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I study the finite sample distribution of one of A¨ıt-
Sahalia’s (1996c) nonparametric tests of continuous-
time models of the short-term riskless rate. The test re-
jects true models too often because interest rate data are
highly persistent but the asymptotic distribution of the
test (and of the kernel density estimator on which the
test is based) treats the data as if it were independently
and identically distributed. To attain the accuracy of the
kernel density estimator implied by its asymptotic distri-
bution with 22 years of data generated from the Vasicek
model in fact requires 2755 years of data.

Many continuous-timemodels infinancespecifyastochas-
tic process for the short rate of interest and then use the
dynamics of the process to derive the term structure of
interest rates and to price derivative securities. Because of
the short rate’s importance, a literature that estimates these
dynamics-empiricallyhasdeveloped.Themost frequently-
used estimation techniques have been maximum likeli-
hood and generalized method of moments (GMM).1 How-
ever, both of these approaches have limitations. Maxi-
mum likelihood estimation is restrictive because few short-
rate models have known likelihood functions. GMM tech-
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niques are more general, but generate mixed results when applied to interest
rate data because the parameter estimates are highly sensitive to the choice
of moment conditions and may be of low quality if these moments are
estimated imprecisely [Eom (1998)].

Recently new approaches for estimation and hypothesis testing have
been developed. The new approaches use either semiparametric [Gallant
and Tauchen (1995); Andersen and Lund (1997)] methods to improve the
moment conditions for parameter identification with a technique known as
efficient method of moments (EMM) or they identify the parameters using
features of the data that were estimated using nonparametric methods.

This article focuses on the recent finance literature that has identified
the short-rate process using nonparametric methods [Siddique (1994), A¨ıt-
Sahalia (1996a, b, c), Stanton (1997)]. All of these methods estimate the
marginal (or unconditional) distribution of the short rate using a kernel
density estimator and then use the result either alone or as part of other non-
parametric procedures to identify the short-rate process.2 The most striking
result using these methods is contained in A¨ıt-Sahalia (1996c). A¨ıt-Sahalia
constructed a test of whether any standard one-factor model of the short rate
could generate data that are consistent with a nonparametric estimate of the
short rate’s unconditional distribution. Using the asymptotic distribution
of the test and 22 years of daily U.S. short-rate data, he strongly rejected
virtually every well-known one-factor diffusion model of the short-rate.

The strength of the rejections using A¨ıt-Sahalia’s test appears to show
that nonparametric estimates are very powerful for distinguishing among
short-rate models. However, there is also strong reason for doubt because
the time series of U.S. interest rates is dependent and highly persistent,
but the asymptotic distribution of the test statistic has the unusual property
that it treats the observations as if they were independently and identically
distributed (i.i.d.).3 By not accounting for the effects of dependence in finite
samples, the asymptotic distribution probably understates the variance of
the test statistic. This understatement could cause the test to reject true
interest rate models too often.

This property of A¨ıt-Sahalia’s test—that it treats observations as if i.i.d.—
is not shared by tests based on standard estimation methods such as max-
imum likelihood, GMM, or EMM, but is shared by some tests that use
nonparametric kernel density estimates.4 For this class of tests, because the

2 For example, Siddique and Stanton both use a kernel estimate of the unconditional distribution of the
short rate to perform nonparametric kernel regressions.

3 By “highly persistent” I mean that the time series of interest rates is strongly positively correlated through
time. Using monthly data from McCulloch and Kwon (1993), Pagan, Hall, and Martin (1995) estimate
that 1-month zero coupon rates have a first-order autocorrelation coefficient of 0.98.

4 Maximum likelihood methods implicitly account for time-series dependence in their specification of the
likelihood function. Moment-based estimators such as EMM and GMM account for dependence in their
standard error calculations [Newey and West (1987)]. Nevertheless, for very persistent time series such
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nonparametric kernel density estimator converges more slowly than time-
series dependence decays, the asymptotic distribution of the test ignores
time series dependence. The slow rate of convergence of the kernel density
estimator is an additional reason to be concerned about the accuracy of tests
based on its asymptotic distribution in small samples.5

To investigate the finite sample performance of A¨ıt-Sahalia’s test, I stud-
ied the test’s size and power when short-rates are generated by the Vasicek
(1977) model (Section 1 of this article). My principal result is that the test
rejects true models much too often when asymptotic critical values are used.
After the critical values are adjusted for size, the test has low power in dis-
tinguishing between the Vasicek and Cox-Ingersoll-Ross models compared
with the power of a conditional moment-based specification test (Section 2).

To investigate why A¨ıt-Sahalia’s test performs poorly in finite samples, in
section 3 I used the Vasicek model to contrast the finite sample distribution
of the kernel density estimate with the asymptotic distribution on which the
test is based. I found that the asymptotic distribution of the kernel density es-
timator severely understates its finite sample bias, variance, and covariance.
The most dramatic finding is that to achieve the estimator precision implied
by the asymptotic distribution with 22 years of daily data actually requires
more than 2750 years of data. In addition, section 3 contains interesting
results on the way that the quality of the kernel density estimate is affected
by the persistence of the interest rate process, the number of years of data
used in estimation, and the frequency with which the data is sampled.

The practical implications of my results for the estimation of interest rate
models are discussed in section 4. I conclude by suggesting directions for
further research.

1. Aı̈t-Sahalia’s Test

Suppose the instantaneous short rate of interest follows a stationary Markov
diffusion process of form

dr = µ(r, β)dt + σ(r, β)dw, (1)

where the vectorβ ∈ B represents the parameters of the short-rate process
for some parametric model of the short rate, andB is the set of admissible
parameters for the model.

as U.S. interest rates, persistence has been shown to cause small-sample bias in parametric estimates of
short-rate processes [Ball and Torous (1996)] and in regression-based tests of the expectations hypothesis
of the term structure of interest rates [Bekaert, Hodrick, and Marshall (1997)].

5 The nonparametric kernel density estimator converges more slowly than estimators based on methods
such as GMM, EMM, or maximum likelihood. Castellana and Leadbetter (1986) and Robinson (1986)
provide details on the rate of convergence of kernel density estimators. A¨ıt-Sahalia (1996b) discusses the
rates of convergence of functions of kernel density estimators.
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The process forr in Equation (1) can equivalently be described by its
probability transitions. For timest ands, whent < s, the transition density
π(rs, s | rt , t, β) denotes the probability density thatr at times is equal to
rs givenr at timet is equal tort . The unconditional probability density that
r is equal tou is denoted by the marginal densityπ(u, β). The marginal
density function and transition density function are denoted byπ(., β), and
π(., . | ., ., β), respectively.

The two densities contain different information about the process. The
transition density describes the short-run time-series behavior of the process
because it shows howr at times depends onr at time t when the time
between the observations is finite. The marginal density describes the long-
run behavior of the process because it is the limit of the transition density
as the time between observations goes to infinity.6

Aı̈t-Sahalia (1996c) tests the null hypothesis that the instantaneous short
rate follows a single-factor parametric diffusion with a form as given in
Equation (1) against the alternative thatr is generated by a more general
single-factor diffusion of form

dr = µ(r )dt + σ(r )dw. (2)

The identifying information in the test is the marginal density ofr. The
null hypothesis restrictsr ’s marginal density to have functional formπ(., β)
whereβ ∈ B, whereas the marginal density under the alternative has the
more general functional formπ(.). Aı̈t-Sahalia uses this restriction to test
the null hypothesis by measuring the distance between two estimates ofπ(.).

The first,π̂(.), is a nonparametric estimate ofπ(.) that is consistent over a
wide class of continuous-time models. The second,π(., β̂), is the closest
density toπ̂(.) that could have been generated under the parametric null.7

The distance measure used in the test is the integrated squared difference
between the two density estimates weighted byπ(.):

M =
∫

u
[π(u, β)− π(u)]2π(u)du. (3)

A normalized estimate of this distance is

M̂ = NhN

∫ x

x
[π(u, β̂)− π̂(u)]2π̂(u)du, (4)

6 Formally,
π(u, β) = lims→∞π(u, s | rt , t, β).

π(u, β) does not depend onrt because the dependence between observations goes to zero as the time
between them approaches infinity.

7 Aı̈t-Sahalia also introduced a test that uses identifying information contained in this transitions of the
interest rate process. I have not examined the size or the power of this transition-based test.
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whereN is the number of interest rate observations in the sample,hN is
the smoothing bandwidth used in the nonparametic estimatorπ̂(.), r andr
are the highest and lowest realizations ofr in the data, and the parameter
vectorβ̂ is chosen to minimize the distance measureM̂ .8

Under the null hypothesis,̂π(.) andπ(., β̂) are consistent estimators of
π(.), and thus their distance will shrink to zero as the sample size grows.
If the null hypothesis is false, the distance will not shrink to zero because
the nonparametric density estimate will converge to a density outside the
parametric class. The failure of the distance to shrink with sample size will
cause the null hypothesis to be rejected in samples that are large enough.

Before presenting the asymptotic distribution of A¨ıt-Sahalia’s test, I re-
view the nonparametric kernel density estimator that is used to estimate the
marginal distribution of the short rate.

