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In an infinitely repeated version of the Diamond
and Dybvig (1983) model, intergenerational
transfers enable a bank to achieve interest rate
smoothing and to provide depositors with liquidity
insurance without Diamond and Dybvig's assump-
tion of no side trades. The bank is subject to runs
that may result from either excessive withdrawals
or the hack of new deposits. The latter cause, which
cannot occur in Diamond and Dybvig's one-gen-
era&on model, implies that suspension of con-
vertibility may n&prevent bank runs. Government
intervention may be necessary to maintain bank
stability.

A literature pioneered by Bryant (1980) and Diamond
and Dybvig (1983) emerged in the 1980s examining
bank liquidity services and stability. Diamond and
Dybvig model a one-generation economy in which
agents face private preference shocks and technolo-
gies exhibit productive illiquidity; they show that by
forming a bank, agents can achieve alocations that
are superior to those of exchange markets. Essen-
tidly, the bank provides agents with insurance against
private preference shocks (hereafter, liquidity insur-
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ance), which is not directly available through traditional Arrow-
Debreu contracts. Although the bank in the Diamond and Dyhvig
model is subject to runs induced by excessive withdrawals, suspen-
sion of deposit convertibility, government deposit insurance, or a
government-sponsored lender of last resort can prevent bank runs,

In an attempt to understand the implications of Diamond and Dyb-
vig's work for a dynamic economy, | study an infinitely repeated
version of their modd. The centra questions are the following: (1)
Are the results of the Diamond and Dybvig model generally strength-
ened or weakened in the dynamic economy? (2) What effects do
intergenerationa transfers have on the role of banks in liquidity pro-
vison? (3) What implications do intergenerational banking have on
bank stability and regulatory policy?

My results show that intergenerational transfers play an important
role in bank liquidity services. In particular, these transfers enable
an intergenerational bank to achieve interest rate smoothing and
provide depositors with liquidity insurance without Diamond and
Dybvig's assumption of no side trades. As in Diamond and Dyhbvig
(1983), the bank is subject to runs caused by excessive withdrawals.
Unlike in their one-generation model, however, runs on the inter-
generational bank can aso result from the lack of new deposits. The
latter cause implies that suspension of convertibility may not prevent
bank runs. Government intervention may be necessary to maintain
bank stability.

The dynamic setting of my modd is the product of integrating the
Diamond and Dybvig modd with the overlapping generations model
of Samuelson (1958). In the overlapping generations framework,
intergenerational transfers enable a bank to invest a greater portion
of deposits in less liquid but more productive technologies. The
higher returns in turn alow the bank to achieve interest rate smooth-
ing and provide depositors with liquidity insurance, even though the
bank’s deposit payoffs are made incentive compatible with respect to
side trades. Imposing a similar constraint that eliminates side trades
in the Diamond and Dybvig model would render it impossible for
their one-generation bank to provide liquidity insurance.

As long as agents maintain confidence in the bank, intergenera-
tional banking is very attractive. If such confidence is lost, however,
the bank is vulnerable to runs which may result from either excessive
withdrawals or the lack of new deposits. The latter case is possible
because in the overlapping generations framework, the bank may rely
on new deposits to pay off some of its deposit withdrawals. This
intergenerationa reliance is also the reason that suspension of con-
vertibility may not prevent bank runs because suspension cannot force
new agents to use the bank.
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Government deposit insurance is one way to eiminate depositors
incentive to withdraw early, and guaranteed deposit safety also makes
the bank attractive to new agents even though deposit insurance itself
may not force new agents to use the bank. Alternatively, the govern-
ment can sponsor a lender of last resort. During bank runs, the lender
of last resort can play the role of a liquid fund recycler who, by selling
government-backed securities, can attract funds from agents holding
liquid assets and then inject these funds into the bank, preventing a
costly liquidation of bank assets.

Besides Diamond and Dybvig's article, Chari and Jagannathan
(1988), Cooper and Ross (1991), Haubrich and King (1990), Jacklin
(1987), and Postlewaite and Vives (1987) adso model bank liquidity
services and stability in a one-generation framework.” Although these
articles provide interesting insights, assuming a single generation
prevents these models from studying the issues addressed here. Relat-
edly, Green (1987) studies optimal risk sharing in an economy in
which agents are subject to private income shocks; he shows that the
optimal alocations can be supported by borrowing and lending from
a bank. Since there is only one generation of infinitely lived agents
in his model, Green (1987) does not examine intergenerationa trans-
fers.

Bernanke and Gertler (1987) model a banking system in an over-
lapping generations framework similar to mine; however, the focus
of their model is very different. Their article studies the macroeco-
nomic implications of the aggregate liquidity demand and supply of
the banking system with exogenously given banks. Freeman (1988))
Loewy (1991)) and Smith (1987) also use an overlapping generations
framework to study bank liquidity services and stability, but the set-
tings of these three models preclude intergenerationa transfers. In
contrast, Bryant (1981) incorporates intergenerational transfers into
his banking model; athough his treatment is similar to mine, his
model does not address the role of banks in liquidity provision.

