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The classic option pricing model is generalized
to a more realistic, imperfect, dynamically in-
complete capital market with different inter-
est rates for borrowing and for lending and
a return differential between long and short
positions in stock It is found that, in the
absence of arbitrage opportunities, the equi-
librium price of any contingent claim must
lie within an arbitrage-band. The boundaries
of an arbitrage-band are computed as solu-
tions to a quasi-linear partial differential equa-
tion, and, in general, each end-point of such
a band depends on both interest rates for
borrowing and for lending. This, in turn, im-
plies that the vector of concurrent equilib-
rium prices of different contingent claims-even
claims that are written on different underlying
assets-must lie within a computable arbitrage-
oval in the price space.

The classica Black-Scholes option pricing model, as
is well known, is based on severa ideal assumptions.
After the inception of the model some score years
ago, many successful efforts were mounted at relax-
ing most of those assumptions to bring them closer

For their insightful comments and good advice | wish to thank Simon Ben-
ninga, Avi Bick, Fischer Black, Wendell Fleming, Mark Garman, Michael
Harrison, Steve Heston, Gur Huberman, Jon Ingersoll, Haim Levy, Steve
Ross, Mark Rubinstein, and the finance seminar participants at UC Berke-
ley, The Hebrew University, Tel-Aviv University, and a Yale University.
My specia thanks go to Darrell Duffie and to the editor, Chi-fu Huang.
On the other hand, | am responsible for al possible errors. This work
has been supported by a grant from the Krueger Fund. Address correspon-
dence to Yaacov Bergman, School of Business and the Center for Rationality
and Interactive Decision Theory, The Hebrew University, Mount Scopus,
Jerusalem 91905, Israel.

7beRevlewoanandaI&udk5 Summer 1995 Vol. 8, No. 2, pp. 475—500
© 1995 The Review of Financial Studi&s 0893-9454/95/$1.50



Tbe Review of Financial Studies /v 8 n 2 1995

gme g=30 a=g ' p=d gm)d am2

$17.60

-

N

2
A

;

C, , Market Price
of Call-Option with E, = $40
2
H

17.00 ' Y T Y T Y Y Y
264 268 L2 276 280 284 288 $2.92
C, , Market Price of Call-Option with E, = $70

Figure 1 .
A “computed sample of an arbitrage-oval

Any pair of cal prices that lies outside the arbitrage-oval represents an arbitrage opportunity. The
arbitrage-oval is formed by taking the Intersection of a collection of strips. Each gtrip is the area
outside which a pair of call-option market prices represents an arbitrage opportunity, which is
deduced from the arbitrage-band for a p-money-spread comprising one call-option with exercise
price E; held long and p cal-options with exercise price E, held short.

to agreement with rea market environments. However, one of the
basic assumptions of the option pricing model remained virtually
unchallenged-that of a unique riskless interest rate for borrowing
and for lending.

This article generalizes the option pricing model to a more redlis-
tic imperfect capital market with different interest rates for borrowing
and for lending. It is found that, in the absence of arbitrage opportu-
nities, the equilibrium price of any contingent claim must lie within an
arbitrage-band. The boundaries of an arbitrage-band are computed
as solutions to a quasi-linear partial differential equation, and, in gen-
erad, each endpoint of such a band depends on both interest rates
for borrowing and for lending. In turn, arbitrage-bands of portfolios
of options put joint restrictions on the equilibrium prices of the con-
gtituent options. The effects are quite large, A typical result is shown in
Figure 1; pairs of call-option prices that fall outside the arbitrage-oval
represent arbitrage opportunities.

It is aso found that, as the borrowing and the lending rates ap-
proach a single value, option pricing with differential interest rates ap-
proaches that prescribed by the Black&holes option pricing model,
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which, in turn, implies the robustness of the latter classicad modd to
the introduction of a small borrowing-lending rate differential.

The article is organized as follows. The setting is described in Sec-
tion 1. It is a dynamicaly incomplete capita market with differen-
tia interest rates for borrowing and for lending, in which contingent
clams cannot be priced by arbitrage arguments alone. Section 2 de-
rives the arbitrage-bands, within which the equilibrium contingent
prices must lie, as solutions to optimization problems. The implica
tions for prices of options are discussed in Section 3. Section 4 pm-
vides an extension of the model by introducing an imperfection into
the underlying asset market in addition to the imperfection in the
riskless asset market. Section 5 concludes.

. The Setting: A Dynamically Incomplete Capital Market

In setting up the framework, we will seek to adhere as closdly as pos-
sible to the setting of the Black-Scholes option pricing model [Black
and Scholes (1973)], introducing only those changes that are necessary
to accommodate differential interest rates for borrowing and for lend-
ing. The reason that such changes are needed is the following. The
Black&holes capital market is perfect and dynamicaly complete. In
that market, the price of a call-option, say, must be a function of time
and the concurrent stock price only; it cannot depend on any other
variables that may affect the economy IMerton (1977)]. The proof that
this is so relies heavily on the fact that the borrowing and the lending
rates in the Black& holes market are the same.

