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While the literature usually justifies informational effi-
ciency in the context of rationality, this article shows in-
formational efficiency by applying the evolutionary idea
of natural selection. In a dynamic futures market, spec-
ulators are assumed to merely act upon their predeter-
mined trading types (buyer or seller), their predetermined
fractions of wealth allocated for speculation, and their
inherent abilities to predict the spot price, reflected in
their distributions of prediction errors with respect to the
spot price. This article shows that the proportion of time
that the futures price equals the spot price converges to
one with probability 1.

Much financial economic theory has been developed to ex-
amine the informational efficiency of markets. If traders
are rational, in the sense that they maximize expected
utility and form rational expectations, then informational
efficiency can be achieved, as shown by Grossman (1976,
1978), Radner (1979), Hellwig (1980), Allen (1981), and
Bray (1981). Instead of relying on rationality to justify
market efficiency, this article takes an evolutionary ap-
proach. An evolutionary model of natural selection is
offered. It produces a unigue long-run outcome: market ef-
ficiency. The evolutionary approach abandons any
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rationality assumption by adopting a framework where it is not possible
for agents to learn about other traders or the market environment; nor is
it possible for agents to maximize particular objectives. Agents’ behav-
ior are exogenously preprogrammefEconomic justifications for moving
away from assuming rationality on the part of agents (speculators) can be
found in Alchian (1950) and Tversky and Kahneman (1974)]. By adopting
this extreme framework with such mechanical rules, we can emphasize the
market'’s ability to promote market efficiency through the selection process.
The market rewards the speculator whose behavior happens to fit the market
environment the most, and takes wealth away from the speculator whose
behavior happens to not fit well with the market. Economic natural selection
drives the market to a state where informational efficiency arises.

The following economic modeling approach is analogous to the biologi-
cal approach where a variety of animals compete under a common environ-
ment for food (or resources) and where natural selection selects only those
who are most fit. Here, there are speculators, with a variety of abilities to
predict the future spot price, who compete in the futures and spot market
for wealth and where market selection rewards only those who are most fit.

Consider an economy with a commodity spot and a futures market. The
futures market consists of both speculators and producers. Producers sell
contracts in the futures market to hedge against the risk in the spot market.
Speculators enter the futures market sequentially with an initial endowment
of wealth Vp. Speculators either buy futures contracts with the hope of
selling at a higher spot market price (acting as a buyer) or short sell futures
contracts with the hope of buying at a lower spot market price (acting as a
seller). In addition, the fraction of wealth allocated for speculative activity
differs across speculators. Furthermore, the ability to predict the future
spot price also differs across speculators. A speculator’s ability to predict
the future spot price is modeled as inherent and is characterized by the
distribution of his or her prediction error with respect to the future spot
price. A speculator’s prediction error represents the amount by which this
speculator overpredicts or underpredicts the spot price at that time period.
Each speculator is labeled according to his or her trading type (buyer or
seller), his or her fraction of wealth allocated for speculative activities, and
his or her inherent probability distribution of prediction error with respect
to the spot price, which are all randomly determined upon his or her entry
period and are fixed thereaftein this article the speculators are modeled as

1 In the traditional rationality models agents make choices to maximize certain objectives. In this article,
the evolutionary approach is deployed for the purpose of abandoning the rationality of making choices.
Instead the choice variables are exogenously prespecified.

2 Analogous to the biological term of genotype, the economic agent's type is characterized by his or her
choice variable. The choice variable could be interpreted as arising from an agent maximizing his or her
own objective within his or her resource constraints, information constraints, and ability constraints.
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unsophisticated and they merely act upon their predetermined trading type
(buyer or seller), and a predetermined fraction of wealth that they allocate on
speculative activities, and their predetermined abilities to predict the future
spot price. All speculators are noise traders in the sense that the distribution
of each speculator’s prediction error generates a strictly positive probability
of overpredicting or underpredicting the spot price. In other words, each
trader has a strictly positive probability of acting upon noise as if it were
information. Nevertheless, some speculators have a higher probability of
predicting the future spot price than others. That is, some speculators are
less noisy than others.

As more and more speculators enter the economy, at any point in time,
whoever acts upon better predictions makes profit at the expense of his
or her trading counterparts who act on less reliable predictions. For those
buyers (sellers), who predict exactly right the spot price with a low proba-
bility and overpredict (underpredict) the spot price with a high probability,
their wealth will be frequently reduced. Consequently, their ability to influ-
ence the futures price will be overshadowed by buyers (sellers) with a high
probability of predicting exactly right the spot price and a low probability
of overpredicting (underpredicting) the spot price. Therefore, as time goes
by, with this natural selection of information caused by the reallocation
of wealth away from more noisy traders to less noisy traders and with an
ongoing flow of entering speculators, some of whom have better predictive
ability than others, the convergence of the futures price to the spot price
eventually occurs.

This article is not alone in applying natural selection to examine market
behavior. Early articles which use the idea of natural selection to examine
market efficiency are Figlewski (1978, 1982). In Figlewski (1978), in a pure
speculation market with two representative traders with different quality of
information, traders with better information make profits at the expense
of those with less information. Figlewski (1982) extends the discussion
to N traders. However, efficiency cannot be obtained in the long rn.
fundamental reason for the difference in results is that, unlike Figlewski
(1978,1982), this article allows for sequential entry of traders with a wide
diversity of predictive abilities. This ongoing arrival of new agents, some
of whom have better predictive ability, prevents the economy from being
stuck in an inefficient market equilibrium.

Among the few recent articles that have analytically explored this issue
are Blume and Easley (1992), Biais and Shadur (1993), and Luo (1995a).
These articles illustrate that market selection will not necessarily lead to the
elimination of noise or inefficiency. For example, Blume and Easley (1992),

3 In Figlewski (1982), informational efficiency is obtained in the long run only in the special case when all
traders have independent information. In contrast, this is not a required assumption in the evolutionary
model of this article.
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in a dynamic market with wealth flows between traders, find that economic
natural selection does not necessarily lead to efficient markets. Similarly,
Biais and Shadur (1993) arrive at the same conclusions using Darwinian
dynamics in a nonoverlapping generations model of a risky asset. In the
above two articles the reason for the market's departure from efficiency is
that, aside from not allowing traders to enter with better predictive abilities
than existing traders, traders’ behavior rules are modeled as being linked to
their utility functions. Since utility maximizing rules do not guarantee that
traders have accurate predictions, it follows that wealth may not be max-
imized. Therefore, traders with rational rules do not necessarily dominate
the market in the long run. On the contrary, traders with irrational rules may
come to dominate the market. On the other hand, Luo’s (1995a) examina-
tion of competition among firms shows that with sequential entry of various
types of firms over time, including those that happen to produce at or near
the minimum efficient scale, the market selects the most efficient firms.