1.1 Nonparametric estimation of the marginal density
Nonparametric kernel estimators of the marginal density thatr is equal to
u approximate the marginal density ofr at u as the average number ofr
realizations in the sample that are close tou weighted by their distance from
u. If the interest rate process is sampled every1T years over a span ofT
years, for a total ofN = T

1T observations, then the kernel density estimate
has form

π̂(u) = 1

N

N∑
i=1

1

h
K

(
u− ri

h

)
. (5)

The weights in the estimation are determined by the kernel functionK (.)
and the kernel bandwidthh, a parameter which determines the degree of
smoothing in the kernel density estimate. The density estimator in Equa-
tion (5) can be written equivalently as

π̂(u) = 1

T

N1T∑
s=1T

1

h
K

(
u− r(s)

h

)
1T. (6)

Equation (6) expresses the kernel density estimate atu as a weighted average
of the amount of time that the interest rate process spends nearu in the
sample. For a given span of data, the kernel density estimate can be made
more precise by sampling more frequently. The best one could do would
be to sample the data continuously. Although such sampling is not feasible,
positing such a case is useful because it establishes an upper bound on the

8 Formally,β̂ is the solution to

min
β̂∈B

∫
u

(π(u, β̂)− π̂(u))2π̂(u)du.
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performance of the density estimate. Continuous sampling corresponds to
allowing1T → 0, which causes the density estimate in Equation (6) to
converge to the continuous sampling kernel density estimate:9

π̂(u) = 1

T

∫ T

0

1

h
K

(
u− r(s)

h

)
ds. (7)

The most important element in kernel density estimation is the choice of
the kernel bandwidthh. The rate at whichh decreases with sample size is
used to derive the asymptotic distribution of the kernel density estimate. In
finite samples, the bandwidth is chosen sometimes to accentuate particular
features of the distribution, but more often to minimize some statistical loss
function.10 The most common loss function is the mean integrated squared
error (MISE) of the kernel density estimate, which measures the expected
squared distance between the estimated and the true densities integrated
over the range ofr :

MISE{π̂(.)} = E
∫

u

[
π̂(u)− π(u)]2 du. (8)

The MISE can be further decomposed into the density estimate’s mean
integrated variance (MIVAR) and its mean integrated squared bias (MISB):

MISE{π̂(.)} = E
∫

u

[
π̂(u)− Eπ̂(u)

]2
du

+ E
∫

u

[
Eπ̂(u)− π(u)]2 du (9)

= MIVAR{π̂(.)} +MISB{π̂(.)}. (10)

Because MISE is not observable, the bandwidth is usually chosen to
minimize some proxy for it. Such minimization is often done by selecting
the bandwidth that would be optimal if the data came from a particular
distribution or by constructing a proxy for MISE using least-squares cross-
validation and then choosing the bandwidth to minimize that proxy.11

9 For additional information on kernel density estimation with continuous sampling, see Castellana and
Leadbetter (1986).

10 In the estimation ofπ(u), larger bandwidths involve more averaging of data observations far fromu. The
averaging reduces the variance ofπ̂(u) and emphasizes more “global” features of the density. However,
with the smoothing ofr realizations that are relatively far fromu, local features of the data are lost
and bias is introduced. Smaller bandwidths have the opposite effect. Silverman (1986) and Scott (1992)
suggest examining density estimates using several different bandwidths because each bandwidth reveals
a different aspect of the data.

11 For example, in the former procedure the MISE-minimizing bandwidth forN i.i.d. draws from the normal
distribution with varianceσ 2 is approximately 1.06σN−1/5. The latter procedure is appealing because
Stone (1984) showed that for i.i.d. data the bandwidth chosen by least-squares cross-validation converges
to a bandwidth that minimizes the MISE of the density estimate as sample size grows. However, Park and
Marron (1990) show that it produces very noisy estimates of optimal bandwidth in small samples. It is also
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1.2 Asymptotic distribution of the test statistic
Aı̈t-Sahalia (1996c) used the asymptotic distribution of the kernel density
estimate to derive the asymptotic distribution of a test statistic based on
M̂ . He shows that if the kernel bandwidthhN is chosen to shrink with
the number of time-series observationsN so that limN→∞NhN = ∞ and
limN→∞Nh4.5

N = 0, then the distribution of a normalized version of the
distance measure converges to the standard normal distribution:

limN→∞h−1/2
N V−1/2

M (M̂ − EM)
d−→ N (0,1), (11)

whereEM andVM , the asymptotic mean and variance ofM̂ , are

EM =
(∫ +∞
−∞

K 2(x)dx

)(∫ x

x
π2(u)du

)

VM = 2

(∫ +∞
−∞

[∫ +∞
−∞

K (u)K (u+ x)du

]2

dx

)(∫ x

x
π4(u)du

)
.

It is important to note that the asymptotic distribution of the test statistic
in Equation (11) depends only on the marginal densityπ(.) and not on
the time-series properties of the process. This means that the asymptotic
distribution is the same as it would be if all the observations ofr were i.i.d.
draws from the marginal distribution. If the time-series properties of the
process affect the distribution ofπ̂(.) in finite samples, then they could bias
the size of the test.

2. Test Size and Power

2.1 The data-generating process
To analyze the size of the test in Equation (11), I simulated the way the
test performs when interest rates evolve according to the Vasicek (1977)
model:

dr = κ(θ − r )dt + σdw, (12)

where the parametersκ andσ are restricted to be positive, and the value of
θ is finite.

known to generate downward-biased bandwidth estimates in finite samples with dependent observations.
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Under the process in Equation (12),r has normal marginal and transition
densities.12 The marginal density ofr is

π(u | κ, θ, σ ) = 1√
2πVE

exp
−.5
(

u−θ√
VE

)2

, (13)

where

VE = σ 2

2κ
.

Equation (13) shows that the marginal density ofr is normal with uncon-
ditional meanθ and varianceσ

2

2κ . The parameterκ determines the persistence
of the process by controlling the rate at which interest rates revert toward
their unconditional mean. Lowering the value ofκ increases persistence
because it slows the rate of mean reversion, which increases the correlation
between observations of the interest rate process.

The finite sample distribution of the test is likely to depend both on the
marginal distribution ofr and on the persistence of the interest rate process.
To quantify the effect of persistence separately from the effect of changes in
the marginal distribution, it is useful to study processes in which persistence
can be varied while the marginal distribution is fixed. Vasicek’s model has
this property [as does the Cox, Ingersoll, and Ross (1985) model] because
its marginal distribution is invariant to proportional changes inσ 2 andκ.
Therefore by changingσ 2 and κ in the same proportions, one can vary
the persistence of the process while holding the marginal density fixed. In
my simulation work, I generated data as in Equation (12) for five different
specifications of theκ andσ 2 parameters. To make the parameter choices
realistic, my baseline model (labeled model 0 in table 1) uses Vasicek model
parameter estimates from A¨ıt-Sahalia (1996b), which are based on real
data.13 The parameters in the baseline model areκ = .85837, θ = .089102,
and σ 2 = .0021854. I also considered models in which the baselineκ
andσ 2 were doubled, quadrupled, halved, or quartered. The corresponding
models in Table 1 are labeled(−2), (−1), (1), and (2). Models toward the
top of the table have less persistence, but all models have the same marginal
distribution.

12 The transition density ofr is

π(r (s), s | r (t), t, κ, θ, σ ) = 1√
2πV(r (s) | r (t))

exp
−.5
(

r(s)−µ(r(s) |r(t))√
V(r(s) |r(t))

)2

,

whereµ(r (s) | r (t)) = θ + (r (t) − θ)e−κ(s−t) andV(r (s) | r (t)) = VE(1− e−2κ(s−t)).
13 Aı̈t-Sahalia estimated these parameters by GMM.
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Table 1
Finite sample properties of marginal density test

A: Asymptotic and finite sample 5% critical values

Vasicek parameters 5% critical values

Lower Upper
Model κ θ σ 2 Asymptotic 22 Year bound bound

−2 3.433480 0.089102 0.008742 1.645 11.52 10.21 13.36
−1 1.716740 0.089102 0.004371 1.645 17.00 13.43 20.25

0 0.858370 0.089102 0.002185 1.645 19.47 16.60 23.90
1 0.429185 0.089102 0.001093 1.645 19.17 15.41 25.43
2 0.214592 0.089102 0.000546 1.645 11.08 8.51 18.23

B: Asymptotic and finite sample 1% critical values

Vasicek parameters 1% critical values

Lower Upper
Model κ θ σ 2 Asymptotic 22 Year bound bound

−2 3.433480 0.089102 0.008742 2.33 17.70 15.45 49.87
−1 1.716740 0.089102 0.004371 2.33 29.73 23.90 52.79

0 0.858370 0.089102 0.002185 2.33 44.09 37.30 127.25
1 0.429185 0.089102 0.001093 2.33 36.44 29.55 166.56
2 0.214592 0.089102 0.000546 2.33 39.94 28.67 130.53

C: Empirical rejection frequencies using asymptotic critical values

Vasicek parameters 5% level 1% level

Model κ θ σ 2 Rej. freq. Std. err. Rej. freq. Std. err.

−2 3.433480 0.089102 0.008742 45.60% 2.23% 37.80% 2.17%
−1 1.716740 0.089102 0.004371 57.40% 2.21% 49.40% 2.24%

0 0.858370 0.089102 0.002185 51.60% 2.23% 43.60% 2.22%
1 0.429185 0.089102 0.001093 40.80% 2.20% 34.20% 2.12%
2 0.214592 0.089102 0.000546 21.00% 1.82% 18.80% 1.75%

Panels A and B present asymptotic and finite sample critical values for theM̂ test in Equation (11)
when the short-term interest rate is sampled once a day for 22 years. Lower and upper bounds of a
95% confidence interval for the finite sample critical values are provided. Panel C presents estimates
of the probability of rejecting the null when it is true using asymptotic critical values. All finite sample
results are based on 500 Monte Carlo similuations. For all tests, the short rate was generated by the
Vasicek model:

dr = κ(θ − r )dt + σdW,

with the parameters shown. The kernel bandwidths used for models−2 through 2 are 0.0140979,
0.175509, 0.0217661, 0.0268048, and 0.0325055, respectively.