What if those rates are not the same? Then it is no longer necessary
that the option price be a function of time and concurrent stock price
only. Depending on the structure of the economy, either the option
price may depend on additional variables or it may not so depend.
In the latter case, though, if the markets for the stock and the option
are perfect and continually open, then a locally riskless asset with
the same implied borrowing and lending rates can be synthetically
manufactured by a self-financing dynamic trading strategy in the stock
and in the option.*

! It can readily be shown that, if the stock price follows a diffusion with a diffusion coefficient of
o(S;, £) and if the option price, O(S;, #), dependsontimeandemcuﬂemstod(pnceo:ﬂy then
the synthetic interest rate is equal to

/aO(s. n 20(s. O\ f .. 30(5. 0\
\ TR el 350 )/\O(S. 7s )

providedﬂmtthederivaﬂvesexistandthcdcnomhmiorbnotzem.
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If, on the other hand, the economy structure is such that the equi-
librium option price depends nontrivialy on some extra nontraded
variables in addition to time and concurrent stock price, then, a-
though the stock and the option markets are perfect and continualy
open, synthetic locally riskless interest rates cannot be formed by any
trading strategy in the stock and in the option. The reason is this.
The stock and the option prices share one source of uncertainty, and
therefore this source can be dynamicaly hedged away by an appro-
priate trading strategy. But the other extra sources of uncertainty in
the option price will remain, and there are no other traded assets,
whose prices aso depend on those extra sources of uncertainty, that
could be used to hedge those extra sources away, as well. In other
words, in this sort of capital market there are too few long-lived as-
seats relative to the evolution of uncertainty, so that even very frequent
trading is not sufficient to complete the market. Such a market is said
to be dynamically incomplete [Duffie and Huang (1985)].

This kind of a dynamicaly incomplete capital market, unlike the
Black-Scholes dynamically complete one, admits meaningful differ-
ential interest rates for borrowing and for lending. Clearly, in such a
market, the sharp equilibrium option price cannot be determined by
pure arbitrage argument,” but, as we will see, the existence of differ-
ential interest rates can be used to bound the equilibrium option price
by pure arbitrage arguments. Our purposes in this article are to show
the existence of such bounds, to derive a procedure for computing
them, and to investigate their economic implications.

1.1 A formal setting

The following is a simple formalization of the above setting. Agents
can borrow by short-selling locally riskless borrowing-bonds with a
time t price B, that obeys

dB, = Byrg(t)dt,; t>0, B=1. 1)

Agents can also lend by buying locally riskless lending-bonds with a
time t price L, following

dL, = Lir(f)dt; t20, h=1. (2)

For simplicity, it is assumed that the borrowing rate rg and the lend-
ing rate r_ are congtants, but the analysis is identical even when those
rates are genera functions of time. We also assume that the borrow-
ing rate is greater than the lending rate. The source for the divergence

This is typical. Garman and Ohlson (1981) use a two-date model with transaction costs, in which
the equilibrium price of a call-option cannot be determined by arbitrage arguments alone.
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of the riskless interest rates for borrowing and for lending can be at-
tributed to the cost of intermediation by a bank, bringing together
borrowers and lenders and monitoring borrowers to ensure loan re-
payment (e.g., detection of debt-covenant breaches), and execution
of necessary remedies. (The monitoring costs should be proportional
to the term of the loan, and indeed they are, if those costs are remu-
nerated by an interest rate differential.) Clearly, the fact that the bank
borrows at the lower lending rate and lends at the higher borrowing
rate does not constitute an equilibrium-violating arbitrage opportunity
for the bank. The interest rate differentia just reflects the normal re-
turn to a bank’s economic activity, which may even include rent, if
competition among banks is not perfect.

To describe the dynamics of the risky assets in a dynamically incom-
plete market setting, we adapt a ssimplified version of Merton’s (1990,
p. 553) diffusion state variable information framework. Let Y; describe
a “nontraded” state variable of the economy, about which agents care
and whose dynamics are given by the stochastic differential equation
(SDE)

dY,=G(Y,, Hdt+ H(Y,,dgs  t20; e®R, (3

where g, is a Wiener process. It is assumed that agents can also buy
or sall a risky asset, stock, in a frictionless and continuously open
market. The stock price, S, is a regular diffusion that satisfies the SDE

ds; = m(S;, Vi, ydt + o(S;, )dZs; t>0; SeD, (4

where Z, is a Wiener process that is not perfectly correlated with g,
and where D is the domain® of real values that are attainable by the
diffusion S. It is assumed that the functions’ G, H, m, and s are such
that the solution to the system of SDEs, Equations (3) and (4), exists
[see, eg., Duffie (1992)]. In the specification of the stock price pro-
cess, we follow Merton (1977, p. 243), who assumes that “m can be
generated by a stochastic process of a quite general type, while s is
restricted to be at most a function of S and t.” The purpose of this re-
gtriction on s is to achieve the simplification that alows the bounding
of option prices by means of solutions to a partia differential equation
(PDE) in time and the stock price as free variables, in analogy to the
precise pricing of options by arbitrage in the Black-Scholes theory.”

3For example, if the diffusion is a geometric Brownian motion, then D = R,.

“Of these four, only s will play an explicit role in the sequel. The correlation between
the two processes does not play an explicit role either.

®Allowing s to depend on the state variable Y, as well, while more realistic, would complicate the
analysis by driving our model further away from that of Black and Scholes to considerations of
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A European contingent claim, option (the two terms will be used
interchangeably), which, for simplicity, does not pay dividends, is
aso traded in a frictionless, continuously open market. The option
is a financial contract that pays b(s) dollars if the underlying asset
winds up with the price s on the expiration date T > 0. It is assumed
that the structure of the economy is such that the equilibrium price
of this option, denoted Of,besides depending on the stock price and
time, also depends nontrividly on the state variable Y; (or on its path
up to time t). As discussed above, this dependence of the option price
on the extra state variable leaves the market dynamically incomplete,
and this market, in turn, accommodates meaningful divergent interest
rates for borrowing and lending. (Of course, if the borrowing and the
lending rates are the same, then the option price is a function of the
stock price and time.)

At this stage, our modeling strategy is similar to that of Blacks (1972,
p. 446) “zero-beta’ model, where an imperfection is introduced in the
riskless asset market only-borrowing or lending are prohibited-
while no restrictions apply to long or short positions in the risky assets.
Similarly, we have introduced an asymmetry in the rates of return
between long and short positions in the riskless asset but alowed
none with respect to long and short positions in the risky assets. This
expository simplification is removed in Section 4, where it is shown
that the result is a magnification of the effects that we find when
friction is present only in the credit market.

