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This article shows bow rational asset pricing
models restrict the regression-based criteria
commonly used to measure return predictability.
Specifically it invokes no-arbitrage arguments to
show that the intercept, slope coefficients, and
R? in predictive regressions must take specific
values. These restrictions provide a way to
directly assess whetber the predictability uncov-
ered using regression analysis is consistent with
rational pricing. Empirical tests reveal that the
returns on the CRSP size deciles are too
predictable to be compatible with a number of
well-known pricing models. However, the over-
all pattern of predictability across these portfo-
lios is reasonably consistent with what we would
expect under circumstances where predictabil-
ity is rational.

The use of regression analysis to document return
predictability has become commonplace in empirical
work. A researcher specifies a model for forecasting
returns, fits the model by ordinary least squares, and
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uses the estimates of the slope coefficients and regression R? to draw
inferences about the ability to predict returns. Although most mem-
bers of the finance profession seem convinced that the predictability
documented in the empirical literature is real, there is considerable
disagreement over its source. Some argue that the ability to predict
returns arises from market inefficiencies, while others point to ratio-
nal variation in expected returns as the cause. Prior research, how-
ever, has not shown how rational models of asset pricing restrict the
regression-based criteria used to measure predictability. This article
develops a simple characterization of these restrictions and outlines a
general approach for testing whether they are satisfied.

Researchers have long recognized that predictability can exist in
efficient capital markets. But to formally test whether the predictabil-
ity encountered in practice is consistent with market efficiency, we
need a model that tells us how assets are priced. Although rational
asset pricing models take a variety of different forms, they generally
have at least one basic implication in common. In frictionless markets,
these models imply that some transformation of the equilibrium price
process is a martingale with respect to the information that market
participants use to form expectations. This martingale property estab-
lishes a direct link between the ability to predict returns and market
efficiency. As a consequence, it imposes tight restrictions on the inter-
cept, slope coefficients, and R* of the linear models used to predict
returns.

The strategy used to characterize these restrictions is similar to
that developed by Hansen and Jagannathan (1991). They employ no-
arbitrage arguments to construct a lower bound on the variance of the
set of admissible stochastic discount factors by showing that every el-
ement of this set has the same linear projection onto the asset payoff
space. Although the coefficients in this linear projection cannot be es-
timated directly, they can be inferred by requiring that the projection
assign the correct price to all traded assets. The restrictions on pre-
dictability are derived in an analogous fashion. Standard no-arbitrage
pricing arguments are used to infer the values of the coefficients in a
regression of asset returns on a set of instrumental variables. In fact,
the variance bound itself can be expressed as a simple quadratic form
in these inferred regression coefficients.

Since the restrictions derived in the article apply quite generally,
they can aid in understanding the role that predictability plays in the
econometric evaluation of asset pricing models. In particular, they
make it possible to construct the linear specification for forecasting
asset returns that is implied by the asset pricing model under con-
sideration. The forecasts generated in this manner provide a com-
mon frame of reference for studying the ability of different pricing
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models to explain the predictable variation in returns. It might be
the case, for example, that the variance of the forecasts associated
with one model is too small, while that for another model is too
large.

The restrictions can also be used to assess whether the ability to
predict returns that has been documented using regression analysis
is consistent with market efficiency. This issue is investigated using
monthly returns on 10 stock portfolios that are formed on the basis
of market capitalization. Harvey (1989) finds that the returns on these
portfolios exhibit a significant degree of predictable variation over
time. The empirical analysis looks at whether this predictability is
consistent with the implications of a number of well-known asset
pricing models. They include the utility-based models of Lucas (1978),
Abel (1990), and Epstein and Zin (1991), along with simple conditional
versions of the Sharpe (1964) and Lintner (1965) CAPM and the Fama
and French (1993) three-factor model.

The empirical tests reveal that the size portfolio returns are too
predictable to be consistent with these pricing models. Of course, this
does not necessarily imply that the return predictability documented
in this and previous studies is irrational. Although none of the pric-
ing models fully explains the ability to predict returns, the observed
cross-sectional relation between market capitalization and return pre-
dictability appears to be reasonably consistent with what we would
expect under circumstances where predictability is rational. This find-
ing is significant in light of the potential for data mining that is inherent
in the search for instruments that predict returns. Overall the evidence
suggests that if we can identify the factors that explain cross-sectional
differences in average returns, then we may be able to explain cross-
sectional differences in predictability as well.

The Pricing Restrictions on Linear Forecasting Models

There is substantial empirical evidence that conditioning information
plays an important role in the pricing of many assets. A number of
studies, for example, appear to document the existence of significant
predictable variation in stock and bond returns.! Not surprisingly,
these studies have generated a great deal of debate within the finance
profession. Some researchers argue that the ability to predict stock
and bond returns stems from rational variation in expected returns,

! Fama (1991) and Hawawini and Keim (1992) survey the empirical research in this area. The most
widely cited studies of the ability to predict stock and bond returns include Keim and Stambaugh
(1986), Campbell (1987), and Fama and French (1989).
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while others contend it is due to market inefficiencies. There are even
those who tend to discount the evidence of predictability altogether.?

Since almost all of the empirical work on predicting returns takes
the form of regression analysis, it would be easier to interpret the
evidence on predictability if we could show how asset pricing the-
ory restricts the parameters of linear forecasting models. Of the exist-
ing studies that focus on return predictability, Hansen and Singleton
(1983) comes the closest to addressing this issue. They use a repre-
sentative agent model with constant relative risk aversion to derive
explicit restrictions on the joint stochastic process that governs con-
sumption growth and asset returns. Under their model, the predictable
component of asset returns is proportional to the predictable compo-
nent of consumption growth.

Ferson and Harvey (1991) also look at the issue of return pre-
dictability and rational pricing in a regression setting. They use a
multi-beta CAPM to decompose the variance of the fitted values from a
regression of returns on a set of instrumental variables into explained
and unexplained components. If the ratio of explained to unexplained
variance is large, they argue, then this is evidence that predictability
is driven by rational variation in expected returns. Ferson and Harvey
estimate this ratio for a number of different portfolios and find that
it is reasonably close to one. Consequently, they conclude that the
ability to predict returns is, for the most part, a product of rational
market forces.

Although these prior studies advance our understanding of the eco-
nomic basis for predictability, neither develops a general approach
for studying predictability within a regression setting. The Hansen
and Singleton approach is based on the strong assumptions of con-
stant relative risk aversion and joint lognormality of asset returns and
aggregate consumption growth. Ferson and Harvey avoid these as-
sumptions, but their methodology is subject to errors-in-the-variables
biases and does not impose the full set of restrictions implied by their
pricing model.? In contrast, the restrictions on regression-based mea-
sures of predictability derived in this article are general in nature. The
restrictions analyzed in prior studies of return predictability are special
cases of the results presented below.

Foster, Smith, and Whaley (1997), for example, take a very skeptical view of the empirical research
on return predictability. They contend that a specification search over even a small number of
forecasting variables can seriously bias standard procedures for drawing inferences and may
produce spurious predictability that is of the same magnitude as that typically reported for stock
and bond returns.

The multi-beta CAPM examined by Ferson and Harvey (1991) implies restrictions on the inter-
cept, slope coefficients, and R* of their predictive regressions. But their cross-sectional estimation
approach leaves the intercept and slope coefficients unrestricted. As a result, their variance-ratio
tests may have low power to detect violations of the restrictions implied by the pricing model.
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1.1 Predicting returns in an efficient market
Following Hansen and Singleton (1982), consider a general model of
a dynamic economy in which an unspecified number of rational in-
vestors trade assets in securities markets. Preferences in this economy
may vary from one investor to the next and need not conform to any
particular class of utility functions. Various nonstandard features, such
as time and state nonseparability, are also permitted. It is assumed,
however, that each of the investors in the economy solves a dynamic
portfolio problem in order to arrive at an optimal holding of securi-
ties, and that there are no transactions costs, short sales constraints,
or other barriers to trade.*

Let R, denote the date ¢ total return on any one of the traded assets.
Under the stated assumptions, each investor’s optimization problem
yields a first-order condition for this asset of the form

E[m[Rl | ftfl] = 1, (1)

where m; is the investor’s marginal rate of substitution at time ¢ and
Fi—1 is the information set at time ¢ — 1. If markets are complete, then
marginal rates of substitution are equated across all investors and
is uniquely determined. With incomplete markets, marginal rates of
substitution differ across individuals, so the set of random variables
that satisfy Equation (1) contains multiple elements. Every element of
this set is, however, an admissible stochastic discount factor in the
sense that it correctly prices all marketed payofts.

The pricing relation in Equation (1) establishes a necessary con-
dition for markets to be intertemporally efficient. It implies that, in
an efficient market, the stochastic process defined by the product of
the total return on an asset and the stochastic discount factor must be
unpredictable using any of the information contained in F,_;. But this
does not require that the returns themselves be unpredictable. In gen-
eral, the only circumstance in which Equation (1) rules out the ability
to predict returns is when the stochastic discount factor, m;, is equal
to a constant. If m, is constant, then risk-neutral pricing prevails.?

