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In this article we study the effects of transac-
tion costs on asset prices. We assume an overlap-
ping generations economy with a riskless, liquid
bond, and many risky stocks carrying propor-
tional transaction costs. We obtain stock prices
and turnover in closed form. Surprisingly,
a stock’s price may increase in transaction costs,
and a more frequently traded stock may be less
adversely affected by an increase in transaction
costs. Calculations based on the “marginal”
investor overestimate the effects of transaction
costs. For realistic parameter values, transac-
tion costs bave very small effects on stock prices
but large effects on turnover.

Transaction costs such as bid-ask spreads, broker-
age commissions, market impact costs, and transac-
tion taxes, are important in many financial markets.!
Moreover, considerable attention has focused on their
effects on asset prices. A recent example is the debate
on how prices of NYSE stocks would be affected if a
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transaction tax is imposed.? Transaction costs have also been pro-
posed as an explanation for various asset pricing puzzles such as the
equity premium puzzle [Mehra and Prescott (1985)]° and the small
stock puzzle [Banz (1981) and Reinganum (1981)].*

Although transaction costs are mentioned in many asset pricing
debates, they are generally absent from asset pricing models. Some
articles introduce transaction costs, but assume that assets are identical
in all other dimensions [see Amihud and Mendelson (1986), Aiyagari
and Gertler (1991), Huang (1997), and Vayanos and Vila (1997)].> This
assumption is restrictive. In the equity premium puzzle for instance,
stocks are riskier than bonds, while in the small stock puzzle, small
stocks are not perfectly correlated with large stocks. Some other arti-
cles relax the assumption that assets differ only in transaction costs,
assuming instead a riskless, perfectly liquid bond, and a risky stock
that carries transaction costs [see Constantinides (1986), Duffie and
Sun (1990), Davis and Norman (1990), Grossman and Laroque (1990),
Dumas and Luciano (1991), Fleming et al. (1992), Shreve and Soner
(1992), and Schroder (1997)]. These articles treat asset prices as exoge-
nous and determine the optimal investment policy. They also compare
the rate of return on the stock to the rate of return that a perfectly
liquid stock should have, so that the investor is indifferent between
the two stocks. However, the difference between the two rates can be
interpreted as the effect of transaction costs, only when the investor
is constrained to choose one of the two stocks and cannot diversify.
In addition, the analysis is not done in a general equilibrium setup
where both stocks are present and prices are endogenous. Heaton
and Lucas (1996) endogenize asset prices in a one bond/one stock
model, but have to resort to numerical methods.

In this article we develop a general equilibrium model with transac-
tion costs. We assume a riskless, perfectly liquid bond with a constant
rate of return, and many risky stocks that carry proportional transac-
tion costs. Trade occurs because there are overlapping generations of

2 Amihud and Mendelson (1986) regress cross-sectional asset returns on bid-ask spreads and betas.
Using these results, Amihud and Mendelson (1990) argue that a .5% tax would decrease prices
by 13.8%. Barclay, Kandel, and Marx (1997) study changes in bid-ask spreads associated with the
use of odd-eighths quotes in the NaspaQ, and the migration of stocks from NaspaQ to NYSE or
AMEX. Using their results, they argue that a tax would have much smaller effects. Umlauf (1993),
Campbell and Froot (1994), and Stulz (1994) present and discuss empirical evidence on the effects
of transaction taxes in Sweden and the U.K.

3 Aiyagari and Gertler (1991) and Heaton and Lucas (1996) examine whether transaction costs
explain part of the difference in rates of return between bonds and less liquid stocks.

4 Schultz (1983), Stoll and Whaley (1983), Amihud and Mendelson (1986), and Constantinides (1986)
examine whether transaction costs explain the difference in rates of return between large stocks
and less liquid small stocks.

> In Amihud and Mendelson assets are identical because agents are risk neutral, while in Aiyagari
and Gertler, Huang, and Vayanos and Vila assets are identical because they are all riskless.
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investors who buy the assets when born and slowly sell them until
they die. The model is very tractable and stock prices are obtained in
closed form.

Our results are surprising and contrary to “conventional wisdom”
about the effects of transaction costs on asset prices. First, the price of
a stock may increase in its transaction costs. An increase in transaction
costs has two opposing effects on the stock’s demand. On the one
hand, investors buy fewer shares, but on the other, they hold them
for longer periods. We show that either effect can dominate.

According to conventional wisdom, the effect of transaction costs
on the stock price depends on the stock’s minimum holding period,
that is, the holding period of the marginal investor. For the marginal
investor to be induced to buy the stock, the price has to fall by the
present value of transaction costs that he, and all future marginal
investors, incur (the “PV term”).® Our second result is, however, that
the PV term overstates the effect of transaction costs on the stock
price. The reason is that, with transaction costs, investors hold the
stock for longer periods. Therefore the marginal investor holds fewer
shares and requires a smaller 7isk premium. The difference between
the effect of transaction costs and the PV term is important and should
not be neglected in practical applications. For small transaction costs
€, the effect of transaction costs is of order €, while the PV term is of
order \/e.

Our third result is about how the effect of transaction costs on the
stock price depends on the stock’s characteristics. According to con-
ventional wisdom, a more liquid stock or a riskier stock is more ad-
versely affected by an increase in its transaction costs. Indeed, since
such a stock is traded more frequently, the holding period of the
marginal investor is shorter and the PV term larger. We show, how-
ever, that a more frequently traded stock may be less adversely af-
fected by an increase in its transaction costs. The reason is that the
marginal investor greatly reduces his stock holdings and requires a
smaller risk premium. An empirical implication of our results is that a
cross-sectional regression of asset returns on transaction costs should
include the following two terms with opposite signs: (i) a nonlinear
term in transaction costs’” and (ii) an interaction term between trans-
action costs and asset risk.

Our fourth result concerns the effect of a change in one stock’s
transaction costs on the price of another stock. According to conven-
tional wisdom, if transaction costs of a stock decrease, the price of a

¢ Amihud and Mendelson (1986) and Vayanos and Vila (1997) show that when assets are identical
except for transaction costs, the price indeed falls by the PV term.

7 Amihud and Mendelson (1986) allow for the effect of transaction costs to be nonlinear.
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less liquid but correlated stock should increase, since agents do not
need to trade it as much. We show, however, that the price may de-
crease. This result suggests that the introduction of a low transaction
cost derivative (such as an option or a futures contract) may decrease
the price of the underlying asset.®

In addition to stock prices, we study stock turnover and obtain it
in closed form. A stock’s turnover decreases in the stock’s transaction
costs and increases in the transaction costs of other stocks. One would
expect turnover to increase in the stock’s risk, since investors would
face a higher cost of deviating from their optimal, no transaction cost
portfolio. We show, however, that turnover may decrease.

Finally, we calibrate the model. For realistic parameter values, trans-
action costs have very small effects on stock prices but large effects
on investors’ trading strategies and turnover. In addition, turnover is
small, because it is generated only by life-cycle effects. Our results are
very similar to Constantinides (1986) and Barclay, Kandel, and Marx
(1997).

The rest of the article is structured as follows: in Section 1 we
present the model. In Section 2 we study agents’ optimization problem
and market clearing, and determine a simple set of conditions that are
sufficient for equilibrium. In Section 3 we construct the equilibrium in
the benchmark case where there are no transaction costs. In Section 4
we construct the equilibrium in the case where there are transaction
costs. We then study the effects of transaction costs on stock prices
and turnover. In Section 5 we extend the analysis to the case where
the short-sale constraint for some stocks is binding. In Section 6 we
calibrate the model. Section 7 concludes, and most proofs are in the
Appendix.

. The Model

We consider a continuous-time overlapping generations economy.
Time, ¢, goes from —oo to co. There is a continuum of agents. Each
agent lives for an interval of length 7. Between times ¢ and ¢ + dt,
dt/ T agents are born and dt/ T die. The total population is thus 1.

1.1 Financial assets

Agents can invest in N + 1 financial assets. The N + 1st asset is a
riskless and perfectly liquid bond. We assume that its rate of return is
constant and equal to ». We also assume that the bond can be sold
short. The first NV assets are risky stocks. Stock 7 pays dividends at rate

8 For a survey of the literature on the effects of derivatives, see Chapter 2 of Allen and Gale (1994).
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D; s, which follows an Ornstein—Uhlenbeck process
le"f = _Ki(Di,z — Bi)dt + O'l'dbl"f. (1)

The constants D;, k;, and o; are the long-run mean, reversion rate,
and instantaneous standard deviation, respectively. The process b; =
(b1.ty .., by,y) is a Brownian motion on a probability space (2, F, P).
The standard filtration of b, is F = {F, : t € (—00, 00)}. The instanta-
neous covariance between b;, and b;; is p;;, and p;; is normalized
to 1. The total number of shares (i.e., the supply) of stock ¢ is s; > 0,
and the price at time ¢ is P;;. Stock 7 is not perfectly liquid, but car-
ries transaction costs that are proportional to the number of shares
traded. The costs of buying or selling x; shares are €;x;, with €; > 0.
We assume that stocks cannot be sold short. Our results hold, how-
ever, even when the short-sale constraint is not binding. The shares of
stock i held by an agent of age 7 are x;,.” We assume that the process
x;, is adapted to F, absolutely continuous, and that its derivative!” is
square-integrable, that is,

r ax;; 2
E LI I .
/0 (dr) =

The agent’s wealth, W}, is defined as the sum of the values of the
stock and bond portfolio, that is,

N
W; = ZPi,zxi,z+Mz- (2)
i=1

1.2 Endowments and preferences

Agents are born with an endowment y of a consumption good, and
do not receive any other endowment over their lifetime. They derive
utility from lifetime consumption. Consumption takes the form of a
flow ¢; for t € [0, T] and a “gulp” Cy for ¢t = T. We assume that the
process ¢; is adapted to F, continuous, and square-integrable, that is,

T
E</ clzdt) < 00.
0

 We consider an agent born at time 0 and use ¢ for both time and the agent’s age.

10 Since x;, is absolutely continuous, it has a derivative almost everywhere and is the integral of its
derivative.
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Utility over consumption is exponential, that is,
T
u(c, Cr) = —/ e~ 9Bl gy — o= AC =BT, (3)
0

We assume a “smooth” utility e=4“ =#7 rather than the constraint
Cr > 0 that is more standard and corresponds to 4 = oo, for tech-
nical reasons. We assume, however, that A4 is large in order to obtain
qualitatively similar results to the case A = oo.

The assumptions that are essential to the tractability of the model
are the following. First, the riskless rate is constant. Second, dividends
follow Ornstein—Uhlenbeck processes and are thus normal. Third, util-
ity over consumption is exponential. Fourth, transaction costs are pro-
portional to the number of shares, rather than the dollar value. These
assumptions turn out to imply two key properties of the equilibrium,
namely that stock prices are linear in dividends and that agents’ stock
holdings are deterministic.

The assumptions of constant riskless rate, normal dividends, and
exponential utility are admittedly special. However, they are almost
standard in market microstructure theory.!! They are also used in
dynamic asset pricing theory!? since they are one of the very few sets
of assumptions under which the CAPM holds. This article shows that,
under such standard assumptions, the effects of transaction costs can
be contrary to conventional wisdom.

. Optimization and Market Clearing

In this section we study agents’ optimization problem and market
clearing, and determine a simple set of conditions that are sufficient
for equilibrium.

2.1 Optimization
We first state the optimization problem. We then determine a set of
conditions that are sufficient for optimality.

2.1.1 The optimization problem. To simplify the optimization
problem, we immediately assume the equilibrium dynamics of the

For a survey of market microstructure theory see O’Hara (1995).