In the sequel, we will consider more than one option on the same
stock. It will then be implicitly assumed that the market is still dynam-
ically incomplete by reinterpreting Y; as a state vector of a dimension
that is equal to or larger than the number of tradable options, so that
no option is a redundant asset, and a localy riskless trading strategy
cannot be formed.

Remark. Let P, and C, denote the prices of a put and a call on our
stock with the same exercise price E and the same expiration date
T. Then, to preclude arbitrage, the yield to maturity T as of time t,
denoted y; must be equa to

1 E
In ;
T—t [St’i'Pt"Ct]

the same yield for borrowing and for lending. This, however, does
not preclude differential localy riskless rates for borrowing and for

stochastic volatility of the stock price in addition to the differentia interest rates extension, which
is our concern in the current article.

The real function b is assumed to be differentiable ae. on its domain, D.
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lending. It is only required that (i)

L =:yYr <18,

for al tin [0, T], which is the generalization of the put-call-parity in the
current market setting; and (ii) that there would not exist similar put-
call pairs expiring almost everywhere in [0, T], which is precluded by
realistically requiring that the number of contingent claims is aways
finite. Note that no arbitrage can be generated between the differential
locally riskless rates and the yield to maturity T because reversing the
position in a locally riskless asset means switching from the borrowing
to the lending rate, or vice versa.’

. Arbitrage-Bands

We further assume that trade in the stock and bonds can take place
continually according to a dynamic trading strategy, which in our
context is defined to be a three-dimensiona process

(ah ﬂh A'l)l 4 2 0

that is predictable (determined by information available up to time t).
Here, a; denotes the number of shares of stock held and 8; and A,
denote, respectively, the number of borrowing and of lending bonds
held-al at time t. We require that

B;<0,A,>0; forall >0,

to ensure that borrowing and lending are carried out at the appropriate
rates. At time t, the value of the portfolio held according to a trading
strategy is

Vi=a;S+ BB+ ALy £20.

Given the contingent claim described above, consider the following
optimization problem.

The MIN* Problem
- minimize Vg
{2, Bt A 0<t<T}
subject to:

D  Vi=aS+BB+AL;0<t<T,
(ll) dV‘ = a,dS, + ﬂ:ng + ltdl.g 0<t< T
Giit) V¢ > +5b(ST).

"A fuller discussion of this issue is in the working paper [Bergman (1993)] version of this article.
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The MIN" optimization problem says the following. Consider the
set of trading strategies

. {(ab ﬂlr lt)'o =< t < T}

that obey (i) value dynamics; (ii) self-financing [Merton (1970)]; (iii*)
a time T, a trading strategy winds up with a value at least as large
as the contractual payoff to the contingent claim. Out of al these
eligible trading strategies, MIN" selects the one that at time O costs
the minimum dollar amount.

The solution strategy to MIN®, denoted

@}, B A1),

will be caled a self-financing, minimum-cost, dominating trading
strategy, or an SFMCD trading strategy, for shorts? Its time t dollar
value will be denoted by V,". In an arbitrage-free economy,

o5=Vy

must hold. To see this, suppose that Of > Vgt,then the following
is an arbitrage opportunity. Sell the contingent claim short at time 0
and remain short until time T, when the short position is closed. Also,
invest according to the strategy, (e, 87, A7), 0 < t < T. Arbitrage
profits are generated, since the net proceeds at time 0 are Of— V" > 0;
a time T they are Vi — b(Sy) = 0, according to (iii*); and in the
interim no external funds are required because the dtrategy is self-
financing.

Let the problem MIN™ be the variant of MIN® where constraint (iii*)
is replaced by: @ii™) Vr = —b(S7). Denote the strategy that solves
MIN™ by (a7, 87, A7), and the time t dollar value of the solution
strategy by Vi, 0 <t < T.. By a Smilar algument,—V; < Ofmust
hold to preclude arbitrage. The two inequalities can then be combined
to yield =V5 < Of < V', , and,. since time O is arbitrary, we have
-V, <0f < VY 0<t<T. Theinterva [-V;, V;*] will be caled
the arbitrage-band. We can now summarize.

Proposition 1. In a dynamically incomplete market with different
interest rates for borrowing and for lending, it is necessary that the

®The adjective dominating signifies that, according to (iii*), the strategy’s value dominates the
payoff to the option at expiration. An SFMCD trading strategy may be viewed as the dynamic
analog of Shaefer's (1982) two-period minimum-cost-dominating-portfolio.
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equilibrium price of an option lie in the arbitrage-band,{—V;~, V;*}.
Otherwise, an arbitrage opportunity exists.

Clearly, in our market with differential interest rates, a necessary
condition for a trading strategy to qualify as a ‘solution to either one
of the two minimization problems is that the strategy would never
entail simultaneous nonzero borrowing- and lending. Simultaneous
borrowing and lending should aways be offset in order to minimize
the initiation cost of a solution strategy.

Remark 1. A contingent claim may itself comprise a portfolio of
other options, so that

M
B(S) =Y bm(s).
m=1

In that case, the arbitrage-band of the portfolio may help establish
much narrower arbitrage-bands for component options in the portfo-
lio conditioned on the observed prices of other component options
in the portfolio. This is explored in Section 4.

Remark 2. The restriction on the volatility in the stock price to be
a most a function of time and concurrent price was not necessary
in deriving Proposition 1. It is necessary, however, in characterizing
the arbitrage-band by means of a solution to a generalization of the
Black-Scholes PDE in time and stock price as free variables. This is
done next.

2.4 Characterizing the arbitrage-band by means of solutions to
a quasi-hear PDE

The solutions to MIN® and to MIN™ are constructively characterized

as follows.