Because Equation (1) must hold at each point in time, it can be
used to derive explicit restrictions on the covariance between asset
returns and variables in F,_;. Although these restrictions could be

Similar assumptions are employed in a number of related studies. See, for example, Harrison and
Kreps (1979), Kreps (1981), Hansen and Richard (1987), Hansen and Jagannathan (1991), and
Cochrane and Hansen (1992).

Although risk neutrality is sufficient to rule out predictability, risk aversion does not necessarily
imply predictability. For example, Hansen and Singleton (1983) show that if asset returns and
aggregate consumption growth are jointly lognormal, agents have constant relative risk aversion,
and consumption growth is unpredictable, then asset returns will also be unpredictable.
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developed in terms of R, the analysis is more tractable if we use
excess returns. Let Ry, denote the total return on a reference asset.
This reference asset will generally be a discount bond designed to
proxy for the risk-free security, but any traded asset could be used.
The important point is that, when combined with Equation (1), the
relation Elm, Ry, | F;—1]1 = 1 implies that

E[Wlﬂ‘, | f[_l] = O, (2)

where 7, = (R, — Ry). Since Equation (2) is invariant with respect to
scalar transformations of m, it is convenient to impose the normal-
ization 7, = m,/E[lm,]. This yields

E[ﬁiﬂ‘, | f[_l] == O, (3)

with E[/,] = 1. Given Equation (3), we can easily derive the restric-
tions on predictability that must be satisfied in an efficient market.

Take any instrumental variable, z;_4, that is an element of the in-
formation set, F,_1. Multiply both sides of Equation (3) by z;_; to
get

Elnyrizi—1 | Fr-1] = 0, (4)
and apply the law of iterated expectations to obtain
E[ﬁ’lﬂ"zZ[_l] = 0. (5)

Equation (5) places tight restrictions on the ability to predict excess
returns. To see this, note that the unconditional analogue of Equa-
tion (3) implies the pricing relation

Elr] = —cov(iy, 1;). (6)

Thus we can use the familiar covariance decomposition to write Equa-
tion (5) as

cov(r:, zr—1) = —ElnlElzi—1] — cov(imy, 1r12:-1), 7)
and substitute using Equation (6) for E[7] to obtain
cov(71, zi-1) = —cov(imy, 1 (z-1 — iz)), (8)

where . = Elz;_1]. This equation provides a general characterization
of the restrictions on predictability that must be satisfied in an efficient
market. It indicates that the ability to predict #;, as measured by its un-
conditional covariance with z;_1, has a well-defined theoretical value.

To see the intuition behind Equation (8), consider a simple ex-
change economy where 7, represents the excess payoff at time ¢ on
an investment in the asset of one unit of the consumption good at
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time # — 1. In this setting, we can interpret the quantity 7;z;_1 as the
time ¢ excess payoff on an investment in the asset of z;_; units of the
consumption good at time ¢ — 1. Now, keeping this interpretation in
mind, consider the formula for the covariance between 7; and z;_1,

cov(r:, zr—1) = Elr(zi—1 — u2)l. 9

The right side of Equation (9) measures the expected excess payoff on
a trading strategy that invests (z;—1 — i>) in the asset at time ¢ — 1. In
other words, the covariance between 7; and z;_; is the expected ex-
cess payoff on a dynamic trading strategy that exploits the information
conveyed by the realization of (z;_1 — w>).

Because 7:(z;—1 — i) is the excess payoff from a dynamic trading
strategy, it has to be priced in the same manner as the excess payoff
on any other asset in the economy. We can see this from Equation (8).
The right side of this equation is simply the covariance between the
excess payoff on the trading strategy and the normalized stochastic
discount factor. This covariance measures the systematic risk of the
trading rule defined by (z;—1 — w.). If investors are rational, then the
ability to predict 7, must be consistent with the exposure to systematic
risk that an investor takes on by following this trading rule.

1.2 Imposing the restrictions in a regression setting
The restrictions shown in Equation (8) have a simple, intuitive inter-
pretation. But they are not directly applicable to most of the research
on predicting asset returns. In practice, the most common approach
used to document the ability to predict returns is to fit a linear regres-
sion model to the data [see, e.g., Keim and Stambaugh (1986), Camp-
bell (1987), Campbell and Shiller (1988), Fama and French (1989),
and Ferson and Harvey (1991D)]. Therefore the predictable variation in
excess returns is typically measured in terms of the slope coefficients
and R? from multiple regression analysis. Although the focus thus far
has been on the covariance between excess returns and variables in
the information set, we can easily generalize the analysis so that it
applies to regression-based measures of return predictability.

Let z,_1 denote a (K — 1) x 1 vector of instrumental variables. Most
researchers assess whether excess returns are predictable by estimat-
ing a multiple regression model of the form

1y = X;_1b+ €, (10)

where x,_1 = [1, z_,]'. We know from least-squares theory that the

¢ Hansen and Richard (1987) provide a useful characterization of dynamic trading strategies in their
analysis of the role of conditioning information in tests of dynamic asset pricing models.
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vector of regression coefficients in Equation (10) is given by
b = Elx,_1X, ] "Elrx,_1], (11
and from Equation (5) we have the pricing relation
ElryX;—1] = —cov(my, r:X—1). (12)
Substituting Equation (12) into the right side of Equation (11) yields
b= —Elx,_1X, ] 'cov (i, rix,1). (13)

If predictability is rational, then the regression coefficients must satisfy
the restrictions shown in Equation (13).

A similar approach can be used to derive restrictions on the value
of the regression R?. Recall that the population R? measures the pro-
portion of the variance of the dependent variable explained by the
regressors. If we partition b as [y, b, where &y is the intercept and
b, is the vector of slope coefficients, then the population R? for the

model can be written as
R? = <M) , (14)

2
0y

where X, and U,z denote the variance-covariance matrix of z,_; and
the variance of 7. Substituting for b, using the formula implied by
Equation (13) yields the restriction

’ -1
R = (TmrPeTnrz) (15)
O'r

where o, > = cov(m,, 1:(z— p,)). This is the only value of the pop-
ulation R? that is consistent with rational pricing.

Since the restrictions in Equations (13) and (15) summarize the im-
plications of market efficiency for predictive regressions, they provide
a convenient frame of reference for researchers who use regression
analysis to investigate return predictability. In particular, they make it
easy to assess whether the evidence of predictability uncovered using
regression analysis is consistent with any given specification of .
If it is, then the view that predictability is driven by rational varia-
tion in expected returns gains credibility. If not, then we may want
to consider whether alternative mechanisms, like market inefficien-
cies or collective data mining, explain the observed ability to predict
returns. Regardless of the outcome, however, examining the regres-
sion evidence from an asset pricing perspective can only enhance our
understanding of the basis for predictability.
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Given a specification for 7, all of the parameters in Equations (13)
and (15) can be estimated from financial market data. Consequently
it is straightforward to construct direct tests of the restrictions. We
can also use the restrictions to identify the linear specification for
predicting excess returns that is implied by a particular stochastic
discount factor. This follows by noting that, for a given set of in-
strumental variables, each specification of 77, identifies the regression
coefficients needed to construct a linear forecasting model. Studying
the time-series behavior of forecasts constructed in this manner may
yield valuable insights into the role of predictability in financial mar-
kets. We might, for example, want to compare the accuracy of the
forecasts implied by different pricing models during various stages of
the business cycle.

Before turning to a discussion of the econometric methodology,
it is useful to note the link between the foregoing analysis and the
work of Hansen and Jagannathan (1991). They construct the linear
projection of the true stochastic discount factor onto the set of traded
asset payoffs and prove that it has minimum variance in the set of
all admissible stochastic discount factors. Although the coefficients in
this projection cannot be estimated directly without time-series data
on the true stochastic discount factor, we can infer them by invoking
standard no-arbitrage arguments. Similarly, in the foregoing analysis,
we infer the coefficients in the linear projection of returns onto the
instrumental variables using the no-arbitrage pricing results for admis-
sible stochastic discount factors.

As shown in Appendix A, the restrictions in Equations (13) and
(15) are closely connected to the Hansen and Jagannathan variance
bound and the square of the related distance measure [see Hansen
and Jagannathan (1997)]. We can express both as quadratic forms in
the unrestricted and restricted vectors of regression coefficients. This
connection is convenient because it allows us to use the Hansen and
Jagannathan distance measure as a diagnostic in the subsequent em-
pirical tests. Unlike traditional chi-square statistics, the distance mea-
sure does not reward variability in the candidate stochastic discount
factor. This makes it an appealing metric for evaluating how well a
candidate stochastic discount factor explains the observed ability to
predict returns.