The article is organized as follows. Section 1 sets up the modd to
study the planning problem of an intergenerational bank, taking its
existence as exogenoudly given. In Section 2, the existence assump-
tion is dropped and the bank is formed at an arbitrary initial date. As
it turns out, the major results derived in Section 1 remain qualitatively
unchanged. Section 3 addresses the issues of bank stability and policy
implications. Section 4 discusses topics for future study. All proofs
of propositions are contained in the Appendix.

'See Jacklin (1989) for a survey of this literature.
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1. The Model

The basic assumptions of my model are virtually identical to those
of the Diamond and Dybvig modd except that there are infinitely
many overlapping generations of agents. Specifically, consider a
sequential economy with a single consumption good. At each time t
€ Z, the set of integers, a new generation of agents is born. Each of
the identical generations is identified with the time it is born and
each lives for three periods, including a planning period. The pop-
ulation size of each generation is constant over time, with a continuum
of agents of measure 1.

Agents are identical ex ante and individually observe private pref-
erence shocks at the beginning of the middle period of life. Gener-
aion t agents preferences are represented by

U(cey) if Type I, with probability «a,

V =
(Ci Crers Cira) {U(cm) if Type I1, with probability 1 — «,

where a € (0, 1), ¢,,,» denotes a generation t agent’s consumption at
time t + j, and U(") is an increasing, dtrictly concave, and twice-
continuously differentiable von Neumann-Morgenstern utility func-
tion satisfying Inada conditions: /(0) = oo and U’(c0) = 0.An agent’s
type is only privately revealed to him in the middle period of life,
and the generation to which he belongs is dso only privately known.*
There exists no technology for verifying or rejecting an agent’s claim.
Consequently, traditional Arrow-Debreu insurance contracts are not
available in this economy because if such contracts were offered,
agents would have an incentive to make nonverifiable claims of being
of a particular type or generation in order to receive insurance pay-
ments.

Each agent is endowed with 1 unit of the consumption good in the
first period of life and none a any other time. Two infinitely divisible
investment technologies are publicly available. The first is a one
period storage technology whose per-unit payoff is 1 in one period.
The second is a two-period production technology whose per-unit
payoff is R > 1 in two periods. If the two-period technology is inter-
rupted in one period, its per-unit payoff isonly - Q€[0,1). That is, the
two-period technology is illiquid.

1.1 Intergenerational banking
Suppose for now that there is an infinitely lived bank operating in
this economy, taking deposits and making investments. To avoid add-

*The assumption that an agent's generation is unobservable to others reflects a realistic scenario.
In redlity, a depositor’s actual lifetime is uncertain and depositors of al ages can have liquidity
shocks. With many generations and nonhomogeneous depositors, the problem of generationa
misrepresentation would be worse.
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ing other sdf-interested agents to the anaysis, the bank is assumed
to function as a socia planner whose objective is to improve the
welfare of depositors. Similar to the approaches taken by Diamond
and Dybvig (1983)) Bhattacharya and Gale (1987)) and Jacklin (1987))
this welfare analysis of depositors replaces a potentially complex
analysis of bank profit maximization and wedth distribution. More
fundamentally, this assumption of the bank’s objective is consistent
with the characteristics of a competitive banking industry in which
banks that attract deposits should be the ones that maximize the
welfare of depositors.

Let D,, denote the aggregate amount of the good that agents of
generation t deposit in the bank. At each time ¢€Z, the bank invests
S in the storage technology and I, in the illiquid technology. For
every unit of time t deposit, depositors are offered a payoff of ry, 3 0
if the unit is withdrawn at timet + 1 or r, 3 O if withdrawn at time
t + 2. The withdrawa made one period after deposit is called an early
withdrawal; that made two periods after, a late withdrawal. In antic-
ipation of the equilibrium, r,, and r, are aso referred to, respectively,
as Type-l and Type-ll payoffs. The ex ante, per-unit deposit payoff is
denoted by (rqy ru).

Consider the bank’s planning problem at time t = 0. Agents relevant
to this planning are the remaining Type-ll agents of generation -1
and those who are born at and after time t = 0. Then, for the bank to
be able to honor the promised payoffs to these agents, the following
sequential budget constraints must be satisfied:

So + I, = Dy, 1)
(1-a)r,_D_,+areyD, + S, + 1, <RI_, + S, + D, (2)
(1- a)rz,r—zDr—z +ar, D, +S,+ L <RI,+S,_,+ D, (3)

where (1) corresponds to time t = 0, (2) corresponds to time t = 1,
and (3) holds for dl t 3 2. The left-hand sides of (1), (2), and (3)
are the bank’s outflows of the good, while the right-hand sides are
its inflows. Note that in the above specification, the bank’s deposits
from a new generation are part of its inflows of the good; thus, inter-
generational transfers are not precluded. Also, for generaity, the bank
is alowed to contain some initial capita and deposits. That is, | ;
and D_ need not be 0.

