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This article examines the equilibrium asset pricing implications of fric-
tions which take the form of constraints on portfolio weights that limit
short sales of assets. Such constraints differ from exogenous bounds
on short sales in that they capture an investor’s ability to increase his
borrowing or short sales as a function of his “creditworthiness.” Mar-
gin requirements faced by most investors are one example of such
portfolio constraints. Another example is provided by limitations on
leverage which often apply to portfolio managers.

In standard models of frictionless economies, the price of a traded
claim to a future payoff is equal to the expectation of the product
of the payoff and a discount factor. Furthermore, this discount factor
can be identified with the relevant ratio of the marginal utilities of
consumption of any investor—his intertemporal marginal rate of sub-
stitution (IMRS). It is increasingly recognized that understanding the
implications of frictions is important; in their presence, asset prices
may deviate from IMRS-based valuations of dividends. For instance,
Luttmer (1996) and He and Modest (1995) characterize bounds on
such deviations based on an IMRS computed with aggregate consump-
tion and the preferences of an aggregate agent, following Hansen and
Jagannathan (1991).

In this article we investigate a finite horizon general equilibrium
model with portfolio constraints. We show that equilibrium prices of
assets exceed every investor’s IMRS-based valuation of the associated
payoffs by “speculative-value” and/or “collateral-value” premia in the
presence of binding constraints on portfolio weights. We also study
the pricing of derivative securities in this context, motivated by the
suggestion that the preponderance of regulatory constraints is an im-
portant reason for the success of many financial innovations [Miller
(1980)]. The validity of standard methods for pricing derivatives is
shown to depend critically on the difference between “real” securities
and their “synthetic” counterparts.

The existence of a speculative premium on an asset subject to a
no-short-sales constraint was shown by Harrison and Kreps (1978)
(hereafter, HK). In an infinite horizon partial equilibrium setting, they
demonstrate an equilibrium in which the stock price exceeds all agents’
valuations of the associated dividends. HK characterize investor be-
havior in their model as speculative: an investor willingly pays more
than his valuation of the dividends because he expects to be able to
resell the asset at a favorable price. A similar result is also reported
by Allen, Morris and Postlewaite (1993) (hereafter, AMP) in a finite
horizon general equilibrium model with a binding no-short-sales con-
straint. It is straightforward to show that these results extend to the
case of limited short sales when exogenous bounds are placed on the
numbers of shares that may be short sold, and to the case of multi-
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ple assets. In particular, when such short sales constraints are binding
on every investor for some assets, at the current date or in some fu-
ture state, only these assets may contain speculative premia. All other
assets’ prices will in equilibrium equal every investor’s intertempo-
ral marginal utility of consumption-based valuation of the associated
dividends.

In contrast to exogenous bounds on the numbers of shares sold
short, the negative lower bound constraints on portfolio weights that
we consider allow short sales in proportion to the value of an in-
vestor’s portfolio. In an intertemporal model of investors with hetero-
geneous beliefs, one stock and a riskless asset (in zero net supply), we
exhibit an equilibrium in which short sales and leverage constraints
bind on all investors. Since all investors have logarithmic utilities with
a common rate of time preference, the binding constraints impact
equilibrium through their effects on the riskfree interest rate and the
market price of risk, while the stock price is invariant to the con-
straints. However, investors value the stock (and every tradable claim)
for more than the consumption its dividends provide. We prove that
the equilibrium price S of the stock with dividends D has the decom-
position

T
S =E [/ my, (D, + x,, + K;)dui| (D
t

where m!, is investor i’s IMRS between dates ¢ and u, E/ is his ex-
pectation operator conditional on information at time #, and x' > 0,
' > 0. The first component is the familiar IMRS-based valuation of the
dividends D by investor #, which we term the stock’s “consumption
value.” The process x’ > 0in a given event (w, f) if and only if investor
i is short sales-constrained in the stock in the same event whereas k'’ >
0 in (w, ?) if and only if either the constraint on short sales of stock or
the leverage constraint binds on investor 7 in (w, ). We show that, at
the margin, the purchase of a share of the stock enables investor i to
realize expected “speculative gains” at the rate x’, in excess of fore-
gone capital gains and dividends, by selling it to acquire the riskless
asset in a timely manner. Thus, along the lines of HK (1978) and AMP
(1993), we interpret E/Lf," ximi,dul as a speculative-value premium
in § relative to investor i’s IMRS: his willingness to pay more than the
consumption value to him of the dividends is partially explained by
the positive probability of a resale of the stock to another investor at a
favorable price. We also show that, at the margin, ownership of a share
of the stock enables investor i to earn expected speculative gains at
the rate x' from the timely short sales of the stock or the riskless
asset. In other words, ownership of the stock supports the valuable
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option of being able to borrow or short sell. Hence, we interpret «'
as the “collateral services” provided by the stock for which investor ¢
is willing to pay the ex ante premium E/[ |, tT «}mi, dul. The presence
of the latter, collateral value premium complements the results of HK
(1978) and AMP (1993). The sources of value from an investment in
the riskless asset may also be categorized as in Equation (1).

The magnitudes of the speculative gains and collateral services that
investor i imputes to an asset depend on both how much short sales
and leverage is admissible and the incidence of these constraints on
him. A “local” analysis of the events (w, #) in which the constraint on
the stock binds, for instance, reveals that the speculative gains x '(w, t)
from the stock increase in the stringency of the constraint. The col-
lateral services k’(w, t) from the stock, however, have an inverted
U-shape with respect to the degree of the restriction. This reflects the
fact that there is clearly no value to collateral when no short sales are
permitted and also when unlimited short sales are allowed. Hence,
agent 7’s expected gains from trade in the stock, which equal the sum
of the speculative gains and the collateral services x (w, 1) + k' (w, 1),
are not necessarily decreasing as the constraint is relaxed. Stated dif-
ferently, this result also has the implication that observed deviations
of returns from IMRS-based predictions can be nonmonotone in the
degree of stringency of a short sales constraint. This is interesting
because it is at odds with the intuition that there must be smaller
expected gains from trade the more unfettered are investors.

Our analysis uses results of Cvitanic and Karatzas (1992) on the indi-
vidual consumption-portfolio optimization problem under constraints
on portfolio choice. The general equilibrium framework with log utili-
ties and heterogeneous beliefs that we employ extends Detemple and
Murthy (1994) to a single dividend-paying stock and a class of con-
straints. It should be stressed at the very outset that the assumption of
differing priors is not the key to the generation of speculative and/or
collateral value premia; rather it is the presence of portfolio constraints
that bind in equilibrium. Of course, the latter requires the presence
of enough heterogeneity in order to induce trade: the differing pri-
ors serve this purpose. We also extend the decomposition result in
Equation (1) to economies with (i) a finite number 7 > 2 of agents,
(i) heterogeneous von Neumann Morgenstern utilities, and (iii) mul-
tiple assets in positive net supply, taking as given the existence of an
equilibrium in which every investor finds himself constrained in some
asset at either the current date or some future date with positive prob-
ability. Hence all assets sell at prices above all investors’ valuations of
the associated dividends provided one asset does; this is in contrast
to the no-short-sales case of HK (1978) and AMP (1993). However,
the magnitudes of the consumption, speculative, and collateral value
components for a given asset differ across investors.
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When securities have different degrees of collateralizability and a
solvency constraint binds on a single investor who supports prices,
Hindy (1995) proved that an asset’s price admits a decomposition into
a dividend-based value and a residual that depends on the asset’s col-
lateralizability. Any difference in the prices of two trading strategies
that have the same cash flows may be interpreted as a value imputed
to their differing collateral services. We do not allow for the exis-
tence of multiple assets with the same cash flows but different prices;
nevertheless, our equilibrium analysis in terms of multiple investors’
marginal utilities enables the identification of investor-specific collat-
eral value and speculative value components in the price of an asset.
This suggests that in any equilibrium in which assets are valued for
speculative and/or collateral reasons, a “market” value associated with
these asset characteristics will not coincide with individual investors’
valuations of the same. Furthermore, our results show that an asset
cannot have value as collateral for any investor unless he also values
some other asset for speculative reasons.

We also examine the implications of our general equilibrium model
for the valuation of derivatives. A recent literature addresses the im-
plications of pricing by no-arbitrage in settings where constraints on
short sales or leverage limit the class of attainable claims, that is, pay-
offs which may be synthesized using admissible portfolio strategies.
Typically these articles show that no-arbitrage yields bounds on the
prices of unattainable claims; the bounds collapse to yield a single
price if and only if the claim is attainable. We show that interpre-
tations of these results are sensitive to the difference between “syn-
thetic” claims and their “real” counterparts. Under binding portfolio
constraints, the introduction of markets in some real securities—claims
whose payoffs may be otherwise synthesized—has an impact on equi-
librium. These real securities have payoffs whose synthesis involves
an asset in which some investor is constrained, equivalently, an asset
with a speculative value premium. Markets in such derivatives allow
at least one investor to circumvent, completely or partially, any previ-
ously binding portfolio constraints, and this has an equilibrium impact.
Hence, it may not be appropriate to price derivatives by no-arbitrage
even if the primitive assets’ prices and prevailing constraints on trading
strategies suggest that the derivatives can be replicated by admissible
portfolios. In other words, the set of redundant securities may be a
(proper) subset of the class of attainable claims, in contrast to the case
of frictionless markets where every attainable claim is redundant.!?

! The relationship between this result and those of Back (1993), Chen (1995), Grossman (1988),
and Heath and Jarrow (1987) is discussed in Section 4.

2 Other studies on the role of frictions in asset pricing include Black (1972), Cuoco (1997), Dybvig
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The article is organized as follows. Section 1 presents the general
equilibrium model with one stock. In Section 2 we solve for com-
petitive equilibrium in the presence of binding constraints. Section 3
establishes that the excess of an asset’s price over its consumption
value is comprised of speculative value and collateral value compo-
nents, and examines their properties. The implications for pricing by
no-arbitrage are developed in Section 4. Extensions of the results are
presented in Section 5. Concluding remarks are formulated in Section
6. All proofs are contained in the Appendix.

1. A General Equilibrium Model

We consider a continuous time economy with a finite horizon [0, T7.
There is 1 share outstanding of a dividend-paying stock and a sin-
gle consumption good which serves as numeraire. The drift of the
dividend growth rate is stochastic and unobservable. Investors form
beliefs about the changing growth rate based on the information
contained in realized dividends and on a second information source
which can be interpreted as publicly released analysts’ forecasts.

Formally, the uncertainty is represented by a complete probability
space (2, J, P) on which is defined a R3-valued Brownian motion
process W = (Wp, W;, W3). Let j(‘;y denote the augmented filtration
generated by W. Also define the filtration G xj(‘;y and its augmentation
Jy, where G is a sigma-algebra independent of j}v ,and set J = Jr.
There are two types of agents in the economy, indexed by i, i =
1, 2, who are each endowed with shares of the stock. The stock pays
dividends at the (observable) rate D > 0 per unit time where D solves
the stochastic differential equation,

t t

DZ = DO +/ DSMSdS+/ DSUS(DS)d‘XVlS7 te [Oa T]’ DO > O giVel’l,
0 0

)

with
t t
e = o +/ Hst+/ by(D*)d Wy, t € [0, T). (3)
0 0

Here o and p represent, respectively, the volatility and drift of the
dividend growth rate; D° = (Dy; t € [0, s]) is the trajectory of D up
to time s. The initial value pg is a G-measurable random variable that
is independent of dividend realizations, and more generally, of W.
The processes b and H represent, respectively, the volatility and drift

and Ross (1986), He and Pages (1993), Jarrow (1980), Jouini and Kallal (1995a, 1995b), Prisman
(1986), Ross (1977), and Scheinkman and Weiss (1986).
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coefficients of the process . Agents observe the realized dividends
and know the functionals o (.) and &(.). The processes u, H, and W
are unobserved.