Data and Econometric Methods

This section outlines an approach for testing the restrictions derived
in Section 1. The procedure is straightforward. First, select a candi-
date stochastic discount factor, my, and estimate a set of predictive
regressions under the restrictions it implies. Then, test whether the
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intercept and slope coefficients from these restricted regressions are
significantly different from those obtained via ordinary least-squares
(OLS) estimation. A number of candidate stochastic discount factors
are employed in the tests. They include both consumption-based and
linear factor specifications. The estimation and tests are performed
using Hansen’s (1982) generalized method of moments (GMM).

2.1 The data

The empirical tests center on the ability to predict monthly excess
returns on a set of 10 stock portfolios. These portfolios are formed
on the basis of market capitalization using the firms listed on the
New York Stock Exchange (NYSE). The portfolio returns begin in July
1963 and end in December 1991 (342 observations). The starting date
for the sample is dictated by the availability of the data needed to
construct some of the candidate stochastic discount factors. In par-
ticular, returns on three factor-mimicking portfolios are required. The
first—a proxy for the excess return on the market portfolio—is the
monthly return on the value-weighted NYSE index minus the return
on the Treasury bill that is closest to 30 days to maturity. The other
two, which proxy for size and book-to-market factors, are constructed
following the procedures of Fama and French (1993).

The instrumental variables are selected based on the findings of
prior research. A total of five instruments are used: the excess return
on the equally weighted NYSE index (xrew), a dummy variable for
the month of January (jan), the 1-month return from holding a 90-
day Treasury bill less the return on a 30-day bill (zerm), the yield on
Moody’s Baa rated bonds less the yield on Moody’s Aaa rated bonds
(prem), and the dividend yield on the S&P 500 stock index less the
return on a 30-day Treasury bill (xdiv). Additional details on the data
are provided in Appendix B.

Table 1 reports descriptive statistics for the dataset. Panel A docu-
ments the properties of the nominal excess returns on the size port-
folios. The smallest decile has the highest mean excess return and the
largest return standard deviation. Both the mean and standard devia-
tion of the returns steadily decrease as the market capitalization of the
firms in the portfolio becomes larger. A similar pattern is evident in
the first-order and twelfth-order autocorrelations for these portfolios.
Panel B summarizes the properties of the consumption growth series,
the factors, and the instrumental variables. Two of the instruments,
prem and xdiv, exhibit a high degree of persistence, but the autocor-
relations decay at a rate that is consistent with the assumption that
each time series is stationary.
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Table 1
Summary statistics for the dataset

Panel A: Size portfolio returns

Autocorrelations
Decile Mean Std. Dev. 1 02 D3 D6 P12
1 0.00900 0.0739 0.128 —0.006 —0.063 —0.025 0.215
2 0.00807 0.0655 0.145 —0.015 —0.042 —0.035 0.176
3 0.00715 0.0614 0.143 —0.024 —0.03¢ —0.015 0.135
4 0.00770 0.0585 0.162  —0.035  —0.031 —0.027 0.093
5 0.00642 0.0561 0.146  —0.041 —0.019  —0.035 0.090
6 0.00684 0.0545 0.145 —0.023 —0.033 —0.048 0.057
7 0.00582 0.0529 0.127  —=0.025 —0.010 —0.035 0.020
8 0.00601 0.0512 0.091 —-0.053  —0.031 —0.036 0.028
9 0.00469 0.0487 0.083 —0.047 —0.027 —0.046 0.001
10 0.00348 0.0429 —0.002  —0.026 —0.006 —0.047 0.036

Panel B: Consumption growth, factors, and instruments

Autocorrelations

Variable Mean Std. Dev. 1 02 Ps3 06 P12

G/ C—y 1.00096 0.0073 —0.377 0.061 0.170 0.031 —0.085
ot 0.00419  0.0452 0.052 —0.040 —0.005 —0.050 0.025
Tsr 0.00267 0.0289 0.192 0.067 —0.002 0.107 0.225
Tor 0.00395 0.0256 0.183 0.063 —0.001 0.106 0.072
Xrew, 0.00623 0.0549 0.153 —0.035 —0.028 —0.034 0.082
term,;_, 0.00066 0.0011 0.296 0.059 0.026 —0.024 —0.035
prem;_y 0.00092 0.0004 0.966 0.920 0.886 0.788 0.607
xdiv,_y —0.00212 0.0017 0.912 0.844 0.778 0.679 0.480

In panel B, G,/ C,— is consumption growth, 7,, is the excess return on the value-weighted
market, 7y, is the return on the mimicking portfolio for size, 7, is the return on the
mimicking portfolio for book-to-market equity, xrew,_; is the lagged excess return on
the equally weighted market, term,_; is the lagged excess return on a 90-day Treasury
bill, prem,_, is the lagged yield spread between Baa and Aaa rated bonds, and xdiv,_ is
the lagged excess dividend yield on the S&P 500 stock index. See Appendix B for details
on the construction of the dataset.

2.2 The consumption-based specifications

Consumption smoothing plays a key role in intertemporal asset pric-
ing theory and is one potential explanation for return predictability.
It is natural, therefore, to include consumption-based models in the
empirical tests. The first model examined is the standard power utility

specification,
1 a \77
m; = — d , (16)
1+6 \C1

where C; denotes per-capita aggregate consumption at time ¢, § is
the rate of time preference, and y measures relative risk aversion.
A number of authors, beginning with Hansen and Singleton (1982),
have studied this specification using monthly data on per-capita con-
sumption expenditures. These studies generally find that the model is
rejected by the data. Nonetheless, its performance provides a useful
baseline for comparison.
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The second consumption-based model allows for habit persistence
in consumption expenditures. This class of preferences is of interest
because of the evidence that habit persistence may provide a par-
tial solution to the equity premium puzzle. Abel (1990), for example,
develops a model where each agent’s utility depends on his level
of consumption relative to some time-varying benchmark. In equilib-
rium, the model implies the stochastic discount factor

i 1 ¢ \77 C\"77
A . 17
T T (Cf_1> /(Cf_) 47

Abel finds that this model can not only generate large equity risk
premiums, but also substantial time-series variation in conditional ex-
pected rates of return. It is the latter finding that motivates its inclusion
here.

The third consumption-based model generalizes the conventional
expected utility specification by introducing a recursive preference
structure. Under this model, current utility depends on both current
consumption and the certainty equivalent of future lifetime utility. This
generalization is interesting because it allows us to partially separate
the effects of intertemporal substitution and risk aversion. Following
Epstein and Zin (1991), we can write the stochastic discount factor
implied by this model as

_q17o/ _
. 1 c \° 17]%/P 1 \1e/p
me=| —— L) (18)
1+8 \ G Ry

where R,,; denotes the total return on the market portfolio, 1 — «
determines relative risk aversion for timeless consumption gambles,
and 1/(1 — p) measures the intertemporal elasticity of substitution for
deterministic consumption. For a/p = 1, Equation (18) reduces to
the standard power utility model. Setting & = 0 yields the log utility
model of Rubinstein (1976).

2.3 The linear factor specifications

Since linear factor models are the main alternative to consumption-
based specifications, they are included in the analysis as well. The
first model is a conditional version of the Sharpe (1964) and Lintner
(1965) CAPM. At the conditional level, the CAPM implies the pricing
relation

Elr; | Froal = ,Bm,t—lE[th | Fr-1l, (19)

where B, -1 = cov(r, ri | Fr—1)/Var(vry, | Fi—1) is the conditional
beta of the asset. To analyze the conditional CAPM in its most general
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form, we have to explicitly model conditional expectations. This raises
a couple of concerns. First, by modeling conditional expectations, we
introduce a flexibility in choosing functional forms that is absent from
the consumption-based specifications. Second, it is well known that
large-sample chi-square tests have a tendency to reward variability
in the stochastic discount factor, and explicitly modeling conditional
expectations is likely to increase this variability.

The two specifications of the conditional CAPM examined in the
empirical tests are designed to mitigate these concerns by eliminating
the need to model conditional expectations. This is accomplished by
imposing additional structure on the model. Using the definition of
the conditional beta, we have

B2, | Fr) = Bt | Fro1) Bt
= Eln 1y | Fro1] — Elry | Fi—1)Elrp | Froal. 20)

Since El7; | Fr—1]1— Bm.t—1El#ms | Fr—1]1 = 0 under the conditional CAPM,
Equation (20) reduces to E[72, | Fr—11Bm.i—1 = Elri7m | Fi—1]. Substitut-
ing this expression for the conditional beta into Equation (19) and rear-
ranging terms reveals that the conditional CAPM implies the stochastic
discount factor

Wl; =1- )\m,lfl Vimits (21)

where Ay -1 = Elvy | ft_l]/E[r,f” | Fi—1] is the price of risk. Thus one
way to avoid modeling conditional expectations is to assume that
the price of risk is constant. This approach is used in the first set of
empirical tests of this model.