Given the above setup, one formation of the bank’s problem would
be for the bank to maximize an aggregate welfare function of al
relevant agents subject to the sequentia budget constraints (1), (2),
and (3) and incentive compatibility constraints to be described. As
discussed in Section 4, however, there are major conceptual and
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technical difficulties associated with this approach. To simplify mat-
ters, | choose an dternative approach. The study will assume that al
relevant agents, regardless of their generation, are treated equally. In
particular, the anaysis will be limited to steady-state payoffs that offer
al current and future depositors an identical ex ante payoff under
incentive compatibility, initially without regard to runs?

Thus (rq, r,) is used to denote the ex ante steady-state payoff. Also,
for the remaining Type-ll agents of generation -1, only r, is relevant.
Assume for now that al agents use the bank: D, = 1 for t 3 0. Con-
gtraints (1), (2), and (3) then become

So+ I, =1, (4)
ar,+ (1 —a)r,D_, + S, + I, =R, + 5, + 1, 5
ar, +(1—a)r, + S, + I, < RI,_, + S,_, + 1, 6)

where (6) also holds for all t 3 2. Let {S} and {I]} denote sequences
{Sor Sy Sy ... Yand {4, L, L, ...}, 1 respectively. A budget-feasible
steady-state payoff is now defined.

Definition 1. A steady-state payoff (r,, r,) is budget feasible if there
exist some nonnegative {S) and {I] such that (4), (5), and (6) hold.

It should be noted that, strictly speaking, the bank’s net investments
in the illiquid technology can be negative since the illiquid invest-
ments can be liquidated prematurely. Given that the aggregate deposit
withdrawals are deterministic, however, the bank will never plan to
do this, because liquidating the illiquid investments prematurely is
strictly dominated by storing the amount of the liquidation value
directly.

It is further specified in this section that D-; = |; = 1. As will be
seen, this parameter restriction is actually more for convenience than
for substance. In Section 2, the intergenerational bank is assumed to
be formed at an arbitrary initial date, without prior bank assets and
liabilities; that is, D, = 1., = 0. The mgor results derived in this
section will remain qualitatively invariant to different choices of the

%In some models, it makes sense to look at best steady-state payoffs without worrying about the
conditions at an initia date and without requiring equal payoffs, Under these circumstances in my
model, what were attainable in steady state would be unbounded due to scale independence of
the illiquid technology, and there would be no best steady-state payoff. In particular, without a
starting date and the equal-payoff condition, the bank’s steadystate budget constraint, following
from (3), would be scale independent of the form

I
ar,+ (1 —a)r, < (R - 1)1—) + 1.
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initial condition. With D; = I.; = 1, the following proposition dem-
onstrates that the sequential constraints for a steady-state payoff to be
budget feasible are virtualy equivalent to a simple budget constraint.

Proposition 1. Fix D; = |; = 1. A steady-state payoff (r,, r,) is
budget feasible if and only if r, and r, satisfy

ar, + (1 —a)r, = R @

Proof The forma proof, given in the Appendix, is based on aggre-
gating the resource congtraints (4), (5), and (6) over time. It is shown
that if (7) is false, then there exist no nonnegative {S} and {I} that
make (4), (5), and (6) true. On the other hand, if (7) is true, then
given {S} = {0} and {I} = {1}, (4), (5), and (6) hold. L

Proposition 1 significantly reduces the complexity of the sequential
budget constraints. In fact, given (7) holds with equality, the choices
of {§} and {I} that make a steady-state payoff budget feasible are
unique.

Proposition 2. Fix D; = 1., = 1 and suppose that r; and r, satisfy
(7) with equality. Then (4), (5), and (6) are uniquely satisfied by
(8} = {0} and {I] = {1).

Proof. See the Appendix. ]

To construct the bank’s steady-state planning problem, it remains
to formulate incentive compatibility constraints. Recall that an agent’s
revealed type and the generation to which he belongs are both private
information. To induce proper self-selection, the first incentive com-
patibility constraint is to require r; £ r,, so that Type-Il depositors
do not withdraw early. This condition, however, may not be strong
enough in the repeated version of the Diamond and Dybvig mode
to prevent Type-ll depositors from misrepresenting the true gener-
aion to which they belong. The bank must aso impose r? < r, so
that Type-ll depositors have no incentive to withdraw early in the
middle period of life and then reinvest in the bank by pretending to
be agents of a new generation.

In the Diamond and Dybvig model, to diminate the kinds of side
trades illustrated in Jacklin (1987)," agents are required to invest only

“To illustrate side trades. suppose that agents need not deposit their endowments in the bank in
the Diamond and Dybvig model. Let r; and r, denote the bank’s deposit payoffs at timet = 1 and
time t = 2. respectively. Consider a side trade game. Instead of depositing his endowment in the
bank, an agent chooses to self-invest it in the illiquid technology. If the agent turns out to be a
Type Il, he will wait until his investment matures at t = 2 and obtain areturn of R > 1. If the agent
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in their bank. In my model, instead of assuming a priori that agents
invest only in the bank, the problem of side trades is eliminated by
imposing an incentive compatibility constraint r, 3 R> Imposing this
congtraint in the Diamond and Dybvig model would render it impos-
sible for their bank to provide liquidity insurance. In contrast, the
restriction r* 3 R does not prevent the intergenerational bank from
providing liquidity insurance, as will be shown later in this section.