This article is organized into four sections. The framework of the model is
described in Section 1. Section 2 provides the results of the model. Section 4
concludes the article.

. The Model

Consider a dynamic economy with an industry producing one commodity.
Discretetimeisindexed byt = 1, 2, ... . Itisassumed thatthe commodity
is nonstorable and cannot be carried to the next time period. There is a
commodity futures market and there is a spot market. The futures market
opens at the beginning of each time period and the spot market opens at the
end of each time period. The participants in the futures market consist of
speculators and producers. It is assumed that the spot price is determined
at the beginning of each time periddNevertheless, the realized spot price
is unknown to each producer and to each speculator at the beginning of
each time period, and the spot price is only revealed to all producers and
all speculators at the end of each time period when the output is delivered
to the spot market. Therefore, the spot price is independent of the futures
price in the futures market.

At the beginning of each time period, each producer contracts a percent-
age of their production in the futures market to hedge against the risk asso-
ciated with an unknown spot price. Producers’ aggregate contracts brought

The justification for this assumption is as follows. For each of a large number of independent producers
the output level is randomly determined at the beginning of each time period. Since the commodity is
nonstorable, the total output of all producers must be delivered to the spot market at the end of each
time period and sold at a market clearing spot price. Since the individual output levels of producers are
determined in the beginning of each time period, the industry’s aggregate output is also determined at the
beginning of each time period. Given any exogenously specified continuous demand schedule in the spot
market, the spot price is determined at the beginning of each time period.
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to the futures market at the beginning of each time period are assumed to
be drawn from an intervdl = (0, §] according to an arbitrarily given
distribution where 0< S < c0.° Denote producers’ aggregate contracts
brought to the futures market at the beginning of time pe’riaslsf.

Since the commaodity is nonstorable and cannot be carried to the next
period, the futures contract is a one-period contract. All payments among
all futures market participants are settled at the end of each time period after
both the futures and the spot markets cldgach speculator’s wealth at
the end of a time period is defined as accumulated profits up to the end of
that time period.

The futures contract size is perfectly divisiblEhe price of the com-
modity in the spot markep; and the price of a futures contrapf at
timet (wheret = 1,2, --.) are always quoted as nonnegative multiples
(m) of a unit sized (> 0). The spot pricep; is randomly drawn at the
beginning of time period (before the futures market opens) from the set
{d,d+1,..., (M- 1)d, md}, wherem > 1is a positive integer, according
to a distribution function. The futures priqgf is merely the market clear-
ing price in the commodity futures market and for amptf is constrained

to be greater than or equal tb The determination of)tf is described in
Section 1.3.

The following subsections provide further detailed descriptions of the
model.

1.1 Speculators’ types

Speculators enter the commodity futures and spot markets sequentially over
time. At the beginning of the time periddwheret = 1,2, ..., only one
speculator (called speculatbr) is allowed to enter the futures and spot
markets. The spot price at times determined at the beginning of time
periodt, but it is unknown to all speculators and all producers. At tane
wheres > t, speculatot’s prediction or belief about the spot price, denoted
ashbi, consists of the summation of the spot prigeand a noise term;

which characterizes the prediction error of speculagdrtimes. That is,

bl = ps + Vi, (1)

5 A more elaborate production model, which characterizes the costs of individual producers, could be
specified. This adds very little to the issues examined in this article, which focuses on the effect of various
speculators’ behavior on the futures market.

8 The producers honor their futures contracts sold at the beginning of each time period, by transferring, at
the end of the time period, to the buyers of the futures contracts the corresponding revenue received in
the spot market and in return the producers receive from the buyers the value of these same contracts at
the futures price previously agreed upon. The short sellers deliver to the buyers their short sales valued at
the spot price and receive from the buyers the value of the same contracts at the previously agreed upon
futures price.
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as in Grossman (1976, 1978) and Hellwig (1980). It is assumedvthat

e {—Nd, —(N—-1)d, ..., —2d, —d,0,d, 2d, ..., (N—1)d, Nd},” where

N andN are both positive whole numbers. The smaller a prediction error is,
the more accurate is the information reflected in the prediction. Itis assumed
thatv! is independent ops at times. For a fixedt, the v} are assumed to

be independently and identically distributed across smet, t +1,....2
Therefore denote

61 = Pr(vg > 0). 65 = Pr(v = 0), andés = Prv§ < 0),

where superscript indicates speculatar. It is assumed that the vector
(01, 63, 6%) is randomly taken in the beginning of time peribftom a set
O = {(01, 62, 03) € (0,1)% : 1 + 6, + 03 = 1} according to an arbitrarily
given distribution with its support bein@. And furthermore, the vector
(01, 63, 6%) is independent ofy.. The vecton;, 65, 63) describes the prob-
ability distribution of speculatot’s overprediction, exact prediction, and
underprediction. This probability distribution characterizes specut&tor
predictive ability. Once speculatts predictive ability(6;, 65, 6%) is deter-
mined in the beginning of his or her entry time period is fixed thereafter.
One justification for modeling a speculator’s probability distribution of pre-
diction error being fixed through time is that speculators display systematic
biases due to cognitive errors [e.g., Tversky and Kahneman (1974)].

If the speculator is buying (short selling) at timeb,, indicates the high-
est (lowest) price that a speculator is willing to pay for (supply) a contract
at times. Essentiallyb, is speculatot’s reservation price at tims. The
terms prediction, belief, bid, and reservation bid are used interchangeably in
the remainder of this article. This way of modeling the speculator’s predic-
tions reflects diverse information among the speculators, diverse abilities
to process the same information among the speculators, or diverse bidding
strategies.