Stapleton and Subrahmanyam (1978) assume a constant riskless rate, normal dividends, and ex-
ponential utility and, like us, obtain linear prices and deterministic stock holdings. However, they
assume no transaction costs and a finite, discrete-time economy where all agents are born at
time 0.
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stock prices, P;,. In equilibrium P;, is given by

Dy — D;

P, =P+
it i V‘l‘Kz‘

“)

The stock price, P;,, is a long-run mean, P;, plus a linear function of
the deviation of the dividend, D;;, from its own long-run mean, D;.
The sensitivity of P;; with respect to D;;is 1/(r+k;), and is decreasing
in the riskless rate, », and the reversion rate, «;. This is intuitive: if r
and k; are high, an increase in the current dividend has a small effect
on the present value of future dividends. The instantaneous standard
deviation of P;; is o;/(r + ;). By appropriately redefining a share of
each stock we can change o;, and adopt the normalization

[oF]

=1. 5
r+K; ©)
An agent chooses stock holdings, x;;, and consumption, ¢;, to max-
imize expected utility. The dynamics of his wealth, W}, are given by

N N
AW, = Z(Di,[dl‘-i- AP )i+ rMdt — c;dt — Zei

i=1 i=1

dx,-,[

dt

dt. (6)

Using Equations (1), (2), (4), and (5), we can simplify the wealth
dynamics to

N N
dVV} = Z(El — Vﬁ,‘)xi,ldl‘—i- in’ldbi'l + 7”‘/Vldt — C[dl‘
i=1 i=1
v ax;
=1 dt

dt. @)

Y

1

The first term on the right-hand side corresponds to the excess re-
turn on the stock portfolio relative to the bond. The second term
corresponds to the portfolio’s risk. The third term corresponds to the
return if all wealth were invested in the bond. The fourth and fifth
terms correspond to the consumption and transaction costs, respec-
tively. Notice that, due to the dividend and price dynamics [Equa-
tions (1) and (4), respectivelyl, the dividends, D;,, do not enter in the
wealth dynamics [Equation (7)]. Therefore stock holdings, x;;, will be
independent of D;;. Since utility is exponential, x;; will also be inde-
pendent of wealth, W;. The x;,’s will only be functions of the agent’s
age, and thus deterministic. This is a key simplifying property of the
equilibrium.
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At time O the agent buys x; o shares of stock . His bond holdings
thus are

N
My=y— Z(Pz‘,o + €)X 0. (8)
p)

Equations (2) and (8) imply that the agent’s initial wealth is

N
Wo=y— Zeixi,Os ©))
=1

that is, initial wealth, W, is equal to the endowment, y, minus the
transaction costs. At time 7 the agent sells x;r shares of stock i.
Equation (2) implies that the consumption gulp is

N
Cr = Mr+

N
(Pir — €)xir = Wr — Zfz‘xz',T- (10)
i=1 i=1

Therefore the agent’s optimization problem, (P), is
T
sup —F (/ e~ PBlgr + eACTﬂT>
(Xi,/,Cz) 0

N
aw, = Z ((5, — rﬁi)xmdt—i- .Xi,[dbl;t) + rWidt — ¢, dt
i=1

subject to

d.X','J
dt

dt,

_ZQ

N
i=1

N

Wo=y— E €X;,05
=1

A7
Cr=Wr— €% T,
=1

and the short-sale constraint x;; > 0.

2.1.2 The optimality conditions. We now study the optimization
problem (P). The main tool for studying consumption/investment
problems with transaction costs is dynamic programming. Dynamic
programming is used, for instance, in all the articles that assume one
stock [see Constantinides (1986), Duffie and Sun (1990), David and
Norman (1990), Grossman and Laroque (1990), Dumas and Luciano
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(1991), Fleming et al. (1992), Shreve and Soner (1992), and Schroder
(1997)]. With many stocks, however, dynamic programming becomes
very complex. The state space becomes large, since one state variable
must be introduced for each stock. We will study (P) using the cal-
culus of variations instead of dynamic programming. More precisely,
we will determine a set of sufficient conditions for a control (x;;, ¢;)
to be locally optimal. Since (P) is concave, the control (x;, ¢;) will
be globally optimal. We determine the sufficient conditions in Propo-
sition 1, proven in Appendix A. Before stating the proposition we
define y =1 — ra/A, and A, by

ra

Az = 71 — yefi‘(Tfl) .

(11
A, corresponds to the coefficient of absolute risk aversion of an agent
of age t. Since A is large, y € (0, 1) and A4, increases with age ¢. Agents
are more risk averse when old because with a shorter horizon their
consumption reacts more to an adverse price shock.

Proposition 1. Consider N continuous and piecewise C* functions
xi; [0, T). Suppose that for each x;,; there exist0 < t; < t; < T such
that

(i) xi; =x0 >0Vt el0, t], dx;;/dt <0Vt e [t, i, and
Xit = OVte (21', T],

(i)
t; N
/ <51 — Vﬁi + re; — Al Zpl’,j‘xjf,l e_”dt — 26[ = 0, (12)
0 j=1
(iii)
N
Di—rPi+re,— A Zpi,]’xj,t =0 Viely, tl, (13)
=1
(iv) A, ij:] pi, ;X increases Vi € [0, 1],
and
(v)

N
Bi - Vﬁi + re; — A; Zp,;]vxj,z <0 Vit e (21', T] (14)
J=1

Then there exists ¢;, such that (x;;, ¢;) solves (P).
Proposition 1 provides a set of sufficient conditions for stock hold-

ings, x;¢, to be part of an optimal control. Condition (i) states that
holdings of stock 7 are constant in an interval [0, #], strictly decreasing
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in [t;, 7], and 0 in (%, T1. The agent thus buys stock i when born and
sells it slowly between #; and 7. He sells the stock as he gets older
because he becomes more risk averse. He starts selling at #; rather
than 0, that is, not immediately after he buys, because of transaction
costs. If #; < T, the agent does not hold stock i in an interval (i;, T
of positive length. In fact, the short-sale constraint for stock 7 is bind-
ing in this interval. In the next sections we show that the short-sale
constraint is binding if stock ¢ is highly correlated with other stocks
that have larger transaction costs.

Conditions (iD)—(v) are first-order conditions. Condition (ii) is a first-
order condition for the shares of stock i, x; o, that the agent buys when
born. This Condition states that the agent’s payoft does not change
in the first order if he buys some additional shares at time 0 and sells
them at time #;. Indeed, we can write condition (i) as

t; N
/ 5,‘ — Vﬁi — Al Z,Ol"]‘.x]"; e_”dt - 61'(1 + e_”') = 0. (15)
0 j=1

The first term inside the integral, D;— rP;, corresponds to the increase
in the excess return on the stock portfolio from buying the additional
shares. The second term corresponds to the increase in risk. It is the
product of stock #’s contribution to portfolio risk, Z]“:l i, j ¢, times
the coefficient of absolute risk aversion, A4;. The last term corresponds
to the transaction costs incurred at times 0 and ¢;. All terms are dis-
counted at interest rate 7.

Condition (ii) is a first-order condition for the shares of stock 7, x;
that the agent holds at time ¢ € [t;, #;], that is, when he is selling the
stock. This condition states that the agent’s payoff does not change
in the first order if he sells some shares at time ¢ + d¢ rather than at
time ¢. Indeed, multiplying by dt, we can write Condition (iii) as

N
(D; — rP)dt — A, Z pi X, dt + re;dt = 0.
=

The first term corresponds to the increase in excess return from hold-
ing the shares until time ¢ + dt. The second term corresponds to the
increase in risk. The last term corresponds to the savings from incur-
ring the transaction cost at time ¢+ dt rather than at time #. Condition
(iv) ensures that the agent’s payoff decreases if he buys some addi-
tional shares at time 0 and sells them at time ¢ < ¢;, or if he sells
some shares at time ¢ < #; rather than at time ¢;. Finally, Condition
(v) ensures that the agent’s payoff decreases if he sells some shares
during the “short-sale interval” (;, T rather than at time #,.

10
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2.2 Market clearing

We first study market clearing in a “stock” sense and then in a “flow”
sense. The market for stock 7 clears in a “stock” sense if total holdings
at a given point in time are equal to the stock’s supply. To compute
total holdings, we note that there are dt/ T agents with age between
t and t + dt, and each holds x;, shares. Therefore the market clears

in a “stock” sense if
/T dat (16)
Xij— = Sj.
o il T i

The market for stock 7 clears in a “flow” sense if the number of shares
bought in a given time interval is equal to the number of shares sold.
If Equation (16) is satisfied, the market clears in a “stock” sense at
each point in time, and thus automatically clears in a “flow” sense. A
more direct and perhaps more intuitive way to show that the market
clears in a “flow” sense is to compute the number of shares of stock
i bought and sold between times ¢ and t + dt. For the number of
shares bought, we note that the buyers are the agents born between
t and ¢t + dt. Since there are dt/T such agents and each buys x;¢
shares, the number of shares bought is x;0dt?/ T. For the number of
shares sold, we note that the sellers are the agents who at time ¢ have
age greater than #;. Since at time ¢+ d¢ these agents have age greater
than ¢ + dt, they collectively own x;,dt/ T fewer shares. Therefore
the number of shares sold is x;,dt/ T and is equal to the number of
shares bought. The turnover of stock i, V;, is defined as the stock’s
trading volume between times ¢ and ¢+ d¢, divided by dt and by the
stock’s supply. It is equal to

X0

V= 17
TS, (17)

To construct the equilibrium in the next sections, we determine
numbers P; and functions x;, that satisfy the following simple set of
sufficient conditions. First, Conditions (i)—(v) of Proposition 1, and
second, the market-clearing conditions [Equation (16)].

Equilibrium Without Transaction Costs

In this section we study the benchmark case where the €;’s are zero.
We construct the equilibrium in Proposition 2. Before stating the
proposition, we define the function f(#) by

l_ra t T ds 18
f()—7(z+/f ;) (18)

11
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The function f(#) corresponds to total stock holdings when agents
start selling at time ¢.

Proposition 2. Define P; by

N
D; a Zj:l Pi,jSi

P=— 1
IO 12
and x;; by
Xip = Sir—a' (20)
J(0)A,

Then the conditions of Proposition 1 and the market-clearing condi-
tions hold.

Proof. Equation (11) implies that the x;,’s are C! in [0, 7. Condition
(1) of Proposition 1 holds since the x; s are strictly decreasing in [0, 7]
and thus #; = 0 and #; = T The only other condition of Proposition 1
left to check is Condition (iii). Equations (19) and (20) imply that it
holds. Finally, Equations (18) and (20) imply that the market-clearing
conditions [Equation (16)] hold. u

The equilibrium has a very simple form. Consider first Equation (20)
which gives agents’ stock holdings. To obtain stock holdings at age s,
we simply need to multiply stock holdings at age ¢ by A;/A;. Therefore
all agents hold the same stock portfolio, which is the market portfolio.
Agents buy the market portfolio when born and sell it slowly until
they die. Turnover is the same for all stocks.!? Indeed, the definition
of turnover, that is, Equation (17), and Equation (20) imply that the
turnover of stock 7 is

Xio ra

= —

Ts,  Tf(0)A

Equation (19) gives stock prices and has the CAPM flavor. Stock #'s
price, P;, is the present value of the dividend, D;, minus a risk pre-
mium. The risk premium depends on the coefficient of absolute risk
aversion, a, and the stock’s systematic risk, that is, its covariance with

the market portfolio, Z‘]Vzl Pi S

13 This result is consistent with Lo and Wang (1997), who show that all assets have the same turnover
under two-fund separation.

12
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Equilibrium With Transaction Costs

In this section we study the case where the €;’s are not zero and the
short-sale constraint is not binding. In the next section we extend the
analysis to the case where the short-sale constraint is binding.

To construct the equilibrium, we make three assumptions. The first
two assumptions ensure that the short-sale constraint is not binding.
The constraint will be binding if stocks are highly correlated but differ
substantially in transaction costs. Indeed, because of the high corre-
lation, the gains to diversification are small. The optimal investment
is determined by transaction cost considerations, with low transaction
cost stocks being sold first and the other stocks afterward. Assumption
1 ensures that there are gains to diversification, that is, stocks are not
perfectly correlated.

Assumption 1. The correlation matrix

I . ;N
(21)

PN,1 . 1
is positive definite.

Assumption 2 ensures that the gains to diversification are larger than
the differences in transaction costs. For notational simplicity, we state
the assumption in terms of the stock prices, P;, that are endogenous
and defined in Proposition 3.

Assumption 2. For P;’s defined by Equation (28), the column vector

1 — —
1 - P1,N Dy —rP1+ req
. . . (22)
PN, - 1 DN — VPN + ren

is strictly positive.

To motivate the vector (22), assume that stocks are highly positively
correlated but differ substantially in transaction costs. Assume, for
instance, that stock 1 has the lowest transaction costs. Since stocks are
highly positively correlated, the nondiagonal terms of the correlation
matrix are negative and large. Since, in addition, stock 1 has lower
transaction costs than the other stocks, the first term of the vector (22)
is negative and Assumption 2 is violated. Assumption 2 is satisfied in

13
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the no transaction costs case. Indeed, Equation (19) implies that

£(0) Dy — rPy 1 . piw St

ra Dy — rPy PN - 1 SN

Therefore the vector (22) is simply (ra/f(0))(si, ..., sy) > 0. By con-

tinuity, Assumption 2 is always satisfied for small transaction costs.
Our third assumption is

Assumption 3. For any {by, ..., b} € {1,..., N}, the nondiagonal
terms of the matrix

—1
1 . Pby.b,

. (23)
Pob -1
are negative.

