier under this approach. The specification
of the basic encompassing model is as follows.

4.1 A general dynamic covariance (GDC) matrix model— Definition

Ht: DtRD[+(DO®t,

whereo is the Hadamard product operator (element-by-element matrix mul-
tiplication) and

D = [dijt], it =+/6ix foralli, dj =0 foralli #]j

Or = [6i]t]

R = [rij]l, ¢i =0 foralli

® = [¢j], ¢i =0 foralli

Gijt = wij +b'Hi_1bj +ajei_16{_43 foralli, j 9)
and

a,b,i=1,...,NareN x 1 vectors of parameters,

wij, pij, andgij, i, j = 1,..., N are scalars witlf2 = [w;;] positive

definite.

in each of the other two quadrants.
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The GDC model has two components, the first tebrR Dy, is like the
constant correlation model, but with the variance functions given by that of
the BEKK model. The second term,o O, has zero diagonal elements, but
has off-diagonal elements given by the BEKK-type covariance functions,
scaled by they;; parameters.

To further clarify the model structure, we can write down the expressions
for the elements oH; directly. Specifically, under the GDC model,

hiit = Gt for all i
hijt = pij/Giit/0jjt + @i foralli # j,

wheregijii, j = 1,..., N are given by the above BEKK form (Equation 9).

The GDC model is therefore a hybrid of the CCORR model structure and
the BEKK model structure. An interesting property of this model is that it
encompasses the four multivariate GARCH models discussed above. This
encompassing result is given in Proposition 1.

Proposition 1. Consider the following set of conditions:

(i) pij =O0foralli # j.

(i) aj = «jtj and b = Bju; foralli, wherey; is the ith column of an N N
identity matrix, andy; andgj,i = 1,..., N are scalars.

(i) ¢i; =O0foralli # j.

(iv) ¢ij =1foralli # j.

(V) A = a(wr’) and B = B(wA’), where A= [a,...,an], B =
[b1, ..., bn], wanda are N x 1vectors, andr and g8 are scalars.

The GDC model will reduce to the different multivariate GARCH models
under different combinations of these conditions. Specifically, the GDC
model will become a restricted VECH model (with the restrictigps=
Bii Bjj andaij = ajijj) under conditions (i) and (ii), the CCORR model
under conditions (ii) and (iii), the BEKK model under conditions (i) and
(iv), and the FARCH model under conditions (i), (iv) and (v).

Proof. See Appendix for all proofs.

This encompassing property makes the GDC model a useful and attrac-
tive framework for estimating time-varying covariance matrices and for
comparing and testing existing multivariate GARCH models. The general-
ity of the GDC model also provides a natural ground for an extension that
permits asymmetric effects in both variances and covariances. An exten-
sion of the GDC model following the approach of Glosten, Jagannathan,
and Runkle (1993) is given below.
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4.2 Asymmetric Dynamic Covariance (ADC) Matrix Model —
Definition

Letni; = max[0 —e&ji]andn; = [n, - . ., nnt]’s the ADC model is defined

as

Hi = DiRD; + ® o Gy,

where

D; = [dijt], diit = «/eiit for all i, dijt = 0 for alli #* J
Ot = [6iji]
R = [rjj], rj=1foralli, rjj=p foralli # ]
b = [(]5”'], i for all i
Gijt = wij + b Hi_1bj +a/er_16{_18 + gime—1n;_,g; for alli, j (10)

and

g, bj,andg;,i =1,..., N areN x 1 vectors of parameters,
wij, pij, andgij, i, j =1,..., N are scalars.

The essential difference between the ADC model and the GDC model is
the addition of the termy/n:_1n; _,g; in the equation fo#;;; (Equation 10).
The asymmetric dynamic covariance matrix model nests some natural ex-
tensions of the four multivariate GARCH models that allow for asymmetric
effects in the variances and covariances. These are summarized in Propo-
sition 2. The proof for Proposition 2 follows directly from the proof for
Proposition 1 and hence is not given to conserve space.