Agents also observe the realizations Y (analysts’ forecasts) which
are generated by the information technology,

t t
y, = / Audu+ / 5u(Y")d Wa, 1 € 10, T 4)
0 0

The components A and s represent the drift and volatility, respectively,
of the information process; Y* = (Y;; t € [0, ul) is the trajectory of ¥
up to time u. Agents know the functional s(.) and do not observe the
process A. The observations Y convey information about the drift of
the dividend growth rate p to the extent that the covariation of 4 and
wu differs from zero. The degree of informativeness of the forecasts
Y is jointly determined by the covariation of the processes A and
w, and the (inverse) precision s. The common information of agents
is summarized by the filtration jgy generated by the pair (D, Y).
Since for each t € [0, 7] we have 7”7 C J, agents have incomplete
information; thus processes such as pu and W, which are adapted to
Ji, but not to 7", are unobserved.?

Agents have heterogeneous beliefs represented by probability mea-
sures P', i = 1, 2, that are equivalent to P. The measures P!, P? and
P coincide everywhere except on G. Let E'(-) denote the expectation
operator relative to P’, i = 1, 2. Investor i's posterior beliefs about
future dividends may be described in terms of the \7([)) ¥_measurable
conditional expectations i} = E'lu, | J>", Al = E'l4, | T2,
and H! = E'H, | TP Y1, which depend on the history (D', Y*) and
on prior beliefs [Liptser and Shiryayev (1977), Lemma 4.9]. Agent #’s
estimate of the rate of dividend growth, i} = E'lu, | 771, satisfies

A

t
=g+ f (Alds + nio dvi +visT dvi),i=1,2,  (5)
0

where n! = E'lu? | 77— ()2 and of = E'lw, A, | JP 71— Al rep-
resent the estimation errors associated with dividend growth informa-
tion and with the information technology [Equation (4)], respectively.

3 We assume that the R, -valued functionals o, b, and s are bounded above and away from zero
for all ¢ € [0, T]. See Detemple and Murthy (1994) for the appropriate technical conditions on H,
A, o, b, s, and p, that ensure the existence of a unique strong solution to Equations (2)—(4). Also,
1o € L£? implies that (u,, D,) € £> x £ for all ¢ € [0, T).
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The processes v! and vi are defined as

t

t
v, E/o o, 'ldD,/D, — i} dv) and Vi, E/ s;dy, — Al dv),

0

- (©)
for i = 1, 2. We suppose that i’ and A’ satisfy appropriate Lipschitz
and growth conditions. This ensures that v{ and v} are innovation pro-
cesses induced by the individual beliefs of agent #, i = 1, 2, and the
observation processes of Equations (2) and (4), respectively; that is,
the information ﬁlt;atiQn .7(1;Y coincides with the filtration 7, l gen-
erated by v' = (v{,v}) [Liptser and Shiryayev (1977, Lemma 4.9)].
We also assume that #’ and ¢’ are bounded away from zero. The
well-known linear-Gaussian case is an example of an uncertainty in-
formation structure which satisfies Equations (2)—(6). Let E; (+) denote
the expectation operator relative to P conditional on information J/,
tel0,T],i=1,2.

There are competitive markets in shares of the stock, the consump-
tion good and in an instantaneous riskless bond which is in zero net
supply. Agents take as given an (ex-dividend) stock price process
S and an instantaneous interest rate process #, which must be j(’:)—
progressively measurable since all agents have (common) information
jg) Hence, the cum-dividend stock returns and the cumulative risk-
less rate of return R have the respective representations,

dS,+D,dt = S} dt+Sp1,dv],+Sipardvy,, t €10, Tl; Sy = 0; i = 1, 2,
)

th = tht, IS [O, ﬂ, Ie() = 0, (8)

where o, p1, p2, and r are J(f)—progressively measurable, integrable
and are determined in equilibrium along with the initial stock price
S. Furthermore, the consistency condition a? = a} + py,0, (A —
A + pasy (A2 — AV, t € [0, T1, which is implied by Equations (6)
and (7), must hold since both agents face the same prices.

Consider the space of nonnegative processes that are progressively
measurable with respect to .7(13Y and for which the expectation in
Equation (9) is finite. Agents’ preferences are defined on this space
and have the von Neumann-Morgenstern representation,

T
Ui(c"y = E' [/ e‘ﬁtlog(cf)dt] , 9)
0

where f is a constant subjective discount rate which is identical across
agents. Agent 7 is endowed with x' > 0 shares of the stock, i = 1, 2;
the total supply of shares x! + x? equals 1.
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Let 7/ represent the proportion of agent i’'s wealth X/ that is in-
vested in the stock at time ft; X,i(l - nf) is invested in the riskless
asset. We assume agent ¢ = 1, 2 is subject to the following constraints
on his portfolio weights which (i) limit admissible short sales of the
stock and (i) restrict borrowing at the riskless rate:

> & £
T, 7 55,55 E[O, OO), (10)
1—m/ > —§p ép €0, 00),
where &5 and &g are two nonnegative constants. Equivalently, these
two constraints can be summarized by the single, two-sided constraint:
w! €&, 1+ &gl t €10, 7], i = 1,2. An interpretation in terms of
margin requirements is as follows: an investor may borrow to buy
the stock provided his borrowing does not exceed &5/(1 + &p) of
the value of the stock. Similarly, going short the stock and lending
the proceeds of the short sale at the interest rate requires an out-of-
pocket investment in the riskless asset of at least 1/&s of the stock’s
value.

A pair of consumption and portfolio processes (c¢’, 7%) € L[0, T1x
L£2[0, T for agent i is admissible at the prices of Equations (7) and
(8 ifitis J(I_')—progressively measurable, and if it satisfies the portfolio
constraints of Equation (10) and the nonnegativity restriction X/ > 0,
t € [0, T], where X' solves the stochastic differential equation,

dX;=(rX/—c)dr+ X/ (a]—r)dt+X/7]lp1dv],+pxdvy), t€]0, T1,

(11)
with X] = x'S. A pair of admissible processes (c’, ') is optimal for
the preferences U’ if there is no other admissible pair (¢’, ") such
that U'(c") > U'(c"). A rational expectations equilibrium is a collec-
tion (¢, w"), i = 1, 2) of admissible consumption-portfolio strategies,
a stock price process S, and an interest rate process 7 such that (¢, ')
is optimal for agent i and all markets clear: Y, ¢’ =D, Y . n'X' =,
and ), (1—-nm)X'=0.

Equilibrium with Binding Constraints

2.1 Optimal consumption-portfolio policies

The consumption-portfolio choice problem of an individual agent in
the economy of Section 1 is equivalent to an optimization problem
subject to two types of constraints: (i) portfolio constraints on existing
assets, and (ii) an incomplete markets constraint. We solve this deci-
sion problem by embedding it in a larger family of “unconstrained”
problems, following the approach of Cvitanic and Karatzas (1992), as
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detailed in the Appendix. This yields the following optimal demand
functions for the economy of Section 1:

Theorem 1. Define p, = ((p1)* + (02)HY? > 0, mpe, =
[ftT e PS=Dds1=1 | and suppose that fort € [0, T1,i =1, 2,

(aiv 7, P1, /02) € (ACZ[O, ﬂ)4 and
12
E {exp <1/2 max[(1 + &5)°, (55)2]/ (,ol,,)zdu)} <oo. (12)
0

In the economy of Section 1, agent i’s wealth solves Equation (11) with
the optimal demands, fori =1, 2:

cl = mpeX/!, 1 €l0, T (13)

7} = max{—£&g, min{(o,) *la} — 1], 1 + &z}}, t € [0, T (14)

The assumption of logarithmic utility simplifies the above solution
which is characterized by a state-independent marginal propensity to
consume out of wealth and a myopic optimal portfolio rule. When
neither the borrowing nor the short sales constraint is binding on
agent 7, his optimal portfolio is given by the standard mean-variance
demand: 7/ = (p;) 2la! — r;]. In events in which (p,)"*[a] — 1] < —&g,
the short sales constraint binds and agent #’s optimal demand for the
stock is given by nr] = —&g. Similarly, when (p,) ?le! — 1] > 1 + &p,
the borrowing constraint binds: 1 — 7/ = —&5. Combining these three
cases yields the constrained optimal portfolio demand in Equation
(14). Observe that the latter may also be written as 7/ = (p;) (e} +
A1, — n) where

. 0 ‘ if(fh)_z(a;'— 1) € [—&s, 1+ &5l
Ay = —(p1)*Es — o + Tt if (Pt)_z(a; — 1) < —&s,
(Pp)*(A+&p) —aj+n  if (o) () — 1) > 1+ &g
(15)
The Kuhn-Tucker multipliers max(i},, 0) and max(—A},, 0) which are
associated with the constraint on short sales of the stock and bond, re-
spectively, represent the corresponding “shadow prices” for investor 7.

2.2 Equilibrium

We now provide explicit solutions for equilibrium prices and alloca-
tions after stating two technical assumptions. As will be clear, the equi-
librium interest rate in this setting exhibits discontinuities. Assumption
1 below restricts the interest rate to the class of processes which are
left continuous with right limits (LCRL). We need Assumption 2 to
have a well-defined equivalent martingale measure in equilibrium.
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Assumption 1. The equilibrium interest rate process v is LCRL.
Assumbti i T 1151 _ 72 2 P
iption 2. E'lexp(1/2 [, (o7 |fig — 51 +09)°ds)] < o0, i =1, 2.

Define A = (' — i?)/o?, the difference in expected dividend
growth rates across agents per unit squared volatility. Since 2’ in
Equations (5) and (6) and o are Ito processes, A has a stochastic
differential representation of the form,

dA = ptdt +oldv], +ofdvy;i=1,2, (16)

for some p®?, 01 , and 02 . Part () of the following assumption will
be sufficient for the constraints to bind in equilibrium. The restriction
in part (i) on initial endowments x’, i = 1, 2, and the constants &g
and &z will ensure, without loss of generality, that the constraints do
not bind at time 0.

Assumption 3. (i) Consider the representation of A in Equation (16).
We suppose there exists an open set inR containing|—1— é s—§& B, 1+E&s+
&p) such that for all A in this set and for all t € [0, T1: (ub', o}, o)) #
0,0, 0)P'-a.s.