Assumption 3 implies that the stocks are substitutes in the following
strong sense. Suppose that there are no transaction costs and that
agents can only invest in stocks by, ..., b; and in the bond. The de-
mand for a stock has then to increase in the price of another stock.
Indeed, Equation (13) implies that the demand of an agent of age ¢ is
given by

1 I pw ' Dy, — 1Py,

A Ob.b - 1 Bbl — Vﬁb,
An implication of Assumption 3, obtained by setting ¢ = 2, is that
pje = 0, that is, stocks are positively correlated. Assumption 3 is
satisfied, for instance, when p;, = p > 0, Vj, k, j # k. Besides being
quite realistic, Assumption 3 ensures that stock holdings are (weakly)
decreasing with age, a key simplifying property of the equilibrium.
In Section 4.1 we construct the equilibrium, and in Sections 4.2 and 4.3
we study the effects of transaction costs on stock prices and turnover.

4.1 Construction of the equilibrium
We first give some useful definitions. We define the function g(¢) by

! AS —7rs
g = /0 (1 - Z;) e ds. (24)

' Increasing risk aversion ensures decreasing stock holdings only when there is one stock. Indeed,
suppose that there are two stocks and that Assumption 3 is violated, that is, the stocks are
negatively correlated. Agents’ holdings of the less liquid stock remain unchanged for a while
because of transaction costs. Since agents become more risk averse with age, they hedge their
holdings of this stock by increasing their holdings of the more liquid stock.
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The function g(#) corresponds to the benefit of buying an additional
share at time 0 and selling it at ¢, gross of transaction costs. We also de-
fine the function 1(¢, b, {by, ..., b;}) for ¢ = (&, ..., ¢n), {b1, ..., b}
c{1,...,N},and b e {l,..., N}, by

I, b, b, ..., 0:}) = &= (Povys s Pb,b,)

1 - Pbb, n,
) ) (25)
Pob, - 1 n,

The vector ¢ in this definition will be the transaction costs vector
€ = (€1,...,€y), or a linear combination of the correlation vectors

P-; = (P1j» s PN, J)-

We now construct the #;’s, that is, the times at which the agents
start selling the stocks or, equivalently, the stocks’ minimum holding
periods. Without loss of generality, we assume that stock 1 minimizes

€
N
Zj:l ,O]?,]S]
over all stocks k. Therefore it has small transaction costs, €1, and large
systematic risk, Z;L] p1,;5;. Stock 1 is the first stock that agents start
selling, and ¢ is defined by
glh) 2 €1

-~ NN
S raylps

Agents start selling stock 1 first because this is the cheapest way to
reduce portfolio risk. Similarly, we assume that stock 2 minimizes

€L — Pk1€1

N N
Z]‘:l Pk, jSj — Pk,1 Z]‘:l P1,;Sj

over all stocks k& > 2. Therefore, in addition to having small transaction
costs and large systematic risk, it has a small correlation with stock 1.
Stock 2 is the second stock that agents start selling, and & is defined
by

8 2 €2 — P2,1€1
f)  ra Z;\zl £2,7Sj — P2,1 Z;\;l p1;S
To generalize this construction, we set S; = {1, ..., i} and S = ¥, and
assume that stock 7 minimizes
I(e, kR, Si_1)

(26)

[(Z_}L 0..jSjs R, Si—1)

15
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over all stocks k > i. Stock 7 is the #'th stock that agents start selling,
and ¢ is defined by

g 2 1(€, 1, Si-1)
S ra1(Cr ooy, i i)

(27)

In Proposition 3 we construct the stock prices, P;, and stock holdings,
x;,¢. Proposition 3 is proven in Appendix B.

Proposition 3. If A is large, then0 < t) <. < ity < T. Define P; by

5 D; 4 d I(Z]]‘il P-.jSjs Ry Se=1) 1(p. i, R, Sp—1) (28)
=—4¢€—a
o T St 1(p. ks ko, Se—1)
and x;; recursively by
-1 — —
X1, 1 1 . o Dy — 1P+ re
= . R (29)
XN, ¢ 4 PN,1 - 1 DN — 7'PN + Ten
Jortelty, Tl and
Xpt = Xpyy, R >,
-1
X1t 1 1 - P11
Xi-1,1 PA\pi11 - 1
Dy — rPy+ reg
X .
Dy —7rPi 1+ rei
-1
1 . P11
Pi-11 - 1
P1i -  PLN Xi,t
X ) ) ) (30)
Pi-1,i - Pi—1,N XN, t

fort € [ti—1, ;] (ty = 0). Then all conditions of Proposition 1 and the
market-clearing conditions hold.

Equations (29) and (30) give agents’ stock holdings for ¢ € [#y, T1]
and t € [0, tv], respectively. For ¢ € [0, 4] holdings of all stocks are
constant. For ¢ € [#, ] holdings of stocks 2 to N are constant, while
holdings of stock 1 decrease. Agents use only stock 1 to reduce port-
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folio risk. More generally, for ¢ € [#;_1, ;] holdings of stocks i to N
are constant, while holdings of stocks 1 to 7 — 1 decrease. Finally,
for t € [ty, T] holdings of all stocks decrease. With transaction costs,
the composition of the stock portfolio depends on age. Low transac-
tion cost stocks, held for short periods, are mainly in the portfolios
of young agents, while high transaction cost stocks, held for long pe-
riods, are in the portfolios of old agents. Equation (28) gives stock
prices in closed form. In Sections 4.2 and 4.3 we use Equations (28),
(29), and (30) to study the effects of transaction costs on stock prices
and turnover.

4.2 Stock prices

In this section we study how a stock’s price depends on its and other
stocks’ transaction costs. Propositions 4 and 5 examine how the stock’s
price depends on its transaction costs, and how the effect of trans-
action costs depends on the stock’s characteristics. Both propositions
are proven in Appendix C. Before stating the propositions we define
7. by Q+y) —3ye i —rTiy =0, and T3 by 2ye "2 —1=0.1

Proposition 4. If T < T,, then P; decreases ine€;. If T > T,, then P;
increases for small €; and decreases for large €;.

The surprising result of Proposition 4 is that a stock’s price does
not always decrease in its transaction costs. If 7' is large and €; small,
it increases. To provide an intuition for Proposition 4 we assume that
there is only one stock and that transaction costs increase from €; to
€] > €1. In Figure 1 we plot agents’ stock holdings as a function of age
for €; and the corresponding equilibrium price P; (solid line) and for
€/ and P; (dashed line). When transaction costs increase, agents buy
fewer shares, that is, x| , < x1,0. However, they hold these shares for
longer periods, that is, they hold x shares for #; . > # .. Total stock
holdings, the area under each curve, may thus increase or decrease.
Stock holdings increase when 7 is large because agents are selling
during a very long period. Therefore the effect that they sell more
slowly dominates the effect that they buy fewer shares.

Proposition 5. IfT < T, thendP;/d¢; increases int;. If T > Ty, then
dP;/0€; decreases for small €; and may increase for large €;.

Proposition 5 shows that a stock with a shorter minimum holding
period, ¢, is not always more adversely affected by an increase in its
transaction costs. If 7' is large and €; small, it is less adversely affected.

1t is easy to check that both equations have a unique positive solution for any value of y =
1—ra/Ae (0,1).
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of shares

0 t, e
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Figure 1

Transaction costs and stock holdings
Stock holdings as a function of age. The solid line corresponds to low transactions costs and the
dashed line to high transactions costs. When transaction costs increase, agents buy fewer shares,

that is, x1 , < x,0. However, they hold these shares for longer periods, that is, they hold x shares

for ;. >t .

In Corollary B.2, proven in Appendix B, we show that a stock’s #
increases in its transaction costs, €;, and decreases in its supply, s;,
which is a measure of the stock’s risk. Proposition 5 thus implies that
more liquid stocks or riskier stocks may be less adversely affected by
increases in their transaction costs. This result is surprising since these
stocks are more frequently traded.

To provide an intuition for Proposition 5, we examine the first-order
condition for the shares of stock 7, x;, that an agent buys when born
[i.e., Equation (15)]. We can write this equation as

— f N _
— D T4+e " f) 4 Zj-zl i e dt

i = —— —€j
r 1—e 7k 1—e 7k

; (31)

and interpret it as a pricing equation. Stock #’s price, P;, has to be such
that the agent is induced to buy the marginal x; oth share and hold it
for t < t;. Equation (31) is a valuable tool for providing intuition for
our results.

Equation (31) shows that the price, P;, is the present value of the
dividend, D;, minus two terms. The first term compensates the agent
for transaction costs. We call this term the “PV term” and write it as

€(1 427" 4272 4 ).
This is equal to the present value of the following transaction costs.

First, the costs that the agent incurs buying and selling the x; oth share,
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at times 0 and #. Second, the costs that the next agent who buys the
share incurs, at times #; and 2¢;, and so on. According to conventional
wisdom, the effect of transaction costs on the stock price is equal to
the PV term.

The second term compensates the agent for buying a risky stock,
and is thus a risk premium. The risk premium increases in the stock’s
contribution to portfolio risk, Z]/i 1 PijXj1, for t < #;, and in the coeffi-
cient of absolute risk aversion, 4;. Very importantly, the risk premium
changes with transaction costs. Indeed, the lifetime pattern of stock
holdings changes. As Figure 1 shows, agents buy fewer shares and
hold them for longer periods. Therefore they hold fewer shares for
t < t;, and the risk premium decreases. The PV term thus overstates
the effect of transaction costs on the stock price. The difference be-
tween the effect of transaction costs and the PV term is important and
should not be neglected in practical applications. Equation (28) shows
that the effect of transaction costs is of order ¢, while the PV term is of
order /€.1° The PV term measures correctly the effect of transaction
costs in two special cases. First, when agents are risk neutral [Amihud
and Mendelson (1986)] and second, when stocks are riskless [Vayanos
and Vila (1997)]. In both cases the risk premium is zero.

Equation (31) shows why a stock with a shorter minimum holding
period, #;, may be less adversely affected by an increase in its transac-
tion costs. On the one hand, the PV term increases more in response to
an increase in transaction costs. On the other hand, agents greatly re-
duce their stock holdings during the shorter minimum holding period.
Therefore the risk premium decreases more, and the overall effect is
ambiguous.

Corollary 1 and Proposition 6 examine how a stock’s price, P;,
depends on the transaction costs of the other stocks, €. Corollary 1
examines the case i < k and is proven in Appendix B, while Propo-
sition 6 examines the case i > k and is proven in Appendix C.

Corollary 1. P; is independent of ¢;, fori < k.

Corollary 1 shows that a stock’s price is independent of the trans-
action costs of less liquid stocks. If €, increases, agents buy fewer
shares of stock & and hold them for longer periods. To adjust for that
change, they buy more shares of stock ¢ and hold them for shorter
periods. Since stock 7 is more liquid, agents can exactly “undo” the
change in their holdings of stock & and keep stock #’s contribution to
portfolio risk, Z;\;l i, j;,1, unchanged for each time . [This is easiest

16 Equation (24) implies that g(#) is of order #* for ¢ ~ 0. Equation (27) implies then that # is of
order /€. Therefore the PV term is of order /€.
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to see in the extreme case where €; = 0. In that case #; = 0, and Equa-
tion (13) implies that Z;\;l i ;% = (Dj — rP;)/A;, V1, independently
of €] Therefore t;, the PV term, the risk premium, and P; remain
unchanged.

Proposition 6. IfT < T, then P; decreases iney, fori > R.IfT > T,
then P; increases for small €;, €, and may decrease for large €;, €.

Proposition 6 shows that a stock’s price does not always decrease
in the transaction costs of more liquid stocks. If T is large and €;, €,
small, it increases. To provide a simple intuition for this result, we
note that that if €, increases, stock i will be traded more frequently.
Therefore, by Proposition 5, it may be more or less adversely affected
by its own transaction costs, that is, its price may decrease or increase.
We can also provide a more direct intuition using Equation (31). If €,
increases, agents buy fewer shares of stock & and hold them for longer
periods. Since stock i is less liquid, agents cannot “undo” the change
in their holdings of stock % and start selling stock i earlier. Therefore
t; decreases (as we show in Corollary B.2) and the PV term increases.
At the same time, since agents buy fewer shares of stock % and stock ¢
is positively correlated with stock &, the risk premium decreases, and
the overall effect is ambiguous.

A natural conjecture is that changes in transaction costs of the most
liquid stocks have the strongest effect on the prices of the other stocks,
since they affect most agents’ portfolios. Corollary 2 shows that this
conjecture is true in the special case p;; = p > 0, Vi, j, i # j. The
corollary follows from Proposition 6 and is proven in Appendix C.