Proposition 2. Consider the following set of conditions:

(i) pij =O0foralli # j

(i) & = «ajt, b = Biti, and g = yi¢; for all i, wherey; is the ith column
of an N x N identity matrix, andy;, g, andy;,i = 1,..., N are
scalars

(i) ¢ij =0fori # j

(iv) ¢ij = 1foralli # |

(V) A=a(wir), B=Bwr"),and G= y(wA') where A= [ay, ..., an],
B=1[bs,...,bn],and G=10s, ..., gn], w andi are N x 1vectors,
anda, B8, andy are scalars.

The ADC model will reduce to the different asymmetric multivariate GARCH
models under different combinations of these conditions. Specifically the
ADC model will become an asymmetric VECH model under conditions (i)
and (ii"), an asymmetric CCORR model under conditiori} &ind (iii), an
asymmetric BEKK model under conditions (i) and (iv), and an asymmetric
FARCH model under conditions (i), (iv) and v
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The exact form of these specialized multivariate asymmetric models are
given below:

Asymmetric VECH

hiit = wii + Bhiit—1 + ofel_1 + vPni_y
foralli (GJR asymmetric variance function)

hijt = ¢ijwij + ¢ij Bi Bijhijt + dijaicjeit—18jt—1 + Gij Vi Vi Mit—1Njt—1
foralli # j.

Asymmetric CCORR

hiit = @i + BPhiic—1 +ofed_| + vini_y
foralli (GJR asymmetric variance function)
hijt = pij\/hiit«/hjjt foralli 75 j

Asymmetric BEKK
Hi=Q+ A/8t_18t/_1A + B/Ht_lB + G’nt_ln{_lG

Asymmetric FARCH
hijt = oij +AiAjhpe foralli
hpt = wp + Bhpt—1 + OéEEI_l + V’?,Zn_l
where
hpt = w'Hw, epr=w'er, npe=w'n, and ojj = wij — AjAjw'Quw

The above multivariate asymmetric GARCH models are natural exten-
sions of their standard counterparts. The asymmetric VECH and asymmetric
CCORR models have variance functions given by the Glosten, Jagannathan,
and Runkle (GJR) model instead of the standard GARICH) model. The
asymmetric VECH also allows a cross-product term of the negative shocks
to determine the covariance. An implication of this is that the covariance
will be higher when there is bad news for both firms. The asymmetric BEKK
extends the standard one by having an additional quadratic form that is de-
pendent on the outer product of the vector of negative return shocks. Finally,
the asymmetric FARCH model utilizes a bad news portfojin,produced
by taking a weighted average of the individual asset bad news with the
weights being the original factor weights.

To examine the performance of the ADC model and to further study the
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Table 4
ADC model estimation results
Parameter Estimate Standard Error
w11 0.218 0.040
w12 -0.595 0.436
w2 0.027 0.019
a1 0.217 0.015
ag -0.083 0.025
ap -0.070 0.057
an 0.254 0.033
11 0.075 0.041
O12 -0.008 0.037
021 0.436 0.044
O22 0.373 0.048
P12 0.381 0.151
P12 0.626 0.163
Bi1 0.868 0.014
Bi2 0.495 0.241
B2, 0.884 0.015
This table gives the maximum likelihood estimates for the ADC model:

hiix = 6;; foralli=1,2

hix = p12y/611/022 + P12612

eut = wj + Bu h\]t—l + ajlgt—lst/_laJ

+dnan,_,g foralli, j
where & = [a1, a2, 6 =I[g1, G,
i =12

Heteroskedasticity-consistent standard errors are repartedl refers
to the small-firm portfolio and = 2 refers to the large-firm portfolio.

dynamic relation between large- and small-firm returns, we apply the ADC
model to our large- and small-firm return series. The estimation results are
reported in Table 4. With these results, the first question to ask is whether the
estimated ADC model would reduce to one of the more specialized models.
For this, we can test the conditions given in Proposition 2. fTatatistic
for the hypothesigi, = 0 is 2.52. Thus condition (i) is rejected at the 5%
level. Thet statistic forgi1o = 0 is 3.84. So condition (iii) is also rejected.
Thet statistic forg,, = 1is 2.29. Thus condition (iv) is also rejected. These
results indicate that the estimated ADC model is statistically different from
any one of the specialized models. Also, the rejectiogpgf= 0 implies
that there exists an asymmetry in the covariances that is not driven by the
asymmetry in the variances.