(ii) Also assume the initial condition: — minl&z/x", (1 + £5)/x%] <
Ao < minlég/x?, (1+ &)/

In order to describe the competitive equilibrium it is useful to delin-
eate events according to the incidence of the constraints on the agents.
Since we have two agents and two constraints there are seven possi-
ble configurations (including boundary cases of relevance) which are
defined using the sets,

= {(a, b) € R x [0, 1]: —min[gzb~", (1 +&5)(1 — b)™ 1]
< a<minlgg(1— b))~ (1 +E9)b7 1)
Lip = {(a,b) e Rx[0,1]: 51 — b)~! < a,
and b < (1+&5)/(1 + &5 +&p)}
Ls = {(a,b) e Rx[0,1]: a < —(1+&)(1 — b))},
and b < &p/(1+ &5 +&p)} an
Lg = {(a,b) e Rx[0,1: a < —&gb~ !,
and &z/(1 + &5+ &p) < b}
Lys = {(a,b) e R x[0,1]: (1 +&5)b~!
and (1 +&5)/(1 +&s+&p) < b}
Lip2s = {(a,b) e R x[0,1]: (1 +&5+&p) < a,
and b= (1+&5)/(1+ &5+ &)}
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1+&s

~(1+%5)

Figure 1

Possible equilibrium configurations

For i,j = 1,2,i # j: when (A,,8,) € L both agents are unconstrained; when (A,,8,) € Lig
agent { is borrowing constrained with agent j unconstrained; when (A,, §,) € L;s agent i is short
sales constrained with agent j unconstrained; and when (A, 8,) € L s and (A,_,8,-) € Lig
(Lis) agent i is borrowing constrained with agent j unconstrained (agent j is short sales
constrained with agent ¢ unconstrained). The points “u” and “v” have the respective coordinates
((A+&)/(L+&E+Ep), 1+ & +Ep) and /(L + &+ &), —(L+ & +Ep)).

Lisop = {(a,b) e Rx[0,1): a < —(1+ &5+ &p),
and b=£&p/(1+ &5+ &p)}.

These sets are illustrated in Figure 1. For example, we will show that
in events in which (A, §;) € Lig(L;s) agent i will be borrowing (short
sales) constrained with agent j # i unconstrained.

The competitive equilibrium is described next:

Theorem 2. Consider the economy of Section 1 and suppose that as-
sumptions 1-3 hold. In equilibrium, the following events arise with
positive probability,

(1) {(Ay, 8;) € Ly forsome t € [0, T1}: both agents are unconstrained,
(ii) {(A;,8,) € Lig for some t € (0, T}: agent i is borrowing con-
strained with agent j unconstrained,
(iii) {(Ay, 8;) € Lis forsomet € (0, T1}: agent i is short sales constrained
with agent j unconstrained, and
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(iv) {(Ay,8,) € Lipjs and (A, 8,;-) € Lip (L;s) for some t € (0, T1}:
agent i is borrowing constrained and agent j is unconstrained
(agent j is short sales constrained and agent i is unconstrained),

fori, j=1,2,i%# j. The equilibrium price of the stock is,
Sy = (mpc) "Dy, t €10, T); (18)

it satisfies Equation (7) with (a', p1, p2) = (i’ + B, 0, 0). The equilib-
rium interest rate is given by,

B+ 8t} + (1= 8)ja? - of Jor (A, 8)) € Iy
y= B —of +E(X) X )o?  for(Ans) el g,
B+l —of — (1 +E)X//X))aP  for (A, 8) € Lis
limgy, 75 Jor (A, 8)) € Li s,
fori, j=1,2, i # j. The equilibrium state price density is
) 12
n;eXP{—/ rsds}
0
relative to P! where
ni = exp {— / 6l dvi. —(1/2) f (9115)2618} , (20)
0 0

is a (P, ‘Y(f))—maﬁingale, and 0!, = o '[Al + B — nl is the market
price of risk. Equivalently, there exists an equivalent martingale mea-
sure (EMM), denoted Q, with density n' relative to P!, i = 1,2. The
equilibrium consumption and portfolio allocations are

cl =mpe X! and 7] = max{—E&s, minlo, *(il + B — 1), 1+ &5}
(21)
where the equilibrium distribution of wealth § = X'/ X has the repre-
sentation d§ = p’dt+odv} in (A10) of the Appendix, and aggregate
wealth is X, = & exp{foz[/l; — mpc, — 1/2(0,)*1du + foz oudvi,}.

2.3 Some properties of equilibrium

In order to understand the structure of the equilibrium with the port-
folio constraints it is useful to consider the benchmark case of the
unconstrained, but otherwise identical, economy (£ 4 00, & 1 00).4

*1If beliefs are homogeneous, but £% and/or &% differs across investors, under logarithmic prefer-
ences there is insufficient heterogeneity to support trade and activate the constraints: the economy
aggregates and the single-agent equilibrium prevails.
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The latter’s competitive equilibrium is described below; the proof fol-
lows from that of Theorem 2.

Corollary 1. In the “unconstrained” economy (§p 1 00,&s 1 00),
equilibrium prices and allocations for t € [0,T] are S, = X, =
(mpc) ™' Dy, 1}t = 8147 + (1 — 8172, ¢ = mpe, X", nj" = o7 * (1) +
B—r!") where?] = B+iil—of, i =1, 2, and the distribution of wealth is
81 = X"/ X, = xtexplfy o7 (1 =8 (Al — A2y dvl +(1/2) [ylo 7 (1 -
SH(pt — adHrdsl.

A comparison of Theorem 1 and Corollary 1 reveals that the aggre-
gate consumption function is not affected by the borrowing constraint,
Y. ¢l = mpcX,. Clearing in the spot market for the consumption
good then implies that aggregate wealth is X; = (mpc,)~D;. Since the
stock is the only asset in positive net supply, aggregate wealth must
also equal the stock price. Thus S; = (mpc,)~D;: that is, the stock
price is the same in the constrained and unconstrained economies
with coefficients a! = B + !, p1, = o,, and py; = 0. While the price
of a claim on aggregate consumption is invariant to the presence of
constraints when all investors have logarithmic utilities and the same
rate of time preference, the same is not true of the interest rate, for
reasons that will be clear shortly. Hence the market price of risk and
prices of attainable claims (defined in Section 4) will in general de-
pend nontrivially on the constraints.

In the absence of borrowing or short sales restrictions (Corollary 1)
the equilibrium interest rate is a wealth-weighted average of the inter-
est rates which would prevail in homogeneous economies endowed
with the beliefs of the diverse agents in the heterogeneous model:
rt = §UF 4+ (1 — 877 where 7/ = B+ il —o?, i = 1,2, and §"
represents the equilibrium wealth share of agent 1. This is also the
structure of the equilibrium interest rate in the economy with con-
straints (Theorem 2) when the constraints are inactive, that is, when
(A4, 8;) € Ly, with the distribution of wealth given by Equation (A10)
in the Appendix.

Now suppose that agent 1 is borrowing constrained and agent 2
is unconstrained. Then, in order to clear the market, the interest rate
must induce agent 2 to willingly lend the amount that agent 1 wishes
to borrow, €X', which is also the maximum that he/she is allowed
to borrow (bond market clearing ensures that both agents cannot be
borrowing constrained simultaneously). Since the unconstrained de-

This benchmark economy is the exchange version of the production economy in Detemple and
Murthy (1994) with a dividend process set equal to the (endogenous) aggregate consumption
process of the latter.
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mand of agent 2 for lending (1 — 7?)X? = [1 — (p,) " *(a} — )X} =
(1 — (0,)"%(a? + B — r)1X}, the equilibrium interest rate must equal
=B+ 02—+ 801 —8) lo€p. Furthermore, this equilibrium
configuration holds when agent 1’s unconstrained demand for bor-
rowing exceeds £5X/! and the constraint on short sales of the stock is
not binding on agent 2, that is, when 1 — (p,)*la} — 7] < —&p and
(o) "*la? — ] > —&s. Evaluated at the equilibrium, («} = B+, p1, =
o1, p2r =0, ;= B+ o7 — o} +8:(1 — 8;) 'o/&p), this yields the con-
ditions (1 — 8,)7'65 < A, and & < (1 + &5)/(1 + &5 + £p). Thus
agent 1 is borrowing constrained and agent 2 is unconstrained when
(A, 8;) € L15. A similar analysis identifies the equilibrium interest rate
when (A;, 8;) € Lis, Iyp, or L.

It remains to examine events in which (A¢, 8;) € Lipas or (A, &) €
Lis,25; correspondingly, 8; = 1+&s/(1+&s+E&p) or 6, = §p/(1+Es5+6p),
and A, > 1+ &g+ &g or A; < —(1 + &g+ £p). The restriction to LCRL
processes in Assumption 1 requires that sample paths of » be left
continuous: 7; = limsTl 75. Hence,

n=p+p+ 0lEs if (A1, 8;) € Lipys and (A,_, 8,-) € Lip,

for i, j = 1,2, i # j, with agent i being borrowing constrained and
agent j unconstrained. On the other hand,

=B+l —of(1+E&p)if (A, 8) € Lip js and (A,—,8,-) € Ljs,

with agent j being short sales constrained and agent i unconstrained.
Since A, = (4} — 1?)/0? # 1+ &g+ &g the interest rate takes different
values on ;g ;s depending on who is constrained. Thus, r fails to be
right continuous when the process (A, §) crosses the half lines ;g 2
and LZB,15-6 We have

Proposition 1. For i, j = 1,2, i # j, consider the events in which
(A4, 80) € Lip s, and either (A,_, 8;-) € Lip with (A, 8;1) € Ljs, or
(A, 8,-) € Lis with (A, 8,1) € Lip. These are positive probability
events in the equilibrium of Theorem 2. If (A, 8,-) € Lip (Ljs) and
(Ary, 814) € Lis (Lip) there is a positive (negative) jump in r; of size +
(=) [l — ] — o (1 +Es+Ep)]. The interest rate bas continuous sample
patbs in all other events, P-a.s.

It is significant that jumps in # occur with positive probability de-
spite the continuity of the information structure generated by the

% The proof of Theorem 2 in the Appendix shows that (A, §,) can enter Lz ;5 with positive prob-
ability if and only if (A,_,8,-) € Lip or Ly, i, j = 1,2, i # j. Events in which (A, §,) € Lz ;5 and
(A,_,8,2) € Ly have zero measure.
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Brownian filtration j(l) But note that the stock price process and
its coefficients have continuous sample paths, as evidenced by Equa-
tion (18) and Equations (5)—(7).” One can reinterpret the equilibrium
of Theorem 2 in terms of suitable “holding costs” to gain intuition for
the likelihood of jumps. This would entail agent-specific deadweight
costs that are nonzero for an individual agent only in events in which
a constraint binds on him, yielding agent-specific returns.

3. A Categorization of Sources of Value

3.1 Speculative value and collateral value premia

In the context of a particular equilibrium, the consumption value of
an asset’s exogenously given payoffs to an investor may be measured
using his IMRS. Define 6{,(Al,) = o, '[2} + B + Al, — 1] where 7 is
in Equation (19), and the process A}, in Equation (15) evaluated at
equilibrium prices is

0 . ' for (Az, Sf) € LOULBUL,é
i _ Al = g+ (X XD)otEs < 0 for (A, 8) € Lip
Y A - al— (/X))o +E5) > 0 for (A, 8) € Lis
limsw)&il for (A4, 8;) € Lip js,
(22)

for i, j = 1,2, i # j, where X'/ X solves Equation (A10) in the Ap-
pendix. In the equilibrium of Theorem 2 the IMRS of agent i between
dates 7 and u, 0 <t < u < T, is m;,, = (m,,/ m;) where

t
m; = expl—Bilc)/c] = exp [—/ (7, + y()»iu)]dui| ., (23)
0

n)l;z = exp[— f()t 9115()‘%) dv{s - (1/,2) f()t(elis()”is))zds] is a ,(Pi’ ‘7(%))_
martingale, and y(A},) = £smax(A{,, 0) + (1 + &p) max(—A{,, 0). The
following proposition provides a decomposition of the stock’s sources
of value to an investor based on comparing the equilibrium stock price
to his IMRS-based valuation of its dividends D.