Corollary 2. Suppose that p;; = p > 0, Vi, j, i # j. If T < T, then
0P;/dey increases in k fork < i. If T > T, then dP;/de;, decreases for
small €;, €, but may increase for large €;, €,.

Corollary 2 shows that if the correlation between all stocks is the
same, the effect on P; of an increase in €, is stronger (either more
negative or more positive) the more liquid & is. The corollary cannot
be extended to the case where the correlations between stocks differ.
We can choose, for instance, the most liquid stock to be independent
of the other stocks, so that an increase in its transaction costs does
not affect their price.

4.3 Stock turnover
In this section we study stock turnover, defined by Equation (17). We
compute turnover in Proposition 7, proven in Appendix D.
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Proposition 7. The turnover of stock i is

_xo_ra 1 TGS sy i Sic1)
Ts; Ts;i\ f(0)A, I(p. i, 1, Si—1)
N . , ,
Y1 IQCy o Sy 1S I(p. i S\

- : : ). G2
j=i+1 f(t])Al‘, ](p,fv I ‘S}'—l) ](:0~,1'a 1, 5}'—1\{1})

Proposition 8 examines how a stock’s turnover depends on its
and other stocks’ transaction costs. The proposition is proven in Ap-
pendix D.

Proposition 8. V; decreases in €; and increases in €j, for k # i

The intuition for Proposition 8 is simple. If €; increases, V; decreases
since agents buy fewer shares of stock 7 and hold them for longer
periods. If €, increases, agents buy fewer shares of stock & and hold
them for longer periods. To adjust for that change, they buy more
shares of stock 7 and sell them faster, that is, V; increases. The result
that V; increases in €, depends crucially on Assumption 3, that is, that
stocks are substitutes.

We also examine how V; depends on stock #’s risk, as measured,
for instance, by the stock’s supply, s;. If s; increases, #; decreases,
that is, agents start selling the stock earlier. One would thus expect
V; to increase. However, V; may decrease, if stock i is correlated
with other stocks that have higher transaction costs. To economize on
trading these stocks, agents hold a large fraction of stock i initially and
a small fraction later. If s; increases, gains to diversification become
more important than economizing on transaction costs, and agents
have to hold stock i for longer periods. Therefore V; may decrease.
Using Equation (32), one can check that V; increases with s; when, for
instance, stock i is independent of the other stocks, while V; decreases
when there are two stocks, i =1, p;, > 0, and €; = 0.

Binding Short-Sale Constraint

In this section we extend the analysis to the case where the short-sale
constraint is binding. For simplicity we assume that there are only two
positively correlated stocks, and set p1, = p € [0, 1. Assumption 1/
ensures that the short-sale constraint is binding.
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Assumption 1'. Suppose that p < 1 and

4 S ]
Sitps 5+ psi

Jori# je{1,2}. Then, for P; and P; defined by Equation (28),

5{ — 7’?1‘ =+ re; — p(ﬁ; — Vﬁ] =+ 7"6]‘) < 0. (33)

Assumption 1’ is the “opposite” of Assumptions 1 and 2 of Section 4,
that is, the parameters sy, $;, €1, €2, and p € [0, 1] satisfy Assumption 1’
if and only if they do not satisfy Assumptions 1 or 2.1 In section 5.1
we construct the equilibrium, and in section 5.2 we study the effects
of transaction costs on stock prices.

5.1 Construction of the equilibrium
Without loss of generality, we assume that

€1 €2

S 9
Sit+ps2 S+ps

(34)

that is, stock 1 has a smaller ratio of transaction costs to systematic
risk than stock 2. Stock 1 is the first stock that the agents start selling.
Equation (34) is the same as in Section 4. However, now it implies
that €; < €;, that is, stock 1 has smaller transaction costs than stock
2.18 In Proposition 9 we construct the stock prices and stock holdings.
Proposition 9 is proven in Appendix E.

Proposition 9. If A is large, the equations

g(t)(Dy — rPy + re)) — 26, = 0, (35)

8(B)(D2—rPy+re3) — 26, — p(g(h) (D1 — rP1+re)) —261) = 0, (36)

7 The only nonobvious step in the proof is that if s;, s, €, €, and p € [0,1) do not satisfy
Assumption 2, they satisfy Assumption 1. Equation (28) implies that

- = - - 5/(1 - )02)
D;—rP;+re;— p(D; — rP; + re;) = ar———— > 0.
' ' ' J @)
Since Assumption 2 is not satisfied, Equation (33) must be satisfied.

18 When p = 1, this is obvious. When p < 1, it is less obvious and follows from Assumption 1’. The
proof is available upon request.
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51—7"?14-7’61 _pﬁz—i"pz-i-?"éz =O, (37)
Ail Al

2

f(n) = f(h) D

1 — 1P+ rep) = s, (38)
ra
and
bh) — _
/ ;;) Dy — 1Py + rez) = s, (39)

have a solution, (4, i, b, P1, P2), such that0 < t; < h < t, < T.
Define x,,; by

Dy — rPy + re
X2t = % Vtelt, T and x5 = x4 Vte€lO0,b).
t
(40)
Define also x; ; by

X1, = 0Vt e [21, T1,

Dy — rP, + re R
X1, = % —pxyy Yteln, ), and
t

X1, = X1, vVt el[0, 1). 4D

Then all conditions of Proposition 1 and the market-clearing condi-
tions hold.

Equations (40) and (41) give agents’ holdings of stocks 2 and 1,
respectively. Agents start selling stock 1 first at time #. By time 7
they own no shares of stock 1 and the short-sale constraint becomes
binding. Agents start selling stock 2 at time . The stock prices, Py
and P,, are jointly determined with the times #, #, and &, by the
nonlinear system of Equations (35)—(39).

5.2 Stock prices

To study the effects of transaction costs on stock prices, we have
to solve the nonlinear system of Equations (35)—(39). We can obtain
closed-form solutions only for small transaction costs. In addition we
have to assume p = 1, since if p < 1, the short-sale constraint is
not binding for small transaction costs. For large transaction costs or
p < 1, we solve the system numerically and obtain similar results. In
Proposition 10, proven in Appendix F, we determine P; and P, for
small transaction costs, p = 1, and, for simplicity, A = oo, that is,
y =1
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Proposition 10. Suppose that € is small, p = 1, and A = oo. The
stock prices, P and P,, are given by

L= — —

— . e _ o r(T=1%)
_ D alsi+s) 1( 20—y 2(%—1%>>

r S©0) rTf(0) (I —e"") f(0)
+e 1= ) /0 + o(e), (42)
and
5 oD _abitsy (25— f) C20-e)
) (1— e ) f(0) rTf(0)
2(% . e—r(T—:}_e—rT)
+ e <1 - (1 _ e_rt*)f(o) ) + O(E)a (43)
where t* is defined by
J() S
SO s+ 49

In Corollary 3, proven in Appendix F, we examine whether the
price of a stock decreases in its transaction costs.

Corollary 3. If T < 1, then P and P, decrease in €, and €,, respec-
tively. If T > Ty, then Py increases in €1 only if t* is sufficiently large,
and P, increases in €, only if t* is sufficiently small.

Comparing Corollary 3 with Proposition 4, we conclude that the
conditions for a stock’s price to decrease in its transaction costs are
weaker. The stock price can decrease even when 7' > T and € is
small, provided that the stock is in small supply. Indeed, Equation
(44) implies that ¢* is large if s is sufficiently larger than s,. To provide
an intuition for why the stock price decreases when the stock is in
small supply, assume that the stocks are identical, so that P; = P;.
Assume also that s, is small and that P, increases in response to an
increase in €. Since s, is small, the increase in €, does not affect
Py. Since, in addition, the stocks are perfectly correlated, investing in
stock 1 dominates investing in stock 2. Therefore agents do not invest
in stock 2, which contradicts equilibrium.

In Corollary 4, proven in Appendix F, we examine whether more
liquid stocks are more adversely affected by increases in their trans-
action costs.
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Table 1
Transaction costs and the stock’s rate of return

€1/Dy 0 0.05 0.1 0.15 0.2 0.25 0.3
" 10%  10.034%  10.073%  10.12%  10.16%  10.21%  10.26%

Corollary 4. If T < 1.08/r, then 9P1/de; < 0P,/de;. If T > 1.08/r,
then there exist some t* such that the opposite holds.

Corollary 4 shows that the more liquid stock 1 is always more ad-
versely affected by an increase in its transaction costs, if 77 < 1.08/r.
This condition is weaker than the one in Proposition 5, which was
T < log(2)/r = 0.69/r. An intuition for why the condition is weaker
is the following. When the short-sale constraint is binding, the stocks
are sold in sequence: the more liquid stock 1 is sold first, and the
less liquid stock 2 is sold second. In response to a small change in
transaction costs, prices adjust so that stocks are still sold in the same
sequence. Therefore the lifetime pattern of stock holdings does not
change much (relative to when the short-sale constraint is not bind-
ing). Stock holdings during a stock’s minimum holding period, as well
as the risk premium, do not change much either, and the change in
the PV term dominates.

. Calibration

We now study the effects of transaction costs for realistic parameter
values. We assume that there is only one stock. We set agents’ “eco-
nomic” lifetimes, 7, to 40 years, and the riskless rate, r, to 5%. We set
A to 0o, and choose the coefficient of absolute risk aversion, a, using
the “average” rate of return on the stock, 71 = D;/P;. We assume that
a is such that, in the no transaction costs case, 1 = 10%.

In Table 1 we study the effects of transaction costs on the stock’s
rate of return. In the first row are the transaction costs, expressed as
a fraction of Dy, and in the second row is the stock’s rate of return.
To express transaction costs as a function of P;, we need to multiply
€1/D; by 7, which is close to 10%. If, for instance, €;/D; = 0.2, then
€1/ P; is close to 0.02. Table 1 shows that transaction costs have a very
small effect on the stock’s rate of return. If, for instance, transaction
costs increase from 0 to 2% of the stock price, the rate of return
increases by 16 basis points.

In Table 2 we study the effects of transaction costs on the stock’s
minimum holding period and turnover. In the first row are the trans-
action costs, expressed as a fraction of Dj. In the second row is
the stock’s minimum holding period. In the third row is the stock’s
turnover, and in the fourth row is the percentage reduction in turnover,
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Table 2
Transaction costs and the stock’s minimum holding period and turnover

€1/Dy 0 0.05 0.1 0.15 0.2 0.25 0.3
h 0 6.6 9.1 10.9 12.8 13.6 14.6
Vi 0.0381  0.0360  0.0352  0.0346  0.0342 0.0338 0.0334
Reduction 0 5.40% 7.50% 9.03% 10.28%  11.34%  12.26%

relative to the no transaction costs case. Table 2 shows that transac-
tion costs have a large effect on the stock’s minimum holding period
and turnover. If, for instance, transaction costs increase from 0 to 2%
of the stock price, agents wait for 12.8 years before starting to sell,
and turnover decreases by 10.28%. However, turnover is small: even
without transaction costs it is 3.81%. Turnover is small because it is
generated only by life-cycle effects. Since turnover is small, it is per-
haps not surprising that transaction costs have very small effects on
stock returns.

Constantinides (1986) assumes that trading is generated by portfolio
rebalancing. He finds very small effects of transaction costs on asset
returns but large effects on agents’ trading strategies. Our results are
thus very similar to his. Aiyagari and Gertler (1991) and Heaton and
Lucas (1996) assume that trading is generated by labor income shocks
and consumption smoothing. They find larger effects of transaction
costs on asset returns. Huang (1997) assumes that trading is generated
by random liquidity shocks. He shows that transaction costs have
larger effects when liquidity shocks are random than when they are
predictable.

In our example, transaction costs increase the rate of return, that
is, decrease the stock price. The value of 7" above which transaction
costs increase the stock price is 7T; = 56.4. The value of T above
which the surprising results of Propositions 5 and 6 hold is smaller
however: T, = 13.9.

. Concluding Remarks

In this article we develop a general equilibrium model with transac-
tion costs. We assume a riskless, perfectly liquid bond with a constant
rate of return and many risky stocks that carry proportional transac-
tion costs. Trade occurs because there are overlapping generations of
investors who buy the assets when born and slowly sell them until
they die. The model is very tractable and stock prices are obtained in
closed form. Our results are surprising and contrary to “conventional
wisdom” about the effect of transaction costs on asset prices. First,
the price of a stock may increase in its transaction costs. Second, the
effect of transaction costs is smaller than the present value of transac-
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tion costs incurred by a sequence of marginal investors. Third, a more
frequently traded stock may be less adversely affected by an increase
in its transaction costs. Fourth, a stock’s price may decrease when the
transaction costs of a more liquid and correlated stock decrease. For
realistic parameter values, transaction costs have very small effects
on asset returns but large effects on investors’ trading strategies and
turnover.