2.2 Test implementation
To estimate the size of the test, I performed 500 Monte Carlo simulations for
each parameterization of the Vasicek model. For each simulation I generated
22 years of daily data for a total of 5500 observations, and then estimated
π̂(u) using kernel density estimation with a Gaussian kernel function.14 The
kernel bandwidth used in each simulation exactly minimizes the MISE of
the kernel density estimate when the data are sampled continuously. For the
data-generating processes in the simulations, the MISE-minimizing band-

14 I assumed 250 business days per year.
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width using daily sampling is virtually the same as the MISE-minimizing
bandwidth using continuous sampling. I could choose the bandwidth to
exactly minimize MISE because I knew the data-generating process used
in the simulations. In his empirical work, A¨ıt-Sahalia chose the bandwidth
to minimize a statistical proxy for MISE with a technique known as least-
squares cross-validation (LSCV). For comparison, I also conducted a Monte
Carlo analysis for my baseline Vasicek model in which the bandwidth was
chosen using LSCV.

To compute the test statistics, I used the kernel density estimates and the
formula for the marginal density in Equation (13) to generate the following
consistent estimates ofM , VM , andEM :15

M̂ = min
θ̂∈2

NhN

∫ r

r
[π(θ̂,u)− π̂(u)]2π̂(u)du, (14)

ÊM =
(∫ +∞
−∞

K 2(x)dx

)(∫ x

x
π̂2(u)du

)
, and (15)

V̂M = 2

(∫ +∞
−∞

[∫ +∞
−∞

K (u)K (u+ x)du

]2

dx

)(∫ x

x
π̂(u)4 du

)
.(16)

2.3 Empirical results: size
The asymptotic critical values of the test statistic in Equation (11) at the
confidence levels of 5% and 1% are 1.645 and 2.33 respectively. Panels A
and B of Table 1 contrast the asymptotic critical values of the test with
Monte Carlo estimates of the critical values when only 22 years of data are
used. Next to each critical-value estimate are the upper and lower bounds
of a 95% confidence interval for the true critical values.16

15 I also used the alternative consistent estimators

M̂ = min
θ̂∈2

NhN(1/N)

N∑
i=1

[π(θ̂, xi )− π̂(xi )]
2,

ÊM =
(∫ +∞

−∞
K 2(x)dx

)
(1/N)

N∑
i=1

π̂(xi ), and

V̂M = 2

(∫ +∞

−∞

[∫ +∞

−∞
K (u)K (u+ x)du

]2

dx

)
(1/N)

N∑
i=1

π̂3(xi ).

Because my results on the size of the test using both sets of estimators were similar, results using this
second set of estimators are not reported.

16 The confidence intervals are based on the order statistics of the Monte Carlo estimates and are fully
nonparametric. Details on how to create these confidence intervals are contained in David (1981).
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The results in panels A and B are dramatic. The 22-year critical value es-
timates and the lower bounds of the confidence intervals for these estimates
are roughly 10 times the finite sample critical values at both the 5% and 1%
confidence levels. Because the lower-bound estimates are less than the true
finite sample critical values with at least 95% probability, the evidence for
severe size distortion is very strong.

Panel C shows empirical rejection frequencies when asymptotic critical
values are used. The main result is that the test rejects far too often. In
the case of my baseline model, it rejects about 50% of the time at the 5%
confidence level. Panel C can also be used to examine the effects of per-
sistence on the size of the test statistic. Intuitively, more persistence should
increase the variance of marginal density estimates because the observa-
tions contain less independent information on the marginal distribution.
Because the asymptotic critical values of the test statistic do not adjust for
persistence, one would expect the test to reject more often in samples with
higher persistence. Consistent with this intuition, rejection rates increase in
moving from model−2 to model−1, but then, perversely, rejection rates
tend to move down as the interest rate process becomes even more persis-
tent. The intuition on persistence is correct; the density estimates from the
more persistent processes are of lower quality. However, in this particular
case they also appear more Gaussian.17 Because A¨ıt-Sahalia’s test, when
using the Vasicek null hypothesis, is formally a test of the distance from
the kernel estimate to the class of Gaussian densities, the more Gaussian
shape associated with kernel estimates of more persistent processes causes
the test to reject less often. To reiterate, this strange phenomenon is an
artifact of using a Gaussian kernel and the Vasicek model; it in no way
invalidates my main point that high persistence biases the test toward too
much rejection.

To complete my empirical work on size, I computed the size of the test
when the data are generated as in model 0 and the bandwidth is selected
using LSCV.18 This procedure produced bandwidth choices that were typi-
cally half the size of the MISE-minimizing bandwidth and probably would
have been lower had I not constrained the cross-validation procedure. As a
consequence of these bandwidth choices, the size of the test was dramati-

17 The kernel density estimates appear more Gaussian for two reasons. First, larger bandwidths make the
density estimates more closely resemble the shape of the kernel, which in this case is Gaussian. Second,
increasing the persistence while holding the marginal distribution fixed concentrates the data in small
samples. This effect further strengthens the tendency of the density estimate to appear like the kernel. As
an extreme example, if all of the data in the sample are concentrated at or very close to the number 5
and the kernel function is Gaussian with positive bandwidthh, then the kernel density estimate will be
approximately equal to the Gaussian distribution with a mean of 5 and a standard deviation ofh.

18 I used LSCV to search for bandwidths between .5 times and 1.5 times the MISE minimizing bandwidth for
continuous sampling. This bandwidth selector is not fully feasible because the search range is centered
at the MISE-minimizing bandwidth, which is usually unknown. Nevertheless, my results give some
indication of the performance of searching for an optimal bandwidth using LSCV.
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cally worse. The null hypothesis was rejected 91.8% of the time at the 5%
confidence level and 88.2% of the time at the 1% confidence level.19

These size distortions are so severe that they indicate that the asymptotic
distribution of the test in Equation (11) is not useful for testing the Vasicek
model. The intuition behind the results also suggests that the asymptotics
will not be useful for other interest rate models. This inference is confirmed
by Conley, Hansen, and Liu (1997), who found serious size distortions when
applying this test to other interest rate models.

Although the test has size distortions, it may still be valuable for statis-
tical inference if the test has significant power after controlling for the size
distortions. The power of the test is studied in the next section.

2.4 Empirical results: power
To investigate the power of the test, I conducted 500 Monte Carlo simula-
tions. For each simulation I generated 22 years of daily interest rate data
using a baseline Cox-Ingersoll-Ross (CIR) model:20

dr = κ(θ − r )dt + σ√rdw, (17)

with parameter estimatesκ = .89218, θ = .090495, andσ = √.032742. I
then tested the null hypothesis that the data were generated by my baseline
Vasicek model using two different methods.

The first method implemented A¨ıt-Sahalia’s test using the approach in
Section 3.2, but with finite sample estimates of the critical values.21 The
critical values used in the power computations were the lower bound finite-
sample critical-value estimates for model 0 from panels A and B of Table 2.
Because the true finite sample critical values are most likely larger than
these lower bound estimates, my power results probably overstate the true
power of the test.

The second method is a conditional moment test of whether the likelihood
function implied by the Vasicek model is properly specified given the data.22

To implement the test, I estimated the parameters of the Vasicek model using
maximum likelihood. If the likelihood function is properly specified, then

19 The estimated finite sample 5% critical value using LSCV is 61.33 with a 95% confidence interval of
[51.51, 71.83]. The estimated finite sample 1% critical value is 114.86 with a 95% confidence interval of
[92.85, 239.18]. The 5% and 1% asymptotic critical values are 1.645 and 2.33, respectively.

20 Like the parameters for my baseline Vasicek model, these parameter estimates come from A¨ıt-Sahalia
(1996b) and are GMM estimates based on real data. I therefore consider this my baseline CIR model.

21 All kernel density estimates used bandwidth .0217661, which minimizes the MISE of the density estimate
under the null hypothesis.