Proposition 2. Define the real function R : % = {7, 75} that maps
every nonpositive number to the bon-owing rate and every positive
number to the lending rate. Let w'(s, t), a realfunction of two vari-
ables, be the solution to the following (quasi-linear) partial differential
equation

. i
z—l:)+lorz(s H)— ‘w R(w—-sa—?){w-—s—z];

(s, eDx|0, T o 6]
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with boundary condition®
wt(s, ) =+b(s); seD, ©6)

where D is the real domain in which the stock price takes values (usu-
ally the positive ray).

Using the process S in Equation (4), define the four stochastic pro-
cesses

. a:,’f,ﬂ;'.,l:‘, fG[O,T]

by

+
af = '—a';(sx. 0,

dw '
,’+ = w+(.5}, ‘) - st—é?'(sh t)y

: L _
B =L, Af:=0 whenlt <0,

24

45

Bt =0, AA',* = % when I} > 0.

Then, (i) the trading strategy, (e, 8;, A7), s0lves MIN*; (1) w*(S;, 1)
is the dollar value of that solution strategy, i.e., Vit = wt(S, ); and
Gi) IY is the dollar amount lent (if positive, borrowed if negative)
according to the solution strategy.

To construct the solution to MIN™, replace the +h(s) in the PDE's
boundary condition with -h(s), and replace all plus-sign superscripts
above with minus-sign superscripts.

Proof. In the Appendix. u

We now have the following corollary, which follows directly from
Propositions 1 and 2.

°Depending on the function e(-,-) the end condition may need extension to another region of the
boundary. This is not necessary when the underlying asset’s price follows a geometric Brownian
motion, for example. Proof of existence and uniqueness of solutions to PDES like (5) have to be
custom made and are beyond the scope of this article. For a trestment of a related nonlinear PDE,
see Evans (1979).

%In PDE (5), the functionR(-) detects the occurence of either borrowing or lending in the solu-
tion trading strategy. It's arguement, w ~ sdw/ds, measures the number of dollars lent; therefore,
R(:) takes on the value of the appropriate interest rate. Note that, although R() suffers a jump
discontinuity at zero, the right-hand side of PDE (5) is continuous on the equation’s domain, so
no pasting conditions need be considered.
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Corollary 1. The arbitrage-band at time ¢ € {0, T] of a European
option with contractual payoff function h(-), expiration date T, and
with an underlying assetpriced at S is

[— Vt_' ‘,‘+] = [_w—(sh t)v w+(stv t)].

Although,. by construction, the upper bounding trading strategy,
(e}, BF. A1), . is sdf-financing, and it replicates the payoff to the op-
tion at expiration. Nevertheless, the strategy’s value, w'(S, t), at any
time t is amost never equal to the equilibrium option priceOf. This
is so because, whereas the former depends only on S and t, the
latter, recaII depends nontrivially also on the state variable Y, by
assumption.™ To preclude arhitrage, as shown in Section 2.2, it is
only necessary thatOf < w*($;, #). However, strict equality-in our
market with dlfferentlal interest rates-cannot be inferred. The reason
is the following.

If Of > w*(S;, £) at some time t, then arbitrage profits can be
captured by selling the optlon short at t and executing the upper
boundlng trading strategy (e}, B;, AF) throughout [t, T], which costs
wt(S;, #) dollars to initialize. Therefore, at time t, a net positive amount
is received, and at time T, the value of the upper bounding trading
strategy is h(S), which exactly offsets the payoff on the short option,
to form a zero dollar net obligation. This is, clearly, an arbitrage. If,
on the other hand, Of < w*(S,, t), an attempt to capture arbitrage
profits by buying and holding the option and reversing the strategy
(af, B, A1) is bound to fail because that reverse strategy, which is
not equal to (a;, B;,A;), is not even sdlf-financing. Deploying the
strategy (et; , B; »A;) does guarantee -h(S;) dollars at expiration T,
but, unfortunately, this strategy yields at time t only w (S, t) dollars,
which is less than or equa to Of, and therefore arbitrage profits are
absent. A similar argument applies to the lower bounding strategy,

(a;, By 2y).

. Properties of Arbitrage-bands

In the limit, when both the borrowing and the lending rates approach
a single value, r, then PDE (5) specializes to the Black-Scholes PDE,

! The equality Of = w*($;, #) can hold at most on 2 zero Lebesgue measure subset of [0, 1. This
is still consistent with the assumption that Of depends nontrivially on the state variable ¥;.
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which is recorded here for completeness.

dw o? ow
8t+ (s, t) —r (w sas). (s,DeDx[0, 7). (7
This implies that the Black-Scholes option pricing model is robust to
the introduction of a smal borrowing-lending rate differential. For
future use, we will denote the solution to the Black&holes PDE (7),
with the boundary function h(-) and with constant interest rate r,
by wg s(s, t; b, r) Note that the stock price here (and in the previous
propositions) is a quite general diffusion-not necessarily a geometric
Brownian motion-and that h is not necessarily that of a call or a put
option.

Proposition 3. (i) Let h(-) be the contractual payoff function of a
European contingent claim with expiration date T. If h(-) satisfies”
b(s)—sk(s) <0, ae onD,then, attime ¢ €10, T}, when the underlying
asset priceis s, the endpoints of the arbitrage-band for that claim are
given by

—w (s ) =wps(s b r); W, 1) = was(s, b b, rs). (8)

If, on the otherhand, b(s) — sk (s) > ®.e. on D, then r_ and rg switch
roles in Equation (8).

(i) If {b(s) — sk (s)) changes signs on the domain of h(-), then each
endpoint of the arbitrage-band depends on both interest rates for bor-
rowing and for lending.

The proof of this proposition is based on the fact (Bergman (1994)]
that a solution function to the Black-Scholes PDE inherits the proper-
ties of the boundary function. In particular, if b(s)—s¥(s) <0 ae. on
the boundary, then

- W (s, #) — s0wp s(s, £)/as <0

in the PDE's domain. But the latter inequality implies that the solution
to the Black-Scholes PDE will aso solve PDE (5) with the R() switch-
ing function picking the borrowing rate everywhere in the domain.
The formal proof is omitted.