The analysis can be extended in a number of realistic directions.
First, transaction costs can be assumed fixed, rather than proportional
to the number of shares. We conjecture that this is feasible because
stock prices will still be linear in dividends and agents’ stock holdings
deterministic. Second, transaction costs can be endogenized as a func-
tion of turnover. Since turnover and transaction costs will be mutu-
ally reinforcing, multiple equilibria may exist, with interesting welfare
implications. The analysis may be relevant for the government bond
market, where very similar bonds have very different transaction costs
and turnover.

Appendix A: Proof of Proposition 1

We first prove two useful facts in Lemma A.1.

Lemma A.1. Consider N continuous functions x; ;, and two adapted,
square-integrable processes by, b, in [0, T1. Then

TN T r
E (e_f; Zj:l %0 by (/ blﬁtdl‘ +/ bZ,ldbi,l>>
0 0

T N N N
=F </ e j;JI Z,/\=1 x/“"db"‘\'-i_% frT Z_/\=l Z’;l P25 5 IS

0

N
X | b1,y — b2,y Z,Oz',jxj,z dr]. A.D
=1

If b1y, by, are (deterministic) functions in [0, T, then

T N T T
E (6'_‘[‘; ijl x;,dby, (/ bl,ldt + / bZ,ldbi,l>)
0 0

LT N T N
3 j X, s X 5 S
— ezf; Z/:] thlpz,kxz,.xk ?/ /{)1’; — /92,; E Pi, j %t dt. (A.2)
0

=1

27



The Review of Financial Studies /v 11 n 1 1998

Proof. We first prove Equation (A.1). The process

r T r
T —> e_ _/;) Zi:l x;,dby, (/ bl,tdt+/ bz’tdbi,t>
0 0

is an Itd process. Itd’s lemma implies that the drift term is

T N N
— x;,db,
e TADINEELY <b1,T — by r E ,Oz',jxj,T>

j=1

1 _f]‘ ZN X, d by, r ! Sy
+Ee 0 j=1 " / blytdt + / bZ,Tdbi,l‘ Z Pj, kX, T X, T
0 0 1 k=1

Denoting the left-hand side of Equation (A.1) by fr, we thus have

dfr by, N
ﬁ: ( fZ/lx (/911—/9212,01]96]1

+= fT Z Z ).k, T Xk, T - (A.3)

=1 k=1

Denoting the right-hand side of Equation (A.1) by g7, and inverting
the expectation and the integral, we get

T T N N
gr = / 9%‘/; Z/:l Zk:l P15 X5 A
0
! N N
_ . db,,
E <e Ji DB LE (bl,t — b2 E ,Oz‘»jxj,t>> dt.

J=1
Differentiating with respect to 7', we get

d T N N
% =E (9 Jo ity </91,T - bz,?‘zpi,jx]‘,’/))

=1
1 N N
To8r Z Z ).k, T X, T (A9
J=1 k=1

Equations (A.3) and (A.4), together with the fact that fj = gy = 0,
imply that f; = gr. For Equation (A.2), we use Equation (A.1), invert
the expectation and the integral, and use

E (6’_ /: Z/\zl x’""db""“> = e% f(‘)’ Z/\:l 22:1 p,_hx,“\.xl,,,\.ds. [ ]

28



Transaction Costs and Asset Prices

We now prove the proposition.

Proof. Consider a control (x;;, ¢;), an alternative control (x; ;+5b;, ¢;+
he.r), and their convex combination (x;; + ah;;, ¢; + abc ;). Denote
by U(a) the utility associated to the convex combination and to a par-
ticular sample path. If U(«) is concave in @ and has a right derivative
U'(0) for a = 0 (as it will) then

U'(0) = U(1) = U(0)

and
EU'(0) > EU(1) — EU(0). (A.5)

Therefore a control (x;;, ¢;) such that EU’(0) is negative for all
(bis, be,y) is optimal. To prove the proposition, we use this result and
proceed in three steps. First, we compute U’(0) assuming that the x; /s
are deterministic and satisfy condition (i) of the proposition. Second,
we define the consumption ¢;. Third, we use conditions (iD—(v) and
show that EU'(0) is negative.

Determination of U/(0)

We first compute U(a). Equations (7), (9), and (10) imply that the
consumption gulp at time 7 for the control (x;; + ab;y, ¢; + abhc) is
Cr(xit + ahis, ¢t +abc ), where the function Cr(x;;, ¢;) is defined
by

T N
Cr(Xiy, ¢1) = yerT_i_/‘ Z(Ez - Vﬁi)Xi,zer(T_t)dl‘
/ ZX (7= ’)db

—/ ce" Ty — /
0

—Ze xipe’ ! Ze X, T (A.6)

dx;
Tob o (T gy

Therefore
T
U(a) — _/ e_“(cr"‘abc,t)_ﬁfdt _ e_ACT(xI,I+abz,rvCt+abcxl)_5T' (A7)
0

Equation (A.6) implies that U(a) is concave in @ and has a right
derivative for o = 0. Equations (A.6), (A.7), and condition (i) of the
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proposition, imply that

T
U'0) = / ae™ Pl p. dt + Ae=ATPT
T N . i
</ Z(Dl — 7'Pl')bl"t€r(T7t)dl‘
T N T
/ Zbi,ze"”*”dbm— / hee" T dt
0
_Zfl / % r(T—z)dt_/ bt rr-p 4,
0 f1 dt

T\ db;,
dt

+

4

"Dt + bhige™ + by T)) (A.8)

Consumption
We define the consumption flow by

r— Bt ta, &
C; = Co+ﬂ+/ _in,sdbi,s
a 0o a =1
A2 N N
/ Zzpzsz sXj, sds, (A9

i=1 j=

and the consumption gulp by Ade ¢ = ge=““r | that is,
Cr=2er+ Liog? (A.10)
r = —cr+ —log—. :
TEATT A%

The first term in Equation (A.9) is the consumption at time 0, which we
determine later. Consumption at time ¢ is different from consumption
at time 0 because of the second, third, and fourth terms. The second
term corresponds to intertemporal substitution, and its sign depends
on the comparison between the interest rate, 7, and the discount rate,
B. The third term corresponds to unexpected wealth changes between
times 0 and ¢. Equation (7) implies that the unexpected wealth change
at time 0 < s < tis Z,V: 1 Xisdb;s. The change in consumption flow
is a fraction As/a of the wealth change. To motivate the term A;/a,
we note that the change in the consumption gulp is a fraction a/A
of the consumption flow change, by Equation (A.10). The definition
of A, that is, Equation (11), ensures that the present value of the
consumption changes is equal to the wealth change. Finally, the fourth
term corresponds to precautionnary savings. Since consumption at
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time ¢ is uncertain as of time 0, the agent prefers it to be greater in
expectation than consumption at time 0. The fourth term is simply
equal to the variance of the third term, times a/2.

Before showing that £U’(0) is negative, we need to check that the
control (c; ., x; ) satisfies Equations (7), (9), and (10). This is equiva-
lent to checking that

Cr = Cr(xi;, ¢), (A.11)

where Cr and Cr(x;4, ¢;) are defined by Equations (A.10) and (A.0),
respectively. The definitions of Cr(x;,, ¢;), ¢;, and Cr imply that Equa-
tion (A.11) holds if ¢, is appropriately chosen and if

7 N

T N
Z/ éixndbn = / sz‘zer(T_t)dbz‘t
AJy a i—1 0 =1
T ¢ N
A.
_/ /—Szx;’,sdbl’,s Tt (A12)
0 0o a4

Integrating by parts the last term and using the definition of A, that
is, Equation (11), it is easy to check that Equation (A.12) holds.

EU'(0) is negative

We now use Equation (A.8) and conditions (iD)—(v) of the proposition
to show that EU’(0) < 0. We first consider the terms in b, ;. Using the
definition of Cr, we can write these terms as

T T
E (/ ae“"ﬂ[/ocytdt) —E (&ze”c”‘ﬂT/ bate”(T")dt) . (A.13)
0 0

The definition of ¢; implies that Equation (A.13) is 0 if

T ' N T N N
E (/ e L 4 Z;l byt .[[ A Zx\:l Z]\:l p'«/xwx/vxdsbcgte—rtdt)

0
T T N T
_ E< / o Jo A2 by / bc,,e—”dt) (A.14)
0 0

Equation (A.14) follows from Equation (A.1).
We now consider the terms in b;;. The definitions of ¢; and Cr
imply that these terms have the same sign as

T N T
E {e_fo Dy b (/ (D; — rP)bh; " "dt
0

T t; db
+ / b T db,, —€; </ ‘—” "I =D gy
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bdby, T\ db,
_/ ”e’(T_’)dt—i—/ ‘ N

t dt 2, dt
+bi,0€rT + bi’7>> } . (AlS)

Using integration by parts

i db,, T\ dh,
- A r(T_z)dt / it
/t,, dr ¢ /. ‘ ar | €

T
>_/ %QY(T—t)dt
- J, dt

er( T—t) di

HT=1) g

T
= —(hiy — by Ty — / rhi e d1.

1

This fact implies that Equation (A.15) is negative if

T N T T
E {e_-/; A Z,/=1 %0lby1 (/ (5, — rﬁi)bi,;e_”dl‘ + / biite_rtdbl"[
0 0

4 . r
0 4

dt
(A.16)
is negative. We decompose this into

—fTAr Z\, X./‘vrdb/yf T_ D —rt ’ —rt
Ele Yo =1 ( (Dl— VP,+ 7"61‘) bi,,e dt+ ]91‘,;6’ dbi,z)
4 L

’ (A.17)
and

T N 1 ti
E {e_fo Ay ol (/ (D — rPp)by e " dt + / hie” " db;,
0 0

“f

Equation (A.17) corresponds to the interval [#;, T]. We will show that it
is negative using conditions (iii) and (v). Equation (A.18) corresponds
to the interval [0, #]. We will show that it is negative using conditions
(i), (iiD), and (iv).

dby,
dat

e " dt+ big + /%,ﬁ‘”’))} . (A.18)
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Interval [#;, T
Using Equation (A.1), we can write Equation (A.17) as

P (/ - ‘/;)IA,\' 27\:1 X“db/'x-i_%f,le Z;ZIZZZI Py kX5 X 5 S

li

N
X (Ei — 7P+ re; — Athi,vajJ> Iai,,dt> ) (A.19)

=
Since x;, + h;; > 0 and x;, = 0 for t € (i;, T1, by, > 0 for t € (4;, T).

This fact and conditions (iii) and (v) imply that Equation (A.19) is
negative.

Interval [0, 7]
Using integration by parts

t; 1
f (E, — r?,»)b,;te_”dt + / bi,,e_”dbi,,
0 0

4 i
= (/ (51 - rﬁi)eindt + / e”dbl"t) bi,O
0 0
t; 1; o . 4 dbz
+/ ([ (D, — rPi)e_“ds—l—[ e‘”db,.’s) dbis
0 4 r dat

This fact, together with

“dbg,
b, = b; —dt
it 1,0+/0 At

imply that Equation (A.18) can be written as

T N 1
E {e—fo Ay Z»/‘:l X0 dby, (/ (Dl _ rPi)e—rtdl
0

ti
+/ e_”dbw — 6,‘(1 —+ e_”’)) bl"o}
0

r N ] 1
+ E {e‘_ /tl) A Z,/=1 .0 by, </ (/ (51 _ rﬁi)e—rsds
0 t

z db,
+/ eimdbiys — Eie”’> wdt
12

dt
4
0

db;,
dt

e”dt)} . (A.20)
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Using Equation (A.2), we can write the first term of Equation (A.20)
as

T T e
uf N N
X / D,' — VP,' — A, Zp,;]»x];t)e_”dt — 61‘(1 + e_”i bi,O-
0

=1

This is 0 because of condition (ii). We will show that the second term
of Equation (A.20) is

- {/[;’ - /(-)f A, Z/\:l x5 b+ j;" A, Z;l Z::l 051X, X, s S
0

dbl}l‘ = - - —rs —7rt,
7 [ D;— VP,-—ASZpi)A,xﬁS e ds—eie""

J=1

e—”] dt} ) (A.21)

To obtain the terms in D; — rP; and €;, we use Equation (A.1). To
obtain the term in A Z;V=1 Pi jX;s, we need to compute

_ T N % db t; 1l - dbl
E{e Jo A wudb (/ (/ e‘“dhm) —”dt)}. (A.22)
o \Js dt

Inverting expectation and integral and rearranging, we get

t; ! N i T N 1
/ (E <e_ fo 4 Z,/:l %5 dbs —dcl;;[ e f, 45 Zj:l X.sbys / e~ rsdbl-,s)> dt.
0 t

Since the process db;,;/dt is adapted, we get

/ [i e AXs sdlys Wit
0 dt
T N 1;
E <e_jz A ijl x“db"‘/ e_”dbw)) dt.
!