22 See Newey (1985a, b) for additional details on these tests.
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Table 2
MISE minimizing bandwidth

T = 5 years Model

Sampling frequency −2 −1 0 1 2

Continuous 0.0224 0.0276 0.0333 0.0389 0.0434
1 day 0.0224 0.0276 0.0333 0.0389 0.0434
5 day 0.0224 0.0276 0.0333 0.0389 0.0434

10 day 0.0225 0.0276 0.0333 0.0389 0.0434
20 day 0.0229 0.0277 0.0333 0.0389 0.0434
30 day 0.0234 0.0278 0.0334 0.0389 0.0434

T = 10 years Model

Sampling frequency −2 −1 0 1 2

Continuous 0.0181 0.0224 0.0276 0.0333 0.0389
1 day 0.0181 0.0224 0.0276 0.0333 0.0389
5 day 0.0181 0.0224 0.0276 0.0333 0.0389

10 day 0.0183 0.0224 0.0276 0.0333 0.0389
20 day 0.0187 0.0225 0.0276 0.0333 0.0389
30 day 0.0192 0.0227 0.0276 0.0333 0.0389

T = 20 years Model

Sampling frequency −2 −1 0 1 2

Continuous 0.0145 0.0181 0.0224 0.0276 0.0333
1 day 0.0145 0.0181 0.0224 0.0276 0.0333
5 day 0.0146 0.0181 0.0224 0.0276 0.0333

10 day 0.0148 0.0181 0.0224 0.0276 0.0333
20 day 0.0154 0.0183 0.0224 0.0276 0.0333
30 day 0.0160 0.0185 0.0225 0.0276 0.0333

T = 50 years Model

Sampling frequency −2 −1 0 1 2

Continuous 0.0108 0.0135 0.0169 0.0209 0.0258
1 day 0.0108 0.0135 0.0169 0.0209 0.0258
5 day 0.0110 0.0136 0.0169 0.0209 0.0258

10 day 0.0113 0.0136 0.0169 0.0209 0.0258
20 day 0.0120 0.0139 0.0169 0.0209 0.0258
30 day 0.0126 0.0141 0.0170 0.0209 0.0258

T = 100 years Model

Sampling frequency −2 −1 0 1 2

Continuous 0.0087 0.0108 0.0135 0.0169 0.0209
1 day 0.0087 0.0108 0.0135 0.0169 0.0209
5 day 0.0089 0.0109 0.0135 0.0169 0.0209

10 day 0.0093 0.0110 0.0136 0.0169 0.0209
20 day 0.0101 0.0113 0.0136 0.0169 0.0209
30 day 0.0107 0.0117 0.0137 0.0169 0.0209

for each observation the following moment restriction should be satisfied:

E

(
∂L(rt | rt−1t , σ, κ, θ)

∂σ

∣∣∣∣ rt−1t

)
= 0, (18)

whereL(rt | rt−1t , κ, θ, σ ) is the conditional log likelihood ofrt givenrt−1t

and the parameters that generated the data. To test this moment restriction,
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I estimated the regression

∂L(rt | rt−1t )

∂σ
= β0+ β1rt−1t + ut (19)

and then performed a two-sidedt-test of whetherβ1 = 0.23 This specifica-
tion test should be powerful for testing the Vasicek null hypothesis against
the CIR alternative because the expected value of the score of the like-
lihood function for the Vasicek model is approximately linear inr if the
data were generated under the CIR alternative. Monte Carlo analysis using
500 simulations under the baseline Vasicek null shows that this test has the
appropriate size under the null hypothesis.24

When the data were generated by the baseline CIR model, A¨ıt-Sahalia’s
size-corrected test rejects the Vasicek null hypothesis 39.8% of the time at
the 5% level and 13.8% of the time at the 1% level. Thus it displays modest
power against the CIR model after critical values are adjusted for size. By
contrast, the GMM test rejected the null hypothesis for all 500 Monte Carlo
runs at the 1% level or better. This result shows that the likelihood-based
GMM test is far more powerful for distinguishing between the Vasicek null
hypothesis and the CIR alternative.

The modest power of A¨ıt-Sahalia’s test suggests that the marginal density
may not be estimated precisely enough for a test based on the marginal
density alone to be able to distinguish among various short-rate models.
The next section studies how well the marginal density is estimated in finite
samples.

3. Kernel Estimation and the Vasicek Model

This section derives finite sample properties of kernel density estimates of
the marginal distribution of the short rate when interest rates are generated
according to the Vasicek model. I chose to focus on this model not because it
is fully realistic but because its tractability allows me to derive finite sample
results.

The first part of the analysis presents my finite sample results on the
effects that persistence, data span, and sampling frequency have on the
quality of the nonparametric density estimates and on the choice of the
kernel bandwidth. The most important finding here is that in finite samples
the optimal choice of bandwidth depends on the persistence of the process
but not on the frequency with which the process is sampled. This result

23 Standard errors were computed using Newey and West’s method with a lag length of 15 [see Newey and
West (1987)].

24 Using data generated under the Vasicek null hypothesis, this specification test rejected the null hypothesis
4.8% of the time at the 5% level in 500 Monte Carlo runs, and it rejected the null hypothesis 1.6% of the
time at the 1% level.
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suggests that there may be scope for improving upon bandwidth selection
methods that are based on the number of time-series observations but not
on the persistence of the process.

The second part of the analysis contrasts the finite sample distribution
of the kernel density estimate to the asymptotic distribution of the kernel
density estimate. My primary finding is that the asymptotic distribution
understates the finite sample bias, variance, and covariance of the kernel
density estimate. This finding explains why inference based on the asymp-
totic distribution of the kernel density estimate may be misleading.

3.1 Finite sample results
This section studies the finite sample performance of kernel density es-
timators when the interest rate data are generated by the Vasicek model
[Equation (12)] and when the kernel function is Gaussian. Because the
marginal and transition densities of the Vasicek process are also Gaussian,
I could derive analytic or near-analytic expressions for the estimator’s finite
sample bias, variance, covariance, and MISE. I used these expressions to
study how MISE and the MISE-minimizing bandwidth change with sam-
pling frequency, span of the data, and persistence of the data-generating
process.

Proposition 1 presents analytical expressions for the bias and MISE for
kernel estimates of the marginal distribution of the Vasicek process when
the process is sampled atN discrete intervals each of length1T. The
expression for MISE was derived earlier by Wand (1992) using a technique
that is different from the one used here. Expressions for the finite sample
variance and covariance of the kernel density estimate are contained in parts
C and D of the Appendix, respectively.

Proposition 1. If r (0) is drawn from the marginal distribution of the Vasicek
process given in Equation (13), and r then evolves according to the diffusion
in Equation (12), andπ̂(u) = 1

N

∑N1T
s=1T

1
h K (u−r (s)

h ), where K(.) is the
standard Gaussian kernel, then

E[π̂(u)] = 1√
2π

1√
h2+ VE

exp
−.5
(

u−θ√
h2+VE

)2

, (20)

MISB{π̂(.)} = 1√
2π

(
1√

2h2+ 2VE

+ 1√
2VE
− 2√

(h2+ 2VE)

)
, (21)

MIVAR{π̂(.)} = 1

N2
√

2π

[
N√
2h2
+ 2

N∑
l=2

l−1∑
m=1

1√
2h2+2VE(1−e−κ(l−m)1t )

− N2√
2h2+ 2VE

]
(22)
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MISE{π̂(.)} = MISB{π̂(.)} +MIVAR{π̂(.)}, (23)

where, VE = σ 2

2κ .

Proof. See part C of the Appendix.

Proposition 2 presents results that are analogous to those in Proposi-
tion 1 when the kernel density estimate uses continuous sampling as in
Equation (7). Expressions for the variance and covariance are contained in
parts C and D of the Appendix, respectively.

Proposition 2. If r (0) is drawn from the marginal distribution of the Vasicek
process given in Equation (13), and r then evolves according to the diffusion
in Equation (12), and̂π(u) = 1

T h

∫ T
0 K (u−r (s)

h )ds, where K(.) is a Gaussian
kernel, then Êπ(u) and MISB are as in Equations (20) and (21), and

MIVAR{π̂(.)} = 1√
2π

1√
2h2+ 2VE

4

κT2
(24)

×
∫ T

0
ln

[
1+√1− ψ(t)
1+√1− ψ(0)

]
dt,

MISE{π̂(.)} = MISB{π̂(.)} +MIVAR{π̂(.)}, (25)

where VE = σ 2

2κ andψ(t) = ( VE

h2+VE
)e−κt .

Proof. See part B of the Appendix.

The expressions in Propositions 1 and 2 are very tractable. Equation (20)
shows that the expected kernel density estimate under the Vasicek model is
Gaussian, but with a variance that exceeds that of the marginal distribution
by h, the kernel bandwidth. Therefore the form of the kernel density esti-
mator’s bias for the Vasicek model is that its variance is too large. Because
the expected kernel density estimate depends only onh and the marginal
distribution, bias does not depend on the persistence of the process. Per-
sistence does, however, affect the mean integrated variance of the kernel
density estimate. This effect can be seen by noting thatκ enters the expres-
sion for MIVAR separately fromVE in Propositions 1 and 2. For the kernel
density estimate with discrete sampling, Proposition 3 illustrates the effect
of persistence in two extreme cases.

Proposition 3. Under the conditions of Proposition 1, for fixed N and VE,

(i) limκ→∞MIVAR{π̂(.)} = N−1(2π)−.5[(2h2)−.5− (2h2+ 2VE)
−.5].

(ii) limκ→0 MIVAR{π̂(.)} = (2π)−.5[(2h2)−.5− (2h2+ 2VE)
−.5].

Proof. Results (i) and (ii) follow from taking limits.
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Both of these results are intuitive. The first result corresponds to the
extreme case of persistence going to zero. Asκ goes to infinity the rate of
mean reversion of the interest rate process goes to infinity and the correlation
between the interest rate observations goes to zero. In this limiting case,
because the interest rate observations are Gaussian and their correlations
go to zero, the observations become i.i.d. Gaussian random variables, and
the MIVAR converges to the MIVAR for kernel estimation withN i.i.d.
Gaussian observations.

Result (ii) corresponds to an extreme in which the data are very persisent.
As κ goes to zero, mean reversion goes to zero, and the correlation between
discretely spaced observations of the process approaches one. Because the
correlation of allN observations approaches one in this limit, theN − 1
observations beyond the first do not contribute any new information on the
marginal density. Therefore MIVAR in this case converges to the MIVAR
from one observation of the interest rate process.