Given the assumption that agents of different generations are treated
equally, the bank’s problem is reduced to solving the following prob-
lem of a representative generation subject to the budget constraint
(7) and the incentive compatibility constraints described above. In
particular, the bank’s problem is as follows:

Problem A°
max aU(r,) + (1 — a) U(r,),

{rn)
subject to ar, + (1 — a)r, < R, (8)
r < 1, C))

r: < r, (10)

r, > R, (11)

r, r, = 0. (12)

The existence of a unique solution to Problem A, denoted by
(rg, rg; follows immediately from strict concavity of the objective
function and convexity and compactness of the constraint set. More
interesting, without any further redtriction on agents preferences, it
will be shown that the solution to Problem A has (8) and (10) binding.
It can thus be characterized precisdly.

is a Type |, he will trade the claim on the illiquid investment with a Type-Il depositor who will
then withdraw early at t = |. The corresponding payoff from this game for the self-investor and the
early withdrawer is (r;, R). In the Diamond and Dybvig model, if the bank provides depositors
with liquidity insurance, R > r, > r; > 1. Both agents strictly prefer the payoff (r;, R) from the
cooperdtive side trade to (ry, r,) from the bank. The bank is therefore not stable with respect to
these kinds of side trades.

®Wallace (1988) avoids the side trade problem by assuming that agents are in “isolation” in the
middle period of life and therefore cannot trade among themselves. My model does not need this
assumption either.

®Formulating Problem A (and later Problem B) as shown ignores a potential problem of nonmea-
surability of a continuum of i.i.d. random variables. The problem is, however, technical in nature.
Interested readers are referred to Anderson (1990), Feldman and Gilles (1985), and Judd (1985)
for the analysis of the nonmeasurability problem and solutions.

396



Bank Liquidity and Stability

Proposition 3. The unique solution to Problem A has
Va2 + 4(1 — a)R — a
- 2(1 — a) ’

r

rs = (r9)?,

4> R>r¢> 1.
Proof. See the Appendix. =

The steady-state payoff (r¢, r¢) is implementable through demand
deposits at the bank. At each time t 3 0, agents of a new generation
deposit their endowments at the bank. Each agent either withdraws
early in one period or late in two periods, corresponding to being a
Type | or a Type Il. No agent wants to misrepresent his true type or
true generation because he cannot obtain a better payoff through
misrepresentation. Interestingly, if (10) were discarded, the first-best
solution to Problem A would be attainable and would have r; = r, =
R; this is the situation in which agents are fully insured against their
preference shocks. The problem of generational misrepresentation
prevents the first-best liquidity insurance.

The intergenerational bank facilitates interest rate smoothing and
provides depositors with liquidity insurance. Recall the term structure
of the investment technologies. The storage technology returns 1 in
one period, but the illiquid technology returns R > 1 in two periods.
With intergenerational banking, the term structure of the deposit
payoffs has

ri
rs

1 _1

—_— > —.

r" R

That is, the relative payoff to one-period deposits with respect to the
payoff to two-period deposits is greater than the corresponding rel-
aive return of the one-period technology with respect to the return
of the two-period technology. Moreover, rg = (r#)? describes a flat
term structure of the deposit payoffs. Since the bank converts an
upward technological yield curve into a flat interest rate yield curve,
early deposit withdrawers can share with late withdrawers the higher
return of the illiquid technology. The bank, therefore, provides
depositors with a certain degree of liquidity insurance.

1.2 Properties of the bank payoff

One of the interesting properties of the steady-state payoff (rg, r%) is
that this payoff is not a competitive equilibrium of simple decentral-
ized exchange, with or without money. To illustrate this point, con-
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sider individual agents maximization problems in simple decentral-
ized exchange, possibly with money. Let H; 3 O denote the endowed
money holdings of the remaining agents of generation —1 at time t
= -1 and H, 3 0 the monetary endowments of agents of generation
t a timet3 0. In the competitive market, agents can buy and sdll
the good and money in the spot or forward markets at perfectly fore-
seen prices, denoted p, and m, respectively. Let Ct,. and Ci,. be the
demands for the time t + 1 and the time t + 2 goods from agents of
generation i. To be consistent with the economy described in Section
1.1, the remaining agents of generation -1 are each endowed with
I, = 1, and the rest are each endowed with 1 unit of the good. Let
S and |, be the amounts agents of generation t 3 0 choose to invest
in the storage technology and the illiquid technology, respectively.

Individual agents problems are described in the following. Each
of the remaining agents of generation -1 solves

maxl(C;'), subject to p,Ci' < p, R+ m_ H_,,

{crhy
ci'z 0.
In contrast, each agent of generation t 3 O solves

max alU(Ci,,) + (1 — a)U(p'HC;H + C:”),

{Cle1. Clea} +2

subject to Pe1Cir + P2 Ciia = p(1 — S, — L) + poisS,
+ pl+2]‘ + mef!
Cii1, Cliz = 0.