The constant price of risk specification implies that the ability to
predict the return on an asset is determined by changes in the condi-
tional covariance of its return with the market return. Although this is
acceptable from a theoretical perspective, prior research suggests that
it may not be empirically plausible. Both Ferson and Harvey (1991)
and Ferson and Korajczyk (1995) argue that return predictability is
primarily driven by time-series variation in risk premiums.” An alter-
native specification of the conditional CAPM that is consistent with this
view is also examined. It assumes that conditional betas are constant.
The resulting pricing relation is

Elry | Fr—1l = BmElrp | Fi-1l, (22)

where B,, = El7:7,] /E[rﬁn]. Note that, since the betas are asset spe-

cific, we have to depart from the stochastic discount factor represen-

7 Ferson and Korajczyk (1995), for example, attribute less than 1% of the predictable variation in
returns to changing conditional betas.
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tation of the model in order to impose the constant conditional beta
assumption. As a result, the distance measure diagnostics discussed
at the end of Section 1 are not applicable.

To obtain the restrictions on predictability implied by the constant
conditional beta specification, we multiply Equation (22) by X,_1, take
unconditional expectations, and multiply by E[x,—1X,_,]7!. This yields
the relation

b= B.bm, (23)

where by, = ElX,—1X,_]7 Elr,X,—1] is the coefficient vector in a re-
gression of the market return on the set of instrumental variables. The
constant conditional beta specification of the conditional CAPM re-
stricts the predictable component of asset returns to be proportional
to the predictable component of the market return, with the constant
of proportionality being the asset’s conditional beta with respect to
the market.

Given the form of Equation (23), it appears that the constant con-
ditional beta specification may have a built-in advantage in tests for
rational predictability. In effect, Equation (23) takes the predictable
component of the market return as given. We know, therefore, that
if the market return is predictable, then the empirical specification
of the model will generate predictability for the test assets. This is
not the case for the consumption-based models considered earlier. Of
course, just because the constant conditional beta specification gen-
erates predictability, there is no guarantee that it will perform well in
the empirical tests. It still has to explain cross-sectional differences in
the ability to predict returns.

In addition to the conditional CAPM, the tests examine a conditional
version of the Fama and French (1993) model. It nests the conditional
CAPM as a special case. In its unconditional form, the model says
that three factors—the excess return on the market, 7,,,, the return on
a zero-investment portfolio designed to capture risk associated with
size (market capitalization ), 7, and the return on a zero-investment
portfolio designed to capture risk associated with the book-to-market
equity, 7,,—explain cross-sectional differences in average returns. Ac-
cording to Fama and French, this version of the model fits their sample
of return data much better than the unconditional CAPM.

The conditional version of the Fama and French three-factor model
implies the stochastic discount factor

c
m; = 1-— )‘-m,t—l Ymr — )Ls,t—l Vsr — )‘o,l—l Yot (24)

where Ay, 11, As—1, and A, ,—1 are the prices of market risk, size risk,
and book-to-market equity risk, respectively. To obtain the empirical
specifications of the model, we employ the same constant price of risk
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and constant conditional beta assumptions used for the conditional
CAPM. The stochastic discount factor and restrictions implied by the
constant price of risk assumption are readily apparent. The constant
conditional beta assumption yields the relation

b= .mem + ,Bsbs + ,Bobm (25)

a multifactor generalization of the restriction shown in Equation (23).

In general, fitting the Fama and French model should be viewed
as a method of providing diagnostics for the conditional CAPM rather
than as a formal test of the model itself. The reason is that, if market
participants are rational, then high-risk firms will tend to have lower
market values than low-risk firms, regardless of what asset pricing
model actually generates returns. Thus, as long as there is no posi-
tive relation between the operating size of the firm and its risk, we
should expect to find that small capitalization firms are riskier on av-
erage than large capitalization firms. As a result, the pricing errors
generated by a misspecified pricing model can be expected to exhibit
size-related patterns. If we test the three-factor model and find that it
explains return predictability better than the CAPM, this suggests that
the pricing errors for the CAPM are to some extent explained by risk.
But it does not mean that we can interpret 75, and 7,, as priced factors
in the traditional sense.?

2.4 Estimation and tests

Let 7; denote the excess return on portfolio 7. To illustrate the ap-
proach used to estimate the parameters and test the restrictions, con-
sider the following example. If we set « = 0 in Equation (18), we
obtain 1/R,,; as our candidate stochastic discount factor. Since m{ has
no unknown parameters, the econometric system estimated for each
portfolio is

mf — Mpe
h(yil’ 0,) = (riy — X/;_lbm)xt—l , (26)
(_Vit(mlc — Wme) — ,Uvmﬂx/171bz'r)xzfl

> Berk (1995) makes the same point in his critique of the literature on the size effect. He notes
that the market capitalization of a firm is a function of at least two things: bigger firms (in an
operating sense) tend to have relatively higher market values; and riskier firms tend to have
relatively lower market values. This means that, in the cross section, market capitalization will
generally be inversely correlated with unmeasured risk. So if we test two pricing models, each
of which omits a different priced factor, then size will proxy for a different factor in each of the
tests. As a result, it is inappropriate to interpret market-based measures of size as factors in the
traditional sense of the arbitrage pricing theory.
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where m{ = 1/Ryu, Yy = Ry, 71, X,_11, and 0; = (e, b,
b/- ]/‘9
i
The first equation in Equation (26) identifies the mean of the can-
didate stochastic discount factor, the next K equations identify the
intercept and slope coefficients in the unrestricted regression of 7;; on
X;—1, and the final K equations impose the restrictions in Equation (13)
on the regression coefficients. Because the econometric specification
in Equation (26) is exactly identified, the GMM estimator of 6; is the
value that sets 1/ T Zszl h(-) equal to zero, and the unrestricted esti-
mates of the regression coefficients are the same as the OLS estimates.
Tests of the restrictions are based on the limiting distribution of the
GMM estimator. This distribution takes the form

VT®;—0,) % N0, (D/S;'D) Y, (27)
where
DiEE[#] and S;= Y Elh(y,. 0)h(y;,_;. 6. (29)

j=—o0

If we let Q;, denote the lower right 2K x 2K submatrix of Q; =
(D’S;'D;)!, then the Wald statistic for testing b;,, = b;, can be written
as

Wiz = (b — b;r)' (Q €4, Q" (bi — by, (29)
where Q = [l g, —lg! and I ¢ denotes a K x K identity matrix. Under
the null hypothesis, W;r converges to a central chi-square random
variable with K degrees of freedom. Although in general the matrix
Q, is unknown, it can be replaced by a consistent estimator with-
out affecting the limiting distribution of the test statistic. Appendix C
discusses how this estimator is constructed.

This approach to GMM estimation and testing is slightly different
from what is typically seen in the empirical asset pricing literature.
The usual strategy is to explicitly impose the restriction b;,, = b;, in
the econometric specification and construct a test based on the set of
overidentifying restrictions. Note, however, that the two approaches
are asymptotically equivalent, so the choice of which to use is primar-
ily a matter of convenience. The advantage of the Wald test is that (i)
we can construct it without performing a two-stage nonlinear mini-

The subsequent analysis assumes that y, is generated by a stationary and ergodic process, that
the second moment matrix of h(-) exists and is finite, and that the regularity conditions in Hansen
(1982) are satisfied. These assumptions are sufficient for the asymptotic distribution theory to hold.
Technically the stationarity assumption rules out the use of fixed instruments like the January
dummy. But the asymptotic theory for GMM remains valid under other assumptions, such as
strong mixing, that are consistent with the use of dummy variables.
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mization; and (i) it facilitates a direct comparison of the unrestricted
(OLS) and restricted regression coefficients. Of course, the distribu-
tional properties of the two tests could differ in finite samples. But
this is not a concern for the dataset used in this study.'’

In addition to the Wald test, an estimate of the Hansen and Jagan-
nathan distance is computed for each portfolio. This estimate is given
by

~ ~ VPN D ~ 1
dir = [(0; — b))’ G;X,, Gi(by — byy)17, (30)

where 2,~x and G are the sample analogues of 3;, = E[rizt(xt_l X,_1)]
and G = E[x,_;X,_,], respectively (see Appendix A). Unlike the Wald
test in Equation (29), the distance measure uses a metric that is inde-
pendent of the functional form of the stochastic discount factor. This
makes it useful for comparing the performance of different choices
of my.

The econometric analysis for the case where m; contains unknown
parameters is similar. The only real difference is that the econometric
system in Equation (26) is augmented with the moment equations
necessary to identify these parameters. In general, the number and
complexity of these additional equations varies depending upon the
functional form of ;. Although some additional changes are required
to accommodate the constant conditional beta specifications, these are
straightforward as well. For instance, the constant conditional beta
version of the conditional CAPM is estimated using the system

(75t = Bim¥mt) Yo
h(y;. 0) = (7ie = X1 D) X1 , (31)

(ﬂimrmt - X/l‘_] bz’r)xl—l
where y;, = [, 7, X;_,] and 0; = (B, b,, b,]. The first equa-
tion identifies the portfolio beta, the next K equations identify the
unrestricted (OLS) coefficients in the predictive regression, and the
final K equations identify the restricted regression coefficients.