The results in Proposition 3 are also partially replicated for the contin-
uous sampling case. Whenκ goes to infinity whileVE is held fixed, the
MIVAR goes to zero. Intuition for this result is that, asκ goes to infinity,
the continuous sampling kernel estimate uses a continuum of i.i.d. observa-
tions, forcing the MIVAR to zero. I have been unable to generate limiting
results asκ goes to zero in the continuous sampling case; however, in the
analysis below I have computed the effects of reducingκ while holdingVE

fixed and have found that doing so increases MISE.
To further analyze MISE, I used the results of Propositions 1 and 2

to compute the effect that persistence, sampling frequency, and data span
have on MISE and on the choice of the MISE-minimizing bandwidth. My
analysis used both continuous and discrete sampling for six different spans
of data and six different sampling frequencies. Table 2 presents results
on optimal bandwidth choice when the bandwidth is chosen to minimize
MISE. Table 3 presents results on the MISE when the bandwidth is chosen
optimally. The Vasicek parameters and models in these tables are identical
to those in Table 1.25

Two important stylized facts are immediately apparent from Table 2. For
the amounts of mean reversion considered in the table, the choice of optimal
bandwidth is highly insensitive to the frequency with which the data are sam-
pled and highly sensitive to the persistence of the data-generating process.26

If either fact is ignored in bandwidth selection, the resulting bandwidth could
be quite poor. For example, the bandwidth selection rule for i.i.d. Gaussian

25 Tables 2 and 3 assume that there are 240 rather than 250 business days per year in order to use the same
spans of data for all sampling frequencies. To obtain the same span of data for all sampling frequencies
requires that the number of business days per year be divisible by all the sampling frequencies.

26 The optimal bandwidth increases 50% or more when moving from the least persistent model(−2) to the
most persistent model (2).
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Table 3
Mean integrated squared error

T = 5 years Model

Sampling frequency −2 −1 0 1 2

Continuous 0.5466 0.8544 1.2337 1.6090 1.9007
1 day 0.5467 0.8544 1.2337 1.6090 1.9007
5 day 0.5474 0.8546 1.2338 1.6090 1.9007

10 day 0.5498 0.8553 1.2340 1.6091 1.9007
20 day 0.5587 0.8579 1.2348 1.6094 1.9009
30 day 0.5719 0.8622 1.2361 1.6099 1.9011

T = 10 years Model

Sampling frequency −2 −1 0 1 2

Continuous 0.3302 0.5466 0.8544 1.2337 1.6090
1 day 0.3302 0.5466 0.8544 1.2337 1.6090
5 day 0.3310 0.5468 0.8544 1.2337 1.6090

10 day 0.3331 0.5474 0.8546 1.2338 1.6091
20 day 0.3409 0.5498 0.8553 1.2340 1.6091
30 day 0.3520 0.5536 0.8564 1.2343 1.6092

T = 20 years Model

Sampling frequency −2 −1 0 1 2

Continuous 0.1910 0.3302 0.5466 0.8544 1.2337
1 day 0.1911 0.3302 0.5466 0.8544 1.2337
5 day 0.1917 0.3304 0.5467 0.8544 1.2337

10 day 0.1937 0.3310 0.5468 0.8544 1.2337
20 day 0.2005 0.3331 0.5474 0.8546 1.2338
30 day 0.2094 0.3365 0.5484 0.8549 1.2338

T = 50 years Model

Sampling frequency −2 −1 0 1 2

Continuous 0.0882 0.1590 0.2780 0.4673 0.7455
1 day 0.0882 0.1590 0.2780 0.4673 0.7455
5 day 0.0889 0.1592 0.2781 0.4673 0.7455

10 day 0.0906 0.1597 0.2782 0.4674 0.7455
20 day 0.0957 0.1616 0.2788 0.4675 0.7455
30 day 0.1019 0.1645 0.2797 0.4677 0.7456

T = 100 years Model

Sampling frequency −2 −1 0 1 2

Continuous 0.0478 0.0882 0.1590 0.2780 0.4673
1 day 0.0478 0.0882 0.1590 0.2780 0.4673
5 day 0.0478 0.0882 0.1590 0.2780 0.4673

10 day 0.0478 0.0882 0.1590 0.2780 0.4673
20 day 0.0478 0.0882 0.1590 0.2780 0.4673
30 day 0.0478 0.0882 0.1590 0.2780 0.4673

data chooses the bandwidth as approximately 1.06
√

VE N(−1/5), whereN is
the number of time-series observations andVE is the estimated variance of
the marginal distribution. If this rule is applied for time-series data sampled
once every 30 days or sampled once every day, the latter bandwidths will
be about half the size of the former even though my results indicate that the
appropriate bandwidths should be roughly the same for both. Table 2 also
shows that, as expected, the optimal bandwidth shrinks with the span of the
data.
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Table 3 reveals similar information for MISE. MISE is insensitive to
sampling frequency: for model 0 and 20 years of data, sampling the data
daily instead of monthly reduces the MISE by a meager 0.25%. The table
also shows MISE is very sensitive to persistence and decreases with the
span of the data.

A final insight from Table 3 concerns choosing the bandwidth using auto-
matic methods such as LSCV. The basic principle behind cross-validation is
to estimate the kernel density while omitting some observations, and then to
use the quality of the fit for the omitted observations in choosing the kernel
bandwidth. In i.i.d. data, this type of procedure is intuitive. If the bandwidth
is too small, the data will be overfitted. Conversely, if the bandwidth is too
large, the data will be oversmoothed. In both cases, the fit for the omitted
data will be poor.

A key element of the i.i.d. reasoning is that the data being omitted in
cross-validation add significant new information to the estimation problem.
Interest rate data that are sampled daily add almost no more new informa-
tion than data that are sampled monthly (Table 3). In effect, this means that
the observations from persistent data sampled at a high frequency will be
clustered very close together and therefore will not provide significant ad-
ditional information about the marginal distribution. The cross-validation
algorithm will interpret the clustering as fine detail in small samples and will
fit this spurious fine detail by choosing a bandwidth that is too small. This
downward bias phenomenon is also documented in Hart and Vieu (1990)
who propose a fix that involves cross-validating on observations that are
spread less closely in time.27

3.2 Quality of the asymptotic approximation
In this section I contrast the finite sample and asymptotic properties of
kernel density estimates of the marginal distribution of interest rates in the
Vasicek model.

Robinson (1983) provides conditions on the kernel function, time-series
dependence, true marginal density, and the rate of bandwidth shrinkage,
such that the distribution of the kernel density estimates atn discretely sep-
arated pointsu1, . . . ,un are asymptotically unbiased, normally distributed,
and uncorrelated. Moreover, this asymptotic distribution is the same as that
from a kernel density estimate that uses i.i.d. draws from the marginal
distribution of the interest rate process. Robinson emphasizes that these
asymptotic results should not be taken too seriously because in finite sam-
ples the quality of the asymptotic approximation will depend on both serial
dependence and the size of the bandwidth.

27 Silverman (1986) also notes the possibility of severe downward bias in bandwidths chosen by cross-
validation when the data have been rounded or when large numbers of observations are nearly identical
to other observations in the data.
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Figure 1
True and expected marginal density estimates
For 22 years of daily data that are generated by the baseline Vasicek model (Table 1, model 0), the figure
shows the expected kernel density estimate (dashes and dots), the true marginal density (solid), and a plus
or minus 2 standard deviation unnormalized asymptotic confidence band (dashed) centered at the true
marginal density.

My results show that the asymptotic approximation of the finite sample
properties understate the finite sample magnitudes of the bias, variance,
covariance, and correlation of the kernel density estimate. Figures 1–3 il-
lustrate these results using 22 years of daily sampled data for the baseline
Vasicek model.

Figure 1 plots the true (solid) and expected (dashes and dots) kernel den-
sity estimates for the baseline Vasicek model from Table 1. The difference
between the true and expected densities is the bias. Although this bias is zero
asymptotically, the finite sample bias appears to be important. One measure
of the bias’s importance is the extent to which it affects statistical inference
in tests that use the asymptotic distribution of the statistic but ignore the
bias.

To perform a “visual test,” Figure 1 contains an asymptotic plus or mi-
nus 2 standard deviation confidence band (dashes) around the true marginal
distribution ofr .28 If the density is estimated at a set of discretely spaced
points and the estimated distribution function lies outside the confidence

28 The confidence band in the figure is the unnormalized asymptotic standard deviation. For example, the
unnormalized asymptotic standard deviation ofπ(u), the kernel density estimate for interest rate levelu

is equal to(Nh)−.5
√

1
2
√
π
π(u).
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Figure 2
Finite sample and asymptotic confidence bands
For 22 years of daily data that are generated by the baseline Vasicek model (Table 1, model 0), the figure
shows the true marginal density (solid), an unnormalized plus or minus 2 standard deviation asymptotic
confidence band (short dashes) centered at the true density, and a plus or minus 2 standard deviation finite
sample confidence band (long dashes) centered at the true density.

band at more than 5% of those points, a test based on the asymptotic dis-
tribution will almost always reject (at the 5% confidence level) the null
hypothesis that the marginal distribution of the data is equal to the true
marginal distribution. Because the magnitude of the finite sample bias is
much larger than the confidence band, the density estimate typically will
lie mostly outside of the asymptotic confidence bands, causing the null
hypothesis to be rejected too often.