Note that in setting up the above 2 problems, it is implicitly assumed
that p., 3 P., for dl t 3 0. This follows from the argument of no
arbitrage. If for some t 3 0O, p.; < P., then agents of generation t
can buy the time t + 1 good and store it for one period, and at the
same time sl forward the time t + 2 good. This strategy, alowing
these agents to pocket the price difference without incurring any cost,
represents an arbitrage opportunity and therefore must be impossible

in equilibrium.
Definition 2. A competitive equilibrium is a collection of {p,:p, >
0}, fm,: m, = 0}, {Ci,,}, and {Ci.,} such that
1. C; solves the problem of the remaining agents of generation
2. Ci,, and C!,, solve the problem of agents of generation t for all

3.¢3'+Ct,,=Rl_,+S,+1—S5,,— Lforalt3 0.
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In particular, a competitive equilibrium without money is the one
in which m = 0 for dl t 3 -1, while a competitive equilibrium with
money is the one in which m 3 O for al t 3 -1 and m, > O for some
t3 -1

Proposition 4. The steady-state payoff (re¢, r2)is not a competitive
equilibrium, with or without money.

Proof. The forma proof, given in the Appendix, applies the unique-
ness result of Proposition 2 and shows that even if agents individually
choose to pursue the investments of {S} = {0} and {I} = {1}, there
are still no positive {p} and nonnegative {m,} that achieve the steady-
state payoff (r2, r2). ]

Intuitively, the failure of decentralized exchange is due to agents
having a finite life and the fact that they do not value the good after
“death.” In Samuelson (1958), to achieve the superior payoff, wedlth
must be transferred from agents of the young generation to agents of
the old generation. Simple decentralized exchange cannot accom-
plish these transfers because the old have nothing to give back to the
young. This problem disappears when money is introduced. The old
can now use money to buy the good from the young, and the young
are willing to exchange because money representing clams on the
future good is valuable to them. In my model, athough wealth trans-
fers are also necessary for achieving the payoff (7, r$), the direction
of transfers is different from Samuelson’s. Here, wealth must be trans-
ferred from Type-ll agents of the old generation to Type-l agents of
the young generation. Decentralized exchange fails because the old
do not vaue the future good, when they will be “dead.”

Unlike in Samuelson (1958), this reversal of transfer direction aso
invalidates the role of money as a medium to facilitate intergenera-
tional transfers. Money, which would give the old claims on the future
good, is no longer attractive precisely because the old do not vaue
the future good. In view of this, a centralized mechanism is probably
essential to implementing the payoff (r¢, r£).It is argued that the
intergenerational bank accomplishes this goal. The result that the
bank functions as a social compact to facilitate intergenerational trans-
fers is quite general and robust to the weakening of the assumptions
made in this article.

While focusing on steady-state payoffs greatly simplifies the anal-
ysis, this approach is not without conceptual difficulties. As the fol-
lowing example will illustrate, the payoff (rg, rg) athough efficient
within the class of steady-state payoffs, is not necessarily Pareto effi-
cient in general. To see this, suppose U(c) = c®°, a = 0.5, and R =
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2. Applying Proposition 3, we findrg = 1.562 and r$ = 2.440; then
the expected utilities of agents of generation t 3 0 are 1.863 each.
Consider now a non-steady-state payoff: r, , = rg: =2440, but r,, =
0 and ry = 4.520 for al t 3 0O; then the expected utilities of agents
of generation t 3 0 are 1.944 > 1.863. The non-steady-state payoff is
budget feasible because with D; = |; = 1 and taking g {S,, S, Sz, Ss,
...} ={0,0520,0,0,...} and {L, I, L, &, ...} ={1, 1.260, 1.260,
1.260, ...}, the sequential constraints (1), (2), and (3) hold. The
non-steady-state payoff is also incentive compatible because r,, < r,,,
rire1 < fh,@ndr,, = R Therefore, the non-steady-state payoff Pareto-
dominates the steady-state payoff (rg, rg).

As disturbing as it may seem, the fact that the optimal steady-state
payoff may not be Pareto efficient should not invalidate the anaysis
of the intergenerational bank. One would expect that the bank, as a
centralized mechanism, should be able to implement non-steady-
state payoffs that are Pareto efficient. The difficulty is to derive Pareto-
efficient payoffs in the infinitely repeated version of the Diamond and
Dybvig moddl. This challenging task is left for future research.