The Empirical Evidence

The first issue addressed by the empirical tests is whether the ability
to predict real excess returns on the size portfolios is consistent with

A modified version of the bootstrap [see Efron (1979)] was used to examine the finite sample
properties of the tests for data satisfying the constant conditional beta version of the conditional
CAPM. The results suggest that the Wald test generally exhibits better finite sample properties than
the test for overidentifying restrictions. Moreover, when used in conjunction with the asymptotic
critical values, the Wald test leads to mildly conservative inferences. A separate appendix that
describes the details of the bootstrap experiments is available on request.
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the restrictions implied by any of the consumption-based asset pric-
ing models. Since the candidate stochastic discount factors implied by
these models contain unknown parameters, it is worthwhile to exam-
ine the effect of changing these parameters on the empirical results.
This is accomplished by choosing a number of different settings for
the parameters, fitting the predictive regressions using OLS, and com-
paring the OLS estimates to those that result from explicitly imposing
the pricing restrictions implied by the candidate stochastic discount
factor. After documenting the performance of the consumption-based
models, the analysis shifts to the linear factor specifications. Their
performance is evaluated using the Wald test and the Hansen and
Jagannathan distance measure.

3.1 Results for the consumption-based specifications

The first model examined is the power utility specification. Figure 1
presents the results for this model. The graph in the upper left cor-
ner shows the OLS estimates of the slope coefficients and R? for the
predictive regressions. As expected, these estimates indicate that the
real excess returns on the size portfolios exhibit a significant degree
of predictable variation over time. Although the f-ratios of the slope
estimates are not shown, the majority of them are greater than two
in magnitude. As for the regression R?, it ranges from a low of 9.4%
for the portfolio with the largest stocks to a high of 20.3% for the
portfolio with the smallest stocks. These findings are consistent with
Harvey (1989).

The three remaining graphs in Figure 1 illustrate how the estimates
of the slope coefficients and regression R*> change when the restric-
tions implied by the power utility specification are imposed on the
regressions. Each graph corresponds to a different level of relative risk
aversion. With a relative risk aversion of five, the restricted estimates
of the slopes are close to zero. This indicates that the power utility
model implies almost no predictable variation in returns. There is an
increase in the magnitude of the slope estimates as the relative risk
aversion gets larger. But even a relative risk aversion of 50 does little
to alter the results. In every case the R? for the restricted regression
is below 1%. There is nothing in the results to suggest that the power
utility model can explain the observed return predictability.

Abel’s (1990) habit persistence model is examined next. The results
for this model are shown in Figure 2. Again, the first graph shows
the OLS estimates of the regression coefficients. The remaining three
graphs show the restricted estimates for different settings of the cur-
vature parameter y. On balance, the performance of this model is
comparable to that of the power utility specification. The restricted
estimates of the slopes and R? are far removed from the unrestricted
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Figure 1

Regression parameters implied by the power utility specification

This figure illustrates the effect of imposing the restrictions implied by the power utility
specification on the predictive regressions. The first graph shows the OLS estimates of the slopes
and regression R*. The next three graphs show the restricted estimates of these quantities for
three different levels of relative risk aversion (y = 5, 25, and 50). In all cases, the portfolio market
capitalization decreases from the front to back of the graph. The instrumental variables are the
lagged excess return on the equally weighted NYSE index (xrew), a January dummy (jan), the
lagged excess return on a 90-day T-bill (term), the lagged yield spread between Baa and Aaa
rated bonds (prem), and the lagged excess dividend yield on the S&P 500 stock index (xdiv).
See Table 1 for a description of the data.

estimates. Like the power utility specification, the habit persistence
model fails to generate the return predictability that shows up in the
unrestricted regressions.

The last consumption-based model examined is the recursive util-
ity specification of Epstein and Zin (1991). Figure 3 presents the re-
sults for this model. Since the model has two unknown parameters
(a and p), the effect of changing each is examined separately. Panel
A shows the OLS and restricted estimates of the regression coeffi-
cients for high intertemporal elasticity of substitution (p = —0.25;
o = —0.125, —0.5, and — 0.75). The restricted estimates for low in-
tertemporal elasticity of substitution (p = —4; « = —2, —8, and —12)
are shown in panel B. The settings of « are chosen to yield «/ p ratios
of 0.5, 2, and 3. Values of this ratio less than (greater than) one imply
a preference for early (late) resolution of uncertainty.

Despite the increased flexibility afforded by the Epstein and Zin

361



The Review of Financial Studies /v 11 n 2 1998

OLS Estimates Restricted Estimates
y=5

30

Ve e 4 =4 4
20 e — = = = small
s = =5 S
Py I
10§ & &
P
Py —
0 = . =
. . large
xrew jan term prem xdiv R-sq xdiv  jan  term prem xdiv  R-sq
Slopes Slopes
Restricted Estimates Restricted Estimates
7=25 =350
/
s
/
30 ’ s //, . —
7 small 20 F / - = small
d A i?
/ o o
10 ¥ o= o=y =4
v 4
= = =2
0 = oo = /;
L L L L large
xrew jan term  prem xdiv  Resq xrew jan term  prem xdiv  R-sq
Slopes Slopes

Figure 2

Regression parameters implied by the habit persistence specification

This figure illustrates the effect of imposing the restrictions implied by the habit persistence
specification on the predictive regressions. The first graph shows the OLS estimates of the slopes
and regression R*. The next three graphs show the restricted estimates of these quantities for three
different levels of the curvature parameter (y = 5, 25, and 50). In all cases, the portfolio market
capitalization decreases from the front to back of the graph. The instrumental variables are the
excess return on the equally weighted NYSE index (xrew), a January dummy (jan), the excess
return on a 90-day T-bill (term), the yield spread between Baa and Aaa rated bonds (prem), and
the excess dividend yield on the S&P 500 stock index (xdiv). See Table 1 for a description of the
data.

model, its performance is no better than that of the two previous
consumption-based specifications. Once again, the graphs of the re-
stricted estimates remain flat, regardless of the values chosen for the
model parameters. It seems that breaking the link between risk aver-
sion and intertemporal elasticity of substitution does little to improve
the poor fit of the consumption-based models. The evidence suggests
that we need to focus on other aspects of these models if we hope to
explain the predictability displayed by the size portfolio returns.
Although the findings for the consumption-based models may seem
unremarkable in light of the statistical rejections of these models re-
ported in the asset pricing literature, they do serve to illustrate that
predictability almost certainly plays a key role in these rejections. Most
empirical tests of equilibrium asset pricing models are based on overi-
dentifying restrictions that require the disturbance term for the model
to be uncorrelated with variables in the information set of investors.
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Panel A: High intertemporal elasticity of substitution
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Figure 3

Regression parameters implied by the recursive utility specification

This figure illustrates the effect of imposing the restrictions implied by the recursive utility
specification on the predictive regressions. Panel A shows the OLS estimates of the slopes and
regression R? along with the restricted estimates for high intertemporal elasticity of substitution
(p = —0.25) and three levels of risk aversion (&« = —0.125, —0.5, and —0.75). Continued next
page.

The low values of the regression R? generated by the consumption-
based specifications point to a lack of predictability as the driving
force behind these rejections. The results suggest, in other words,
that excess returns are too predictable to be consistent with the pric-
ing implications of these models.

3.2 The log utility specification

The inability of the power utility, habit persistence, and recursive util-
ity specifications to fit the data suggests that explaining predictability
within a consumption-based pricing framework poses a significant
challenge. But this finding is not unanticipated. We might suspect that
the linear factor models, which can be estimated without consump-
tion data, have a better chance of explaining the observed ability to
predict returns. Before turning to the factor models, however, it is
useful to examine the log utility specification. Since it can also be es-
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Panel B: Low intertemporal elasticity of substitution
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Figure 3 (continued)

Regression parameters implied by the recursive utility specification

Panel B shows the restricted estimates for low intertemporal elasticity of substitution (p = —4)
and three levels of risk aversion (@ = —2,—8, and —12). The final graph in panel B shows
the restricted estimates for the log utility specification (¢ = 0). In all cases, the portfolio market
capitalization decreases from the front to back of the graph. The instrumental variables are the
excess return on the equally weighted NYSE index (x7ew), a January dummy (jan), the excess
return on a 90-day T-bill (zerm), the yield spread between Baa and Aaa rated bonds (prem), and
the excess dividend yield on the S&P 500 stock index (xdiv). See Table 1 for a description of the
data.

timated without consumption data, its performance can be used as a
benchmark for the remaining tests.

The log utility specification is obtained by setting @ = 0 in the
recursive utility model. The performance of this specification is eval-
uated using the Wald test and the Hansen and Jagannathan distance
measure. Nominal rather than real excess returns are used to facilitate
comparisons with the linear factor specifications. Table 2 presents the
results. The tests in panel A treat each of the portfolios separately. The
test in panel B is for a joint econometric specification that combines
all 10 portfolios.