Using Equation (A.2) to compute the second expectation, and invert-
ing back expectation and integral, we obtain the term A; Z;Vzl Pi, jXj,s
in Equation (A.21). To show that Equation (A.21) is negative, we dis-
tinguish two cases.
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Case 1. db;,;/dt > 0
The term in square brackets has the same sign as

t; N
/ <D,- — rP; — A Z ,o,»,]»xj,s) e ds—ee” —ee". (A23)
t =1

Jj=

The derivative of Equation (A.23) with respect to ¢ has the same sign

as
. N N
— Dl'—VPl'—AZ E ,Oi,]'.X}"f + re;.

Jj=1

Condition (iv) implies that this expression increases in #, and thus
Equation (A.23) is convex in ¢. Since Equation (A.23) is O for t = 0
[because of condition (ii)] and is —2¢;e™" < 0 for t = #;, it is negative.

Case 2. db;,;/dt <0
The term in square brackets has the same sign as

1; N
- / (Di — rP; — Ay Z Pi,jxj,s) e ds+ee —ee7. (A24)
12

J=1

The derivative of Equation (A.24) with respect to ¢ has the same sign

as
E— J— ]\7
Di — 7"Pi — At E ,Oi,]'xj,z + re;.

J=1

Condition (iv) implies that this expression decreases in ¢. Since it is 0
at t = t;, [because of condition (iiD)] it is positive in [0, #;]. Therefore
Equation (A.24) increases and, since it is O for ¢ = #;, it is negative. ®

Appendix B: Proof of Proposition 3

We first prove Lemmas B.1-B.5 and Corollary B.1. The lemmas and
the corollary establish some matrix algebra results. These results are
needed when there are two or more stocks, and are used in Ap-
pendixes B, C, and D.

Lemma B.1. Suppose that{b,, ..., b} C Sy and j < i. Then

-1

1 . Pub Chy _ I1(¢, b, {by, ..., bi}\{b;})

. : L b Abrs b\{b)

/ (B.1)

Pbby - 1 Cn,
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Proof. By rearranging rows and columns, we can assume that j = 7.
Using the “block inverse” formula

(2 5)

(AT +A'B(D-cA'B)'ca™! —AT'B(D—cAT'B)! (B.2)
- —(D—-cA'B)tca™! (D—cAa'B)~! '

for A, the submatrix formed by rows and columns 1 to i — 1, we find
that

Lot} (0N 1@, by, b))
‘ , 1Py, bis {1y ., b))

i

Pooby - 1 En,
that is, Equation (B.1) for j = i. u

Lemma B.2. Suppose that{b,, ..., b} C Sy, j # kand j, k < i. Then

1 - Py, 1
. . = b PRTNT? (B.3)
/Ob,»,bl . 1 bk I(p',bln ks { Ty oo i}\{ /@})
and
1 - Pbb o
Poo - 1)
_ ](p*,l’)k? b]a {bl$ D) bl}\{b]7 b/?}) B 4)

T L Do B BINDD T (012 Dy D1 -, DIN(B D))

Proof. By rearranging rows and columns, we can assume that & =
i. We use Equation (B.2) for A4, the submatrix formed by rows and
columns 1 to i — 1, and get

—1
I poy, 1

- [(puhz" l’)i, {b1, ey bi*l})

i1

Pob, -1
that is, Equation (B.3) for & = 4, and

—1
1 - Phbyb,

Iobi; bl * 1 ]', i
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1
T L b b b))
1 - Pbib, o Py, b,
X . . . (B.5)
phi—lsbl o ]' pbx—labt ]
Lemma B.1 implies that
1 . Pbba\ [ Poin,
Pbyby - 1 Poabi) )
I(p..b, by {br,y ..., bia N\ by
1 by JMBD 56
1(poys by b1, s b\ (b))
Equations (B.5) and (B.6) imply Equation (B.4) for k = i. =

Corollary B.1 contains some immediate and useful implications of
Lemma B.2.

Corollary B.1. Suppose that {b,,..., b} C Sy, j # kand j, k < i.

Then
1P bys b {B1s -+ BINBED) > O (B.7)
1 - Pby, b, - Py, b;
. . . >0 (B.8)
Pb_y.by - 1 Pbiiby
1P by {B1, - ., BBy, i) = 0 (8.9)

Proof. Equation (B.7) follows from Equation (B.3) of Lemma B.2 and
the fact that the matrix in the statement of the lemma is positive def-
inite. Equation (B.8) follows from Assumption 3, Equation (B.5), and
Equation (B.7). Equation (B.9) follows from Assumption 3, Equation

(B.4) of Lemma B.2, and Equation (B.7). =
Lemma B.3. Suppose that for the vector ¢ = (¢4, ..., L) we have
-1
1 . ;N &1
: . .| >o. (B.10)
pn1 -1 {N
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Then
-1
1 P1,i &1
. > 0. (B.11)
Pi1 1 Cl
foralli < N.
Proof. Equation (B.10) is equivalent to
& I o M
=1 . . . (B.12)
N pv1 -1 nN

where n; > 0. Multiplying the vector of the first i components of
Equation (B.12) by the inverse matrix of

L pui
. (B.13)
Pi1 1
we get
-1 -1
1 01, & ub 1 01,
) = +
Pi1 1 i n; Pi1 1

P1,i+1 - PLN Niy1
X . . . (B.14)

Pii+1 - PiN NN

Equation (B.8) of Corollary B.1 implies that all elements of the ma-
trix multiplying (9,41, ..., ny) are positive. Since the n,’s are strictly
positive, the right-hand side of the above equation is strictly posi-
tive. u

Lemma B.4. Considertwo vectors¢ = ({q, ..., ¢n) and0 = (04, ...,0y)
and suppose that [(¢, k, Si—1) > 0 forall i and k > i. Then

100, 1, Si—1) - 1(0, kR, Si—1) N 1(0, Rk, Si—1) - 1(0, k, S))
[(é’a ia Sl'fl) - [(é.a /ea Sl'fl) ](g’ /e7 Si*l) - ](g’ /ey Sl)

fork > 1.

(B.15)

Proof. Using Equation (B.2) for Equation (B.13) and for A, the sub-
matrix formed by rows 1 to i — 1 and columns 1 to i — 1, it is a matter
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of algebra to check that

. I(p. &y 1, Si—1)
I,k S) =15, k. Sim) = 15, 4, S =222 (B.16)
](10~,l" 1, Sl'fl)
and similarly for 6. Lemma B.4 follows then from Equations (B.7) and
(B.9) of Corollary B.1. u
Lemma B.5. Suppose that for the vectors { = ({1, ...,¢y) and n =
(T]l, ey T)N) we have I({, i, 51;1) =1 Vi. Then
LI oy Spe1)
;= —— Vi, (B.17)
= ) M i

k=1

The converse also holds.

Proof. Equation (B.16) implies that

[(p-,ia l_ ]-a Si—z)
1(p. i1, 1 =1, 8i-2)
) . I1(p.i 1 — 2, 8-3)
= 1(¢, 4, Si-3) — 1(, i — 2, 5i-3) D l

1(p.i—2, i — 2, 83)

](p*,iv Z_ 1? Si—z)

[(§7 iv Si—l) = 1(4’ i’ Si—Z) - I(C7 i— 1’ Si—Z)

I, i—1,5) :
¢ 2 1(p. i1, =1, 852)
i—1
; I(/O is 167 Sk—l)
=.=1(,i, %) — 1, R, Sp ) ————.
Gl ; £ 00 S 1P ks R, Sp—1)
Therefore
i1
. [(p i ka Sle—l)
10,14, 8.1) =¢ — I, Rk, Sp ) ————. (B.18)
o by Sic1) = &i ; ¢y Ry Ske—1 T e b Se)

Suppose that (¢, i, S;—1) = n; Vi. Equation (B.18) implies Equa-
tion (B.17). Conversely suppose that Equation (B.17) holds Vi. Using
Equation (B.18) and proceeding recursively, we find that 7(¢, 4, S;—4

=n; Vi. u

We now prove Proposition 1 and Corollaries B.2 and 1.

Proof. We first show that the #’s are well defined by Equation (27)
and that 0 < f; <. < 1y < 7. We then show that the conditions of
Proposition 1 and the market-clearing conditions hold. At the end of
the proof, we motivate our construction of the equilibrium.
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The 1’s
We first show that for k& > i, ](Z}\;l p..;Sj, kR, Si—1) > 0. Noting that
I(p. j, kR, Si—1) =0 for j € S;_q, we get

N
1 (Z 0.8, R, 5{—1) = I(p. g, R, Si—1) Sk
Jj=1

+ Z I(p. j, kR, Si—1)s;. (B.19)
Jeti NN k)

Equations (B.7) and (B.9) of Corollary B.1 and the fact that s; > 0
imply that the right-hand side of Equation (B.19) is strictly positive.
We now show that

I(e, 1, S) - - I(e, N, Sn—1)
T IC P hS) T IO Py N Sno1)

(B.20)

Consider i < 7 < k. Using Equation (26) for stocks i’ and k, we get
I(e, 7, Sy—1) - I(e, Ry Si—1)
[(ZjN=1 p.Si 1 Si1) I(Z}L 0.,jSis R, Sic1)
Lemma B.4 implies then that
I(e, b, Si_1) - I(e, k, Sy)
I 0y, ke Sp—0) — IC o sy ke )

(B.21)

Using Equation (20) for stocks i and k, and Equation (B.21) for i <
i < k, we get

I(e, i, Si—1) - I(e, Rk, Si—1)
I(Z]]-L p. Sy &y Sic1) 1(2}11 0..jSjs Ry Si—1)
I(e, kR, Sp—1)

B [(Z/[-il 0.,;Sis R, Se-1)

Finally, it is immediate to check that g(¢) is strictly increasing and
is 0 at t = 0, and that f(?) is strictly positive and decreasing. As a
result, g(1)/f(¢) is strictly increasing and is 0 at t = 0. Since g(7) > 0
and f(7T) =0 for A= oo, then

g(T) - i [(G,N, SN—l)
S rar(3 L p s, Ny Sv-1)

(B.22)

is satisfied for large A. Equations (27), (B.20), and (B.22) imply then
that the ¢;’s are well defined andthat 0 < /4 <. <ty < T.
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Conditions hold
It is immediate to check that the x;,’s are continuous and piecewise
ct at[o, 7.

Condition (i)

Assumption 2 implies that Equation (B.10) holds for ¢ = D— P+ re.
Lemma B.3 and Equations (29) and (30) imply then that dx;;/dt < 0
in [#;, T1. Since x;; = x;;, in [0, #], condition (1) holds.

Condition (iii)
The definition of the x;,’s makes it clear that condition (iii) holds.

Condition (ii)
We first write Equation (28) as

— — ! [( ['\L P-,jS)s Iea Sle—l) I1(p.; k, Sp_
Di—rPi+re; = Mlz Z]_l al (0.ir % St 1)'
p S () I(p. ks Ry St—1)

(B.23)

Equation (B.23) and Lemma B.5 imply that

S @)

ra

N
ID—1P+re i S1)=1 (Z p..jSjs by 51-1> . (B.24)
j=1

Equations (27) and (B.24) imply
g(l,')](l_) — P+ re, i, S;_1) — 21(e, i, S;_1) = 0. (B.25)

To show that condition (ii) holds, we proceed recursively. We as-
sume that it holds for stocks 1 to i — 1 and show that it holds for stock
i (i can be 1). Combining condition (ii) for stock k& < i and condition
(iii) for stock k and ¢ € [#, #;], we find

t; N
/ (D/e—rP/e—i—rek—Athk,jxj,, e "dt —2e, =0. (B.26)
0 =

Using condition (iii) for stock & and t = #;, we can write Equation
(B.20) as

1‘1 . o A N B
/ ((Dk — rPp+ rep) <1 - A—l> - Atzple,j(-xj,t —x5) | e dr
0 1 ]':1

—2¢€, = 0.