Proposition 2. In the equilibrium of Theorem 2 the excess of the stock
price over investor i’s IMRS-based valuation of its dividends admits the

7 Note that for (A, 8,) € Lig js every 1, € [B+[i] +02&s, B+ ) — 02 (1+Ep)] is market clearing. The
LCRL restriction (Assumption 1) serves as a selection from this set. This assumption is innocuous
and is made solely for expositional ease: alternative choices differ only on sets of zero Lebesgue
measure and hence do not affect equilibrium allocations or the dynamics of any variable other
than r.
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decomposition:

T T T
' (24)

fori=1,2,t €0, Tl. The first and second terms in the right hand
side of Equation (24) are the stock’s “speculative value premium” and
“collateral value premium,” respectively, for investor i. They are asso-
ciated with the “speculative gains” x' and “collateral services” k' that
be imputes to the stock, defined as

X;i = max()»il, 0)S, (25)

k! = [Egmax(ri,, 0) + Eg max(—2A},, 0)]S, (26)

where Aft in Equation (22) is positive (negative) in events in which the
constraint on short sales of the stock (leverage) is binding on investori.

A review of the familiar “no expected gains from trade” result, or
the martingale property of asset prices, is useful in understanding the
preceding characterization of an asset’s sources of value. [See Duffie
(1986) and Lucas (1978) for discussions of this issue in frictionless
economies.] Recall that in a frictionless equilibrium every investor’s
IMRS or marginal utility of consumption-based valuation of every mar-
keted asset’s payoffs equals the price of the asset. For instance, in the
“unconstrained” economy of Corollary 1, the stock price in terms of
investor i’s IMRS m/"/m!*, 0 < t < v < T, in equilibrium, may be
expressed as S, = E,"[ftT(mZ“/ mi"yD,dvl, i = 1, 2. Stated differently,
the stock price plus cumulative dividends corrected by #’s IMRS is a
martingale: S;m!“+ [l m!* Dydv = E/Lf," m"D,du), t € [0, T). Equiva-
lently there are no expected gains (capital gains plus dividends) from
trade at equilibrium prices for investor 7, i = 1, 2, where the gains
are “risk adjusted” or corrected by his equilibrium IMRS. A further
characterization is that, at the margin, every investor is indifferent to
buying (a small quantity) of the stock at its equilibrium price even if
he is obliged to maintain his holding forever: the stock price reflects
only the consumption value of the payoffs derived from buy-and-hold
strategies.

In contrast to the case of a frictionless equilibrium, Equation (24)
reveals that in the equilibrium of Theorem 2 the sum of the IMRS-
adjusted stock price and cumulative dividends plus the process

S mi (4 k) Syduis a (P J(,) martingale:

t t
S,m;—l—/ m;Dudu—l—f m,(x,, +«,)du
0 0
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T T
= E; [/ mLDl,du] + E,’ |:f mf,(x,i + K;)du:| ,
0 0

for ¢ € [0, T1. Equivalently, substituting for x’ and k' using Equations
(25) and (26) we have

Eld(Sym)) + m!D,dl] = —m] max()A},, 0)S,dt
— mi[Es max(X],, 0) + &g max(—A{,, 0)1S,dt
27)

Similarly, it can be shown that a strategy of lending 1 unit of con-
sumption at the riskless rate » accumulates expected IMRS-adjusted
gains at the rate®

Elldm] + mndtl = —m]max(—A},, 0)dt
— mf[?,-‘B max(—k{,, 0) + &g max(k{l, 0)ldt.
(28

Thus there are expected gains from trade relative to investor i’s IMRS,
i = 1,2, since A! # 0 with positive probability. In particular, from
Equations (27) and (28), in events in which A!, > 0, investor i expects
the strategy of selling 1 share of the stock and lending the proceeds
at the riskless interest rate » to earn positive gains at the rate

E/1S/(dm] + mrdi) — (d(m}S,) + m[Dyd1)] = mA{,S;dt— (29)

in marginal utility terms, over and above capital gains and foregone
dividends. Similarly, when A}, < 0, investor i expects the strategy of
borrowing 1 unit of consumption at » and investing the proceeds in
the stock to earn positive gains at the rate

E(1/S)(d(m.S,) + m!D,dt) — (dm! + m'r,dt)) = —mA!l,dt  (30)

in marginal utility terms, over and above capital gains and dividends.

Our characterization of the speculative value and collateral value
premia in Equation (24) may be understood by considering the bene-
fits to investor 7, at the margin, from purchasing an incremental quan-
tity of the stock, say ¢ shares, at time ¢ € [0, 7) with his optimal
consumption and portfolio policies being otherwise unchanged over
[0, T]. If he simply holds the ¢ shares of stock through time 7' he

To see this, compare the IMRS-adjusted returns E;/[ f; ' m}, r,du+m/, ] from a buy-and-hold lending

strategy over [t, 7], 0 < t <t < T, to the intial investment of 1 unit of consumption. Alternatively,
T

compare the IMRS-based valuation of the terminal payoff expl j: r,du] generated by a strategy

of “rolling over” the initial investment of 1 unit from time ¢ to 7. Proceeding as in the proof of
Proposition 2, the corresponding IMRS-adjusted gains have a drift at the rate —y (A],)m;.
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would earn dividends which he values at E/[[" m!, D,dul per share.
But from Equation (29) it follows that holding the ¢ shares when
A > 0 is inferior to selling them and lending the proceeds. This “tim-
ing” strategy enables investor i to realize positive gains at the rate

1., S, per share in excess of capital gains and foregone dividends
by selling the stock purchased at ¢ at the first time u € [#, T) that
1!, > 0. Thus the marginal benefits to investor 7 from buying a share

of stock include the ability to realize “speculative gains” at the rate
X/ = max(Ai,, 0)S;, t € [0, T); this accounts for the speculative value

premium E/(f" m},x}dul in Equation (24). We term these gains spec-
ulative following Harrison and Kreps (1978) who say that “investors
exhibit speculative behavior if the right to resell a stock makes them
willing to pay more for it than they would pay if obliged to hold it
forever,” and refer to the importance Keynes attached to this phe-
nomenon.

The benefits to investor i, at the margin, from the purchase of the
@ shares of stock also include collateral services. For instance, he not
only has the right to resell the ¢ shares and invest the proceeds in the
riskless asset, but in addition, he has the right to use the latter position
as collateral against which he can short sell the stock. Alternatively,
investor i can borrow using the ¢ shares of stock as collateral. In
order to value these collateral services, which require determining
when and which asset is short sold and the quantity of such short
sales, three features are material.

First, investor i is subject to the constraints of Equation (10) on
his overall portfolio. Second, note from Equations (29) and (30) that
investor #’s right to short sell the stock (borrow) and invest the pro-
ceeds in the riskless asset (stock) has value only in events in which

1, > (<)0. Lastly, recall that our marginal analysis of the purchase of
the ¢ shares of the stock assumes that the investor’s optimal consump-
tion and portfolio policies are otherwise unchanged over [0, 71. This
implies, in particular, that the constraint on short sales of the stock
(leverage) binds on the rest of investor #’s optimal portfolio precisely
when A{, > (<)0. Hence, in events in which 1!, > 0, investor i has
the right to short sell at most & shares of stock for every one of the
¢ shares purchased at the margin. It follows from Equation (29) that
an option to short sell &g shares of stock enables him to realize gains
at the rate &g max(k{p 0)S;. Similarly, in events in which A! , <0, in-
vestor i can borrow at most £5S; per share of stock purchased at the
margin, enabling him to realize gains at the rate &g max(—)»{t, 0)S;,
from Equation (30). Hence the marginal benefits to investor i from
buying a share of stock include collateral services, or the ability to
realize gains from short sales of the stock or borrowing, at the rate
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k! = [Eg max(ri,, 0)+ &5 max(—Al,, 0)1S, for which he is willing to pay
the ex ante collateral value premium E/[m],«/,dul in Equation (24).

Observe that in the limiting case of & = 0 and & = 0o (no short
sales of the stock are permitted and there is no constraint on bor-
rowing), A} is positive in events in which the short sales constraint
binds on investor i and is zero otherwise. Consequently ' = 0: the
stock has no value as collateral but continues to command a purely
speculative value premium. This special case of our model is similar
to the no-short-sales treatment of HK (1978) and AMP (1993). The
qualitative difference between this article and the latter work lies in
the existence of collateral services when limited short sales are per-
mitted, that is, when & > 0 and/or &g > 0. A categorization of the
value derived from an investment in the riskless asset into consump-
tion value, speculative value, and collateral value components may
be obtained similarly; the details are omitted for the sake of brevity.”?
It follows that the value of any attainable payoff in the equilibrium of
Theorem 2, being generated by a portfolio strategy in the stock and
the riskless asset, has a similar decomposition.

3.2 Properties of speculative gains and collateral services

Our next proposition describes the properties of the speculative gains
x" and collateral services k'’ imputed to the stock by investor i =
1, 2. The proof follows from Equations (25) and (26), straightforward
differentiation using Equations (15) and (22), and is hence not stated.
A similar analysis applies to the corresponding gains and services
imputed to an investment in the riskless asset. Recall that x’ and «’
are positive in events in which A! > 0 and A! # 0, respectively. We
have

Proposition 3. (i) Let(A,, 8;) € Lis, or(Ay, 8,) € Lis, jp with (A,—, §;-)
€ Lis. Then Ay, > 0. The speculative gain x; = A{,S; is linear and de-
creasing in Es. It is a linear, increasing (decreasing) function of the
stock price and the interest rate (his expectation of the stock’s “instan-
taneous” rate of return and the stock’s volatility). In equilibrium, x| is
a decreasing function of agent i’s expectation of the dividend growth
rate and bis share of aggregate wealth.

(i) Let (Ay, &) € Lis (Li), or (Ay, &) € Lis, jp (Lip,js) with (A;—, 8,-)
€ Lis (Li). Then A}, > (<)0 and the collateral service k{ = Eshi,;S;
(—&pAL,St) is a convex, increasing-decreasing function of &s (§p).

9 This would require consideration of the strategies discussed in note 8. Also, note that an investment
in the riskless asset has no speculative value or collateral value if & = 0 and &z = oo. The cases
in which & = oo and &5 = 0, and & = &z = 0 follow similarly.

1152



Equilibrium Asset Prices and No-Arbitrage with Portfolio Constraints

The speculative gain from the stock is the product of the stock
price and the shadow price for agent 7 associated with the constraint
on short sales of the stock: x/ = max(i!,, 0)S;. The result in part (i)
above follows since Equation (15) implies x, = [—(p0)Es —al+ 1)IS,
when A, > 0. Thus the effects of &, o, r, etc., stem from their
impact on the “tightness” of the constraint. The effects of agent #’s
expectation of the dividend growth rate and his share of aggregate
wealth follow from evaluating x/ using A!, in Equation (22). Note that
when 1!, > 0, agent i is pessimistic relative to agent j and an increase
in his share of the aggregate wealth decreases the interest rate and
thus decreases A{,.