The first column in panel A reports the values of the regression
R? for the unrestricted regressions. These values, which range from a
low of 9.3% for decile 10 to a high of 20.3% for decile 1, are virtually
identical to those obtained earlier, so the switch from real to nomi-
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nal returns does nothing to alter the basic findings on predictability.
Column two of the table reports the R* values for the restricted regres-
sions. Since all of these values are below 1%, the initial indications
are that performance of the log utility model is no better than that of
the specifications that use consumption data.

The remaining columns of panel A are used to assess the statistical
significance of the difference in the restricted and unrestricted val-
ues of the regression R?. Columns 3 through 8 report the difference
between the unrestricted and restricted estimates of the regression
coefficients; columns 9 through 14 report the corresponding ¢-ratios.
The last three columns report the Wald statistic associated with the
hypothesis that the unrestricted and restricted coefficient vectors are
equal, the probability value for the test, and an estimate of the Hansen
and Jagannathan distance between the unrestricted and restricted co-
efficient vectors. The #-ratios and Wald tests are corrected for serial
correlation and conditional heteroscedasticity using the approach of
Andrews (1991). Under the null, the Wald statistic converges to a chi-
square random variable with six degrees of freedom.

The #-ratios and Wald tests indicate that, from a statistical stand-
point, the difference between the unrestricted and restricted coeffi-
cients is highly significant. Most of the #-ratios are greater than two in
magnitude, and the Wald tests strongly reject the null hypothesis that
the model explains the return predictability. The results of the joint
Wald test reported in panel B are similar. Even when we consider all
10 of the size portfolios together, the p-value for the test is essen-
tially equal to zero. Given these results, it does not appear that we
can achieve a meaningful improvement in the fit of the consumption-
based models simply by eliminating the use of consumption data.

The Hansen and Jagannathan distance estimates support this con-
clusion. They range from a low of 0.242 for decile 10 to a high of
0.328 for decile 4. Although not shown, the distance measure esti-
mates for the specifications that use consumption data are similar.!'!
In addition, there is a definite cross-sectional pattern in the distance
measure estimates. This is evidence that the pricing errors generated
by the log utility model are related to the market capitalization of the
portfolio. A similar pattern is evident for the unrestricted R?. It is about
twice as big for decile 1 as it is for decile 10. The restricted R?, on the
other hand, is never far from zero. Regardless of how we evaluate the
performance of the model, we draw the same conclusion: returns are
too predictable to be compatible with log utility.

With a relative risk aversion of five, for example, the corresponding values for the power utility
model are 0.251 and 0.337.
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3.3 Results for the constant price of risk specifications

The constant price of risk specification of the conditional CAPM is
considered next. The results for this specification are summarized in
Table 3. As before, the tests in panel A treat each of the portfolios sep-
arately. In general, the results look similar to those for the log utility
model. The R? values for the restricted regressions are in the range of
0.2% to 0.3%, a majority of the #-ratios are greater than two in magni-
tude, and both the individual portfolio and joint Wald statistics strongly
reject the hypothesis that the constant price of risk specification ex-
plains the predictability documented in the regressions. Moreover, the
estimates of the Hansen and Jagannathan distance range from a low
of 0.239 for decile 10 to a high of 0.320 for decile 4, which is nearly
identical to the range of values in Table 2.

The cross-sectional pattern in these distance measure estimates is
again clearly evident. This pattern may be an important clue to the
source of return predictability. To see why, consider a scenario where
predictability is due to market inefficiencies. In this case, there is no
reason to expect cross-sectional differences in the pricing errors to
be a function of cross-sectional differences in risk. If, however, return
predictability is rational and we are simply using the wrong pricing
model, then cross-sectional differences in the pricing errors are likely
to be related to cross-sectional differences in risk.

We can investigate whether this is a plausible explanation for the
observed pattern in the distance measure estimates by fitting the Fama
and French three-factor model. In an economy where pricing is ra-
tional, the market capitalization of a firm partially reflects its risk, so
the size and book-to-market portfolios should have some power to
capture cross-sectional differences in risk. Since the constant price of
risk specification of the conditional three-factor model nests the con-
stant price of risk specification of the conditional CAPM, any reduc-
tion in the distance measure estimates obtained by fitting the three-
factor model can be directly attributed to the size and book-to-market
factors. Therefore the three-factor model provides a way to assess
whether the pricing errors for the conditional CAPM exhibit the cross-
sectional pattern that we would expect in an economy where the
return predictability is rational.

The results for the constant price of risk specification of the three-
factor model are shown in Table 4. Adding the size and book-to-
market factors to the analysis produces a noticeable improvement in
fit over the corresponding specification of the conditional CAPM. The
restricted regression R’ ranges from 0.6% for decile 10 to 4.5% for
decile 1, and the maximum Hansen and Jagannathan distance falls
to 0.294. But the degree of predictability indicated by the restricted
estimates is still too low. Both the individual portfolio and joint tests
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strongly reject the model. This indicates that the size and book-to-
market factors capture only a modest portion of the predictable vari-
ation in returns when we force the prices of risk to be constant.

It might seem surprising that the three-factor model does not per-
form better in light of the findings of Fama and French (1993). How-
ever, Fama and French do not test the stochastic discount factor repre-
sentation of their model, so direct comparisons could be misleading.
Instead, they focus on the statistical significance of the coefficient es-
timates in multiple regressions of excess returns on the factors. Their
methodology has more in common with the tests of the constant con-
ditional beta specifications. The results of these tests are discussed in
Section 3.4.

3.4 Results for the constant conditional beta specifications
The results for the constant conditional beta specification of the con-
ditional CAPM are reported in Table 5. This version of the model
performs substantially better than the constant price of risk specifica-
tion. The restricted regression R? ranges from a low of 6.2% for decile
1 to a high of 10.3% for deciles 9 and 10. Although most of the in-
dividual portfolio tests still reject the model, a majority of the #-ratios
are less than two in magnitude and the statistic for the joint test is
insignificant at the 5% level. So, the model has at least some degree
of success in explaining the predictable variation in returns.

It is important to place these results in proper context, however. Re-
call that, under the constant conditional beta version of the conditional
CAPM, the predictable variation in the portfolio returns is driven by
predictable variation in the market return. Consequently tests of this
specification treat the predictability of the market return as given. This
must be considered when interpreting the test results. Suppose, for
example, we are in a situation where the market return is predictable
solely as a result of inefficiencies. As long as the returns on individual
firms are contemporaneously correlated, portfolio returns will almost
certainly exhibit some degree of predictability, regardless of whether
there is a structural link between the beta of the portfolio and the
predictability of its return. Depending on the values of the portfolio
betas, the tests could have low power to reject the restrictions of the
conditional CAPM.

Since it is necessary to depart from the stochastic discount factor
representation to impose the constant conditional beta assumption,
we cannot use the Hansen and Jagannathan distance measure to ex-
amine how the pricing errors for this specification behave in the cross
section. But we can get some idea of the cross-sectional pattern of
the pricing errors by comparing the unrestricted and restricted values
of the regression R?. The unrestricted R? starts at about 9% for decile
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10 and rises to around 20% for decile 1, while the restricted R? starts
at about 10% for decile 10 and falls to around 6% for decile 1. This
indicates that there is still a relation between the pricing errors gen-
erated by the model and the market capitalization of the portfolio. As
before, we can explore whether this relation appears to be consistent
with rational pricing by fitting the Fama and French model.

The results for the constant conditional beta specification of the
Fama and French model are shown in Table 6. Most of the individual
portfolio tests reject the model, but it clearly fits the data better than
the constant beta specification of the conditional CAPM. In particular,
the restricted R? increases from around 9% for decile 10 to over 15%
for decile 1. Moreover, the relation between market capitalization and
the magnitude of the pricing errors largely disappears, and the joint
test statistic is insignificant at standard levels.

Again, however, we have to be careful not to read too much into
these results. Market capitalization and book-to-market ratios cannot
be treated as factors in the conventional sense. Factors represent fun-
damental sources of undiversifiable risk in the economy. The returns
on the Fama and French portfolios simply pick up the differences in
discount rates that are embedded in market prices. As long as assets
are priced rationally, the market capitalization and book-to-market fac-
tors should have some power to capture cross-sectional differences
in risk, regardless of whether the true model is the CAPM, the APT, or
a consumption-based specification. This makes the Fama and French
model better suited to a diagnostic role than to traditional uses like
estimating expected returns. At best, we can say the results in Table 6
appear to be reasonably consistent with what we would expect to see
in an economy where predictability is rational.

3.5 Comparisons with prior research
Hansen and Singleton (1983) conducted the first comprehensive study
of rational pricing and return predictability. They developed explicit
restrictions on the joint stochastic process that governs consumption
growth and asset returns by assuming constant relative risk aversion
and lognormality. In their representative agent framework, the pre-
dictable component of returns is proportional to the predictable com-
ponent of consumption growth. Hansen and Singleton tested this re-
striction and found that it was strongly rejected by the data. Although
the tests of the consumption-based models in this study eliminate the
strong assumptions of Hansen and Singleton, they yield similar re-
sults. The consumption-based models cannot generate the degree of
predictability that is observed in the data.