3.1 The arbitrage-bands for call and put options
Consider a European call-option at time t with exercise price E and
expiration date T(> t) on a stock with a concurrent price S, when

'2 Except, perhaps, for a set of points in D of measure zero, where the derivative of 5(s) may not
exist (as is the case for both the call and the put options at 5 == E, the exercise price). -
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An arbitrage-band of a call-option
Thewidthofanalbm:ge-bandofaaﬂ-opuonasapemmageofmccaﬂspdce when the
annual borrowing and lending rates are 8 percent and 9 percent, respectively. The call exercise-
price is $60, and its time to expiration is half a year. The underlying asset follows 2 GBM with an
instantaneous standard deviation of 0.3/year.

the concurrent state vector takes the value Y, We will denote the
equilibrium price of that call-option by

Ce(sh Yh Y E)-

We will also denote the solution to the Black&holes PDE (7) with
a constant interest rate r and with the call-option contractual payoff
function, beu(s) := max(s — E,0), by Cp (S, t; E, r). We will use
analogous notation for a put-option with contractual payoff hy(s) :=
max( E - s, 0). Then the following is a direct corollary of Proposition 3.

Corallary 2. The arbitrage-bands for call and for put options are

given, respectively, by
CB—S(Stv t; Ev 'Z)
Py 5(S:, t; E, 15)

Ce(sh }’h:; E) =< CB—S(SI' N Eo rB)’

<
< P(S,, Yi, 1. E) < Pp.s(Si, t; E, 7).

Proof. By checking that heai(s) and hy,() satisfy the required condl
tions of Proposition 3.2

BThis is a well-known result, when the stock price follows a GBM, but the corollary is true for
quite general diffusion stock price processes.
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Figure 2 depicts the arbitrage-band for a cal-option as a percent-
age of the cal’s price, when the borrowing rate is 9 percent and the
lending rate is 8 percent. Clearly, the interest rate differential gener-
ates a first-order effect. For example, when the difference between
the borrowing and the lending rates is 2 percentage points, as sug-
gested in Brenner and Galai (1986), then the arbitrage-band is as large
as 5 percent of the cdl price at the money (E = $60), and is rapidly
increasing the further out of the money the call-option gets.

3.2 Joint arbitrage restrictions on options; the arbitrage oval
Consider a portfolio that is long one call-option with exercise price
E, and short p call-options with exercise price E,. Both calls have the
same expiration date T, the exercise prices satisfy E, > E;, and the
number p is nonnegative. This portfolio may be viewed as a gener-
alized bullish money-spread (MS), which we will cal the p-money-
spread. (An ordinary money-spread has 1 = 1) We are interested
in the arbitrage-band of the p-money-spread because of its ramifi-
cations to joint arbitrage restrictions on the prices of its component
call-options. Viewing the p-money-spread as a contingent claim in its
own right, its boundary function is given by

bys(s) = max(s — E,0) — p - max(s ~ B,0),  s€D.

At time t, when the underlying stock price is S, the following must
hold to prevent arbitrage

Mse(sh_’,h 'Y El! “*EZ) = Ce(sh }’h t El) - #Ce(sh th & EZ)’ (9)

where the left-hand side denotes the equilibrium price of the p-
money-spread.
To produce the arbitrage-band for the p-money-spread, we apply
Corallary 1 to obtain
—MS (St B B) < MS(S, Yo ti By B)
S M‘s’*.(sh t; El' H* EZ)a - (10)
where
MS*-(S" t; EI'M*EZ) )
is the solution to PDE (5) with +hy(-) as the boundary function, and
MS (S, t; By, p % B3)

is the solution to the same PDE with —hy,4(+) as the boundary function.
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Remark For p-money-spreads with u > E;/E,, the quantity hyg(S)-
sh'y,«(S) changes signs on the boundary D x {T}. It is zero for s < E;;
it is negative for E; £ s < E,; and it is positive for E, £ s. Hence, by
Proposition 3, the upper and the lower end of the arbitrage-band of
such p-money-spreads depends on both interest rates, for borrowing
and for lending.

Combining Equations (9) and (10) we get the following inequality
as a necessary condition for no-arbitrage, vaid as of time t.

~MS (St B x B) + pnC*(S, Yi, t; B)
: < CS, Y B E) an

- sxobso .. ¥ L PN 4 L mOrO ¥y . BN
= M 5 b1, gk £2) + uCT Sy, I, F B3).
It is convenient to rewrite double-inequality (11) as

- MS; + 4G < G < MS} +pG.M (12)

Consider the plane of all pairs of market prices-whether equi-
librium or not--of the two call-options that comprise the p-money-
spreads. For a fixed underlying asset price s a a fixed time t, double-
inequality (12) defines in that plane a linear strip whose twin linear
parallel boundaries have a dope of W This strip is

A =((G, Q) eR*: —MS; +1G < G S MS] +uG).

We will refer to it as the A - strip. It is easy to see that A, is the
arbitrage-band of the E; cal-option considered in isolation, and de-
fine Ay to be the arbitrage-band of the E, call-option considered in
isolation (it can readily be shown thatAe, = limyqeo Ay, Which justi-
fies the notation). Double-inequality (12) then implies that a pair of
call-option prices (C;, C,) that lies (as a point) outside any A- strip
for positive |, represents an arbitrage opportunity involving either a
long or a short position in the p-money-spread and the corresponding
SFMCD (sdf-financing, minimum-cost, dominating) trading strategy in
the underlying stock and bonds. Proposition 3 implies similarly for p
equals 0 or ¥.