When 1!, > 0, the collateral service that agent i imputes to the
stock has an inverted U-shaped relationship with respect to increases
in & (see Figures 2 and 3). To understand the source of this interesting
result note that when A{, > 0, d«//d&s = [A{, + (91{,/9E5)Es1S, where
dA,/0&s < 0 from Equation (22). When no short sales of the stock
are permitted (i.e., & = 0), clearly collateral has no value. As limited
short sales are allowed and this constraint is progressively relaxed
(i.e., &s is increased), every asset must have increasing collateral value
to investor i: Af, > —(dA],/0&5)Es. However, the latter effect cannot
hold for all &g since the shadow price associated with the short sales
constraint on agent i, Al,, is decreasing in &s. Thus for a sufficiently
large relaxation of the margin requirement, the decreased value to
investor i of selling short the stock offsets his increased ability to
do so; the net effect is one of lower collateral services imputed to
the stock. Finally, for a “loose-enough” margin requirement on short
sales, the constraint will cease to bind on investor i at which point
collateral has no value to him. The intuition behind the inverted U-
shaped relationship of «/ with respect to &5 when A}, < 0 is similar.
Also, the effects on «/ of changes in other variables is straightforwardly
determined from their effects on /.

Combining the results of parts () and (i1) of Proposition 3, it is
interesting to note that agent #’s expected gains from trade in the
stock, which equal the sum of the speculative gains and the collateral
services x! + k! are not necessarily decreasing in &s. This yields the
empirical implication that the deviation of an asset’s return from an
IMRS-based prediction can increase as a short sales constraint is re-
laxed. The reason is understood as follows. Consider events in which

i, > 0 for instance: the constraint on short sales of stock binds on
agent 7. While relaxing the margin requirement on short sales of the
stock certainly reduces an investor’s expectation of the speculative
gains from selling every share (since dA!,/d&s < 0), it also has the
effect of increasing the number of shares that can be sold short. In
other words, as depicted in Figure 2, a higher level of the collateral
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Figure 2

Increasing-decreasing expected gains from trade

The effects of relaxing the margin requirement on short sales of stock (i.e., increasing &s) in
event (w, f) on the speculative gains x'(w, 1), collateral services k' (w, ), and expected gains
from trade x'(w, ) + k'(w, 1) that agent 1 imputes to the stock. Here, for small enough &,
the marginal increase in collateral services on relaxation of the constraint more than offsets the
marginal decrease in speculative gains; A(w, 1) = —4, §(w, t) = 0.1, o(w, 1) = 0.3, S(w, t) = 100.

services k| can offset the decrease in the speculative gains x, so that
agent 7's expected gains from trade in the stock, x/ + «/, increases
in &s. Figure 3 illustrates the alternative case in which the expected
gains from trade decrease as the margin requirement is relaxed.

3.3 Further discussion of related work
While it is generally acknowledged that the excess of an asset’s price
over its “fundamental value” is a “bubble,” the notion that a given
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Decreasing expected gains from trade

The effects of relaxing the margin requirement on short sales of stock (i.e., increasing &) in
event (w, f) on the speculative gains x'(w, #), collateral services «'(w, ), and expected gains
from trade x'(w, 1) + k' (w, 1) that agent 1 imputes to the stock. Here, for all &, the marginal
increase in collateral services on relaxation of the constraint never exceeds the marginal decrease
in speculative gains; A(w, t) = -2, §(w, 1) = 0.25, o (w, t) = 0.3, S(w, t) = 100.

payoff has an unambiguous fundamental value is clearly problem-
atic. The measures of fundamental value discussed in the literature
on bubbles include both valuations of an asset’s dividends based
on investors’ equilibrium marginal utility of consumption operators
(IMRSs), and alternatively, valuations based on state prices. Based on
the former notion of fundamental value, AMP (1993) define and dis-
cuss “expected bubbles.”? Relative to this measure, the speculative

19 AMP (1993) provide an extensive discussion of the problematic notion of an unambiguous fun-
damental value. They also establish that there are equilibria with “strong” bubbles in which an
asset’s price exceeds an upper bound on any reasonable notion of fundamental value; such bub-
bles require asymmetric information and the lack of common knowledge about agents’ trades, in
addition to a short sales constraint binding on every agent.
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value and collateral value components in an asset’s price that we have
discussed may well be interpreted as bubbles.

The alternative notion that an asset’s fundamental value is based
on state prices is used by Santos and Woodford (1996), for instance.
Observe that the stock price in Equation (18) may be written as the
present value of its dividends in terms of the state price density: S; =
HY) tT Dy (n},/n}) exp{— [, reds}du). Equivalently the stock price plus
cumulative dividends corrected by n' and discounted at the riskfree
rate is a martingale: S;n! exp{— fot rsds}—i-fol Dyn!,exp{— [, rvds}du =
E]l fOT Dyn'!,exp{— [ ryds}dul. Thus there are no expected gains from
trade relative to the EMM Q:

t t
E; [d <Smfexp {—/ rsds}) + Dmfexp {—/ rsds} dt:| =0;
0 0

that is, there is no bubble in the stock price relative to its fundamental
value based on state prices.!!

As this discussion illustrates, the two measures of fundamental
value need not coincide for any investor in the presence of frictions.
In fact, while the fundamental value based on state prices subsumes
the consumption value of dividends, it also reflects other sources of
value that investors derive from holding the (tradable) asset. Thus
there is no inconsistency between the absence of a bubble relative
to a fundamental value based on state prices on the one hand, and
speculative behavior on the other.

Our result on the existence of a collateral value component bears
similarities to some results of Hindy (1995). While, in general, there is
a relationship between the structures of constraints in our article and
Hindy if there are no more than two assets (as in Sections 1-3, but
unlike Sections 4—5 of this article), there are significant differences in
our respective articles as discussed in Section 1.2 Our demonstration
of an equilibrium with binding constraints underscores the idiosyn-
cratic nature of the value to collateral and yields further insights into
the determinants of collateral value premia. Also note that in Hindy,
unlike in Harrison and Kreps (1979), there is no probability measure
under which all assets’ prices are martingales. Instead, normalized
prices of securities with high (low) collateralizability are martingales
(submartingales) under a change of probability measure. In contrast,

Hence there is also no bubble in the sense of Cochrane (1992).

The relationship can be shown to hold when there are two assets except in the case where only
one of & or &5 € (0, 00). For instance, if 0 < &5 < &5 < 0o we can interpret the stock as having
a lower degree of collateralizability relative to the bond. If §5(§5) = oo short sales of the stock
(bond) is unrestricted, which is inconsistent with the presence of a solvency constraint.
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there necessarily exists an EMM in our model, since we do not al-
low for the existence of multiple assets with the same cash flows but
different prices.

. No-Arbitrage Pricing and Financial Innovation

In this section we examine the implications of portfolio constraints for
no-arbitrage or replication-based pricing and, accordingly, start with
considering payoffs that are attainable in the equilibrium of Theo-
rem 2.

These are payoffs that investors can synthesize by transacting at
the equilibrium prices in the stock and riskless asset markets subject
to the constraints on short sales of stock and leverage. Hence we
say that a jyl? Y_measurable, square-integrable payoff G is attainable
if it equals the time 7" value of a portfolio strategy defined by the
j(f)—progressively measurable weight in the stock ¢ € £%[0, 71 that
satisfies ¢ > —&g and 1 — ¢ > —E&p, and constructed at prices in
Equations (18) and (19) starting with some initial capital g > O at t = 0.
This attainable (or synthetic) payoff has the following representation
with respect to agent i = 1, 2’s beliefs:

T
G = gexp {/ [¢Gt(ﬁ; +B—r)+r— 1/2(¢Gz0t)2]dl
0

T
+ / ¢czotdv1’;} : (3D
0

Its no-arbitrage based price relative to the EMM Q in the equilibrium
of Theorem 2 is:

T
E9 [exp {—/ rudu} G | J,D’Y}
t

t
= ZJCXp {/ ¢Guo-z,rdvllu
0

t
+/ [(Z)Gu(/l; +B—r)+r,— 1/2(¢Gu0u)2]du} s
0
telo, 71, (32)

which equals the value of the portfolio that replicates G. One can
also allow for attainable “flow” payoffs over a time interval. Also note
that one can use the EMM Q to arrive at no-arbitrage based bounds
on the prices of payoffs which are not attainable but which can
be superreplicated, that is, dominated, by admissible trading strate-
gies.
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Now consider the introduction of a market in a new, “real” security
with a payoff G at time 7 given by Equation (31). The price of this
derivative security would be given by no-arbitrage relative to the EMM
Q if and only if the new security market were redundant. The latter
would appear to be the case since investors can synthesize the payoff
G prior to the financial innovation using an admissible trading strategy
at the prices of Equations (18) and (19). However, as we will see, the
new security may not be redundant even if only one of the two agents
i =1, 2 finds the constraint binding in the equilibrium of Theorem 2.

If in fact the introduction of the new market has no impact, investors
are able to trade the derivative at the no-arbitrage price in Equation
(32). At the prices of Equations (18) and (19) and Equation (32) an
admissible consumption-portfolio policy (¢/, w&, 7 }) for agent i = 1, 2
is such that (¢', 7§, mp) € £410, 71 x (£%[0, T1)?, is J/)-progressively
measurable, satisfies the portfolio constraints, yré > —&g and Jrfg >
—&p, and the nonnegativity restriction X/ > 0, where X' solves

dx} = X/mhndt — cldt+ X/ml (A + Bydt + o,dv},) (33)
+Xll(1 — ﬂ\éf - ﬂéf){[(ﬁ(;f(ﬂ; + B8 — )+ nldt + ¢Gt0'de1l;}

for ¢ € [0, 7T with X = x'S. An optimal consumption-portfolio pol-
icy (¢!, ¢, wj) is an admissible policy such that there is no other
admissible policy (¢’,wi, n}) with U(c’) > U'(c?). The equilib-
rium of Theorem 2 is a rational expectations equilibrium of the econ-
omy with the derivative market if there exists an optimal (c’, w&, 7)),
with ¢’ in Equation (21), i = 1, 2, and all markets clear: ), ¢’ = D,
YoomiX' =8> 75X =0,and (1 — i — 7)) X' = 0. We have:

Proposition 4. Considerthe economy of Section 1 with an additional
market in a derivative whose date T payoff G in Equation (31) satisfies
either

dcr # 0 in some event in which o ~*(i' + B — r) < —&s,
or, ¢gi # 1 in some event in whicho*(i' + B —r) > 1+ &5,
(34)
Jori=1or2tel0, Tl Then the equilibrium of Theorem 2 is no longer
valid: the derivative market is not redundant.’> The real security with
payolf G, unlike its synthetic counterpart, is not priced by no-arbitrage
relative to the EMM Q.

Observe that Equation (34) requires the derivative’s replicating port-
folio in the equilibrium of Theorem 2 to have a nonzero weight in the

13 It is not straightforward to verify that the unconstrained equilibrium obtains. This entails verifying
a condition involving the derivative’s endogenous return volatility coefficients, which cannot be
solved analytically.
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stock (riskless asset) in some subset of the events in which the con-
straint on short sales of the stock (Ieverage) binds on either investor
i =1 or 2. Hence, at the prices of Equations (18) and (19) and Equa-
tion (32), at least one agent can use the derivative to circumvent the
short sales and leverage constraints in some events either completely
or partially. At these revised optimal policies the prices in Equations
(18) and (19) and Equation (32) do not clear markets: the equilibrium
of Theorem 2 is no longer valid. Note that this result would clearly
hold even if the constraints were binding on only one of the agents
in the equilibrium of Theorem 2. Also observe that while we have
assumed there are no separate constraints on positions in the deriva-
tive, this is not essential. It serves as a simple way of capturing the
often cited reason why derivatives are attractive to investors: they per-
mit strategies that would otherwise have been infeasible for reasons
of regulatory constraints. It is straightforward to see that the equilib-
rium of Theorem 2 is no longer valid even when there are margin
requirements in the derivative market.