There are two further characterizations of speculators. First, speculator
t on entry is endowed with one of the following two trading types:

(i) Speculatort participates only as a buyer at all timgs> t. That
is, speculatot only buys contracts at a price no higher than his or her

7 To prevent unrealistic negative predictions, the range of predictions sometimes may have to be truncated
if ps + v < d. More preciselyp, = max[ps + v{, d].

8 This reflects the impossibility of speculators learning from other traders and learning from their past
experiences.

9 One can interpret thb! as a signal that speculatbreceives at times. The prediction errop! is the
noise that speculatdrbrings into the market at time As long asbf is not equal tops speculatot is
acting upon noise. Of course, given the differences in the distribution of speculators’ prediction errors,
different speculators have different probabilities of acting upon noise. In this article no assumptions are
made with respect to the type of the distribution of the prediction error. (This stands in contrast to most
ones including recent ones by Kyle and Wang (1997) and Fischer and Verrecchia (1997).]
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reservation bidb} at all timess > t. Denote this type of speculator as
z: = 1, where subscrigdtindicates speculatdr

(i) Speculatort participates only as a short seller at all tinees t.

That is, speculatot only sells contracts at a price no lower than his or
her reservation bith, at all timess > t. Denote this type of speculator as
z: = —1, where subscrigtindicates speculatdr

Therefore, speculatais trading type, represented by a random variable
z, is randomly taken from a s¢t-1, 1} in the beginning of time period
t according to an arbitrarily given discrete probability distribution with
its support being—1, 1}. And furthermore,z is independent of; for
t=12....

The second further characterization is that each speculator spends a frac-
tion of his or her total wealth on speculative activity. This fraction could
be viewed as a reflection of a speculator’s inherent attitude toward risk.
A smaller fraction indicates more risk aversion. The remaining fraction of
total wealth can be viewed as risk-free and earns no return. This fraction is
randomly determined in the beginning of his or her entry period and fixed
thereafter. Denoté; as speculatars fraction of wealth allocated for spec-
ulative activities.f; is randomly taken from an intervéD, 1] according to
a distribution with its support bein®, 1] in the beginning of time period
t. And furthermore,f; is independent of; fort = 1,2, ....

Itis assumed that the random vecta#s, 65, 6%), (), and( f;) are mu-
tually independent for a fixetd and the random vectaé’, 65, 65, z;, f;) is
independently and identically distributed across speculaterd, 2, .. ..

To summarize, on entry speculatois characterized by random draws,
represented by the ordered vectél, 65, 6%, z, f), where the first three
elements characterize the distribution of speculdésgprediction error, the
fourth element describes speculatrtrading type, and the last element
describes the fraction of wealth spent by speculadorspeculative activity.
Figure 1 shows the timing of the above events. Since there is an ongoing
entry of speculators with characteristie§, 65, 63, z, f;) randomly drawn
from the supports of their distributions, collectively the speculators can be
described as having a continuous spectrum of characteristics. @irtge
andoj for all t are strictly between 0 and &ll speculators are noise traders.
Nevertheless, some speculators with a higher probability of predicting the
spot price are less noisy than others with a lower probability of predicting
the spot price.

1.2 Speculators in the market selection process

Each speculator is assumed to be endowed with initial wagltlwhere

0 < Wy < oo, in the entry time period. The futures market is assumed to
have no speculators at time After time O speculators enter sequentially.
Denote speculatdis wealth at the end of time peri@{wheres > t) asV
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The aggregate output and price

P, are determined. (Both are Futures market
unknown to speculators and transactions Settlement of
producers). take place payments
v + +
| | | | | | |
| I I | I | e
t ? ? t+1

Producers' agareqate Speculator t enters
9greg with predetermined Spot market

supply of contracts i
o Fl)s zetermined characteristics transactions
t take place

Figure 1
The timing of events

andV;' ; = Vo. The futures market will not open if there are only sellers in
the futures market.

Speculatot’s prediction about the spot price (where- 1, 2, .. .) attime
s (wheres > t) is characterized big.. If speculatott is a buyer, speculator
t is willing to buy contracts up to what his or her speculative wealth permits
at a price no higher than his or her predictign at times, wheres > t.
Therefore, forz; = 1, speculatot’s demand for futures contracts in time

periods, denoted as(pd ), ist

f VL f VL
tf s—l’ t _?,_1 if psf _ bts—rd,
+d Ps R
. Ps wherer =1,2,..., R,
0s(Ps) = AVAS .
0, ——-1 if pd = b,
Ps
0 if pd > bl.

whereR is characterized by

bl — (R+1d <0
bl — Rd> 0.

Figure 2 provides an example of this type of demand curve. If speculator
t is a short seller, at tims, wheres > t, speculatott is willing to sell
contracts up to what his or her speculative wealth permits at a price no
lower than his or her predictidot. To ensure that short sellers honor their

10 Because of the discreteness of prices, wpén< bl a buyer may not be able to spend all of his or her
ftVSt

frvi
speculative wealth V. ,) if the supply of futures contracts lies betwee:q% and —*. Thus, a
pg + P

steplike demand curve is used for any buyer. °
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contracts, short sellers are constrained to inﬁéﬁtof their total wealth-!

The reason is that if short sellers are allowed to invigsif their wealth,

and if the spot price exceeds twice the futures price then short sellers would
not be able to honor their contracts. Since the maximum loss that a short
seller would incur is when the spot price takes the highest vadend

the futures price takes the lowest vatlighe constraints for investinﬁf_‘—1

of the total wealth by the short seller ensures no defaults on any cotttract.
Therefore, forz; = —1, speculatot’s demand for futures contracts in time

periods, denoted aq;(psf), ist3

0 if pd < b,
ftVt_ . f
f i |- ?1’0 if ps = b,
ai(pd) = Ps
VA AA
Lt S-; if pd = bt +rd,
Ps Ps + wherer = 1,2, ....

A negative number of futures contracts indicates the quantity of short sales.
See Figure 2 for a plot of such a demand curve. The above demand functions
are similar to those used by Feiger (1978).