“The first double-inequality in corollary 2 above can be used to derive two double-inequalities, one
for C, and the other for C,. Then the two inegualities can be used to derive a double-inequality
that looks like double-inequality (12). But, of course. it would not contain any new information
that is not aready in the original double-inequalities. In contrast, (12) contains new information;
as will be seen, these inequalities are much tighter. This point is self-evident but was included to
preempt such a possible mistake.
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Formally, we now have the following testable hypothesis. (It is con-
venient to denote by R, the extended nonnegative rea ray including
the idea point ¥.)

Proposition 4. Let (C,, C,) be a pair of call-option market prices on
the same underlying asset with simultaneous expiration time and with
exercise prices E; and E,, respectively. If

(G.G) e (ﬂ A“)

nel,

[i.e., (C,, C) liesoutside the intersection of all A,- strips] then the pair
of call prices (C,, C,) represents an arbitrage opportunity and therefore
should not be observed in equilibrium.

Proof. If
(4
@G.a el ) A) >
neR,
then
@ e AL
“€ﬁ+

because the two sets are identical. This means that there exists at |east
one p € Ry such that (C,, C)) € A, that is, (C,, Cy) lies outside at
least one A, - strip and, therefore, represents an arbitrage opportunity.

|

It is instructive to discuss Proposition 4 against the backdrop of a
numerical solution (closed form solutions are unavailable). The fol-
lowing were selected as input: a stock whose price process is a GBM
with s = 0.3/year and whose current price happens to be $55; two
call-options on that stock with 1 year to expiration and with respec-
tive exercise prices E; = $40 and E, = $70; a lending rate of 3.5 per-
cent/year; and a borrowing rate of 5 percent/year (approximating
current  conditions).

Using a numerical finite-difference method, we solved PDE (5)
for p-money-spreads and computed the corresponding A - strips for
nM=0,% 1, 2 3, 4,8, 30, ¥ (Actualy, many more values of i were
solved for, but those reported suffice to provide the genera picture)
In Figure 1 (in the introduction), we drew those A,- strips in the plane
of pairs of the call-option market prices. A clear pattern emerges. The
intersection of all the A - strips form a closed oval shape, which we
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will call the arbitrage-oval its boundary being the envelope curve of
the collection of straight line pairs that border the intersected strips.

In terms of Figure 1, Proposition 3 says that pairs of simultane-
ous call-option prices (C;, C,) that fal outside the lightly grayed rect-
angle, Ap N A, represents arbitrage opportunities because either
G € Ajor G € A, that is, a least one option price is outside
its arbitrage-band. Proposition 4 strengthens this statement consider-
ably by identifying a new arbitrage zone. This is the region inside the
rectangle, AgNAq but outside the arbitrage-oval, (),eg, Ayu- For the
current numerical solution, the area of the arbitrage-oval is about half
the area of the rectangle.

Proposition 4 should be of interest to arbitrageurs, as well. When
we say that a pair of simultaneous option prices should not be ob-
served in equilibrium, it does not mean that such prices are not to
be observed in the marketplace under any circumstances. In fact, it is
the arbitrageurs who, acting in their self-interest, keep a watchful eye
for out-of-equilibrium prices that represent arbitrage opportunities.
When they identify such prices, they try to capture arbitrage profits
by trading appropriately, thus driving the prices back into equilib-
rium. Although there does not yet exist an accepted theory of out-of-
equilibrium price dynamics, it is reasonable to suppose that, due to
the activity of the arbitrageurs, the probability is higher for observ-
ing market prices that are closer to equilibrium than prices that are
further away from it. Therefore, the identification by Proposition 4 of
the new arbitrage zone (between the rectangle and the oval) should
be even more valuable to arbitrageurs than is suggested by its area
only, because out-of-equilibrium pairs of option prices, when they
materialize, are more likely to appear in that zone than in regions of
equa area lying outside the rectangle.

The reason that the arbitrage-ova, which is computed from the set
of p-money-spreads, is significantly smaller than the intersection of
the two respective arbitrage-bands of the two cals is the following.
Three factors positively bear upon the width of an arbitrage-band.
(i) The difference between the borrowing and lending rates; (i) the
exposure of the minimum cost, dominating trading strategies to these
two rates, namely, the dollar amounts borrowed or lent as prescribed
by those strategies; and (iii) the length of time until expiration.”® The

BActually, it is not exactly an oval, because typically this shape has corners on the northeast and
southwest edges but, as a mnemonic, oval will do.

"In fact, it can be shown that, when the underlying asset follows a geometric Brownian motion,
the width of the arbitrage-band of a call-option k approximately the product of (i) the implied
borrowing in the SFMCD trading strategy, (ii) the the to expiration, and (iii) the difference
between the borrowing and the lending rates.
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Figure 3

Implied Jending in the SFMCD trading strategies

Implied lending in the SFMCD grading strategies ofthelongaﬂ-opdon (B, = $40); of the short
call-option (E;:S?O),andoffour p-money-spreads comprising the two calls, for x = 1,2,3,4.
In the neighborhood of meunderlyingassctpﬂceof”S meu-moncy-sprad,wlthycquahng
about 2, features the closest-to-zero average implied lending, a consequence of the lasgest average
oﬁscning between borrowing and lending in the corresponding SFMCD trading strategy. This, in
turn, gives rise to the narrowest yu-money-spread arbitrage-band, as inferred from Figure 1.

SFMCD trading strategy for a money-spread, because it is minimum-
cost, entails offsetting the borrowing prescribed by the trading strategy
that dominates the long call in the money-spread against the lending
implied by the trading strategy that dominates the short cdl in the
same money-spread. As a conseguence, the exposure to the interest
rates implied in the money-spread is significantly smaller than that
implied in either call-option.

This is clearly demonstrated in Figure 3, which depicts the implied
lending, (w — $8w/ds),in the SFMCD trading strategies of the two
cal-options and of the &-money-spreads composed of the former with
M=1, 2, 3, 4; dl from the numerical example above. In the neighbor-
hood of the underlying asset price of $55, the p-money-spread, with p
equal to approximately 2, features the closest-to-zero average implied
lending that is a result of the largest average offset between borrow-
ing and fending in the corresponding SFMCD trading strategy. This,
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in turn, generates the narrowest p-money-spread arbitrage-band, as
can be inferred from Figure 1.