Proposition 4 shows that it may not be appropriate to price deriva-
tives by no-arbitrage even if the primitive assets’ prices and prevailing
constraints on trading strategies suggest that they can be replicated by
admissible portfolios. The reason is that real securities differ from their
synthetic counterparts in the presence of portfolio constraints. Such
differences, we argue, affect interpretations of the results of a recent
literature which addresses no-arbitrage-based valuation in the pres-
ence of short sales or leverage constraints. In particular, both pricing
bounds results for unattainable claims and the single prices to which
such bounds collapse if the claims are attainable, apply to synthetic
payoffs and not real securities.

In general, the effects of constraints on asset positions can be sim-
ilar to those of constraints on agents’ information [Milne and Shefrin
(1987)]. The result in Proposition 4 is similar to that of Grossman
(1988) and Back (1993) who show that despite investors’ ability to
synthesize the payoff of an option, the introduction of a market in
the option can alter any underlying asymmetry of information, and
thereby have an equilibrium impact. Our result differs from that of
Heath and Jarrow (1987) who consider the implications of incorpo-
rating margin requirements in a Black and Scholes (1973) economy
because our general equilibrium analysis takes account of the impact
of the revision of investors’ optimal choices on the prices of the un-
derlying, primitive assets. Chen (1995) shows that IMRS-based values
of attainable payoffs may differ from prices implied by no-arbitrage. A
principal difference in our respective demonstrations of the failure of
pricing by no-arbitrage is that Chen considers “small” payoffs which
are marketed to the investor(s) with the highest IMRS-based marginal
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valuation through the use of the “rational conjecture condition” [see
Allen and Gale (1988)]. We consider the introduction of markets in
attainable payoffs; while no-arbitrage may fail to price such payoffs,
so might the existing equilibrium IMRSs of investors.

It is possible to extend our model to the case in which constraints
bind on some but not all primitive assets, unlike the equilibrium of
Theorem 2, to show that while pricing by no-arbitrage fails for some
attainable payoffs, it is valid for others. The latter class of payoffs are
those that are synthesized by assets not subject to any constraints.
Furthermore, it can be proved that such payoffs cannot be valued
with knowledge of only an individual’s IMRS; instead, knowledge
of all investors’ IMRSs is necessary. This result is important since it
outlines circumstances in which the ease of pricing by no-arbitrage
is underscored, relying as it does on knowledge of only the market
prices of the underlying primitive assets.

. Extensions

We now consider an extension of our model to an economy with
multiple stocks and more than two investors with diverse utility func-
tions. We consider the case of homogeneous beliefs to also illustrate
that heterogeneity in beliefs is not necessary to our arguments.' There
are i =1, ..., I agents with common information ._7(")7 generated by a
(d x 1) Brownian motion process W. Stock n=1,...,N, 1 < N < d,
is a claim on dividends D,, which satisfies an analogue of Equation
(2) with drift u,, and volatility o, = (0,1, . . ., 04). We take as given
cum-dividend stock returns and a cumulative riskless rate of return R
with Ito representations,

dSp + Dyydt = Syt dt + Sppnd Wi, t €10, TT; Suo = Spy, (35)

dR; = ridt, t €10, T1; Ry = 0. (36)

Agent i has preferences given by U'(c’) = E[fOT e‘ﬁtui(c,")dl‘],‘ and is
endowed with x;, > 0 shares of stock 7. The utility functions #'(.) and
the J(";y—progressively measurable processes &, 0, = (Pnts - - - p,%d),
7, Un, and o, n =1, ..., N, satisfy standard assumptions. Let 7’ =
(m{, ..., k) be the vector of portfolio weights of agent 7. The portfolio

In the interest of space only the salient features of the economy are described. It is essentially
a continuous time version of Lucas (1978) modified to include diverse preferences and portfolio
constraints.
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constraints are

7teK = {m,> —-£,,6,€(0,00),n=1,...N,

N

and 1 — Znn > —&p,E€[0,00) ¢ . (37

n=1

Admissible consumption-portfolio strategies which satisty Equation
(37), individual optimality, and equilibrium are defined as in Section 1.
For i = 1,...,1, assume that there exists a solution (¢, 7") to
agent 7’s optimization problem at the prices of Equation (35) and (36)
such that for every ¢ € [0, 7] he finds the constraint associated with
some asset binding at some u € [, 7] with positive probability. Then,
from Cvitanic and Karatzas (1992), there exist j(_‘)v—progressively mea-
surable multipliers A’ = (AT, AJ)T and y (X)) = sup{—n'AL | n’ € K}
which characterize optimality for agent i, where A5 = (A1, ..., A\)T,
My = Mgy AT BT IA2dN < 0o and ELf, y(W)dil < oo,
Also assume that the prices of Equations (35) and (36) and alloca-
tions {(c", #™)} are an equilibrium. Let ¢ = __ D,, denote aggre-
gate consumption whose growth rate has drift ,uC = Zn 1 MDDy, / C
and volatility o¢ = Zfl’ 1crnTDn/C. Define o = (a1, ...,ay)', p =
(o], o0, and V = [p], p)1T, where p is an arbitrary (d —
N) x d matrix such that V is of full rank. Also let u!(.), u!.(.),
CCC() denote the first, second, and third derivatives of #/(.). De-
fine 4) = —u (cl)/ucc(cj) B = L“(c[)(A) Jul (ch, A, =Y, Al
B = Z Bl wh, = Al/A, and wh, = B!/B,. With this notation, we
have,

Proposition 5. Consider the economy with multiple stocks and more
than two agents described above. The components of A = (Al, ...,
MO, i = 1,..., 1, have the following characterization for assels

n# p:

N
) nt_ozfnm‘> —&n “”dl—z 1nm‘> —&p
Ay, > 0 if at time t agent i is short sales constrained in n

N

‘ omdl Zn 17rm > —&p

= Ay <0, ifmy, > =&y, 7 > =&, and the leverage
constmmt binds at t, and,

A 2 =0 and ), > Ay, if at timet agent i

is both short sales constrained in n and

leverage constrained, and n [’)[ > —&,.

i
A nt

(38)
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The equilibrium price of stockn =1, ..., N admits the decomposition:

s
Snt = Ef |:/ m;z4(D71M + sz + K;;14)du:| L€ [O’ T]’ (39)
t

into consumption value, speculative value, and collateral value com-
ponents, in terms of investor i’s IMRS m'. The speculative gains and

collateral services that agent i imputes to stockn =1, ..., N are,
X = (L, —min{0, Al ..., A, DSw =0, and, (40)
kb= (y(A) +min{0, Al ..., A D Sur > 0, (41)
where

N

N
y (M) = ZE”)‘; + |:1 + ZS” + 53] max{Ai", ..., Ay}
n=1

n=1

and A, > min{0, A!,, ..., A\,} if and only if agent i is short sales
constrained in asset n at date t € [0, T). The equilibrium interest rate
and the risk premia of the stocks are respectively given by, fort € [0, T,

1= B+ (A) " Cuer — 1/2B(A)~° C;ZUngCt
= Wy ()
;

+ Bi(A) 2 Ctagz Vz_l ( wilt)‘i - Z wéfkf)
i i
.
—1/2B,(A)"! (Z w;,x;') QAR (Z wi',ﬂi)
i i
.
~2(Sen) 0w (i)
i i

+ D wpky (Vi V?)‘lk;} , (42)

and
o — 1l = (A) ' Cipiocr — Z wh M. (43)
;

The speculative behavior evidenced by Proposition 5 is richer than
in the two-asset case of Proposition 3. To see this, first observe that as
in Section 3, the IMRS-adjusted gains process for stock n =1,..., N

implied by Equation (39), [ ZT[d(Snum;) + m!, Dy, dul, has expected
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value —F, [, tl L+ YIS, m! du, and that for a unit investment in
the riskless asset has a drift at the rate —y (A!)m!. Next, arguing as in
Section 3.1, ownership of a share of stock 7, at the margin, allows
investor i to sell the share and acquire any other stock p # n or the
riskless asset. Hence the option of selling stock # to acquire stock p
has expected gains at the rate (A}, — ;,,)*Sm. Similarly, the option
of selling stock 7 and lending the proceeds has expected gains at
the rate (A!,)*S,,. It follows that a speculative strategy in this setting
with more than two assets must involve both timing and selection: if
it pays investor 7 to sell the share of stock 7, he may do better by
investing the sale proceeds in stock p; rather than in the riskless asset
or some other stock p,. Thus the speculative gains x/, are given by
max[max, (A, — A,) ", (A),) 1S, and may be rewritten as in Equa-
tion (40); they are positive in a given event if and only if investor
i is short sales constrained in stock 7z in this event. These gains are
realized by a strategy of both the timely sale of the share of stock 7
and from a judicious choice of which other asset to acquire.

The collateral services provided by an individual asset depend upon
all assets in which an investor is constrained. The option of borrowing
(short selling) 1 unit worth of the riskless asset (some stock p) and
investing the proceeds in stock n = 1, ..., N has IMRS-adjusted ex-
pected gains at the rate (—A! t)*(()\’ —A’ t)*) From Equation (38) it is
clear that the gains from Such borrowmg (short sales) are maximized
bylnveSUngthanoceedsnlasuxk:ksuchthatnnn{o My A =

Ay, that is, a stock in which investor 7 is unconstrained, if such a stock
exists. Alternatively, if agent 7 is short sales constrained in all stocks
he must be unconstrained in the riskless asset; in this case short sell-
ing 1 unit worth of stock 7 = 1, ..., N and lending the proceeds at
the riskless rate has expected gains at the rate A/, > 0. From Equa-
tion (38), the option to borrow (short sell stock p) has value in a
given event if and only if the constraint on leverage (short sales of
stock p) binds on investor 7 in the same event. Hence, it follows as
in Section 3.1 that in these events the benefits at the margin from a
share of stock 7n worth S, include the ability to borrow S B, at the
riskless rate and to short sell £,5,,, Worth of stock p=1,..., N. Thus
the collateral service to agent i is k!, = [—&zmin{0, )»“, con Ay
Zp_l £,(M1, —min{0, A, ..., AN, DIS,,, which may be rewritten as in
Equation ()41) Observe that in the no-short-sales and no-borrowing
case (Ep = &, = 0Vn), Km = 0V4, n. In contrast, with limited short
sales, every asset has a nontrivial collateral value component for ev-
ery agent if he is constrained in some asset.

Thus investors’ marginal valuations of assets in an equilibrium with
binding short sales constraints are not based solely on the payoffs
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corresponding to buy-and-hold strategies. Instead, they correspond to
portfolio strategies that maximize their respective expected gains from
trade. This follows from considering the expected gains for a portfolio

policy 7' € K, —E! ftT(Zﬁlvzln" AL+ vy )X m! du, and noting

nu"nu
that agent #'s optimal portfolio 77 € argmax — [YN_ 7iAl 4y (1))
subject to 7’ € K.