Obviously, if a speculator’'s wealth is zero then this speculator will not
be able to continue to participate in the markets in any of the future time
periods, since this speculator is not able to buy or sell any contracts in any
of the future time periods. In other words, if a speculator’'s wealth is zero
in one time period, then this speculator is considered to exit the economy
at the end of that time period.

Therefore, at the end of time perigl wheres > t, the wealth of

11 Ensuring no defaults can also be accomplished if the spot price is constrained such that it cannot exceed
twice that of the futures price. This latter assumption is similar to that used by Feiger (1978). Either
assumption leads to the same conclusions.

12 More precisely, consider

t
ql = —k f‘vj‘l, fork > 0; @
Ps
and
ps < md )
and
pe > d. 3)

To ensure that short sellers honor their transactions it is assumed that the speculativefWwéaith
(ps — psf)q; + fV! , > 0 (4). Therefore, with Equations (11 (2), and (3), Equation (4) is ensured
whenk < ﬁ . Suppose this constraint is notimposed for short sellers and suppdsisthettequal to one.
Then in the extreme case pf = d andps = Mdit would follow that f, V! = (ps — pd)gt + fi V) , <0
form > 2. This implies that the short seller is not able to honor his or her contracts.

13 For similar reasons described in note 10, a steplike demand curve is used for any seller.
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Buyer t's demand for
contracts at time s(zt)

Short seller t's demand
for contracts at time s(>t)

P' »
s IDfS F'S
by ;
L - - | 3d
2d | S — |2
d —_— by
: > »
o
0 q', al,
Figure 2

Speculators’ demands for contracts

speculatot is
Ve = (ps — PG5 + Ve ;.

1.3 The futures market equilibrium
The futures market structure is the standard Walrasian mechanism. Denote
the net aggregate demand at timang (psf). Hence

s—1
Q! (pd) =D akpd) +a(pd).

t=1
Since the spot price is at leadt to be consistent, the futures price is as-
sumed to be greater than or equallté-urthermore, this regulation prevents
short selling at zero price which could cause unlimited defaults. Under the
Walrasian market structure, the futures market clearing m;fcds set to
fulfill the condition that the net aggregate demand is greater than or equal
to the aggregate number of contracts offered for sale by producers. That s,

ps = max[max{p; : Q{ (p) = §}.d].

There may be multiple solutions 1{cpsf : Qs'f(psf) > sz}. Choosing the
equilibrium solution with the highest futures price is arbitrary. Nevertheless,
whatever equilibrium is chosen, the results of the article are unchanged.
Notice that in the early time periods of the market process, if a buyer has
not yet entered, then no futures market transaction takes place. If a buyer
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°of 4d o tad A/
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& > > - >
0 q' 0 q’, 0 a,
The demand for The demand for
contracts from contracts from short Aggregate Net Demarlwd and
Buyer t (<s) seller s Aggregate Producers' Supply
Figure 3

An example of futures market equilibrium price—two speculators in the futures market

has entered and if the producers’ supply in the futures market exceeds the
speculators’ netdemand at all positive prices (usually occurring in the earlier
time periods), then the futures market price is regulated td,kmnd the
futures market demand is delivered to the buyer at piesd the excess
of the producers’ supply is returned to the producers (to be sold at the end
of the time period at the spot price).

The demand and supply orders made by speculators are executed as
follows. Attime periocs, atthe futures market clearing pripé, st (psf) >
&f or psf = d. For the short sellers with reservation bids below or equal
to the market clearing pricpsf, their supply orders at the market clearing
price psf are executed at the market clearing prm,'éand their wealth is
exhaustedfor the buyers with reservation bids above the market clearing
price, their demand orders at a pricecbfibove the market clearing price
psf are filled atpsf; and the remaining supply in the market is allocated to
buyers with reservation bids greater than the market clearing pgiczmd
to all speculators with reservation bids equal to the market clearing price
pe .14 One example of a futures market equilibrium is shown in Figure 3.
As can be seen, the futures pripé will be a function of the realizations of
21,22, ...,2Zs; and fq, fo, ..., fs; andv{( forallt <sandallk € [t, 5];

andps, p2, ..., Ps; and producers supph@ SZ s

The purpose of this article is to show that with probablllty 1, the propor-
tion of time that the futures price equals the fundamental value (the spot
price) converges to one as time goes to infinity. In the limit, the futures
price reflects only accurate information about the spot price and ignores

14 The precise way that the remaining supply is allocated has no effect on the article’s results.
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noise. Consequently, no individual speculator can cause the futures price to
systematically deviate away from the spot price in the limit.

. Convergence of the Futures Market to Efficiency

This section shows that with the above market selection process, with prob-
ability 1, the proportion of time that the futures price equals the fundamental
value (the spot price) converges to one as time goes to infinity. This is estab-
lished in Theorem 3. To show Theorem 3, first of all, the article shows that
with probability 1, the proportion of time that the futures price is below the
spot price converges to zero as time goes to infinity. This is proven in Theo-
rem 1. Second, Theorem 2 shows that with probability 1, the proportion of
time that the futures price is above the spot price converges to zero as time
g?g)s to infinity. Finally, Theorem 3 is established by using Theorems 1 and
2.

The article begins by proving Theorem 1, which shows that with proba-
bility 1, the proportion of time that the futures price is below the spot price
converges to zero as time goes to infinity. The intuition goes as follows.
Suppose Theorem 1 is not true, then with a strictly positive probability,
there must exist a subsequence such that up to any point of time on this
subsequence, the proportion of time that the futures price is below the spot
price is bounded away from zero. Given the continuous spectrum of spec-
ulators’ all possible characteristics, with probability 1 there is one buyer,
say buyerl , who enters the market with a fraction of wealth allocated for
speculation of at Iea% and who predicts exactly right the spot price with
a probability(6) ) sufficiently larger than the probability, ) of predicting
above the spot price every time period. That is, over an infinite period of
time, eventually there will be entry into the market by some buyaho
has a rather large probability of predicting the spot price accurately and a
rather low probability of overpredicting it. Since short sellers always honor
their contracts and since the spot price never goes ba|lbwyerl 's wealth
is always positive. This prevents buylés wealth from being stuck at zero.
Since buyel makes gains if he or she predicts exactly right the spot price
at a time period when the futures price is below the spot price and poten-
tially makes a loss if he or she overpredicts the spot price at a time period
when the futures price is above the spot price, the relative magnitudes of
65 andd, , together with the existence of the aforementioned subsequence,
ensure that buyel’'s wealth grows at least exponentially. (This growth of