In more recent studies, Ferson and Harvey (1991) and Ferson and
Korajczyk (1995) argue that conditional beta pricing models explain

372



The Restrictions on Predictability Implied by Rational Asset Pricing Models

PaoIsaIun oyl 1ey) 1S9l € J0J MSTw\TQ« Ppue dnsnels prex\ 2yl "Am b

(1661) sma1puy Jo sainpadold oy Juisn AJDNSEPIdSOIRIAN [BUONIPUOD PUE UONE[IIOD [BLIDS JOJ PIIILIOD IE SIOLD
PIEPUEIS "WOPDIJ JO $22139P ()9 SBY 151 JUIOf 9, "WOPIJ JO $92139P XIS DAEY S1$9) OFOJII0d [ENPIAIPUT "SUOISSDIZI ()T ) SSUIIOD Jey) UONEdY1dads Jutof & 10j
anfea-d pue dnsnels preay oYl suodar g [pued "00T Aq PI[EdS 21k @y puE ‘iqy ‘0qy Jo sonfea ayJ, ‘(onfea-d pue Ly ) [enba o1k SI0100A JUSIOYIO0D PAIOLISAI PUE

/L
© 1 o=/ "%V soner- pajeosse oyl (¢ ‘Tt T ‘0 =/ ‘iqv) sorewmso JUaDLYIO00 PIIdLISaT

PUE PIIDHISIIUN DY) USIMID( DUDIDYIP ) ‘(3f) UOISSDIBOI PaIdINsSaT oY) 10 L dldwies o) ‘(37) UOIssaI8a1 paidinsatun oY) 10J L d[dwes ay) suodar y [pued

g 4 1=l pxsq 4 hwaad g 4+ hwiao1€q +

up[Tq + 1"mouxlq 4+ %q =

SI [opow UOISSaIsal o],

6£°0

79

anea-d

B\

sorjojurod [re Sursn 1591 JUIof i [oUBJ

100°0 0%ec ¥€0 €9°0— 6L0— WhT [543 €1 L00 ¥o— 10— ¢T0 8’1 80°0 €6 €6 0T
LLOO N ¥60— €TI0 €0 6Y'T—  L9T—  9L0— 9¢0— 020 LT°0 €S0—  ¥LI—  600— it 101 6
000°0 9%C 11°0 €L0 90°0 €T 9Iv—  600— <00 Tt %00 €c0—  ¥9¥—  100— [44SR 8
000°0 19¢ Yol 8y'¢ SLO—  L9T— 1€T— 9T 050 89'¢ 8¢'0— T90— 8LT— ¥E0— 971 ¢ L
£00°0 9L 9¢°0 10C L0°0 60T— €S¢—  9LT1— ST'0 IS4 %00 A O) I a A 8¢l 0¢I 9
00°0 761 6L°0 e ¥Z0— 60— 10¢— 99C— 1€°0 9cy or'0— LO0— 0¢¢— LEO0— <yL 0¥l <
€L0°0 911 LET ¥0'C 0'T— <90 67—  101— 09°0 vL¢ 10— <10 88°¢— <SI'0— LYD €¥1 4
¥00°0 161 01’1 L0°¢ ore— ¥ee 97—  8¥¢— 6%°0 019 STI— 690 CIy—  $S50— ST 191 ¢
000°0 T S0 0T 86'0— L0¥ ore—  ¥HLT— LLO 0Z'9 o= 91 €€9—  8S0— 9¢T 18T 4
100°0 8'CC 180 901 00'l— 8I'V PI'l—  ¢81— 99°0 8T'Y (4000 Rl 44 16— LS0— 96l €0C T
onpea-d Iy v, Yqv, v, 4v, 19v, %v, Qv gy v qv 1qv gy o o aaa
159) PIEM SOUDIOHIP JO Onel-] JUDIOYJO0D PAIOMISDI SNUIU PAIJLISIIU(] (%) 2

1591 orjopiod [enprAIpu] 1y [dUkq

[oPOWI JOIDEJ-331Y) [EUONIPUOD YY) JO UOISIIA €19 [EUOHIPUOD JUELISUO0D ) Aq PIrfdusf SUONOLISII YY) JO SIS,

9 31qeL

373



The Review of Financial Studies /v 11 n 2 1998

a large fraction of the predictable variation in portfolio returns. The
evidence discussed in Section 3.4 is generally consistent with their
results. But it may be premature to conclude that these models truly
explain return predictability. In conditional beta models, return pre-
dictability is driven by predictable variation in both the betas and the
factors. So, if one or more of the factors is the return on a portfo-
lio, we know before we conduct the empirical tests that the model
will almost certainly imply some level of predictability. This is an
unavoidable consequence of the contemporaneous correlation in re-
turns. The real question, therefore, is not whether conditional beta
pricing models capture a substantial fraction of the predictable vari-
ation in returns, but whether they explain cross-sectional differences
in return predictability.

To see why this is an important distinction, consider the potential
effects of data mining. If we have a large number of researchers ex-
amining essentially the same data, then it is quite likely that some of
them will uncover predictability that appears to be statistically signif-
icant but is really due to chance occurrences. Ferson and Korajczyk
(1995) note that this is a concern and argue that, since they select
factors based on research that predates the predictability literature, it
should be difficult to explain the predictability that results from data
mining using their pricing model. They contend, in other words, that
from the standpoint of their work, data-mining biases should be con-
servative.

But, given the form of the restrictions implied by their pricing
model, it appears that this need not be true. We know that (i) under
their model, return predictability is closely linked to the predictability
of the factors; and (ii) asset returns are contemporaneously correlated.
So, if we specify the market return as a factor and it is predictable due
to data mining, then we should expect the pricing model to explain
at least some of the predictability displayed by other portfolios. Even
though the market return was identified as a factor long before re-
searchers began to report that returns are predictable, this is no guar-
antee that using it as a factor will lead to conservative tests. A pricing
model that uses portfolio returns as factors may appear to explain a
substantial fraction of the predictable variation in returns, even when
this predictability is due to collective data mining.!?

The form of the restrictions implied by the constant beta specifica-

Foster, Smith, and Whaley (1997) make a similar point when discussing the potential effects of
data mining. They note that some researchers argue that data mining is not a plausible explanation
for the ability to predict U.S. returns because recent studies have documented predictability using
international returns as well. Their analysis reveals, however, that this is not a valid inference.
Since international returns and instruments are correlated with the U.S. returns and instruments,
mining the U.S. data will also bias the results of the international studies.
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tions may also help explain why Ferson and Harvey (1991) and Ferson
and Korajczyk (1995) conclude that time-varying betas explain only
a small fraction of the predictable variation in returns. The empirical
evidence suggests that, even when the betas are held constant, any
linear factor pricing model in which the market return is specified as
one of the factors will probably have a reasonable degree of success
in explaining return predictability. As a result, the additional flexibility
afforded by allowing the betas to change through time is unlikely to
have a large impact on the analysis.

Despite such caveats, the results for the constant conditional beta
specifications remain interesting. They reveal that the observed pat-
tern of predictability across the size portfolios is reasonably consistent
with what we would expect under circumstances where predictability
is rational. This finding suggests that if we can identify the factors that
lead to cross-sectional differences in average returns, then we have
a chance of explaining cross-sectional differences in predictability as
well.

Conclusions

The ability to predict asset returns is often measured by regressing
them on a set of predetermined instrumental variables. This approach
is favored over other strategies because it is simple to implement and
the resulting estimates of the slope coefficients and regression R* have
an appealing interpretation. The primary contribution of this article is
to show that asset pricing models imply that the parameters in such
regressions must take on certain values. With the form of these re-
strictions established, it is straightforward to determine whether the
predictability documented using regression analysis is consistent with
the implications of rational asset pricing models. The article also shows
how to construct the linear forecasting specifications implied by dif-
ferent asset pricing models. Forecasts generated in this manner are
useful for exploring the economic basis for predictability.

The empirical investigation focuses on whether the ability to pre-
dict size portfolio returns is consistent with a number of well-known
pricing models. These models include the consumption-based spec-
ifications of Lucas (1978), Abel (1990), and Epstein and Zin (1991),
along with simple conditional versions of the Sharpe (1964) and Lint-
ner (1965) CAPM and the Fama and French (1993) three-factor model.
The evidence indicates that, in general, returns are too predictable to
be consistent with these models. Of course, rejecting the restrictions
for these models does not necessarily mean that predictability is irra-
tional. Any test for rational predictability involves a joint hypothesis
that markets are efficient and the pricing model used in the test is cor-
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rect. Although none of models in this study explain the overall pattern
of predictable variation in returns, the results do suggest that the cross-
sectional differences in predictability are reasonably consistent with
what we would expect under circumstances where predictability is
rational.