Figure 2 illustrates that the asymptotic distribution not only understates
the finite sample bias, it also severely understates the finite sample variance
of the kernel density estimate. The curves at the top and bottom of the
figure (long dashes) are finite sample plus or minus 2 standard deviation
confidence bands around the true density (solid). The curves in the middle
of the figure (short dashes) are the asymptotic plus or minus 2 standard
deviation confidence bands. The true density estimates are far more variable
than implied by the asymptotic distribution. Therefore the null hypothesis
that the estimated marginal distribution is equal to the true distribution
will be rejected far too often using statistical tests based on the asymptotic
variance.

An additional feature of the asymptotic distribution is that kernel esti-
mates at different points of the support of the distribution are asymptotically
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Figure 3
Finite sample correlation of kernel density estimator
For 22 years of daily data that are generated by the baseline Vasicek model (Table 1, model 0), the figure
presents a contour plot of the correlation between estimates of the marginal density at different levels
of the short rate. For example, the correlation between the estimated density atr = 8 and the estimated
density atr = 8 is 1. The contours represent gradations of 0.2 in correlation. The diagonal white bands
represents correlations of 0.8 to 1.0, the adjacent band 0.6 to 0.8, and so on.

uncorrelated. To contrast this asymptotic result with the finite sample cor-
relation, Figure 3 presents a contour plot of the correlation function of
the kernel density estimator for the baseline model with 22 years of data,
sampled daily. The contours represent gradations of 0.2 in correlation. For
example, the white band down the center of each graph represents the points
that have correlations of at least 0.8. The band just below this one has cor-
relations from 0.6 to 0.8, and so on. Contrary to the asymptotic distribution,
the finite sample correlations in the figure are substantial.

Figure 3 also shows that density estimates above the mean of the distribu-
tion of the short rate are usually negatively correlated with density estimates
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below the mean, and positively correlated with density estimates above the
mean. An intuitive explanation for this feature of the correlation function is
that the first interest rate observation in the sample has an important influ-
ence on subsequent observations. For example, in the Vasicek model if the
starting value of the process is above the mean of the distribution, future
values are expected to stay above the mean as well. As a result, conditional
on the first observation being above the mean, the kernel density estimate
will be biased toward assigning too much probability mass above the mean
and too little below the mean. This bias worsens with the persistence of the
process and remains a feature of the distribution of the estimator even with
100 years of data [Pritsker (1997)].

A final method of examining the adequacy of the asymptotic distribution
of the kernel density estimator is to focus directly on the property that its
asymptotic distribution is the same as if the data were independently and
identically distributed. To do so, I computed the amount of data required
to achieve various target levels of MISE if the data were generated by the
baseline Vasicek model, or if the data were i.i.d. draws from its marginal
distribution. If the “as if i.i.d.” property of the asymptotic distribution is
reasonable, then the number of years of data required to achieve a particular
target level of MISE should be about the same in both cases.

I examined two target MISE levels. The first is 0.008. To achieve an MISE
of 0.008 with the i.i.d. draws requires 22 years of daily data (5500 obser-
vations). To achieve the same MISE with data from the baseline Vasicek
model requires 2755 years of continuously sampled data.29 Put differently,
to achieve the accuracy implied by the asymptotic distribution of the kernel
density estimator with 22 years of daily data (A¨ıt-Sahalia’s sample size) ac-
tually requires thousands of years of data. This indicates that the asymptotic
distribution drastically overstates the amount of information that actually is
in the data.

To quantify the information that is in the data, I considered an MISE
target of 0.5116. To achieve this MISE with data from the baseline Vasicek
model requires 22 years of continuously sampled data. To achieve the same
MISE with the i.i.d. data requires only 16 i.i.d. draws from the marginal
distribution. Put differently, interest rates are so persistent that 22 years of
continuously sampled data contains very little information that is useful for
identifying the marginal distribution with nonparametric density estimation.

These final two results provide our final intuition on the size and power
of Aı̈t-Sahalia’s test. Because the asymptotic distribution of the kernel den-
sity estimate overstates the information that is in the data, the test rejects

29 The MISEs were computed using MISE-minimizing bandwidths. The formula for MISE with the con-
tinuous sampling kernel density estimate is contained in Proposition 2. The formula for MISE for i.i.d.
observations from the marginal distribution is the sum of the expression for MISB from Proposition 1
with the expression for MIVAR from the first result in Proposition 3.
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too often. Because the marginal distribution is not well identified using
nonparametric density estimation, the test has low power.

4. Conclusions and Directions for Further Research

In this article I examined one of A¨ıt-Sahalia’s (1996c) nonparametric tests
of models of the short rate of interest, and I examined the properties of
the nonparametric kernel density estimator on which the test was based.
Our primary results showed that A¨ıt-Sahalia’s test rejected true interest rate
models far too often. One reason for the high rejection rate appears to be
that the asymptotic distribution of the test is the same as if the data were
independently and identically distributed even when the data are actually
highly dependent. After asymptotic critical values were adjusted for size,
the test was found to have low power relative to a conditional moment-
based specification test. I also studied the role of persistence and sampling
frequency in kernel density estimation and found that the estimator’s MISE
and optimal bandwidth choice are very sensitive to persistence but highly
insensitive to the frequency with which the data is sampled.

The most important implication of these results is that inference based
on the asymptotic distribution of kernel density estimators has the potential
to be very misleading. In this regard, A¨ıt-Sahalia’s test, the nonparametric
kernel density estimator, the nonparametric kernel regression estimator, and
the localized test function estimator of Conley et al. (1997), are especially
problematic because their asymptotic distributions don’t depend on persis-
tence, although their finite sample distributions do. Until the adequacy of
the asymptotic distributions of nonparametric estimation methods becomes
better understood, there appears to be a strong need to compute standard
errors and confidence intervals for nonparametric estimators by the use of
other methods such as the parametric bootstrapping procedure discussed in
Conley, Hansen, and Liu (1997).

The limited examination of power performed here suggests that tests tai-
lored to particular parametric alternatives are more powerful than the non-
parametric method considered here. Therefore interest rate models should
first be tested against plausible parametric alternatives using tests specifi-
cally tailored for those alternatives. If the model passes the first set of tests
then nonparametric tests should be applied to search for forms of misspec-
ification that may have been missed by the parametric tests.

My results also show there may be scope for improving the bandwidth
selection methods that are used in density estimation by basing the choice
of bandwidth on the persistence of the interest rate process. Conley, Hansen,
and Liu (1997) studied different interest rate processes than those considered
here and also found that persistence influences bandwidth selection.

There is a clear need for more research on the finite sample properties of
nonparametric estimation methods and their performance relative to more
standard methods for identifying the short rate’s dynamics. Among other
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things, I hope future research in this area compares the bias that occurs from
using nonparametric methods with the discretization biases that occur from
using other methods, such as quasi-maximum likelihood estimation.

Appendix

This appendix provides detailed results on kernel density estimation when
the time series of interest rates is generated under the Vasicek process.
The appendix is divided into four main parts. Part A presents notation
and provides results which simplify the derivations. For the kernel density
estimator which uses continuous sampling [Equation (7)] part B presents
results on mean integrated squared bias, mean integrated squared variance,
and mean integrated squared error. Part C presents results which are similar
to those in part B, but for the kernel density estimator which uses discrete
sampling [Equation (5)]. Part C also contains expressions for the variance
of the kernel density estimate for both discrete and continuous sampling.
Part D contains formulae that are useful for computing the covariance of
the density estimates.

A. Notation, Assumptions, and Four Basic Results

A.1 Assumptions
Throughout the appendix, all results are for data generated under the Vasicek
(1977) model over the time interval [0, T ]. Interest rates at time 0 are drawn
from the marginal distribution of the Vasicek process [Equation (13)] and
then evolve according to the process in Equation (12). The kernel function
that is used in all estimation is the Gaussian kernelK (u) = 1√

2π
e−.5u2

.

A.2 Notation
The marginal density under the Vasicek model isπ(u); its formula is con-
tained in Equation (13). The transition density for the Vasicek model is
π(rs, s, | rt , t). For convenience the transition density’s dependence on the
parameters of the Vasicek model is suppressed. The formula for the transi-
tion density is

π(r(s), s | r(t), t) = 1√
2πV(r(s) | r(t))

exp
−.5
(

r(s)−µ(r(s) |r(t))√
V(r(s) |r(t))

)2

,

where

µ(r(s) | r(t)) = θ + (r(t) − θ)e−κ(s−t) and

V(r(s) | r(t)) = VE(1− e−2κ(s−t)).

VE = σ 2

2κ
.
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A.3 Basic results
The following four results will be stated without proof.

Result 1.

π(rs) =
∫
π(rs, s | rt , t)π(rt )drt .

Result 2. ∫ ∞
−∞

1√
2πσ1

e−.5(
y−u
σ1
)2 1√

2πσ2
e−.5(

u−z
σ2
)2 du

= 1√
2π

1√
σ 2

1 + σ 2
2

e
−.5
(

y−z√
σ2
1
+σ2

2

)2

.

Result 3. ∫ ∞
−∞

(
1√

2πσ1
e−.5(

y−u
σ1
)2
)2

dy= 1√
2
√

2πσ1

.

Result 4.

1√
2πσ1

1√
2πσ2

e−.5(
u−y
σ1
)2e−.5(

y−θ
σ2
)2

= 1√
2πS1

1√
2πS2

e−.5(
y−(λu+(1−λ)θ)

S1
)2e−.5(

u−θ
S2
)2
,

where S1 =
√

σ 2
1σ

2
2

σ 2
1+σ 2

2
, S2 =

√
σ 2

1 + σ 2
2 , andλ = σ 2

2

σ 2
2+σ 2

1
.