15 Although the model of this article is formulated in a particular manner, the conclusions do not rely on
the range of trading types. The proof can be modified to provide the same conclusions if all speculators
are buying contracts in some time periods and in other time periods selling contracts [see Luo (1995b)].
Furthermore, the results of the model would also hold with continuous rather than discrete futures and
spot prices.
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wealth comes from a constant redistribution of wealth away from produc-
ers and relatively noisy traders. In other words, there is a natural selection
of information leading to this wealth redistribution, which in turn causes
exponential growth of buydr's wealth.) However, the total wealth injected
into the market and shared by all speculators in the market can only be
from producers’ losses or new entrants’ injections of new wealth. Produc-
ers’ losses in each time period can be no more {i@a- 1)dS. The new
entrant’s injection of wealth i¥; in each time period. Therefore the total
wealth of all speculators in the market grows at most arithmetically. This
contradicts the fact that buyéts wealth grows at least exponentially with
a strictly positive probability.

Before proving Theorem 1, an indicator variable for describing whether
at timet the futures price is below the spot price is defined.

Definition 1. Define random variables,|lwheret=1,2, ..., as
I — 1 if ptf < P
'~ 1 0 otherwise.

Theorem 1. With probability 1, the proportion of time that the futures price
is below the spot price converges to zero as time goes to infinity. That is,

Pr{ lim #{tST:ptf<p[}

T—o00 T

Proof. Using thel; notation, Theorem 1 can be restated as

T
>k
Pr TIim % =0] =1 2
—00

This is shown by way of contradiction. Suppose Equation (2) is not true,
then with a strictly positive probability, there existsane (0, %] and there

exists a subsequendg, Ty, ..., T, ... such that for ang, %ﬂk > 2¢g.
This together with Proposition 1 in Appendix A implies that

lim Pr(EI abuyerl < s st. {Z| =1,(61.6;) € Oeo), f| > i} |G)

S—>00

> 0, 3)

| f(m+1)
=)

In(f)

where="- <f < 1,0(ep) = {(61.62) 1 62 > 1 — €0, 61 < (62 —

(1—¢0))} andG represents the event that there existsaa (0, %]_and there
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exists a subsequendg, Ty, ..., Ts, ... such that for ang, %1“ > 2¢q.

Notice that since short sellers always honor their contracts and since the
spot price never goes belosy the wealth of buyet is always positive.
(The importance of buydr's wealth remaining positive in any time period
is that if buyerl’s wealth is zero in one time period, then buyewill not
be able to buy futures contracts in any subsequent time period and his or
her wealth will be zero in all subsequent time periods.)

Proposition 2 in Appendix A uses the characteristics of buyéd, , 6, ,
03',, z,, f)), and uses Equation (3) to show that the probability that bu'ger
average wealth overtime onasubsequéicé,, ..., Ts, ...isunbounded,
is bounded away from zero. That is, for aRy> 0,

. A
lim Pr(% > F) > 0.
S—00 s

However, this contradicts the fact that the average wealth of any individual
speculator over time, including buyér must be strictly bounded from
above by a constarfin — 1)dS + Vy. The reason is as follows. The new
wealth attime, which could be injected into the futures market and which is
potentially shared by all speculators including bulyemust be transferred
from the producer or brought in by the new entrant at ttm&he wealth
which could come from the producers at timis (p; — ptf)sf, which is
bounded from above bgm — 1)dS. The wealth that a new entrant brings
in is Vp. Therefore at time the total wealth that could be injected into
the futures market and is shared by existing speculators in the market must
be bounded from above kyn — 1)dS + V. It follows that the aggregate
wealth of all speculators in the market at the end of time pefigavhere
s=1,2,..., mustbe bounded from above By((M — 1)dS+ Vo) . This
further implies that the average total wealth of all speculators over time
at the end of time periods, wheres = 1, 2, ..., must be bounded from
above by(m — 1)dS + Vp. Hence, the average wealth of any individual
speculator over time, including buykrat the end of time periods, where
s=1,2,..., must be bounded from above iy — 1)dS + V. L

The following will show that with probability 1, the proportion of time
that the futures price equals the spot price converges to one as time goes to
infinity. To show that, given the result in Theorem 1, it needs to be shown
that with probability 1, the proportion of time that the futures price is above
the spot price converges to zero as time goes to infinity. This is proven in
Theorem 2. The proof of Theorem 2 follows exactly the same logic as the
proof of Theorem 1.

Theorem 2, like Theorem 1, is shown by way of contradiction. Assuming
that the result of Theorem 2 is not true, one can show that with a strictly
positive probability, there exists an entering seller with certain character-
istics. This seller never exits the economy. Following the same logic, one
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can show that this seller's average wealth over time is unbounded with a
positive probability, which produces a contradiction.

Theorem 2. With probability 1, the proportion of time that the futures price
is above the spot price converges to zero as time goes to infinity. That is,
# {t <T:pf > pt}
Pr{ lim

T—o0 T

Proof. See Appendix C for proof. =

Finally, using Theorem 1 and Theorem 2, Theorem 3 can be established
as follows.

Theorem 3. With probability 1, the proportion of time that the futures price
equals the spot price converges to one as time goes to infinity. That is,

Pr{ lim #{th:ptfzp[}

T—>o0 T

Proof. Noticing that for anyT > 1,

#{thirptf < pt}_'_#{tSTirptf — pt}-’_#{tSTirptf > pt} _1

and using Theorem 1 and Theorem 2, Theorem 3 follows. =

The result of Theorem 3 suggests that in the limit, the futures price fully
reflects accurate information in the futures market. In the short run, the
futures price reflects all the beliefs of speculators, but in the long run, the
futures price reflects only accurate information and eliminates noise.

Furthermore, one can also show that each individual speculator’s loga-
rithm of wealth is infinitesimally small relative to the market aggregate of
logarithms of wealth. This is formally stated in Corollary 1.