We next address whether the asymmetric effects are important for the
variances and covariances. For this, the results in Table 4 show thaghoth
andgy; are statistically significant. Since thgvector captures the negative
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Figure 5

News impact surfaces for ADC model

The figures give the news impact surfaces for the small-firm variance, the large-firm variance, the
covariance between small-firm and large-firm shocks, and the correlation between small-firm shocks
and large-firm shocks under the ADC model.

shocks of the large-firm portfolio (as= 2 is for the large firm), the results
indicate that the sign of the large-firm return shocks is more important than
the sign of the small-firm return shocks.

Such effects can also be seen more clearly by inspecting the variance
and covariance news impact surfaces for the ADC model. These graphs are
given in Figure 5. Panel 1 of Figure 5 indicates that the small-firm portfolio
variance is only mildly affected by news to the small-firm portfolio. Instead,
bad news to the large-firm portfolio has a dominant impact on small-firm
variances. This should not be surprising, given existing results in the liter-
ature. For example, Nelson (1990) and Glosten, Jagannathan and Runkle
(1993) demonstrate that bad news has a bigger impact on subsequent volatil-
ity than good news, and Conrad, Gultekin, and Kaul (1991) demonstrate
that shocks to large-firm returns affect future small-firm return volatility.
Putting these two results together (as our model does), we find that bad news
to large firms affects small-firm volatility. The advantage the ADC model
has over these other models is that it nests all these potential asymmetric
relationships and spillovers in one model.
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Consistent with Conrad, Gultekin, and Kaul (1991), panel 2 reveals that
the variance of the large-firm portfolio is unaffected by small-firm shocks. In
contrast, volatility of the large-firm portfolio is responsive to its own news,
especially its own bad news. Panel 3 indicates that there is also an interesting
asymmetric effectin the covariance which has not been documented before.
Specifically, the covariance between large- and small-firm returns is higher
following a negative shock to the large-firm portfolio, while it is almost
unaffected by shocks to the small-firm portfolio. Panel 4 indicates that these
asymmetries in the covariance are not driven entirely by the asymmetries in
variances, because, for example, positive small-firm shocks have a different
impact on correlations than negative small-firm shocks. Panel 4 also reveals
that shared negative shocks have much stronger impacts on correlations
than shared positive shocks.

Finally, to check for misspecification we apply our robust conditional
moment tests to the model and report the results in the final column of
Table 3. The only rejection observed is that the ADC model does not fully
capture the asymmetric relation between large-firm shocks and covariances.
In stark contrast to the other multivariate GARCH models we examined,
the ADC model is well-specified along all other dimensions examined. The
ADC model fits the data well.

. lllustration of Economic Importance

Estimating the right time-varying covariance matrix is essential for asset
pricing, portfolio selection, and risk management. To illustrate the impor-
tance of the covariance matrix to these types of financial problems, we
applied our results to two problems.

First, consider the problem of calculating the optimal fully invested port-
folio holdings subject to a no-shorting constraint. This application is illus-
trative of the kinds of problems faced by portfolio managers when deriving
their optimal portfolio holdings. In order to avoid forecasting expected re-
turns, we assume here that the expected returns are zero, making the problem
equivalent to estimating the risk-minimizing portfolio weights. Define

_ hox — hix
hiat — 2haz + hoa

wt

Then itis easy to show that, assuming a mean-variance utility function, the
optimal portfolio holdings of the small-firm portfolio are

0 if wr <0
of ={w if 0<w <1
1 if (,()t>1

and the optimal holdings of the large-firm portfolio are-1o;'. As shown
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Table 5