B. Kernel Estimation with Continuous Sampling

In this section, all results are proved for the kernel density estimator [Equa-
tion (7)] which uses continuous sampling.

B.1 The expected kernel density estimate
To compute the expected kernel density estimate, I will exploit the linear-
ity of the integral operator and the fact thatr follows a Markov process.
Therefore, ifr starts fromr0 at time 0, then

E(π̂(u) | r0) = 1

T h

∫ T

0

[
E K

(
u− rs

h

)
| r0

]
ds

= 1

T h

∫ T

0

[∫
rs

K

(
u− rs

h

)
π(rs, s | r0,0)drs

]
ds.
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The unconditional expected value of the kernel density estimate is given
by the expression

Eπ̂(u) =
∫

r0

(
1

T h

∫ T

0

[∫
rs

K

(
u− rs

h

)
π(rs, s | r0,0)drs

]
ds

)
π(r0)dr0.

By Result 1 and Fubini’s theorem this simplifies considerably to become

Eπ̂(u) =
∫

rs

K

(
u− rs

h

)
π(rs)drs.

= 1√
2π

1√
h2+ σ 2

2κ

e
−.5
(

u−θ√
h2+ σ2

2κ

)2

.

The second line of the equality follows from Result 2.

B.2 Mean integrated squared bias
The expression for the mean integrated squared bias is

MISB=
∫

u
(Eπ̂(u)− π(u))2 du.

By plugging in the expressions forπ(u) and Eπ̂(u), and then using
Results 2 and 3, the formula for the mean integrated squared bias simplifies
to the following analytical form:

MISB= 1√
2π

 1√
2h2+ σ 2

κ

+ 1√
2( σ

2

2κ )

− 2√
(h2+ σ 2

κ
)

 .
B.3 Mean integrated variance
The expression for the mean integrated variance of the kernel estimate is

MIVAR= E
∫

u

(
π̂(u)− Eπ̂(u)

)2
du.

By Fubini’s theorem, and simplification, this can be written as

MIVAR=
∫

u

(
E
[
π̂2(u)

]− (Eπ̂(u))2) du.

By Result 3 this expression simplifies further to become

MIVAR=
∫

u
E
[
π̂2(u)

]
du− 1√

2π

 1√
2h2+ σ 2

κ
)

 .
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It is very difficult to compute the first term in the expression for mean
integrated variance. To do so, it is useful to define some auxilary expressions.
Define

F(t) =
∫ t

0
K

(
u− rs

h

)
ds.

Although the functionF(t) depends on the random realizations of the pro-
cessr , over each increment of timedt, the function is locally deterministic
with derivative30

d F(t) = K

(
u− rt

h

)
dt.

Using elementary rules of calculus this implies

d(F(t)2) = 2F(t)d F(t).

Therefore an alternative expression for the square of the kernel density
estimate is

π̂(u)2 = 1

T2h2

∫ T

0
2F(t)d F(t).

Substituting forF(t) andd F(t) and rearranging yields

π̂(u)2 = 2

T2h2

∫ T

0

[∫ t

0
K

(
u− rs

h

)
K

(
u− rt

h

)
ds

]
dt.

The above expression is very convenient because it means one can ex-
pressE

∫
u π̂(u)

2 du using the law of iterated conditional expectations, and
Result 1, producing

E
∫

u
π̂(u)2 du =

∫
u

{
2

T2h2

∫ T

0(∫ t

0
E

[
K

(
u− rs

h

)
K

(
u− rt

h

)]
ds

)
dt

}
du.

By the law of iterated conditional expectations, and by Result 1, the

30 In the next increment of time,F will grow by the amount

K

(
u− r (t+dt)

h

)
dt.

Applying Itô’s lemma tort+dt , the above expression can be written in Taylor series form as

K

(
u− r (t+dt)

h

)
dt = K

(
u− rt

h

)
dt + Kr (.)dr ∗ dt + .5Krr (.)(dt2).

All of the stochastic terms in the expansion are of smaller order thandt and can therefore be dropped. As
a result,F is locally deterministic with the derivative given in the text.
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expectation of the term inside the inner braces can be written as

E

[
K

(
u− rs

h

)
K

(
u− rt

h

)]
=
∫

rs

K

(
u− rs

h

){∫
rt

K

(
u− rt

h

)
π(rt , t | rs, s)drt

}
π(rs)drs.

Substitution of the above expression into the one before it provides an
expression for the first term of the MIVAR:

E
∫

u
π̂(u)2 du

= 2

T2h2

∫
u

{∫ T

0

(∫ t

0

[∫
rs

K

(
u− rs

h

)
×
{∫

rt

K

(
u− rt

h

)
π(rt , t | rs, s)drt

}
π(rs)drs

]
ds

)
dt

}
du.

Because the kernel function is Gaussian, I can use Fubini’s theorem and
apply Result 2 three times to produce the much more simplified expression

E
∫

u
π̂(u)2 du= 2

T2

1√
2π

∫ T

0

∫ t

0

1√
2h2+ σ 2

κ
(1− e−κ(t−s))

ds

dt.

It is convenient to rewrite this expression as

E
∫

u
π̂(u)2 du

= 2

T2

1√
2π

1√
2h2+ σ 2

κ

∫ T

0


∫ t

0

ds√
1−

(
σ2

κ

2h2+ σ2

κ

)
e−κ(t−s)

dT,

and then make the substitution

z=
√√√√( σ 2

κ

2h2+ σ 2

κ

)
e−κ(t−s).

The above integral simplifies further to become

E
∫

u
π̂(u)2 du= 2

κ

2

T2

1√
2π

1√
2h2+ σ 2

κ

∫ T

0

[∫ z

z

dz

z
√

1− z2

]
dT,

477



The Review of Financial Studies / v 11 n 3 1998

where

z=
√√√√( σ 2

κ

2h2+ σ 2

κ

)
e−κt andz=

√√√√( σ 2

κ

2h2+ σ 2

κ

)
.

To compute the integral in terms ofz, I make the additional substitution
z= cos(ρ), and then integrate and simplify producing

E
∫

u
π̂(u)2 du = 1√

2π

1√
2h2+ σ 2

κ

×
{

1+ 2

κ

2

T2

∫ T

0
ln

[
1+√1− ψ(t)
1+√1− ψ(0)

]
dt

}
,

where

ψ(t) =
(

σ 2

κ

2h2+ σ 2

κ

)
e−κt .

Substitution of the above expression as the first piece of the mean inte-
grated variance for the Vasicek process with a Gaussian kernel produces the
final result,

MIVAR(Vasicek) = 1√
2π

1√
2h2+ σ 2

κ

2

κ

2

T2

∫ T

0
ln

[
1+√1− ψ(t)
1+√1− ψ(0)

]
dt,

whereψ(t) is defined above.

C. Discrete Sampling Kernel Density Estimates

In this section I will derive expressions for the first and second moments of

π̂(u) = 1

Nh

N1s∑
s=1s

K

(
u− rs

h

)
.

C.1 The expected kernel density estimate
To solve for the expected squared density estimate with discrete sampling
is straightforward and similar to the method of solving for continuous sam-
pling.

Eπ̂(u) = E
1

Nh

N1s∑
s=1s

K

(
u− rs

h

)

= 1

N

N1s∑
s=1s

∫
r0

(∫
rs

1

h
K

(
u− rs

h

)
π(rs, s | r0,0)drs

)
π(r0)dr0
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= 1

N

N1s∑
s=1s

∫
rs

1

h
K

(
u− rs

h

)
π(rs)drs

= 1√
2π

1√
h2+ σ 2

2κ

e
−.5
(

u−θ√
h2+ σ2

2κ

)2

.

The second equality is by the law of iterated conditional expectations. The
third equality is by Fubini’s theorem and Result 1. The final equality follows
by Result 2.

C.2 The expected squared kernel density estimate
The expression for the expected square of the kernel density can be written
as

Eπ̂(u)2 = E

(
1

Nh

N1s∑
s=1s

K (
u− rs

h
)

)2

=
(

1

N

)2
(

N1s∑
s=1s

E

[
1

h
K

(
u− rs

h

)]2

+ 2
N1t∑
t=1t

t−1t∑
s=1s

E
1

h
K

(
u− rs

h

)
1

h
K

(
u− rt

h

))
.

The first piece of this expectation is relatively easy to find. Basic algebra
shows the square of a Gaussian kernel is

[
1

h
K

(
u− rs

h

)]2

= 1√
2πh

1√
2πh

e
−.5
(

u−rs
h√
2

)2

= 1

h
√

2
√

2π

1
h√
2

K

(
u− rs

h√
2

)
.

The above expression simplifies by applying the formula forEπ̂(u), pro-
ducing the answer

E

[
1

h
K

(
u− rs

h

)]2

= 1

h
√

2
√

2π
E

1
h√
2

K

(
u− rs

h√
2

)

= 1

h
√

2
√

2π

1
√

2π
√

h2

2 + σ 2

2κ

e
−.5
(

u−θ√
h2
2
+ σ2

2κ

)2

.
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The second piece of the expectation is more difficult because it involves
a double sum of terms with general form

E

[
1

h
K

(
u− rs

h

)
1

h
K

(
u− rt

h

)]
=
∫

r0

(∫
rs

1

h
K

(
u− rs

h

)
×
{∫

rt

1

h
K

(
u− rt

h

)
π(rt , t | rs, s)drt

)
π(rs, s | r0,0)drs

)
π(r0)dr0.