As for future research, there are several ways to refine the anal-
ysis. Recent work by Luttmer (1994) suggests that it is important to
take transaction costs into account. Thus one useful extension would
be to explicitly incorporate market frictions into the restrictions on
regression-based measures of predictability. The work of Hansen,
Heaton, and Luttmer (1995) should prove useful in this regard. An-
other possibility is to pursue a seminonparametric approach like that
of Gallant and Tauchen (1989). They argue that it is local durability of
nondurable consumption, not habit persistence or adjustment costs,
that is the source of intertemporal nonseparability in preferences. Per-
haps consumption-based specifications that incorporate this feature
would have better success in explaining the observed ability to pre-
dict returns than the models considered here.

Appendix A: The Variance Bound and Distance Measure

The relation between the restrictions on predictability developed in
Section 1, the Hansen and Jagannathan (1991) variance bound, and
the Hansen and Jagannathan (1997) distance measure is illustrated
below.

A.1 The Variance Bound

Let r; denote an N x 1 vector of portfolio returns. Hansen and Ja-
gannathan (1991) show that the lower bound on the variance of the
set of admissible stochastic discount factors is given by the variance
of the linear projection of any element of this set onto the asset pay-
off space. Since the assets considered in Section 1 include dynamic
trading strategies, this projection takes the form

7717 = 45; +® Xt—l)/(ﬁtx, (AD)

where ¢ is the intercept and ¢}, is a KN x 1 vector of slope coeffi-
cients. So the lower bound on the variance of m; is given by

05 = ¢k, (A2)

where X, = E[(r;®X;_1)(r;®x;_1)’] is the variance-covariance matrix
of the subset of payoffs used to construct 7.

Since m; is an admissible stochastic discount factor, it must assign
the correct price to each of the asset payoffs. As a result, we can rear-
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range Equation (5) to obtain the relation E[r; ® X;—1] = —cov(#, r; ®
X;—1) and write the vector of slopes as

¢t = —%, Elr, @ x,_q1. (A3)

Substituting Equation (A3) into the expression for the variance bound
yields

07%1* = M;‘xz;xlp’rx’ (A4)

where p,, = Elr; ® X;—1] is the vector of expected payoffs.
To see the role that predictability plays in Equation (A4), consider
a multivariate model for forecasting returns of the form

I’, == X;_lB—I—e,, (AS)

where B = E[X,_4 X’Fl]_lE[X;,lrt] is the KN x 1 vector of regression
coefficients, X;—1 = Iy ® X;—1, and |y is an N x N identity matrix.
Following Kirby (1997), we can show that the limiting distribution of
the least-squares estimator of B is

JT@B —B) 4 N(0,G'HG™), (AG)
where
G = ly ®ElX;—1X,_4]
00 (A7)
H= Y Ele®x- e ®x_;1)]
Jj=—00

Therefore the Wald statistic
Wy = TB (GH™'G)B, (AS)

provides a joint test of whether the regression coefficients in Equa-
tion (A5) are significantly different from zero.

The Wald test in Equation (A9) can be viewed as a test of the
hypothesis that investors are risk neutral. This follows by noting that
B = 0 corresponds to a scenario where excess returns have a mean of
zero and are uncorrelated with the instruments. In general, this will be
the case only if investors are risk neutral. Under risk-neutral pricing,
El(e; ® X/—1)(&—; ® X,—;—1)'] reduces to El(r, ® X;—1)(r,—; ® X;—;-1)’]
and E[(r;®X,—1)(r,— ;®X;—;_1)' = 0 for all j # 0. Therefore the matrix
H reduces to X, and the Wald statistic can be computed as

nr oala
WT = T“;xzrxl“‘l‘}’x’ (A9)

where fi,, and 3, are the sample analogues of ,, and ..
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Comparing Equation (A10) to Equation (A4) reveals that Wy =
T&éﬂ. The intuition behind this relation is simple. A large value of & %*
suggests that the stochastic discount factor is highly variable, which
in turn provides evidence against risk neutrality. Thus the variance
bound has a natural interpretation within a linear regression frame-
work for predicting returns. Strong predictability will generally trans-
late into a large lower bound on the variance of 7. So if we find that
a specification of 7, satisfies the bound, we can say that the candi-
date m, displays enough variability to be consistent with the observed
ability to predict returns.

A.2 The Distance Measure

Hansen and Jagannathan (1997) use the least-squares distance be-
tween a candidate stochastic discount factor and the minimum-variance
stochastic discount factor as a measure of model misspecification. To
construct this distance measure, we note that the intercept in Equa-
tion (A1) is given by (1 — p/. %), so we can write 71} as

ﬁ/l;k =1 + ((rt ® thl) - /J’rx)/d)jix' (AlO)

Similarly, the linear projection of the candidate stochastic discount
factor onto a constant and the set of payoffs can be written as

ﬁ’lf =1+ ((rt ® Xz—1) - /er)/qs;c‘x' (All)
The distance between these two projections is

d

(¢S, — %) Sra(@S, — ¢* )17 (A12)

Using the relations shown in Equations (13), (A3), and (A6), Equa-
tion (A13) can be written as

d =[(B, —B,)GE,!G(B, — B, (A13)

where B, = G™'y,,. and B, = —G_lcov(ﬁaf, r; ® X;_1) are the unre-
stricted and restricted vectors of regression coefficients. If we square
Equation (A14) and multiply by 7, the resulting expression is sim-
ilar to the Wald statistic for testing whether the restrictions on the
regression coefficients are satisfied. The only difference is that Equa-
tion (A14) uses GX!G as a distance metric instead of the inverse of
the variance-covariance matrix of the difference in the unrestricted
and restricted estimators.
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Appendix B: The Dataset

The 10 size portfolios are constructed using data provided by the Cen-
ter for Research in Security Prices (CRSP) at the University of Chicago.
First, the NYSE firms are sorted into deciles based on the market value
of equity outstanding. Then, monthly portfolio returns are computed
by taking a value-weighted average of the monthly returns for the
individual firms. The portfolios are rebalanced annually. For tests that
require real returns, the nominal returns are deflated by one plus the
inflation rate implied by monthly consumption expenditures on non-
durable goods. The consumption data are from CITIBASE. Aggregate
per-capita consumption is constructed by taking seasonally adjusted,
aggregate, real expenditures on nondurable goods and dividing by
the total resident U.S. population.

The size and book-to-market factor are constructed as in Fama and
French (1993). Each year, firms are assigned to one of six different
portfolios depending on their market capitalization and book equity
to market equity ratio. These six portfolios are then combined to form
two zero-investment portfolios whose returns are designed to capture
cross-sectional differences in systematic risk associated with market
capitalization and book-to-market equity. The data used to construct
the instrumental variables are drawn from three sources: CRSP (the
value-weighted NYSE index, 30-day Treasury bill, and 90-day Treasury
bill returns); Standard & Poor’s Current Statistics (the dividend yield
on the S&P 500 stock index); and Moody’s Industrial Manual (the
Aaa and Baa bond yields).

Appendix C: The Variance-Covariance Matrix

To construct tests of the restrictions on predictability, we need a con-
sistent estimator for Q; = (D’S;'D;)™!. In most applications, the ele-
ments of the disturbance vector h(y,,, 8;) are serially correlated. Con-
sequently, a suitable weighting scheme is required in order to obtain
a consistent, positive semidefinite estimator of S;. All of the results re-
ported in the empirical section of the article are based on estimates of
S; constructed using quadratic spectral weights. The bandwidth used
to compute these weights is an estimate of the optimal bandwidth
for the dataset employed in the empirical analysis. As suggested by
Andrews (1991), this estimate is obtained by fitting an AR(1) model
to each element of the sample analogue of h(y,;, 8;).

The complete procedure for constructing the covariance matrix es-
timator is as follows. Let P denotes the dimension of the disturbance
vector h(y;,, ;). First, the sample autocorrelation coefficients, p;;, and

the innovation variances, 81.27, from the AR(1) models are substituted
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into the formula,

P 4"2 4

~ py
;= _J I Cl1
! ]; 0=y Z = plm (D

Then, the bandwidth, ;, is set equal to 1.3221(5;7)%? and S, is con-
structed as

h(y,.» 0)h'(y,,. 6,)

)
Il
N
lings

-1 T . .
+ >IN, 00N (- 0))
j=1 t=I+1
+ h(yz',[—j’éz’)h/(Yz'z’éz’)] ) (C2)
where
. 25 sin(6mr L/ (5w;)) ]
wy = L) < 6L G cos(67rL/(5a),))> (C3)

is the weight at lag L given by the quadratic spectral kernel. Although
the bandwidth used to compute the weights will generally deviate
from the true optimal bandwidth because of estimation error, the
Monte Carlo results of Andrews (1991) suggest that the resulting es-
timator of the variance-covariance matrix performs well under most
circumstances.
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