Noting that x;, = xj, for j > i and t € [0, #], and using the definition

41



The Review of Financial Studies /v 11 n 1 1998
of g(1), that is, Equation (24), we can write the above equation as

t; i—1
8(t)(Dp — rPp + 1€p) — / A Z i, (x50 — x50)e” " dt — 2€;, = 0.
0 j=1

(B.27)
Proceeding for stock ¢ as we did for stock &, we conclude that proving
condition (ii) for stock 7 is equivalent to proving

t; i—1
g(fz')(Dz‘—VPH-VEi)—/ A Zpz’,j(-xj',l_-X]',li)e_ﬁdt_zei =0. (B.28)
0 j=1

Using Equation (B.27) for k < i (i — 1 equations) to eliminate

ti
/ Ay (X, — x/e,t,)e_”df
0

for k& < i (i — 1 unknowns) in Equation (B.28), we conclude that
Equation (B.28) is equivalent to Equation (B.25).

Condition (iv)

To show that A, Z;\:l pi jXj, increases in [0, ;], we will show that

A; Z;\;l pi ;X increases in [f_1, &) for R < i. Equation (30) implies
that it is equal to a constant term plus

-1

1 . P1LE-1
Ay =ity s Pik=1) .
Pe-11 - 1

P1,k . P1,N Xk N

Pk—1,k - Phk—1,N XN =k

The coefficient of x; > 0 for j > & in the above expression is
-1
1 . P k-1 01,j
Ar§ pij— (0i1s -+ s Pi—1) . .
P11 - 1 Pr—1,j
= Afl(p~,ja ia S]efl)'

Equation (B.9) of Corollary B.1 implies that 7(p. ;, 4, S,-1) > 0. Since
A; is increasing, the above expression is increasing.
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Market-Clearing Conditions
Finally, we show the market-clearing conditions. We will show that

N

N
Pij x, 1 0.8 (B.29)
0
=

:l

and conclude, from Assumption 1, that fOT xi,dt/ T = s;, Vi. We also
proceed recursively, assume that Equation (B.29) holds for stocks 1
to i — 1 and show that it holds for stock 1.

We write condition (iii) for stock & < i as

Ek — 7‘?/@ + reg N
_ - E Ok, % = 0.
At = 77

We integrate this equation from #; > #, to T and add to it the same
equation for ¢t = t; and multiplied by #. Using also the definition of
f(1), that is, Equation (18), we get

f( 1) d I /T dr
Dy — P — sl =, S
pys (Dp, — rPp + rep) ]2_1 Pk, j Tx/,t, + . X1

Since xj, = x5, for j > i and ¢ € [0, f;], we can write the above
equation as

N

f(l‘ T dt
—(Dy, — rPp+ rép) = Zpkz Xt 7
j=1 0

/ Pk, ](x] = X, t,) . (B.30)

Since Equation (B.29) holds for stocks 1 to i—1, we can write Equation
(B.30) as

S()

ra

N i—1 di

(Dp—rPr+rep) = Z P, jSj— Z / Pk, j (X0 — X5.1,) T (B.31)
j=1 j=170

Proceeding for stock i as we did for stock k, we conclude that proving
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Equation (B.29) for stock i is equivalent to proving

f(;)

(D - VP +re;) = Z,Oz JjSi — Z/ Pi, /(-x/ t— X, t,) . (B.32)

Using Equation (B.31) for k < i (i — 1 equations) to eliminate

dt
/ (Xkl—xlez)_

for & < i (i — 1 unknowns) in Equation (B.32), we conclude that
Equation (B.32) is equivalent to Equation (B.24). =

We can now work backwards and motivate our construction of the
equilibrium. First, we fix the #;’s and the P;’s, and define the x;,’s from
condition (iii). Second, we derive Equations (B.25) and (B.24) using
condition (ii) and market clearing, respectively, and proceeding as in
the proof. Third, we determine the #;’s and the P;’s. To determine the
t;’s we simply divide Equation (B.25) by Equation (B.24). To determine
the P;’s we solve Equation (B.24) (N equations) using Lemma B.5.

In Corollary B.2 we study how the minimum holding period of a
stock depends on its and other stocks’ transaction costs, and on its

supply.

Corollary B.2. The minimum bolding period of stock i, t;, increases
in €;, is independent of €, for i < k, decreases in €, for i > k, and
decreases in s;.

Proof. We use Equation (27) and the fact that g(#)/f(¢) is strictly in-
creasing. To prove the comparative statics with respect to the transac-
tion costs, we note that I(e, i, S;_1) increases in €;, is independent of
€ for i < k, and, from Equation (B.8) of Corollary B.1, decreases in
€y for i > k. To prove that #; decreases in s;, we use Equation (B.19)
and Equation (B.7) of Corollary B.1. =

Finally, we prove Corollary 1.

Proof. We use Equation (28) and the result of Corollary B.2 that ¢; is
independent of €, for i < k. u
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Appendix C: Proofs of Propositions 4, 5, and 6
We first prove Lemma C.1.

Lemma C.1. Consider the function b(t) defined by

21t
h(t) = — S0 - + 1. (C.1)
r(@ 0 f(@) — g f' (1)
If'T < T, h(2) is increasing, while if T > T, it is decreasing for small
t and may then become increasing. If T < Ty, h(t) is negative, while
if T > T, it is positive for small t and then negative.

Proof. Using the definitions of f(#) and g(¢), that is, Equations (18)
and (24), we get

d(1/A;) rat
dt T

g =- d(l/A’) / e~"Sds. (C.3)

Plugging back into Equation (C.1), and simplifying by ra/T and
d(1/A;)/dt, we get

S = (C.2)

and

h(t) = — 2 + 1. (C.4)

YT

Using Equation (C.4) and the definition of A4,, that is, Equation (11),
we get

T — (2 —rT
lo(O):r 24 y)+3ye
rT—y(l—e'T)
and
1+e 7"
Wl =———.
( ) 1— efrT

b (t) has the same sign as the derivative of

¢ tAeimdS TdS
[ s s
0 r t As

It is easy to check that this derivative has the same sign as

t N t d Ave—rb‘
Aite"! —/ Ase_“d5=/ sgds
0 0 ds
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If T < T then 2ye™"" —1 > 0. In this case 4,e7"" is increasing and
so is h(t). If T > T, then 2ye™"7 — 1 < 0. In this case A;e”"! is
decreasing for small ¢ and may then become increasing. The same
is true for h(#). If T < Ti, then b(0) < 0. h(2) is either increasing,
or decreasing and then possibly increasing. Since h(T) < 0, b(t) is
negative. If 7' > Tj, then h(0) > 0. Since h(T) < 0, h(t) is decreasing
and then possibly increasing. Therefore it is positive for small ¢ and
then negative. u

We now prove Proposition 4.

Proof. Equation (27) implies that

a(1/f (1)) _ A 1 2
d1(e, 7, Si—1) S (g/f) (1) ra[(zj]il S Si—1)

(C.5)

Differentiating Equation (28) with respect to €; and using Equation
(C.5) we find

P K2/ 1 3l .S I(p.is ). 5,7*1)_,_1
b S TWPGING e g hs)

Noting that I(e, j, S;-1) is independent of ¢; for j < i, and using the
definition of h(t) we can write the above equation as

OP;

861'

= h(t,). (C.0)

Proposition 4 follows then from Lemma C.1, and the fact that ¢ is
small for €; small and vice versa. n

We now prove Proposition 5.

Proof. The proposition follows from Equation (C.6) and Lem-
ma C.1. ]

We now prove Proposition 6.

Proof. Differentiating Equation (28) with respect to €, & < 7 and
using Equation (C.5) we find

9P, B L 2f(h) 1 d1(e, j, S-1) 1(p. i, J» §j-1)

dep S SN Ve L(p.j ] Si-1)
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that we can write, using the definition of h(#), as

OP; 2/ (tp) 1 1(p.i, J, Sj-1)
= > Z (€ Js 1) ———F———
der  rf () (8/f) (te) 361« 1(p. ;s J, Sji-1)
al (6 Js §=1) 1(p.1 1, Sj-1)

der  I(p. s jr Si—1)

+ Z(b(zy) — h(1)) €7
=1

Using Lemma B.5 for ¢ = € and 5 defined by n; = I(e, i, S;—1), we

conclude that

](p i 75 ) 86'
Zl(e Jo ST ’1 =—'=0

Noting also that I(e, j, $;-1) is independent of €, for j < k we can
write Equation (C.7) as

P (e, J. 1) 1(p-is J: §-1)
o Y (b — by L A o,
e« € I(p. j, J» Si-1)

(C.8)

Equation (B.8) of Corollary B.1 implies that d7(e, j, Sj—1)/0€, < 0 for
Jj > k. Equations (B.7) and (B.9) of Corollary B.1 imply that

](10-,17 ja S]—l)/[(lo,]a j9 5_‘/—1) Z 0.
Therefore Proposition 6 follows from Lemma C.1. =
Finally, we prove Corollary 2.

Proof. We first note that p;; = p > 0 Vi, j, i # j, implies that
01(e, j, Sj—1)/0¢€, is independent of & for k < j. Using Equation (C.8)
for kand k+ 1 < i and the fact above, we get
aP;  OP;
0€p  0€ps1

= (/{)(l/e+1) - b(t/e))

i

a1, 1, S 1) I(p. i 7, Si
% Z (E J j 1) (P i ] )i 1) ‘ (C9)
J=k+1 der 1(p. ;s Js S-1)
Corollary 2 follows then from Equation (C.9) and Lemma C.1. |

Appendix D: Proofs of Propositions 7 and 8

We start with Proposition 7.

Proof. We first derive a linear system of N equations for the N un-
knowns x;0. We then show that its solution are the x;¢’s of the propo-
sition.
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The linear system

To derive the ith equation of the system, we use condition (iii) of
Proposition 1. Noting that x;, = x;0 for j > i, we can write the
condition for stock k& < i and t = ¢; as

i—1 N — —
Dy — 1Py + rep

Z Pr, ;%1 + Z Pl jXj,0 = 4 (D.1)

J=1 J=t f

We can also write condition (iii) for stock 7 and ¢ = ¢; as

i—1 N - D

Dz' — VP{ + re;
Z Pi X1, + Z Pi jXj.0 = a4 (D.2)
J=1 J=i i
Using Equation (D.D) for & < i (i — 1 equations) to eliminate xy,,, for
k < i (i — 1 unknowns) in Equation (D.2), we find

](E — 7’?-}- €, 1, Sz‘—l)
A, '

i

N
Zl(p,]a Z'a Sl'fl)‘xjf,o =

=i

Using Equation (B.24), we can write the above equation as

ral( 0, p. s i, Sic1)
S A,

N
ZI(P»,]', i, Si—1)Xj,0 =
=i

(D.3)

Equation (D.3) is the ith equation of our linear system.

The solution

We now show that the x;¢’s defined by Equation (32) are the solution
to the linear system. We plug the x;(’s in Equation (D.3), and show
that the coefficient of 1//(#/) 4, in the resulting equation is 0 for j > 4.
This is obvious for j = i. For j > i the coefficient is

I(p,/» j/’ S/*l\{]/})

: . (D.4)
I(p..j, J's Si—a\{J'D

Jj—1
Hp. it Sic)) = Y I(poj i Sic1)
J=i

Using Lemma B.1, we can write Equation (D.4) as

](,0.’]', i, Si—l) = (O, ey O, ](,0.’1‘, i, Si—l)’ ey I(,O.,]'_l, i, Si—l))
-1

1 . P11 P1,j

) D.5)

X . .
pj-11 . 1 Pj-1.j
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Using Equation (B.2) for 4, the submatrix formed by rows and columns
1to i — 1, we can write Equation (D.5) as

I(p,]7 Z.a Sl'fl) = (1(p~,is i? Sl’*l)a LR 1(10-,]'7]7 i? Si*l))

X R -1 X
1(p.i, 1, Si—1) . 1(p. j-1, 4, Si—1) I(p. j, 1, Si—1)
[(10,15]_ 1551'—1) . ](p-,j—17.7_175i—1) ](p,]7]_17 Si—l)
(D.6)

The definition of I1(¢, b, {by, ..., b;}), that is, Equation (25), implies
that the matrix in Equation (D.6) is symmetric. Therefore the equation
obviously holds. u

We now prove Proposition 8.

Proof. We first define the function /(#) by

S OA+ ()G
AW f(1) — g0 f 1)

Proceeding as in the proof of Lemma C.1, we get

(1)

D.7)

! <ds
0
i
Therefore /() is positive and decreasing.
Equation (27) implies that
90/ A) _ 2
01(e, i, Si_1) l ra[(Z}il 0.,7Sp, &y Si1)

We use Equation (D.8) to calculate 9 V;/d€,. Equations (32) and (D.8)
imply that

(D.8)

0 Vi _ 2 l(tl) 8[(6, i Si*l)
dep  Tsi \I(p.i i, Siz1) Oep
B i 1(%) I(p.j, 1, Si-1\{7}) 91 (e, j, S;—1) (D.9)
Jj=i+1 1(,0,7, j7 Sf—l) I(p',i7 i7 S]—l\{l}) 86/6 ’ .