From this discussion, it is aso clear why it was not necessary to
consider p-money-spreads with negative W's. Because in such money-
spreads both call-options are held long, therefore there is no offsetting
of borrowing againgt lending in the corresponding SFMCD trading
strategy, and the width of the arbitrage-band is simply the sum of the
arbitrage-bands of the two calls computed separately. In fact, if an
A,- strip with any negative W is drawn in Figure 1, then the negatively
doping paralld lines that border it go through the northeast and the
southwest comers of the light gray rectangle. Such strips do not add
any new restrictions.

The discussion above considered a portfolio of just two options of
the call variety, and therefore Proposition 4 is a statement about the
plane of those call-option prices. This analysis can readily be genera-
ized by considering portfolios of severa call-options and put-options.
The result would be statements, analogous to Proposition 4, about
arbitrage-hyperovals in hyperplanes of prices of those options.

The above can aso be readily generalized to the case of a portfolio
of options written on a set of different underlying assets. In particu-
lar, the arbitrage-band of a portfolio of such options can be computed
using the multidimensional generaization of PDE (5). Consider now
two cal-options, each on a different underlying asset and with the
same expiration date. Look at the portfolio that is long the first call and
short the second; a money-spread of sorts (remember, the underlying
assets are different). Repeat now the procedure that was described in
Section 2.3 for the money-spreads written on the same underlying as-
set. This results in a construct similar in al respects to that of Figure 1,
including a similar arbitrage-oval and similar empirica implications.

Thus, an observed price of one option on one underlying asset,
a cal-option on IBM, say, implies restrictions on another contingent
clam written on a different underlying asset, like a cal-option on
Aetna. The intuition is that the SFMCD trading strategies that deter-
mine the arbitrage-band for the spread of the two cals imply, as
before, offsetting borrowing against lending even though the under-
lying assets are different. Thus, interrelationships between unrelated
options emerge in our model, where none exist according to the clas-
sical option pricing modd.

*'Note also how, in Figure 3, the implied lending in the SFMCD trading strategy of the p-money-
sp(eedg changes signs as a function of the underlying asset price, as it must according to Propo-
sition 3.
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4. Adding an Imperfection in the Stock Market

in the foregone analysis, we introduced an imperfection in the riskless
asset market; namely, an asymmetry between the rates of return on
long and short positions. But we did not introduce a similar asymmetry
in the stock market (or in the contingent claim market). We do this
now.

A short-sdller of stock generally cannot use the proceeds from the
short-sale. These remain with the broker (the intermediary), who usu-
aly deposits those funds and collects the interest until the short posi-
tion is closed. This arrangement can be considered as compensation
for the broker's continuous monitoring of the short position according
to the margin rules, which are designed to prevent contract nonper-
formance by the short-sdller. (Since this ingtitutional arrangement sur-
vives competition among brokers, as is the case in the United States,
it seems that this monitoring cost is not merely a tent, but rather a
real cost that is borne by a broker, even when she trades to her own
account.)

It follows that the retention of short-sale proceeds amounts to a
rate of return differential between long and short stock positions; if
the instantaneous return on a long position in a stock with price S is
+d9/S then the instantaneous return on a short position in the same
stock can be modeled as -dS/S - r dt. (The opportunity cost to
the short-seller is the lending rate.) With this stock-market imperfec-
tion in place, we now characterize the arbitrage-band of a European
contingent claim:®

Praposition 5. Identical to Proposition 2, except that PDE (5) is re-
placed by

w 1, lw dw  w
37*5#‘*"?4(‘” ‘as)["’ sas]

aw\[ow 1
en(55) (50
(s.t) e Dx 10, T] : a3)

where H(:) is a real function that maps negative numbers to 1 and
nonnegative numbers to zero.

“Tmperfections can be introduced Into the contingent-clam market as wal. A bid-ask spread will
smply add its own size to the arbitrage-band. A rate of return differential between long and short
podtitions in contingent claims just adds to the effects discussed in Proposition 5.
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Proof: Similar to that of Proposition 2 and is therefore omitted. ]

Remark. Here, as in Proposition 2, the quantity dw/as 1measures the
number of shares held in the SFMCD trading strategy. When dw/ds <
0, a short sale of the underlying stock is indicated by that strategy,
which the H(:) function detects. The last term on the LHS of PDE (13)
is then activated.

Corallary 3. In the presence of the stock short-sale imperfection, the
arbitrage-band of a call-option at time t, when the stock price equals
S, is given by the interva

lexp(—r(T — H)Ca-s(S:, t; E, 0), Cas(S;, & E, 13)).

Proof. In the Appendix.

Comparing Corollary 2, which gives the arbitrage-band of a call-
option when only the riskless asset-market imperfection is present,
to Corollary 3, which gives the cdl’s arbitrage-band when both the
riskless and the risky asset-market imperfections are present, reveas
that the arbitrage-band is wider in the latter case.™® Thus, the stock-
market imperfection adds to the effect of the riskless asset-market
imperfection.

. Summary

In this article, we have generdized the classic option pricing model
to a more redligtic, imperfect, dynamically incomplete capital market
with different interest rates for borrowing and for lending and a return
differential between long and short positions in stock. We find that
the Black-Scholes option pricing model is robust to the introduction
of such imperfections when these are smal. We further find that, in
the presence of these imperfections and in the absence of arbitrage
opportunities, the equilibrium price of any contingent claim, or of
a portfolio of such claims, must lie within an arbitrage-band. The
boundaries of an arbitrage-band are computed as solutions to a quasi-
linear partia differential egquation, and, in general, each endpoint of

“The proof generalizes to a much wider class of contingent claims. We conjecture that it is true in
general.
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such a bind depends on both interest rates, for borrowing and for
lending. This, in turn, implies that the vector of concurrent equilibrium
prices of different contingent-claims-even claims that are written on
different underlying assets-must lie within a computable ova in the
price space.