The results of Equations (42) and (43) on the interest rate and risk
premia are consistent with the literature on aggregate consumption-
based asset pricing relationships under frictions [see He and Modest
(1995) and Luttmer (1996), for instance]. Risk premia in Equation (43)
are only partially determined by the instantaneous covariation p,;o¢; of
asset returns with aggregate consumption. The last term in Equation
(43) is the deviation from the consumption-based CAPM (CCAPM) of
Breeden (1979) due to binding constraints and is equal to a weighted
average of the A”s across investors where the weights are given by
their absolute risk tolerances relative to that of the aggregate. For
instance, when at least one investor is simultaneously leverage con-
strained and short sales constrained in a stock 7, the CCAPM estimate
may be greater or less than the risk premium «,,; — 7. These results are
similar to ones obtained by Cuoco (1997).1> Observe that the deviation
of &, — ay; from the CCAPM prediction is Y, w;l[xl’;z/Spl — XL/ Sudl:
relative mispricing across assets n # p may be attributed to their dif-
fering speculative gains. Turning to the interest rate, note that the first
three of the eight terms in Equation (42) capture the usual effects
of time preference and aggregate consumption. The remaining terms
account for the presence of the constraints of Equation (37) and the
incompleteness of markets when N < d. The fourth, sixth, and eighth
terms are negative (if B! > 0: convex marginal utility) and contribute
to a reduction in the interest rate. A priori, the fifth and seventh terms
could be positive and, in principle, could offset the aforementioned
reduction.

The characterizations above of equilibrium prices continue to hold
when investors also have heterogeneous beliefs. Assume that the
structure of beliefs of agent ¢ = 1,...,7 is described by his prior
P’ and the (d x 1) innovation process v’ along the lines of the model
in Section 2. Let A = v/ — vl i =2, ..., I, now denote the differ-
ence in beliefs of agent i relative to that of the reference agent i = 1.
Then Equations (42) and (43) hold with A% replaced by AL — pA’; as
a correction for the heterogeneity in beliefs. The representations of

5 Cuoco (1997) investigates the effects of constraining dollar investments in assets to lie in a closed,

convex cone in the presence of stochastic labor income. Also similar to Cuoco, note that deviations
of risk premia from the CCAPM in Equation (43) may be identical across assets: when some
investors are unconstrained and all others are leverage constrained.
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Equations (39)—(41) of prices in terms of consumption value, specu-
lative value, and collateral value components remain valid. Similarly,
one can also extend Proposition 5 to the case where the constraints
are agent specific.

Concluding Remarks

The general equilibrium model with binding portfolio constraints ex-
tends straightforwardly to i = 1,...,7 > 2 agents with logarithmic
utilities and heterogeneous beliefs. In this case, the number of possible
configurations in Equation (17) increases to 3’ — 2, and the dimension
of the equilibrium “state variable” increases to 2(/ — 1). Similarly, one
can also allow for agent-specific constraints with & and &g differing
across investors. The results of the two-agent equilibrium carry over,
in a qualitative sense, and imply that the individual-specific deviations
of asset returns from IMRS-based predictions, or errors relative to Eu-
ler equalities, are correlated. Our closed-form solutions in principle
permit the estimation of the degree to which constraints bind. For
a given dispersion in beliefs, {i’ — [i'},41, the likelihood of binding
constraints increases as the asset return volatility decreases because
of the increased absolute demands for assets by investors. On the
other hand, periods of high return volatility may also witness an in-
creased likelihood of binding constraints if they are associated with
an increased dispersion in beliefs. A further equilibrium implication,
as can be inferred from Figure 1, is that a less wealthy agent is more
likely to find a portfolio weight constraint binding. In this sense, the
equilibrium predictions here may be similar to those suggested by
considerations of liquidity constraints in models with labor income.
However, note that by the same token, a less wealthy agent also has a
lower impact on return deviations from predictions using IMRSs based
on aggregate consumption. Our model can also be extended to study
the effects of binding constraints on the term structure of interest rates.
This is a potentially useful application since the results in this article
show that, locally, a tightening of the constraint on leverage (short
sales of stock) decreases (increases) the interest rate and increases
(decreases) the market price of risk.

The main result on the existence of speculative value and collat-
eral value premia in prices was also demonstrated under diversity
in utility functions. The presence of a collateral-value component in
asset prices indicates that all assets may individually experience de-
viations from IMRS-based pricing including assets in which trade is
unrestricted. This collateral component becomes relevant under very
weak conditions, namely whenever some subset of assets is subject to
proportional short sales constraints and one of these constraints binds

1165



The Review of Financial Studies /v 10 n 4 1997

on an individual with positive probability. However, such deviations
of returns are the same across unconstrained assets.

It also bears emphasizing that in our model the right to resell has
value at the margin. Assets with the same dividends which may not
be retraded have, at the margin, lower values than their tradable
counterparts. Investors value the ability to retrade assets because it
enables speculation. Furthermore, the speculative premium leads to
an increased value for the asset as collateral. These properties sug-
gest different incentive effects for intermediaries engaged in financial
innovation, for instance in the context of private placement versus
exchange listing.

Appendix: Proofs

Proof of Theorem 1. We solve the individual consumption-portfolio
optimization problem with the portfolio constraints and incomplete
markets by embedding it in a larger family of “unconstrained” opti-
mization problems that correspond to artificial economies described
below. The details of the theory that we employ can be found in
Cvitanic and Karatzas (1992).

Let H denote the Hilbert space of processes A = (A1, Az) that
are jg)—progressively measurable, with values in R?, and such that
E'Lf InPdl) < oo. Tet K = {n € R 7y € [, 1+ £l 15 = 0}
where &5 € [0,00] and &3 € [0,00]. Define the map y(A) =
sup,, (=) which represents the support function of the set —K
and let D = {A € H: Ei[foTy()»t)dt] < oo}. For A € D consider the
artificial economy which is identical in all respects to the economy of
Section 1 except for its modified, private investment opportunity sets,

+ pltdvlit + pZ,dvét], t €0, Tl; & given, (AD)

dR, =[r; +y(A)ldt, t €10, Tl; Ry = 1, (A2)

dzl = Zlly ) + daddt + Z/ pFdvs,, t €10, T1; Z given.  (A3)

In this artificial economy a triplet (¢’, {, 73) of J,-progressively mea-
surable consumption and investment strategies is admissible for agent
iif (¢!, m!, ) € L0, T1 x £2[0, T1 x £3[0, T] and satisfies the non-
negativity constraint X/ > 0, ¢ € [0, 7] where X' solves the stochastic
differential equation,

dx! = [nX] — cldt + X!z [(a! — r)dt + py,dv], + padv},]
+ X}iﬂzit[— ridt + p[Zdei%]
+Xly (A + 7y, hy + 7y, h01dt, (AD)

1166



Equilibrium Asset Prices and No-Arbitrage with Portfolio Constraints

with X/ = x'S, ¢ € [0, T]. No other constraints are placed on in-
vestment strategies of agents in this economy. A triplet (¢’, w{, 7;) of
admissible processes is optimal for preferences represented by U if
there is no other admissible pair (¢, /', 1) such that U(c") > U(c").
Standard results on optimization in unconstrained markets [Cox and
Huang (1989, 1991), Karatzas et al. (1987)] enable us to compute these
optimal demands stated below. The proof of Theorem A1 follows from
Theorem A2 and Corollary A3 in Detemple and Murthy (1994).

Theorem A1l. Consider the artificial economy with private invest-
ment opportunity sets [Equation (A1)-(A3)] and without portfolio con-
straints. Define 6f,(h) = (Plz)_l[‘(af +A—1) — pzt(p,z)‘l(Xzz — )],
01, (k) = (pF) " (har — 1) and 61 (h) = (01,(1y), 0,,(X1)). Suppose that
the condition [Equation (A5)] bolds fori= 1,2, t € [0, T]:

reD,re Lo, 71,0'(\) € (L£2[0, T])?,
E [eXp (1 /2 J101,0.0)% + (GfS(AS))Z]ds)] <00, (A3)

Then, the optimal demands of agent i = 1, 2 are given below with X'
solving Equation (A4):

c;'()») = mpc,Xf, (AG)
”f;()\) = (,011)_2[(01; + A — 1) — ,021(/);2)_1()»2; — )l (A7)

703, (M) = (p1p]) (A2 — 1) (00)* — (@) + 2r — 1) papl).  (A8)

Note that the solution to the optimization problem of Section 1,
(¢, ™), if it exists, is admissible for agent 7 in the artificial economy.
This follows since 7" € K, and y(A) = sup, cx(—mA) 1mpl1es y(A) +
i+ iy > 0 for all admlss1ble pol1c1es (n{, 7)) € K. By the
optimality of Equations (A6)—(A8), (¢, ") is also dominated in the
artificial economy: U(c'(1)) > U(c") for all L e D.

Suppose now that there exists A’ = (A{,1}) € D such that (i)
(i), 1j(A)) € K, and (D) y() + 7{,OA], + 7},(A)rs5, = 0,

e [0, 71. Note that y(A") = &Esmax(A},0) + (1 + £g) max(—Ar!, 0)
for A' € D. Using Equations (A7) and (AS8) it can be verified that con-
ditions () and (ii) are satisfied if and only if )J = (Alt, )Lét) is given
by

- 06; + (0?48 if (o)) —n) > 1+&p

A, = —a, (01)?Es if (p) 2! — 1) < —&
O otherwise
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and
A 7+ (1+ éB)PZthZ if (p,)_z(az —1r)>1+&p
My =11 —Espup] if (o)™ (o) — 1) < —&s
1+ (o) 2@l — n)pap? otherwise.
(A9)

Then the policies (c’(A), w'(1)) of Equations (A6)—(A8) evaluated at
A" in Equation (A9) generate a wealth process [Equation (A4)] that is
indistinguishable from the wealth process these same policies would
generate in the constrained economy. Also, since 7/(A") € K, it satis-
fies the borrowing and short sales constraints of Equation (10). Thus
(c'(A), w'(A")) is admissible in the constrained economy. By the op-
timality of ¢ we have U(c") > U(c'(AY).

Combining these results we conclude that ¢ = ¢/(A’) and that
7" = w/(A"). Thus substituting Equation (A9) in Equations (A6)—(A8)
yields the optimal demands for the constrained problem in Equations
(13) and (14). Note that the leverage (short sales) constraint is binding
on agent i = 1,2 when (p,) e} — 1] > 1 + &z (< —&s). Evaluating
0,(x)), j = 1,2, at A} in Equation (A9) we have (6},(1)))* < max[(1 +
£p)%, (£9)*1(pj»)?; hence Equation (12) ensures that Equation (A5) is
met. u

Proof of Theorem 2. Using Equation (13), clearing in the spot mar-
ket for the consumption good Y, ¢/ = D, gives X; = X! + X} =
(mpc,)™'D,, t € [0, T). Combining the market clearing conditions
YooriX' = Sand },(1 —x)X" = 0 yields X = S; hence, S, =
(mpc,)~' Dy, and af =+ B, p1 =04 p2r=0,1€l0,7],i=1,2.
Evaluating Equation (14) yields the aggregate demand for the riskless
asset: X,(1—w) X! = 2, X/[1—max{—&s, minlo; *(Ai+B—1), 1+E5]).
Clearing in this market X;(1—m’) X" = 0 then gives the four conditions
below, for i, j = 1,2, i # j,

52X/l -0, ()4 B— )] =0, when o, (fi;+B—r) € [—&s. 1+&4,

X} (—&p) + X/11 — 07 2(3] + B — )] = 0, when o, (2 + B — 1)) >
14+ &g and o, 2(4) + B — 1) € [—&s, 1+ &5,

X} (1 + &)+ X/ = 072 (4] + B — 1)) = 0, when o, (i} + B — 1) <
—&s and o, 2(A] + B — 1) € [—&5, 1 + &5l
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and

X/(—€p) + X/ (1 + &) =0, when o, 2(A/ +B— 1) > 1+ &
and o, () + B — 1) < —&s,

which upon simplification yield the interest rate in Equation (19) ac-
cording to whether (A, 8) € Ly, Lig, Lis, or Lip, js, using Assumption 1.
By Walras’s law, the stock market clearing condition is then automat-
ically satisfied.