=
∫

rs

1

h
K

(
u− rs

h

){∫
rt

1

h
K

(
u− rt

h

)
π(rt , t | rs, s)drt

}
π(rs)drs.

=
∫

rs

1

h
K

(
u− rs

h

)
1√
2π

× 1√
h2+ V(rt , t | rs, s)

exp
−.5
(

u−µ(rt ,t |rs,s)√
h2+V(rt ,t |rs,s)

)2

π(rs)drs,

whereV(rt , t | rs, s) is the variance ofrt givenrs, andµ(rt , t | rs, s) is the
mean ofrt givenrs.

The first equality above follows by the law of iterated expectations; the
second equality follows from Result 1; and the third equality follows from
Result 2. The expression simplifies to become the product of three Gaus-
sian density functions multiplied by some additional factors. This makes it
possible to apply additional results to further simplify the integral. Substi-
tution of the expressions forV(rt , t | rs, s) andµ(rt , t | rs, s), and some
algebra makes it possible to represent the above integral as the product
of three Gaussian density functions, each of which involvers minus some
mean divided by some variance. One can then apply Result 4 to any two of
these density functions. The result expression contains the product of only
two Gaussian density functions that involvers. Result 2 can be applied to
these functions to integrate outrs. This produces a final complicated ex-
pression which, for the sake of notational compactness, will be written as
G(κ, t − s,VE, h):

G(κ, t − s,VE, h) = E

[
1

h
K

(
u− rs

h

)
1

h
K

(
u− rt

h

)]
= C(κ, t − s,VE, h)

1√
2πV1(κ, t − s,VE, h)

× e−.5
(

u−θ
V1(κ,t−s,VE ,h)

)2 1√
2π

1

V2(h,VE)
e−.5

(
u−θ

V2(h,VE )

)2

,
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where

VE = σ 2

2κ

C(κ, t − s,VE, h) = eκ(t−s)

eκ(t−s) − VE

VE+h2

V1(κ, t − s,VE, h) =
√√√√√ (h2+ VE)e2κ(t−s) − VE + h2VE

h2+VE(
eκ(t−s) − VE

VE+h2

)2

V2(h,VE) =
√

h2+ VE.

Although this expression is onerous, it only involves a leading term mul-
tiplied by the product of two Gaussian density functions. More importantly,
it is fully analytical, which means it is possible to generate (for a given
bandwidth) an analytical expression for the variance of the kernel density
estimate at each pointu.

C.3 Variance of the discrete sampling kernel density estimate
The variance of̂π(u) is given byE[π̂(u)]2− [Eπ̂(u)]2. This variance has
the following form:

var[π̂(u)] =
(

1

N2

) N

h
√

2
√

2π

1
√

2π
√

h2

2 + σ 2

2κ

exp
−.5
(

u−θ√
h2
2
+ σ2

2κ

)2

+ 2
N∑

t=1

t−1∑
s=1

G(κ, t − s,VE, h)



− 1√
2
√

2π
√

VE + h2

1
√

2π
√

VE+h2

2

exp
−.5
(

u−θ√
VE+h2

2

)2

,

whereG(κ, t − s,VE, h) is from Section C.2.

C.4 Variance of the continuous sampling kernel density estimate
To compute the variance of the continuous sampling kernel density estimate,
it suffices to take limits of the variance for the discrete sampling kernel
density estimate as the sampling interval goes to zero. Define sampling
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interval1t and1s so that

1

N
= 1t

T
= 1s

T
,

and redefineG(.) to remove the discreteness captured by the term1T , that
is, defineG∗(κ, t − s,VE, h) as

G∗(κ, t − s,VE, h) = C∗(κ, t − s,VE, h)
1√

2πV∗1 (κ, t − s,VE, h)

× e
−.5
(

u−θ
V∗

1
(κ,t−s,VE ,h)

)2

1√
2π

1

V2(h,VE)
e−.5

(
u−θ

V2(h,VE )

)2

,

where

VE = σ 2

2κ

C∗(κ, t − s,VE, h) = eκ(t−s)

eκ(t−s) − VE

VE+h2

V∗1 (κ, t − s,VE, h) =
√√√√√ (h2+ VE)e2κ(t−s) − VE + h2VE

h2+VE(
eκ(t−s) − VE

VE+h2

)2

V2(h,VE) =
√

h2+ VE.

After applying this change in notation, the variance of the continous
sampling kernel density estimate can be expressed as

lim
1t→0

lim
1s→0

(
1

T2

) T1s1t

h
√

2
√

2π

1
√

2π
√

h2

2 + σ 2

2κ

exp
−.5
(

u−θ√
h2
2
+ σ2

2κ

)2

+ 2
T∑

t=1t

{
t−1s∑
s=1s

G∗(κ, t − s,VE, h)1s

}
1t



− 1√
2
√

2π
√

VE + h2

1
√

2π
√

VE+h2

2

exp
−.5
(

u−θ√
VE+h2

2

)2

.

The first term inside the large parenthesis goes to zero in the limit; the
second term converges to a double integral. The term outside the paren-
thesis remains unchanged. Therefore the final result for the variance of the
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continuous sampling kernel density estimate is

var[π̂(u)] = 2

T2

∫ T

t=0

{∫ t

s=0
G∗(κ, t − s,VE, h)ds

}
dt

− 1√
2
√

2π
√

VE + h2

1
√

2π
√

VE+h2

2

exp
−.5
(

u−θ√
VE+h2

2

)2

.

Unfortunately this integral is too difficult to reduce further.

C.5 MIVAR of discrete sampling kernel density estimate
The mean integrated variance of the kernel density estimate is simply the
integral of the variance with respect tou. The first and third terms of the
expressions for variance are trivial to integrate. The middle term involves
the product of two Gaussian densities and hence can be integrated using Re-
sult 2. Simplification produces the result that is contained in Proposition 2.

C.6 Mean integrated squared bias
Because the expected kernel density estimate is the same in both the contin-
uous and discrete sampling cases, the mean integrated squared bias is also
the same in both cases and is presented in the results for the kernel density
estimate with continuous sampling.

D. Covariance of the Kernel Density Estimates

For kernel density estimateŝπ(u) andπ̂(v) of the marginal distribution of
r at pointsu andv, this section derives expressions for cov(π̂(u), π̂(v)).

D.1 Covariance with discrete sampling kernel estimate
The formula for the covariance is

cov(π̂(u), π̂(v)) = E[π̂(u)π̂(v)] − [Eπ̂(u)][ Eπ̂(v)].

The only piece of this formula that has not been solved for is
E[π̂(u)π̂(v)]. It can be expressed as

E[π̂(u)π̂(v)] = E

(
1

N

N∑
t=1

1

h
K

(
u− rt

h

)
1

N

N∑
s=1

1

h
K

(
v − rs

h

))

= 1

N2h2
E

(
N∑

t=1

K

(
u− rt

h

)
K

(
v − rt

h

)
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+
N∑

t=1

K

(
u− rt

h

) t−1∑
s=1

K

(
v − rs

h

)

+
N∑

t=1

K

(
v − rt

h

) t−1∑
s=1

K

(
u− rs

h

))
.

The right-hand side of this expression involves three sets of terms. How-
ever, the second and third set are virtually identical since one can be obtained
from the other by switchingu andv. Therefore it is only necessary to com-
pute

E

(
K

(
u− rt

h

)
K

(
v − rt

h

))
andE

(
K

(
u− rt

h

)
K

(
v − rs

h

))
.

Using Results 1 and 4, I find that

E

(
K

(
u− rt

h

)
K

(
v − rt

h

))
= J1(u, v, h, θ,VE)

= 1√
2π

1√
h2

2 + VE

exp
−.5
(

.5(u+v)−θ√
h2
2
+VE

)2

× 1√
2π

1√
2h2

exp
−.5
(

u−v√
2h2

)2

.

Similarly, using Results 1 and 4, I find that

E

(
K

(
u− rt

h

)
K

(
v − rs

h

))
= J2(u, v, h, θ,VE, κ, (t − s))

= 1√
2π

1√
h2+ VE

exp
−.5
(

v−θ√
h2+VE

)2

× 1√
2π

eκ(t−s)√(
h2VE

h2+VE

)
+ (h2+ VE)e2κ(t−s) − VE

× exp

−.5

 (u−θ)eκ(t−s)+(θ−v) VE
h2+VE√(

h2VE
h2+VE

)
+(h2+VE )e

2κ(t−s)−VE


2

.
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Therefore

E[π̂(u)π̂(v)] = 1

N2

(
N∑

t=1

J1(u, v, h, θ,VE)

+
N∑

t=1

t−1∑
s=1

J2(u, v, h, θ,VE, κ, (t − s))

+
N∑

t=1

t−1∑
s=1

J2(v,u, h, θ,VE, κ, (t − s))

)
.

When [Eπ̂(u)][ Eπ̂(v)] is subtracted from the above expression, it pro-
duces the final result for the covariance function.

D.2 Covariance with continuous sampling
To compute the covariance for continuous sampling I will follow the same
procedure that I used to compute the variance for continuous sampling. I
begin by taking limits of the covariance for discrete sampling as the time
between observations goes to zero. I then change notation to represent
continous time sampling. This yields

E[π̂(u)π̂(v)] = 1

T2

(∫ T

t=0

∫ t

s=0
J∗2 (u, v, h, θ,VE, κ, (t − s))ds dt

+
∫ T

t=0

∫ t

s=0
J∗2 (v,u, h, θ,VE, κ, (t − s))ds dt

)
.
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