Appendix

Proof of Proposition 2. We first confine attention to solutions to MIN*
in the class of path-independent trading strategies. A trading strategy
in that class can be written as follows.

o, =a(s,t), 120 a: Dx[0,00) = R,
Bi=b(S, 1, t>=0 where b:Dx[0,00)—> (—00,0]
Ai=c(S5, 0, t=>0 c: D x[0, 00) = [0, 00).

The value process (6) then takes the form V, = w(S, t), where w :
D x [0, ¥)— Riis defined by

w(s, 1) := a(s, s + b(s, B, + ¢(s, HL;. (A1)

We aso require that the functions a, b, and ¢ be twice continuoudy
differentiable in the first argument and once in the second, on D x
[0, ¥). It follows that the same is true of w. Then, using Equation (4)
and Ito's lemma:

ow(s;, ?) ow(Sy, ')

1 o2
) , dt
3t + u(St, 1) s o°(50, )

2
dw(s;, 1) = ( a_w(_"_l)

(S;, 1)

+ U(S‘, t):—ta—-dZ,.

On the other hand, using Equations (1) and (2), the sdf-financing
constraint (ii) of MIN" takes the form:

AuS;, 1) = [au (S, 1) + BirsB + Aerily) dt + 0,0 (S, A Z,.

In order for the last two equalities to hold, the instantaneous standard
deviations must be identical; that is,

a; = dw(S;, £)/3s,

or necessarily,

a(s, t) = Z—T(S, t). (A2)
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The drifts must aso be equa:

w

T3 + —Uz(sh t) ‘-_ BBy + A1y,
or necessarily,
Jw 2 -
5+ -a G, ;) = b(s, )7sB; + (s, DLy (A3)

Clearly, a trading strategy that involves simultaneous borrowing and
lending, when the respective interest rates differ, cannot minimize the
initial costs. Planning to offset borrowing against lending will cost less
initialy. It follows that, a any time t > 0 the following must hold:

either B; <0and A, =0, (A‘i)
or fi=0and A,>0. (AS)

Suppose now that, at a given time t and for a given underlying asset’s

price level, S = s, Equation (A4) holds. Then, from Equations (A1)
and (A2),

— gdw .

b(s,t) = -(-%l <0, (s, )=0, (A6)

and substituting Equation (A6) into Equation (A3) yieds

dw 2 . dw
E‘F'—G( t) = rg(w—s-a-s-)

whenever { w— sy\ <0. (A7)
\ as J
Suppose, on the other hand, that at a given time t and for a given

underlying asset's price level, S = s, Equation (A5) holds. Then,
following a similar calculation results in

(w-s%)
b(ss t) = 0» C(S, t) = —L‘—s_ P 0' (AS)
ow 1, ow
TR 0 ')_ - "(w_s—a}- ’

whenever (w - s?a—'-:) >0. (A9 |
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Using the definition of R(:), Equations (A7) and (A9) are spliced
into PDE (5). We have thus proved that a necessary condition for
the self-financing constraint in MIN® to hold is that the value of the
optimal strategy should satisfy PDE (5). Reversing the steps in the
proof shows that the condition is also sufficient.

It can aso be shown that a uniform increase in the boundary func-
tion h(-) on its domain D is a necessary and sufficient condition for
a uniform increase in the solution to PDE (5). It follows that, to min-
imize in MIN", it is both necessary and sufficient that in constraint
(ii"), equality holds. Assembling both conditions together we have
that the solution to PDE (5) with boundary condition (6) is the value
of the optimal strategy of MIN™ within ‘the class of path-independent
trading strategies; Equations (A2), (A6), and (A8) specify the optimal
trading strategy in terms of the solution value function.

In the context of a unique interest rate for borrowing and lending,
Harrison and Pliska (1981) have shown that the trading strategy that
solves MIN® in the path-independent strategies set also solves the
same optimization problem within the more genera class of (adapted)
path-dependent strategies. Following their line of argument, it can be
shown that our optimal solution aso remains optimal in that extended
class.

The construction of the solution to MIN™ is similar to that of MIN".
| |

Proof of Corollary 3. The proof of the right-hand inequdity is similar
to that of Proposition 3: Since the contractual payoff to a call-option,
bean(s) := max(s — E, 0), ssatisfies ,,(s) = 0 and bean(s) — sbl,,(s) <
0, s € D, it follows that the solution Cg-s(s, t; E, rg) to the Black-
Scholes PDE (7) with ho,(-) as end-condition and with interest rate
rg, satisfiesdCp-s/3s > 0, and Cp_s ~ s8Cp_s/3s < 0, throughout the
domain of that PDE. It then follows that Cp-s(s, &; E, 8) aso solves
PDE (7) with the same h(-) as the end-condition. Hence, by Propo-
sition 5, Cps(s, &; E, rg) is the upper end of a caloption’s arbitrage-
band in a market with differential interest rates and with differential
long-short  stock-returns.

Following a similar line of reasoning, it can be shown that the
solution to PDE (7) with —h (1) as end-condition also solves

w1,  w -
—_— - — =0, & D x [0, T}, Al0
Y, + 20 (s, ?) Y nw=0 (s,)e Dx[0, T} (A10)

with the same end-condition, —h.(-). Using the expectation repre-
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sentation of solutions to parabolic PDEs [e.g., Friedman (1975)], the
solution to Equation (A10) is given by

e TPy —b(E(T)),
where
dé = §(r) - 0 (§(x), 1)AW (7).
Evaluating the expectation results in
—expl—r(T — )iCp-s(s, #; E, 0),

whose negative is the lower-end of the arbitrage-band. .
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