Equation (B.8) of Corollary B.1 implies that 0/(e, 7, S;—1)/0€; < 0 for
Jj > i. Since 91(e, i, S;_1)/0€; > 0 and [(t) > 0, dV;/de; < 0.

We now show that dV;/d€;, > 0 for & < i. The proof for k > i is
similar. Dividing by /(#;), and using the facts that /(#) is positive and
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decreasing, and that 91(e, j, Sj_1)/0€, < 0 for j > i > k, it suffices to
show that

1 91(e, i, Si—1)
](,0~,iy l’# Si—l) aek
4 1 I(p.j, i, Si—1\{7}) 91 (e, j, Sj—1)

- X - - < 0. (D.10)
S5 Ly 7 §-1) 1(pis 4, Si—1\{#}) dep

The definition of 7(¢, b, {by, ..., b;}) and Lemma B.1 imply that Equa-
tion (D.10) is equivalent to

1 I(p. i, R, Sim1\{k})
I(p.,i, 1, Si—1) 1(p- ks R, Si—1\{R})
al 1 1(p. j, 1, S \{i}) 1(p. ;. R, Si—1\{R})

- > 0D.1D)
2 T 150 1 S\ T e S\ ED —

To show that Equation (D.11) holds, we first establish a useful identity.
We compute the term in the kth row and ith column of the inverse
matrix of

for j > i, in two ways. First, we use Lemma B.2. Second, we use
Equation B.2 for 4, the submatrix formed by rows and columns 1 to
j—1, Lemma B.1 and Lemma B.2. Since we should get the same result,
the following identity holds

I(p..i, Rk, S\{i, R})
I(p..i» 1, S\NEDI(p.. k> R, S\{7, R})
. I(p.,i, Ry Si—1\{i, k})
(P b S MED Tk, R, -1\, k)
3 1 I(p. j, i, Si—1\{}) 1(p.j, R, Si—1\{R})
1(p. js J, S=1) 1(p.,is &, S—a1\{i}) 1(p. g, R, Sj—1\{R})

Equation (D.12) used for j = i+ 1 to N implies that Equation (D.11)
is equivalent to

(D.12)

I(p. i, R, SN\, k})
I(p. i &, SN\{IDI(p., ks R, SN\{E, RY)

which obviously holds. u
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Appendix E: Proof of Proposition 9

Existence of a solution

We first show that Equations (35)—(39) have a solution. For simplicity
we assume that A = oo. The proof for A4 large uses the fact that the
functions A;, f(#), and g(#) are close to their counterparts for A = oo,
and is available upon request. Eliminating P, and P, we get the
following equations in #, 4, and &

g(n) _ 2¢ ’ E.1)
f) = f(n) ras
g8 g(h) 2(62 PE1)
RORTOEOR ra (-2
and
A, f(B) ,oAi] (f(n) — f(n) _ (E3)

$ NI

We treat #; € (0, T') as a parameter, and define # (%) and 5(#) by
Equations (E.1) and (E.2), respectively. We assume first €; > 0. Since
g(0) = 0, g(1) is strictly increasing, f(¢) is strictly decreasing, and
€ > 0, Equation (E.1) has a unique solution #(#) € (0, #), that is
continuous in #. Using Equation (E.1), we can write Equation (E.2)
as

g  (g) [\ 2a 26
7 S =p (g(tl) 1) + > 0. (E.4)

ra ra
Since g(7) > 0 and f(7) = 0, Equation (E.4) has a solution (%) €
[0, 7)) that is continuous in #. If €, = 0, # (%) = 0, and % (%) is defined
instead from Equation (E.2).

We now plug tl(tl) and 5(#) into Equation (E.3) and show that it
has a solution, 7. For #, close to 0, the left-hand side of Equatlon (E.3)
is strictly positive. When f goes to to T, (%) and 5(#) go to limits
in (0, T). Since A; goes to oo the left-hand side of Equation (E.3) goes
to —oo. Therefore a solution to Equations (E.1)—(E.3) exists, as well
as a solution to the initial equations.

Proofthat 0 < f; < 21 <bL<T
We only have to show that #; < #,. We assume first that p < 1. Defining
17 and £ by Equation (27), and using Equation (28), it is easy to check
that Assumption 1" implies that

f(E)ps: = f(5)(s1+ ps2). (E.5)
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To prove that #;, < #, we will assume the opposite and prove that (i)
f()ps: < f(R)(s1+ ps2), GD f < #f, and (iD & > #. Since f(?) is
decreasing, these three facts will contradict Equation (E.5).

Proof that /(1) ps, < f(5)(s1 + ps2)
We write Equation (E.3) as

Ay, f (1) St

: E.6
yr—rs (E6)

S = f(h) +

The result follows from our assumption that f, > b and the facts that
[ (1) is strictly decreasing and A4, strictly increasing.

Proof that < #f

Using Equation (E.6), our assumption that # > %, and the fact that

f(B)A, is strictly increasing, we get

S|+ ps2
S1

(f () — f(h)) < f(n).

The above inequality and Equation (E.1) imply that

g(n) - g(n) 1

S T f(n) = f(h) s+ ps
2¢€
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Conditions hold
We now show that the conditions of Proposition 1 and the market-
clearing conditions hold. Equations (37), (40), and (41) imply that

_ — 1 1 A
X1, = (D1 — rP1 + rep) (— — —) , Ytely, h). (E.8)
A; A?l

Therefore x; ; is continuous at f1,and x; , and X, are piecewise C*. It
is easy to check that conditions (1), (iii), (iv), and (v) of Proposition 1
hold.

Condition (ii)
We proceed as in the proof of Proposition 3. Proving condition (ii)
for stock 1 is equivalent to proving

h - o A
/ (Dl — Vpl + 7’61) (1 — A—t> efﬁdt — 261 = O,
0

h

that is, Equation (35). Combining condition (ii) for stock 1, and con-
dition (iii) for stock 1 and ¢ € [#, 4], we get

h . . A
/ ((D1 — Py + rey) (1 — A—l> — A (o1, — xl_;l)> e "dt—2e, = 0.
: A ,

41
(E.9)
Proving condition (ii) for stock 2 is equivalent to proving

b - o A
/ ((Dz —rPy+rey) (1 — A—[) —A,;p(xl’t—xly,;z)) e "dt—2e,=0.
0 h
(E.10)
Using Equation (E.9) to eliminate

h 151 t
/ Atxl,te_"’dl‘:/ A(xy =2y 3) e dt =/ Ap(xy, =) e " dt
0 0 0

in Equation (E.10), we conclude that Equation (E.10) is equivalent to
Equation (36).

Market-clearing conditions

Finally, we show the market-clearing conditions. The definition of
x.; shows that the market-clearing condition of stock 2 is equivalent
to Equation (39). Using Equation (E.8), it is easy to check that the
market-clearing condition for stock 1 is equivalent to Equation (38).
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Appendix F: Proof of Proposition 10

We first prove the proposition and then prove Corollaries 3 and 4.

Proof. Using the definition of #*, that is, Equation (44), it is easy to
check that Equations (35)—(39) (the equilibrium equations) are satis-
fied fore;, =€, =0, 4, =0, = 1, = t*, and

—  ra(s +s)

By~ P =Dy — 1P = " (F.1)

We now study the equilibrium equations for € small, assuming that #,
h, b, P1, and P are close to their € = 0 values. We first determine 4
and & — #; from Equations (E.1) and (E.7), respectively. Since g(0) =
g'(0) = 0, Equation (E.1) implies that

1807 _ 2
FO)— f(*)  ras;

Equation (C.3), the definition of A, that is, Equation (11), and the fact
that y = 1 imply that

(F.2)

d(1/4) f— re "7’

g'0) = - —.
dr |, 1—e'T

(F.3)

Using Equation (F.3) and the definition of #*, we can write Equation
(F.2) as

re "1 2¢;
: - . (F.4)
21 — e ™) f(0)  ra(s; + s2)
Equation (E.7) implies that
d(g(hA o 2 —
82 (8(HA) (h— 1) = M. (E.5)
.]F(t)k)/ll’F dt t=1* ra
Using the definition of g(#), that is, Equation (24), we get
digh4) d /t ., dA,1—e !
= A _AS ’Sd = F6
dt dr J, A —AgeTds = 2, (F-6)
The definition of #*, and Equations (F.5) and (F.6), imply that
1 dAa, 1—e ' . 2(e; — €7)
—_— — (b —Hh) = ———. F.7
SO A dt |,_,. r (=) ra(s; + ) (F7)
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We now come to P; and P, and first compute P; — P,. We can
write Equation (37) as

_ _ — — — — A,
Dy—rPy+re;— (D1 —rP1+rey) = (D1 —rPi1+7re) <A—tz — 1) . (E.8)

h

Using Equation (F.1) and the fact that 4 — #, is small, we can write
Equation (F.8) as

D D - - ra(s; + ) dA
Dy—rPy+re;—(Dy—rPr+r€) = rats + ) d4

F(0)A.  dt (b—h). (F.9)
.

1=tr*

We now compute P; and prove Equation (42). Adding Equations (38)
and (39), we get

(D) — rPy 4 re)(f (1) — f(h) + f(1))
+(Dy — rPy + re; — (D — rPy + r€1)) f (1) = ra(s + 2).(F.10)

Using Equation (F.9) and the fact that f'(0) = 0, we can write Equation
(F.10) as

_ _ 1 N
(D1 — rPy + 7rey) (f(O) + if”(O)tf + [ () — t1)>

ra(s; + ) dA;

FOd, ar|_ SO =rasts). E1D
»

1=tr*

Equation (C.2) and the definition of A, imply that

_ da/4) o

dt

ra re

=0 T T

/() (F.12)

Noting that # and t, — # are small, and using Equations (C.2), (E.1),
and (F.12), we can write Equation (F.11) as

(D1 — 1Py + re1) f(0)
ra(s, + ) re”  rat* d(1/A)
7(0) (_ 27 ! T dt
ra(s, + s) dA;
F(O)A-  dt

(b — 21))
t=r*

SN — 1) = ra(s + $). (F.13)

t=r*

Using the fact that d(1/4,)/dt = —(d A,/ d1)/A?, and the definition of
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f(#), that is, Equation (18), we can write Equation (F.13) as

(Dy — 1Py + re1) f(0)

ra(s; + ) re” ,  dA, 1 . ra (Tds
- b+ — — (b —h)— -
7(0) 2T drt |,_,. Ay T ). A
= ra(s; + ). (F.14)
Equation (F.4) implies that
ra(s + s) re”’"T 2¢1(1— e T
(514 %2) 2 _ 1( ). (F.15)
7(0) 2T T
Equation (F.7) and the definition of 4, imply that
ra(s; + s) dA; 1 . ra [Tds
e el
f©) dt |,_p Ap T J. A
21(e; —€) (T — t* 1—e "I
= . F.16
1—e " ( T + rT (F.16)

Equation (42) follows from Equations (F.14), (F.15), and (F.16). To
obtain Equation (43), we note that Equations (F.7) and (F.9) imply
that

— — — — 27"(62 — 61)
D2—7P2+7"€2—(D1— VP1—|—7'€1) = W (F17)
Equation (43) follows from Equations (42) and (F.17). u

We now prove Corollary 3.

Proof. We first study P;. The definitions of 4, and f(#) imply that

e~ rT

1—

Therefore the coefficient of €; in Equation (42) is

rT—301— ey 2(l5t - et
o (1= e/ 0)

Since x — (1 — e™¥) > 0, the second term is positive. It is O for ¢t = T,
and goes to 0o as ¢ goes to 0. The result for P; follows.

We now come to P,. Equation (F.18) implies that the coefficient of
€, in Equation (43) has the same sign as

A= "YoT =1 =) =2(rt" — (e~ — e7"Ty).  (F.19)
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Equation (F.19) is 0 for t = 0, and is —(14+e " (rT—(1—e" ")) <0
for t = T. Its derivative has the same sign as

rT—Q—e Ty —2(" — e7"T720y, (F.20)

Equation (F.20) is r7—3(1—e~"T) for t = 0, andis rT—(1—e~"T) > 0
for t = 7' Its derivative has the same sign as 2e~""=9 —1, and is either
positive, or negative and then positive. Therefore if 77 —3(1—e~"T) <
0, Equation (F.20) is negative and then positive. Equation (F.19) is thus
negative. If »7 — 3(1 — e~"!) > 0, Equation (F.20) is either positive,
or positive then negative and then positive again. Therefore Equation
(F.19) is positive and then negative. u

The proof of Corollary 4 is very similar to the proof of the second
part of Corollary 3. It is available upon request.
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