Corollary 1. With probability 1, the ratio between the logarithm of wealth
of speculator ft > 1, at the end of time period TIn(V}) and the aggre-
gate of logarithms of wealth of all speculators at the end of time period T
(Y _r_ In VK) converges to zero as F> oco. That is,

t
Pr{ lim % =0)=1
=00 \ Yoy IV

Proof. See Appendix D for the proof. u

661



The Review of Financial Studies / ¢ i 3 1998

3. Conclusions

This article shows that, due to natural selection, information efficiency can
be achieved even if the agents are not assumed to be rational. In the long run,
the impact of irrational traders on market prices becomes negligible. This is
consistent with the conjecture made by Friedman (1953) and in contrast with
the assumptions posited by Fischer and Verrechia (1997) or Kyle and Wang
(1997) [who appealto the psychology literature, e.g., Kahneman, Slovic, and
Tversky (1982)]. In this article each speculator is assumed to be randomly
endowed with its own trading type, its own fraction of wealth allocated for
speculation, and its own inherent distribution of prediction error with respect
tothe spot price. Those who act upon better predictions accumulate wealth at
the expense of trading counterparts acting on less reliable predictions. With
ongoing entry of such speculators into the economy over time, the market
selection process redistributes wealth constantly among the speculators.
Consequently, this constant redistribution process causes the futures price
to reflect more accurate predictions with higher and higher weights as time
goes by. In the short run, the futures price merely aggregates all noise
speculators’ beliefs or predictions. In the long run, with probability 1, the
proportion of time that the futures price equals the spot price converges
to one as time goes to infinity. In the limit, the futures price reflects only
accurate information and ignores noise. Furthermore, the logarithm of each
individual speculator’s wealth is infinitesimally small relative to the market
aggregate of logarithms of all speculators’ wealth.

Appendix A
Proposition 1. If, with a strictly positive probability, there exists ap €
Ts
(0, %] and a subsequenceg,Tl,, ..., Ts, ... such that for all s ;—:ﬂk >
2¢o, then

lim Pr(EIabuyerI< s st. {zt — 1, (6%, 6)) € O(eo), fy zi} G)

S—>00

> 0,

f(M+1)
i n(=—=—)
Wheremi+1 < <1,0(0) ={(01,02) : 02> 1— €, 01 < m 6, —

(1 —€0))}, and G represents the event, that there existsgan EO, %] and

Ts
2N

a subsequence Ty, ..., Ts, ... such that for all s k:Tls

> 2¢p.
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Proof. If, with a strictly positive probability, there exists ap € (0, %] and

a subsequencg, To, ..., Ts, ... such that for alk,
T
s
izl oo, 4
Ts
then, define a random variabig fort = 1,2, ..., as

R = 1 ifz =1 (6165 € O(e), fr = f
0 otherwise,

where 1 < f < 1 and®(e) = {(B.62) : 62 > 1 — €. 61 <
f(m+1)

IT;E) (62— (1—€0))}. Since the random vecto(8, 65, 6%), (z), and( f)
f
are mutually independent for a fixédand the random vectapy, 63, 6},

z, fy) is independently and identically distributed across speculaters
1,2, ..., itfollows that{R:}i>1 isindependently and identically distributed.
Therefore P(R = 1) = Pr(z; = 1, (6}, 05) € O(eq), fi > f) = Pr(z; =

1) Pr((6}, 6%) € O(ep)) Pr(fy > f). Notice that since; has support at 1,
(0%, 63) has support ove® (eg) and f; has support over the interved, 1],

it follows that PR, = 1) > 0, for all t. This further implies that

> Pr(R =1) = oo,
t=1

and using the Second Borel Cantelli Lemma [see Billingsley (1986, p. 83)],

Pr( R = oo) =1
t=1

This further implies that

lim Pr(there exists a buyer, say buylerl <s, st. R =1)=1 (5

S— 00
Equations (4) and (5) imply that
SIim Pr(3 buyerl, | <s,st. R =1|G) > 0,
whereG represents the event that there existeaa (0, %] and a subse-

Ts |
quenceTy, To, ..., Ts, ... such that for alb, Q > 2¢o.
Proposition 1 follows. u

The following definitions are used in all the following propositions.
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Definemy anday, fork =1,2,..., as

_[titpi=mpc ., 1ifp> pe
M = { O otherwise ° 2~ | 0 otherwise.

Proposition 2. If

Jim Pr(EI a buyer I<s st. {z| =1,(6),6)) €0, fi 21} |G> -0,
(6)

62 —

| f(m+1)
-

In(X)

where="> <f < 1, ©(eo) = {(A1.62) 1 02 > 1 — €0, 61 <

(1—€p))} and G represents the event that there existgan (0, %]_and there

Ts
. [
exists a subsequence, o, ..., Ts, ... such that for any s;—zlk > 2eq,
then for any F> 0,

lim Pr(V—TIS > F) > 0.

S—00 TS

Proof. Before the proof begins, some notation is needed. Define another
two indicator variables, andg;, wherek > I, for buyer! as

| = lifv, >0 | 1ify. =0
k™1 0otherwise; % =\ 0 otherwise.

Consider buyet. Buyer |'’'s wealth at the end of time periof; is VT's

and
n (1(m_+1)

m
6y > 1— e andd) <

f) (03 — (1 —e€0)). @)
in (%)

Since the prediction erra, are independently and identically distributed
across timek), x are independently and identically distributed across time
periods k) andg, are independently and identically distributed across time
periods k), using the strong law of large numbers, it follows that

Ts | Ts |
I Lo
= 6! a.s.and————
e To—1+1

In Vo

_ %
To—1+1

—_— ) a.s. and
To—1+1 — %2

This together with Equation (7) implies that if

lim Pr(EI abuyerl <s st. {z| =1, (0], 605)€B(e), T 21} |G)>0,

S—>00
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f (m+l)

In(=——
In (N+1)