. Forming an Intergenerational Bank

Throughout Section 1, it has been assumed that an intergenerational
bank exists at t = 0 withD_, = I_, = 1. One drawback is that under
this assumption the bank appears to be exogenous. In this section,
this assumption is dropped and an intergenerational bank is formed
a an arbitrary initial date, without prior bank assets and liabilities.
As it turns out, the major results derived in Section 1 are qualitatively
invariant to different choices of the initial condition. More interesting,
without an initial investment in progress, the intergenerational bank
is now subject to tighter budget constraints and has to rely on new
deposits to pay off some of its deposit withdrawals. Intergenerational
liquidity sharing adds interesting features to the banking model.
To form abank at an arbitrary date, let us give the economy a starting
time t€Z, when agents of the very first generation are born and they
decide to form a bank. Unless stated otherwise, the notation used in
this section is identical to that in Section 1. Without loss of generality,
take the initial date to be t = 0. Since the bank commences operations
from scratch, there are no investments in progress and no existing
depositors. The only resources this bank has at the beginning are the
deposits from agents of the first generation. If the first depositors of
the bank expect that agents of future generations will use the bank,
then for planning purposes they take D, = 1 for al t 3 0. As shown
later, the intergenerational bank can attract agents of future genera
tions because it can offer better payoffs than can be offered by banks
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with a finite life or by autarky. Forming the intergenerational bank
therefore has the flavor of a rationa expectations equilibrium.

Technically, the bank described in this section faces the sequentia
budget constraints (4), (5), and (6) with D, = |; = 0. Analogous
to Proposition 1, the next proposition shows that these constraints
can aso be reduced to a simple budget constraint.

Proposition 5. Fix D; = |I; = 0. A steady-state payoff (r;, r,) is
budget feasible if and only if r, and r, satisfy

R+1
2

In particular, given that (13) holds with equality, (4), (5), and (6)
are satisfied by the following {S} and {I;}: for ar, < 1,

S = R—arn—- (1 -ar, fort=2k ke€Z,,,
o fort=0andt=2k+ 1, k€Z,,

1=h fort=2k keZ,,
g 1l—ar, fort=0andt=2k+ 1, keZ,

forar, > 1,

o rn+Q-—-a)r,<R (13)

far, — 1 fort=0,
S;=13ar,+ (1 —a)r, — 1 fort=2k keZ,

0 fort=0andt=2k+ 1, keZ,,

2 — ar fort=2k bkeZ_,

0 fort=0andt=2k+ 1, k€Z,,

where Z, and Z,, denote the sets of nonnegative andpositive inte-
gers, respectively.

Proof. The proof, given in the Appendix, is similar to that of Propo-
sition 1. [

From the setup of Problem A, the bank is now subject to the budget
congtraint (13) and the incentive compatibility constraints (9), (10),
and (11). The bank’s problem in this case is stated as follows.

Problem B
max aU(r)) + (1 — a)U(ry),
{rn. n}
. R+
subject to oz-z—lr1 + (1 —ar, <R (14)
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r= 1y, (15)
r2 < r, (16)
r, = R, a7n
r, rn=0. (18)

As compared with Problem A, Problem B entails a stronger budget
congtraint (14). Since 0 £ r, £ 2R/(R + 1) < R £ r, is implied by
(14), (17), and (18) and since (2R/(R + 1))?> < R, (15) and (16) are
thus redundant in Problem B. The existence of a unique solution to
Problem B follows from strict concavity of the objective function and
convexity and compactness of the constraint set. More interesting,
with a mild restriction on agents preferences, it will be shown that
the solution to Problem B, denoted by (r¢, %) has (14) and (17)
binding. It can also be characterized precisely.

Proposition 6. Given that agents relative risk aversion coefficient
is greater than 1, the unique solution to Problem B has r? = 2R/
(R+1and r¢=R

Proof: See the Appendix. L]

It is easily seen that the steady-state payoff (r%, r%) can aso be
implemented through bank demand deposits. In fact, the important
properties of the bank in Section 1 can be shown to apply to the bank
in this section; this demonstration is omitted to avoid redundancy.
Some distinctive results are, however, noteworthy. The first one is
that the bank in this section can be formed at any starting point in
time, since the initial date t = O is arbitrary and agents of the founding
generation are not worse off initiating the intergenerational banking
process, conditioned on the rational expectations that agents of future
generations will use the bank. An implication of this property is that
the intergenerational bank can commence operations after any out-
of-equilibrium disruption. Another interesting feature is that, unlike
in Section 1, the bank here uses new deposits to pay off some of its
deposit withdrawals. Intergenerational liquidity sharing has impli-
cations for bank stability and regulatory policy.

Before turning to the topics of bank stability and policy implica
tions, it is shown in the following that the intergenerational bank can
achieve better payoffs than those that can be achieved by either finitely
lived banks with the restriction of no side trades or by autarky. Since
the results of Diamond and Dybvig (1983) imply that a one-generation
bank can do no worse than autarky, what remains is to compare the
payoff of the intergenerational bank with the payoffs of finitely lived
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banks. Specifically, consider first the constraints a finitely lived bank
faces. Following from the Diamond and Dybvig model, the budget
congtraint of a one-generation bank can be written as

aRr, + (1 — a)r, < R. (19)

By backward induction, (19) is also the budget constraint of a finitely
lived bank. Then, a finitely lived bank solves the problem of maxi-
mizing the same objective function as Problem B subject to at least
the following constraints. (17), (18), and (19), with (17) needed to
eliminate side trades. Since (15) and (16) are redundant in Problem
B and (14) is dtrictly weaker than (19), agents must prefer the payoff
derived from Problem B to that derived from the problem of a finitely
lived bank.