Using Ito’s Lemma, X; = (mpc,) "' D;, r in Equation (19), and the
wealth process

dX/ = X/ max{—&s, minlo, * (i + B — 1), 1 + &}
x (i} + B — r)dt + ordvi | + X/ (1, — mpc,)dlt,

the distribution of wealth § = X'/X has the representation d§ =
uldt+ o’dvl below, t € [0, T1, 8y = x! € (0, 1):

8:(1 —8)*Aa?dt + 8,(1 — 8)Aordvy,,
for (A, 8)) € Ly
8ilA; —8,(1 — 5:)7153]0;2536” + Stothdvllta
for (A, 6)) € Lip
—8A 4+ 8,1 —=8) 1+ 55)]052(1 +&s)dt — 8;04(1 + Ss)d‘ﬁlt,
for (Al, (Sl) € LlS (AIO)
8;1(1 — 8)%0fEkdt — (1 — 8,)0,E5dv],,
for (A4, 8;) € Lp
8, (1 =80} (1 + E)?dt + (1 — 8)0(1 + Eg) vy,
for (At, 8[) c LZS
thTf d&,
for (A4, 8,) € Lipas U Lis,2p.

d(Sl -

From Equation (17), note that none of the (closures of the) sets L;z,
Lis, and L;p js share a common boundary with (the closures of) L;z,
Lis, and L s, i, j =1, 2, i # j, unlike other pairs of the (closures of)
Ly, Lig, Lis, and L;g js. From Assumption 3(ii), (Ao, 89) € Ly and hence
Ao(1 — 8y) < Eg. For (A, 8) € Iy we have d(A(1 —8)) = (u?! — u® —
olol)di+ (of —o®)dv} + o dv), where (2, of}, 05) # (0,0, 0) by
Assumption 3(D). It follows that for &5 < 0o

P{(A,8)) € Lip, (Ay, 8,) € Lo, 0 < u < 1, for some 7 € (0, T1}
=P{A(1—8) > &p, (A 8,) € L, 0 < u < 1,
for some t € (0, T1} > 0,i=1, 2.

It may similarly be verified that (A, §) can enter I g or L;s from Ly with
positive probability, and that (A, §) can enter Ly or L;p js from L;z or
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L;s with positive probability, for 4, j = 1,2, i # j, & < 0o. A passage
from Ly to Lig2s (Iz2p15) Or Vice versa is a probability zero event since
the common boundary § = 1+&s/(1+&s+&5)(8 = §p/(1 + &5+ 65))
is a point (see Figure 1). Hence the constraints bind on both agents
with positive probability. The existence of a solution § to Equation
(A10) follows since its coefficients u® and o satisfy random Lipschitz
conditions [Protter (1990, chap. 5, Theorem 6)] for A finite. Hence §
is an Tto process; in particular, it has continuous sample paths.

It remains to verify that () the demand functions and (ii) the value
functions evaluated at the equilibrium stock price and interest rate
are well defined. Evaluating 6,(1!) and 6;,(1!) at the prices of Equa-
tions (18) and (19) and using Equation (17), it can be verified that
0!,(Ah < oM} — fi2| 4+ o, and BJ(AT) = 0, i = 1, 2. Hence, Assump-
tion 2 combined with Corollary 5.13 in Karatzas and Shreve (1988)
establish that n!, = expl— [; 0/ ADdv]; — (1/2) [, O] ,(x])?ds] is a
P'-martingale at equilibrium; similarly for n; in Equation (20). Since
w € L0, T1 we have i’ € £3[0, T1, i = 1, 2. Hence at equilibrium
r € £20, T1 and 6/,(A}) € £2[0, T1 so that A’ € D. It follows that the
demand functions and the value functions are well defined, and that
Q is an EMM. u

Proof of Proposition 1. Since (A, §) has continuous sample paths the
interest rate is a continuous process in the interior of the sets Ly, L;z,
Lis, i = 1, 2. Consider the common boundary of Iy and L5, where
A1 —8,) = &ép and hence 1, = B + i} — 0?(1 + &p). Observe that
the latter is equal to the limit of » = B+ i — o2 +&38(1 — 8) 102, as
A(1l —6) | &g, from within ;5. Thus the sample path of the interest
rate is continuous at the common boundary of Iy and ;3. Similarly
it can be verified that » is continuous at the common boundaries
of Iy and each of Lz, Lis, and L. Now consider events in which
(A1, 8) € Lipjs, (A, 8-) € Lip, and (A4, 8,4) € Lis, i, j = 1,2,
i # j. The LCRL restriction yields

=1 = B+l —ol +E5(X! X))o} = B+i)—ol+Es(X] /X))o,

where the third equality follows from the continuity of the processes
', 0% and X', i =1, 2. Similarly,

ne = B+l —ok — (1 +E)(X, /X )al
=B+l -0} — (1 +E)X] /X))ol

Recalling that X//X/ = (1 + &s)/&s and |A,] > 1+ & + & when
(A4, 8;) € Lig js, the difference 1 — 1, = ol — ol —0}(1+&z+&5) >0
is the size of the jump in the interest rate at time ¢. It also follows that

1170



Equilibrium Asset Prices and No-Arbitrage with Portfolio Constraints

there is a negative jump of size [L{ — A+ ol (1+Ep+E&s) when (A, §)
crosses L;p ;s from the “reverse” direction at time 7, that is, in events
in which (A, 8;) € Lipjs, (A1, 8,-) € Lis, and (A, 8,1) € Lip. u

Proof of Proposition 2. Assume there exists a j(f)-progressively mea-
surable process z' such that S, = E/[ ZT(m;/ mi)Dydul + ElL[] (21
mi)dul. Hence Sym} + [} m!Dydu + [} zidu = E/L[,| miD,dul +
E'l fol zldu), t € [0, 7], is a (P, j(f))—martingale; the gains process
[1d(S,m?) + mi, D, dul has expected value —E |, ZT z! du. Using the
cum-dividend stock returns in Equation (18), ‘the IMRS in Equation
(23), and Tto’s Lemma, yields z/ = —Smili; + B — n — y (i) —
0:01,(A1,)]; the definition of 6{,(A],) then implies 2/ = [A],+y (A1 )]1S;m;.
Using the definition of y(A},) leads to the decomposition z; =
max(Ai,, 0)S;m; 4 [Eg max(A],, 0) + £ max(—A],, 0)1S;m,. Thus, Equa-
tion (24) follows in terms of the definitions of Equations (25) and (26).
The interpretations of x’ and k' as speculative gains and collateral ser-
vices from the stock are discussed in the text following Proposition 2.
It is obvious from Equation (22) that A1, is positive (negative) in events
in which the constraint on short sales of the stock (leverage) binds on
agent i. u

Proofof Proposition 4. Each agent’s optimization problem in Section 4,
at the given prices of Equations (18) and (19) and Equation (32), may
be solved using the methodology of Cvitanic and Karatzas (1992)
as in the proof of Theorem 1. These optimal policies are given by
¢l = mpc, X} where X/ satisfies Equation (33) with optimal portfolio

s if o, 2 (A + B — 1) < —&s
7, =\ max{—&s, lo; *(a] + B — 1) , (A1D)
—pa(1+Ep)/(1— g} ifo (Al +B—1n) > 1+

max{—£&g, 1 + &5

nh =1 —lEs+ o (W4 B —m/pa o (Al + B — 1) < —Es
—&p if o, 2(Ri+B—1)>1+E&
(A12)

w5+ (1= 75 — wp)dar
=o 2y +B—n)  ifo AR+ B —n) €&, 1+ &5l (A13)
provided ¢¢; # 0 when crt_z(ﬂ; + B8 —n) < —& and ¢ # 1 when
o 21+ B — 1) > 1+ &p. 1f ¢ = 0 when o7 (1) + B — 1) < —&s
(Ppgr = 1 whenlfft_z(/lﬁ + B —n) > 1+ &p) the optimal portfolio is
described by 75, = —&5 and nj;, > —&p (g, > —&s and 7y, = —&p).
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To show that the equilibrium of Theorem 2 is not valid it suffices to
show that the optimal policies above do not clear markets in some
events. Using Equation (34), assume w.o.l.0.g that there exists some
event (w, t) in which o; (A} + B — 1) < —&s, 0, (W2 +B — 1) €
[—&s, 1+ &5], and ¢, # 0. Assume further, also w.o.l.o.g, that market
clearing has been satisfied at all u# € [0, #). Then, agent #’s wealth
X'(w, 1), i = 1, 2, is the same in this event as that in the equilibrium
of Theorem 2 and, since the interest rate is given by Equation (19),
satisfies

n=B+a;—ol(1+E)X /X)) (A14)

Next, note that in this event stock market clearing, 7§, X'+ 7 X? = X,
requires

T5X] =X+ EsX, (A15)
while market clearing in the riskless asset, 7}, X!+ 7%, X? = 0, requires
T X} = —max{—&p, 1+& — [Es+ 0,7 (A + B — m)l/palX), (A16)

using Equations (A11) and (A12) for agent 1’s optimal portfolio. It
may now be verified that agent 2’s demands in Equations (A15) and
(A16) that are constructed to clear markets, are not optimal for him
given the interest rate in Equation (A14): that is, they do not satisfy
Equation (A13). u

Proof of Proposition 5. The solution (¢’ , ") is characterized using
the results of Cvitanic and Karatzas (1992). The optimal portfolio T”
satisfies 77 AL + y(A") = 0. Define 8'(A)) = p; ' (a! + A} — 1) and the
JY martingale n'(A}) = expl— [j 0'(Dd W, — (1/2) [;(0'(AD)?ds);
let J"()»I’L). = eXp'{—' fol(f’sv+'y (Aé))ds}ni(lﬁ). The optimal consumption
policy c;* = H’(y’e’gljl(kj)), where H'(.) is the inverse of u.(.) and
»' is a constant. This gives the IMRS of agent i: m], = m|,/m; where
m, = e Prul(ch/ul(cl) = J'(AD). Using the market clearing condition
> ;¢ =), Dyand Ito’s Lemma we get Equations (42) and (43). The
first-order conditions to the problem

*

7" € argmax — [7'AL +y (L))

subject to yr,i > —5,’;, n=1,...,N, and 1 — Zn,’z > —&p

n

yield the characterization for )\fl, n,m=1,..., N, n# m, in Equation
(38). The decomposition [Equation (39)] follows as in the proof of
Proposition 2. It may be verified that &), + y(1') = x,, + «,. The
interpretations of x* and ' as speculative gains and collateral services
from the stock are discussed in the text following Proposition 5. ®
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