Portfolio comparisons from the estimated models

Panel A: Optimal fully invested small-firm portfolio weights
VECH CCORR FARCH BEKK ADC

Averages 0.222 0.232 0.209 0.222 0.181

VECH 1.000

CCORR 0.977 1.000

FARCH 0.698 0.702 1.000

BEKK 0.796 0.721 0.361 1.000

ADC 0.571 0.542 0.121 0.623 1.000

Panel B: Optimal risk-minimizing large-firm hedge ratios
VECH CCORR FARCH BEKK ADC
Averages 0.666 0.692 0.639 0.640 0.753

VECH 1.000

CCORR 0.728 1.000

FARCH —-0.500 —-0.553 1.000

BEKK 0.393 0.047 0.403 1.000

ADC —-0.010 -0.110 0.656 0.516 1.000

Panel A gives summary statistics for the optimal small-firm
portfolio weights in a fully invested, no-shorting portfolio. The
optimal large-firm weights are one minus the optimal small-firm
weights. The first row gives the average weight over the sample
period and the remaining rows give the correlation matrix of optimal
weights. Panel B gives summary statistics for the risk-minimizing
hedge ratio in a problem where the large-firm portfolio is used to
hedge against small-firm return volatility. A hedge ratio of 0.67
means that the investor would short $67 worth of the large-firm
portfolio to hedge against a long position of $100 in the small-firm
portfolio. As in panel A, the first row gives the average hedge ratios
and the remaining rows give the correlation matrix of optimal hedge
ratios.

in panel A of Table 5, all the models result in very similar average optimal
weights, with the averages ranging from 0.18 (ADC) to 0.22 (VECH and
BEKK). However, the correlations between these portfolio weights are low,
typically about 70%. So the optimal portfolio will depend on the covariance
model chosen, meaning that portfolio managers would have to be very
careful which covariance model they select, because the model matters.

Second, consider the problem of estimating a dynamic risk-minimizing
hedge ratio using multivariate GARCH models. Several applications of this
existin the literature. For example, Kroner and Claessens (1991) and Kroner
and Sultan (1993) use the CCORR model and Baillie and Myers (1991) use
the VECH model. To minimize the risk of a portfolio that is long $1 in
small-firm portfolio, an investor should shorg $f the large-firm portfolio,
where the “risk minimizing hedge rati@ is

hagy
hoot

P =
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The summary statistics of the estimated hedge ratios from the different
covariance models are given in panel B of Table 5. The average hedge ratio
is about 0.70 for all the models, but the correlations between the hedge ratios
are strikingly low. In fact, the correlation between the FARCH and CCORR
hedge ratios is-0.55. Clearly the choice of models will seriously affect the
estimated hedge ratios. Of importance, the formula for the optimal hedge
ratio is the same as that for the margeif the second asset is the market.
This suggests that any application that estimates time-vapggmgust also
pay careful attention to the model selection process.

. Conclusion and Summary

Existing multivariate models allowing the covariance matrix to be time
varying generally impose strong restrictions on how past shocks can affect
the covariance matrix. Yetthese restrictions are seldom compared and tested.
Furthermore, asymmetric/leverage effects have been found in variances, but
few studies have examined such effects in covariances, even though there
are good reasons to believe that they exist and have important implications
for portfolio management.

We filled these gaps by demonstrating the differences between several
popular multivariate GARCH models; introducing a set of robust condi-
tional moment tests to detect misspecification in the dynamics of the co-
variance matrix, with special emphasis on the asymmetric effects in the
covariances; and introducing a general dynamic covariance matrix model
which nests various existing models as special cases. More specifically, our
model nests the constant correlation model of Bollerslev (1990), the FARCH
model of Engle, Ng, and Rothschild (1990), the BEKK model of Engle and
Kroner (1995), and the VECH model of Bollerslev, Engle, and Wooldridge
(1988). We also introduced a generalization of the encompassing model
that allows for asymmetric effects in the variances and covariances. This
asymmetric dynamic covariance matrix model nests various asymmetric
extensions of the four existing models.