Intuitively, by relying on new deposits to pay off some of its deposit
withdrawals, the intergenerational bank is able to improve produc-
tivity by investing a greater portion of its deposits in the illiquid but
more productive technology. Since it is impossible for a finitely lived
bank to achieve this productivity improvement, agents are better off
investing in the intergenerational bank. At this point, note that it is
possible for agents of a new generation to form a new intergenera-
tional bank. This possibility is ignored for now because the new bank
can, a best, achieve only the same payoff as can be achieved by the
existing bank. The question of forming a new intergenerational bank
will return when bank stability is studied in the next section.

. Stability of the Bank

While facilitating intergenerational transfers, achieving interest rate
smoothing, and providing liquidity insurance are important functions
of the intergenerational bank, they are also sources of bank instability.
Self-selection associated with deposits withdrawn on demand renders
the bank vulnerable to runs. As long as both current depositors and
new agents maintain confidence in the bank, intergenerational bank-
ing is very attractive. However, if such confidence is lost, intergen-
erational dependence may worsen the bank’s ability to weather runs.
As in the Diamond and Dybvig model, mechanisms that cause agents
beliefs to change are not modeled explicitly, but if agents believe
that there is a run on the bank it is rational for them to withdraw.
Thus, a bank run can occur as a Nash equilibrium.

The bank analyzed in either Section 1 or Section 2 is subject to
runs. Specificaly, suppose that at some time t > 0, a fraction f > a
of generation t — 1 depositors decides to withdraw early. In the limit,
total withdrawals are
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limfri+ (1 —a)r,=r+ (1 —a)r,.

[
Consider, for example, the bank payoff (r¢, rg)of Problem A. The
maximal quantity of the good available at t is R + Q, of which R is
the return of 1, and Q is the liquidating value of I,; = 1. The bank
is vulnerable ifre + (1 — a)rg > R + Q. Given r¢ and ¢ from
Proposition 3, the bank is subject to runs whenever

Va2 + 4(1 — )R — a
< .
2

A similar result applies to the bank payoff (r%, r§) of Problem B as
well.

Moreover, if intergenerational liquidity sharing is important, as in
Section 2, the lack of new deposits can jeopardize the bank’s regular
deposit withdrawals. For example, suppose that ar? < At each time
t=2k, +1for ke Z,,, following from the investment strategy of
Proposition 5, the bank has the investment output of only Rf,—, +
S.= (1 — a)r, which is strictly less than the aggregate payoff required
for its regular withdrawals of ar? + (1 — a)rt. "The bank relies on
ar? wnits of the new deposits to meet its deposit withdrawals.

The lack of new deposits can trigger bank runs. If agents of a new
generation choose not to use the bank at some time t= 2k + 1, k€
Z., the bank is ar? units short of resources. In order to meet its
regular deposit withdrawals of ar? + (1 — a)r%, the bank has to
liquidate ar?/Qunits of the investment in the illiquid technology
prematurely. Those generation 2k depositors who do not withdraw
reatt =2k + 1 will gt watt=2k+ 2 when the bank liquidates,
with w determined by

ar (Q — ar))R
l-—aw=\|1—-——7TRo>w=-—"7"—""—. 20
(1 - ( Q) o0 (20)

From Proposition 6, v = 2R/( R+ 1) and r; = R. Then

ar’R _ 2R .

O R-O-wr R+t1_ ¥ T @D

Q<n,‘/x1rfR-A\..@=’)_‘.AzanR=1=‘w<rf‘

X — \1L — a)ry ol T KX 1

If there are no new deposits, (21) shows that Type-ll depositors of
generation 2k will not obtain the promised return 73 worse yet, (22)
shows that if Q is sufficiently small, they can be strictly worse off than
those who withdraw early. The latter case creates an incentive for
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Type-ll depositors to withdraw early and hence for a run on the bank
to occur.

In contrast to the result of the Diamond and Dybvig model, the
threat of suspension of deposit convertibility may not prevent bank
runs in the presence of intergenerational liquidity sharing. This is
because although suspension of convertibility can stop excessive
deposit withdrawals, it cannot force new agents to use the bank.
Consider, for example, the payoff (r%, r4 in Section 2. Suppose that
massive withdrawals occur a some time ¢= 2k + 1, k€ Z, During
a bank run, current depositors rush to withdraw while new agents
stay away from the bank. After an f = a fraction of generation 2k
depositors has withdrawn r? units, the bank suspends convertibility
of deposits into the good. Without new deposits, the bank isis ar{ units
short of resources and has to liquidate the investment in the illiquid
technology prematurely. Those generation 2k depositors who are
unable to withdraw r¢ at t = 2k + 1, due to suspension, will get w
as determined by (20). If condition (22) holds, what they will get is
gtrictly smaller than r#. Consequently, regardless of their types, depos-
itors will attempt to withdraw early; hence, the threat of suspension
of convertibility may not prevent bank runs in this environment.