( 2 —
(1—¢0))} andG represents the event that there existsgaa (0, l] andthere

Ts
exists a subsequendg, Ty, ..., T, ... such that for anyg, —sllk > 2¢,
then for some positive. > 0, for E (3abuyerl < s st. {7y =
1, (91',92') € B(e0), fi = f}ING),

where=" <f < 1, (o) = {(61,62) : 62 > 1 — €0, 61 <

Ts
Do _
. — f(m+1
SI|_)ngo Pr ﬁ —(1—-¢€0) |In <_(m )> + Tsli?/il
>
Z A
+ﬁ+mln(m>ZAE =1 (8)
Now, notice that
Ts Ts
D xe =Y (ay) 9
k=1 k=1
In addition, since
Ts Ts Ts Ts
> (kg = D g— > (M) — D (agh)
k=1 k=1 k=1 k=1
T, T, T,
> D - M- ) &
k=1 k=l k=1
Ts Ts
k=1 k=l
T, T,
Zo XM
= = = 1] (Ts—=1+1),
To-T+1 To-1+1 (=D
if Q > 260then|tfollowsthat— |+1 (Z e 1Ik)(T ) >

(2¢p — Z;:l )(TS—IS+1) > ¢ (for a sufficiently larges). Therefore for a
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sufficiently larges,

Ts |
T, = Ok
> (kok) = gt 1| T-1+D. (10
k=1 s

im

Notice that Ir(ﬁéﬂ) < O0and In m+l)) > 0. Hence, Equations (8), (9),
and (10) imply that

Ts Ts
x! lg! _
lim Pr In| = + In —
s—>00 Ts—1+1 N+1 Ts—1+1 m
InV,
703A El=1
Ts—1+1

This together with Equation (6) imply that

Ts Ts
(aXy) (kg
lim Pr lg7kln (_L>+ k; ‘ In 1(m_+1)
ssoo | Ts—14+1 \N+1) " Tg—1 +1 m

|nV0
— > 0. 11
Te—1+1-"|~ 1)

Now, the following uses Equation (11) to show that for &y O,

v
lim Pr *>F)]=>0.
S—00 Ts

Consider buyet 's wealth at time periodk. If ax = 1 andx, = 1 then

b > pcandb! > py, which further implies that, < f'pofl Hence buyer

| potentially makes a loss (a negative profit) at time pkekioeit the end of
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time periodk buyerl’s wealth is
f
Vi =V ad (po- pe) = M <1+ (= pi) —'f>
12

Py
Pk 1 ) I
> f1V, — |V, ..
(p) Lz () v

If Ik = 1 andg, = 1 then pkf < p« andb} = px, which further implies

thatq, € (f—p'f%, f'—:%—l]. Hence buyel makes a gain (a positive profit) at
k k

time periodk. At the end of time perio#t buyerl’s wealth is

fi V!
Iyl _nf) Al I I Vk-1
Ve = kal‘{'(pk pk)qk >Vk71+(pk pk) pk d
f|V' ka
> Vk'_1+d< m; ) > fV_ 1er( dl
_(fm+]) v/ (13)
(),

Therefore buyet’s wealth at the end of time peridéds

(M Lme e 14
S G AT

Using Equation (14), one can show inductively that

Vo. (15

m

AT @R) )y )
V1I— - (_— )k—l (— )kl
s N+1

Taking the logarithm of both sides of Equation (15), it follows that

InV{ > {i (axxy) In (%H)Jrkil (lkgy) In ($>+In Vo} :

k=I

which further implies that

InVI 1 s

To1+1 T, —|+1{i(akxk)'”(

N+
|kgk <

‘l_h
\_/

0) ]

667

3| 3|



The Review of Financial Studies / ¢ i 3 1998

Together with Equation (11), this implies that

, InVi
lim Prl——=—> 1] >0.
ssoo \Ts— 1 +1
Therefore
SIergo Pr(Ve, > exp((Ts— 1 +1) 1)) > 0.

Since lim

S—0o0

that for anyF > O,

DY — fim (A exp((Ts — | + 1) 1)} = oo, it follows
s S—00

A
limPr{ = >F )] >0. ]
S—00 Ts
Appendix B
Proposition 3. If with a strictly positive probability, there exists a e
(0, %] and a subsequencg,Tly, ..., Ts, ... such that for all s ijak >

2¢;, then

lim Pr(EI aseller I, 1'<s,st.{z,=-1,(6),604)e0® (&), fi <T} |G’>

S—>0o0

> 0,

In(=4=+1)

—_m-2 > —
1
In( 177)

where0 < f < 1,0'(e}) = {(02,03) : 6, > 1 — ¢, 03 <

(1—€)))} and G represents the event, that there existsgqe (O, %] and

Ts
a subsequence Ty, ..., Ts, ... such that for all s kT:Slak > 2¢).
Proof. This proposition uses exactly the same logic as Proposition 1. For
the ease of notation and description of the proof, redeinas follows.
Define a random variablB{, wheret = 1,2, ..., as

R = 1 ifzz=-1,(00)€®(), i < f
| 0 otherwise,

fir
In(= 1+1)

In(—)
(1—¢€p))}. The proof can be done by following through the proof of Proposi-
tion 1 after changing some notation. In the proof of Proposition 1, replace
with a, and replacd’ with R{. As aresult, replaca = 1, (6}, 65) € O(e),
and fy > f withz = —1, (85, 0) € ©'(¢)), and fy < T, respectively. Re-

whereO< f < 1and®’(e}) = {(62, 63) : 2 > 1—€}, 03 < (Oo—
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place buyet with sellerl . Replacd with |”and replac& with G'. Replace
z: has support at 1 witk, has support at-1. u

Proposition 4. If

lim Pr(EI aseller I'<s st. {Z|/=—1, 65, 64) €0 (¢)), f|sz}|G’>

S—00

> 0, (16)

In (T-‘r 1
(- i =)
€5))} and G represents the event that there exists-gue (0, 2] and there