We apply the asymmetric dynamic covariance matrix model to weekly
returns from a large-firm portfolio and a small-firm portfolio to examine
the dynamic relation between large- and small-firm returns. We found that
all four existing models are misspecified, especially in the dynamics of the
covariance. Our results confirm the general conclusion of Conrad, Gultekin,
and Kaul (1991) in a more general setting. That is, large-firm returns can
affect the volatility of small-firm returns, but small-firm returns do not have
much effect on large-firm volatility. Moreover, we also show that there
are significant asymmetric effects in both the variances and covariances
which have not been documented before. In particular, bad news about
large firms can cause volatility in both small-firm returns and large-firm
returns. Furthermore, the conditional covariance between large-firm returns

841



The Review of Financial Studies / ¢ fh 4 1998

and small-firm returns tends to be higher following bad news about large
firms than good news. In addition, news about small firms has minimal
effect on the variances and covariance.

Perhaps the most important conclusion of this research is that the choice
of a multivariate volatility model can substantially affect the conclusions of
the analysis. This is especially important for portfolio selection, risk man-
agement, and asset pricing. For example, we showed that the correlations
between the risk-minimizing hedge ratios derived from various popular mul-
tivariate volatility models are surprisingly low, and sometimes negative.

Appendix

Proof of Proposition 1.
The VECH model: Ifp;j = O for alli # j, then the matrixR reduces to
anN x N identity matrix. Hence

H, = D;D; 4+ ® o Oy,
or equivalently,
hiix = 6t foralli, andhijj; = ¢;;6ij¢ foralli # j.
With & = «jy; andb; = gjy; foralli, 6;j; becomes
Gijt = wij + BiBj (4 Hi—1tj) + ooy (i er—16;_q¢j)  foralli andj.

Substituting this expression féy;; back into the expressions foy; and
hijt, we obtain the VECH model with the restriction théat = g; §;:

hit = wii + BZhiit—1 + e, foralli, and
hijt = ¢ijwij + ¢ij Bi Bjhijt + dijaicjeit—18jt—1 foralli # j.

The CCORR model: I; = Oforalli # j, then the matrixb becomes
a null matrix. Hence

H; = D;RD,
or equivalently,
hiit = 6t foralli, andhij; = pij /6iit /Ojjt foralli # j.
With & = «jy andb; = gy for alli, 6;j; becomes
Gijt = wij + BiBj (i Hi—1tj) + aioj (tjer—16{_q¢j) foralli andj.

Substituting this expression féy;; back into the expressions foy; and
recognizing tha#j; = h;;; andé;j; = h;;t, we obtain the constant correla-
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tion model:
hit = wii + Bhiit_1 +a?ed_, foralli, and
hijp = pijhit/hjje foralli # j.

The BEKK model: Ifpi; = 0 andgi; = 1 foralli # |, then the matrix
Rreducesto al x N identity matrix and the matrisp reduces to a matrix
with zero diagonal elements and unit off-diagonal elements. Hence

Ht = DtDt —|—(tl/— |)O®t,
where: is a vector of ones. Expressifiyj andG; in terms ofg, we have

hiit = 6iit = wii + b Hi_1bj + &'ei_16;_,a foralli, and
hijt = 9ijt = wjj + bl/ Ht_lbj + a{gt_le{_la,- foralli # j.

In matrix notation, this is
Ht =Q+ A’st_lséflA—{— B/Ht_lB,

whereA =[ay,...,an], B=[by, ..., bn], andQ = [wjj].
The FARCH model: As before, jfij = 0, ¢ij; = 1 for alli # j, then

Ht =Q + A/St,lS£7lA+ B/ Ht,]_B.

If, in addition, A = a(w)’) andB = g(w) then the expression fdt;
can be rewritten as

He = o + A [B(w Hi_w) + a(w'ei—1)2],
or equivalently,
hijt = oij +AiAjhpe foralli
hpt = wp + Bhpt—1 + Ot&‘gt_l,
where
hpt = w'Hw, e =w'e, andojj = wij — Airjw'Qu. ]
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