Ts
exists a subsequence, T, ..., Ts, ... such that for any,skr—:1ak > 2¢,
then for any F> 0O,

whered < f< 1, ©'(e)) = {(02,63) : 02 > 1—¢€(, 03 < (62— (1—

lim Pr(TTS > F) > 0.
S—00 s

Proof. The proof is identical to the proof of Proposition 2 of Appendix A
with the following changes. Replace buyewith sellerl’, replacel with
I”. Inside the definition ok}, replacev] > 0 with v} < 0, and replace]

f(m+1)
with x} . Replace? andd] with )" andd)’, respectively. Replace¥

(N+1)
In(
ln( u: =)
fi > f, andG with z;, = —1, (92,93) € O'(ep), iy < f, andG/,
respectively. Replace the definition f, ®(e0), andG with the definition

of f, ®(e}), andG’ which are defined in Proposition 3 of Appendix B.
f(m+1)
m

with and replaceo with ¢;. Replacez; = 1, o, 9 ) € O(ep),

£ . — . .
Furthermore,W;Jrl is replaced with 1- f and is replaced with

m—1
The paragraph starts with the sentence “Consider bdgevealth at time
periodk” and ending with Equation (13) is replaced with the following:

Now, if [ = 1 andx, = 1 then pkf < px andb! < pg, which further

(m-1)
a loss (a negative profit) at time perikdAt the end of time period the
wealth of short-sellet’ is

’ ’ ’ f f|/ pk f|/ !
W=l (o) = (] - Bty v
k
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(e [ata (§)mta) v

= @-fV = A-DHv.

v

If a = 1 andg, = 1 then pkf > P andb} = px, which further implies

thatqg) = — 1)[ o 1, frla e 1) Hence, short-sellek’ makes a gain (a
k

positive profit) at time perlodi At the end of time period, the wealth of
short-seller " is

WY
VN
H
+
|
| faal
=Y
|
| —|
3
+ 13
[
_
3
| |="
(IR
N———
=
AN

Appendix C

The Proof of Theorem.2The proof is identical to the proof of Theorem
1 with the following changed; andly are replaced witla; and a, re-
spectively. Replaceg with €;. Replace “Proposition 1 in Appendix A’
with “by Proposition 3 in Appendix B” and as a result, replace bulyer
with seller 1, replacel with I, and replacez = 1, (91',(95) € O(e),
fi > f,andGwithz, = —1, (0}, 0}) € ©'(¢p), fir < T, andG’, respec-
tively. Replace the definition of , ® (&), andG with the definition off,
©'(e,), andG’ which are defined in Proposition 3 of Appendix B. Replace
(01,605,604, 2, f)with (6{',6), 64, 2, f/).

Replace the paragraph beginning with “Notice that sinc&with “No-
tice that since the fraction of wealth of short-sellespent on speculation
is strictly less than 1, the wealth of short-selléiis always positive. (The
importance of short-selldr’s wealth remaining positive in any time period,
is that if short-sellet ”’s wealth is zero in one time period, then short-seller
I will not be able to sell futures contracts in any subsequent time period and
his or her wealth will be zero in all subsequent time periods.)” Replace the

words “Proposition 2 in Appendix A’ with “Proposition 4 in Appendix B”.
u
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Appendix D
The Proof of Corollary 1If for t > 1,

Pr{ lim ! V-It— =0)=1 17)
T—o0 T (
and if there exists a < 400 such that

T K
InV.
Pr(TIim sup(%) < u) =1, (18)

then the result in Corollary 1 directly follows from the above equations.
Now the following will show that Equations (17) and (18) are true.

The Proof of Equation (17)Consider speculatdrs wealth at the end of
time periodk (i.e., V).
If m¢ = 1, then pg = p«. Hence,

Vi =V, 19

If ax = 1, then pkf > pg. SinceV = V! | +ak(pk — IOkf), using buyer
t's or sellert’s demand schedule, one can show that

1
Pyt <y < (1+ =, (1 - ﬁﬁ)) V.
Pk - Pk

This further implies that

1 1
_—Vt_ < Vt < (l + _—> Vt_ . 20
N1kt Ve ——7 ) Yk (20

If I, = 1, thenp, < py. SinceV} = V!, +ql(px — P, ). using buyer
t's or sellert’s demand schedule, one can show that

L—fOVl, <V < <1+ iﬁ) VL.
Pk

This further implies that
A-foVi <V <@+mV,. (21
Therefore Equations (19), (20), and (21) imply that at tkne

1 \* 1 \*
(l — ft)lk (N—H_) thfl < V|: < (1 + ﬁ) (l+ m)lk ngl'
(22
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Using Equation (22), one can show inductively that

T T T
P

1fz|k ! Zakv Vi<(1 ! Zakl——v
(1-fp)+ (W——I-l) 0< T<(+ﬁ) (1+m) 0-

Sincef; < 1, (1 — f;) > 0, the above equation further implies that

T T
>k > ak

k=t k=t 1 In Vo
In(1- f In( =
T ( t) + T <N n 1) + =

T T
> a 2 Ik
[AVA - 1 - In V,
< T & n <1+ _—)+k_t In(1+m)+?°.

T T m-1) T

Since Iimr_m('”%) = 0, using Theorem 1 and Theorem 2, the above

equation implies that
In Vi
Pr( lim ( T) =0> =1
T—o0 T

Proof of Equation (18)Consider the aggregate wealth of all speculators at
T

the end of time period, (i.e., > V1'-‘). The aggregate wealth either comes

k=1
from the initial wealth each speculator brings into the market or the gains
or losses all speculators have made from the producers up to the end of time
periodT. That s,

LI L of f

Y VE TV%+ Y (S (- pD)

k=1 _ k=1
T T

Sincelx + my + ax = 1, the above equation implies that

dovr Y (s e=pol) Y (S (pe—pOmK)

k=1 — V + k=1 _|_ k=1
T 0 LT T (23)

(s (p—pHa)

k=1
e

If Iy = 1, thenp, < px; which further implies that

0< S (pc— py) < S(Md— d). (24)
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If mg =1, then pkf = px; hence

S (p—pH=0 (25)
If ax = 1, then pkf > pk; hence

S(d—md) < S/ (pc— py) <0O. (26)
Therefore, using Equations (24), (25), and (26), Equation (23) implies that
T T T
Ya Y Vf >k
Vo +S(d — M) = = < Vo + S(Md — d)* .
It follows that
T
> Vf
. k=1 _ _
Pr| lim_ = =V | =1 (27

Since one can always redenominate wealth in units suckghatl, without
loss of generality, assume thé < 1. Since

T T
Sinve [y v
k=1 <1In k=1 ,
T T
using Equation (27), Equation (18) follows, where= In V. u
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