An interesting question is what new agents will choose to do with
their endowments during a run on the existing bank. They can cer-
tainly take an autarkic approach, investing the good individualy. An
aternative is for new agents to form a new infinitely lived bank, as
demonstrated in Section 2, to achieve the same payoff as the existing
bank was supposed to do. If this new bank is indeed formed, pre-
sumably it can lend funds to the existing bank. In that case, suspen-
sion of convertibility together with a commitment from the new bank
to lend to the existing bank can help resolve the banking crisis. This
analysis is, however, not very redistic. The first problem is that the
new bank’s commitment to lend may not be credible. After al, its
own survival depends on the confidence of current and future gen-
erations. The second problem is that athough it is possible for new
agents to form an intergenerational bank in the middle of a banking
crisis, this scenario is unlikely, particularly given that the new bank
must operate in the same way as the troubled bank has been operating.

The lack of a viable mechanism for the bank to prevent runs sug-
gests that government intervention may be necessary to maintain bank
stability. Unlike intervention by the private sector, government inter-
vention is credible because the government can back up its com-
mitment with the power to tax agents of the current and future gen-
erations, if necessary. One such approach is for the government to
provide deposit insurance. As a result of government deposit insur-
ance, depositors have no incentive to run the bank. Guaranteed deposit
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safety also makes the bank attractive to new agents even though as
with suspension of convertibility, deposit insurance itself cannot force
new agents to use the bank.

Another mechanism is for the government to sponsor a lender of
last resort. When the bank experiences runs, it borrows emergency
funds from the lender of last resort. The lender of last resort, on the
other hand, attracts liquid funds by selling government-backed secu-
rities to those Type-Il depositors who withdraw early and aso to
those new agents who stay away from the bank. Both groups are
willing to invest in government securities because of the credibility
afforded by the government. The lender of last resort basically func-
tions as a liquid-fund recycler who can attract liquid funds and inject
them into the banking system, preventing disruptive and costly asset
liquidation.’

. Conclusion

In an infinitely repeated version of the Diamond and Dybvig modd,
| examine bank liquidity services and stability. A bank is shown to
facilitate intergenerational transfers. As a result, the bank can achieve
interest rate smoothing and provide depositors with liquidity insur-
ance without Diamond and Dybvig's assumption of no side trades.
The bank is subject to runs that may result from either excessive
withdrawals or the lack of new deposits. The latter case implies that
suspension of convertibility may not prevent bank runs. Government
intervention through deposit insurance or the lender of last resort
may be necessary to maintain bank stability.

A number of issues remain. Of particular concern is the model’s
restriction to steady-state payoffs. An interesting but challenging
extension would be to explore intergenerational banking in a more
general setting in which an aggregate welfare function can be defined
and the restriction to steady state can be dropped. The problem is
that defining a proper aggregate welfare function is conceptually
difficult in the overlapping generations framework. There is no good
way to weight the expected utilities of agents of different generations.
Is one generation more important than another? This problem is not
unlike the difficulty encountered in trying to define an aggregate
wefare function in an economy in which agents have heterogeneous
preferences and endowments.

"In reality, the central bank can supply emergency liquidity by printing flat money, effectively creating
an inflation tax. This article does not consider this approach.
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In fact, in the framework of this article, even if one were to ignore
the conceptua difficulty and formulated the bank’s objective function
as a discounted sum of the expected utilities of all relevant agents,
there would be additional problems. With the sequential budget con-
gtraints (1), (2), and (3), unless the social discount rate is at least as
large as\/R — 1 each period, the optimal payoffs to agents of different
generations would be increasing over time, and these payoffs would
not converge to a steady state. This is because reducing the payoffs
to agents of early generations increases the investments in the illiquid
technology. In this way, the output of the good increases exponen-
tially over time since the illiquid technology is scale independent,
returning R > 1 every two periods. Taking the social discount rate
to beVR — 1would not make the problem of maximizing the dis-
counted sum much easier. If the incentive compatibility constraints
are taken into account, the problem becomes quite complicated and
it is difficult to find a solution that can be meaningfully interpreted.
The difficulty is due in part to the intertemporal dependence of con-
sumption and investment choices that is implicit in the intertemporal
budget and incentive compatibility constraints.

Another unanswered question is how important intergenerational
liquidity sharing is in bank liquidity services. | examine two cases.
In the first, the bank’s investment returns are sufficient to cover its
regular deposit withdrawals and intergenerationa liquidity sharing
plays a minima role. In the second, the bank relies on new deposits
to meet its regular deposit withdrawas and intergenerationa liquidity
sharing has a significant impact on the bank’s liquidity provision and
stability. The theory has nothing to say on which case is more indic-
aive of banking in practice; this issue is better addressed by empirical
investigation. A satisfactory resolution of this issue is important to
our understanding of banking in a dynamic economy.

Finaly, several more immediate extensions can aso be made. By
relaxing the assumption that the aggregate preference shocks are
deterministic, one may be able to examine intergenerational pooling
of the aggregate shocks. Along a related line of inquiry, Bhattacharya
and Gae (1987) and Qi (1993a) use interbank liquidity sharing to
resolve liquidity shocks faced by individual banks. Another extension
is to study what happens if the technologies are risky and there is
asymmetric information regarding asset returns. In a one-generation
model, Jacklin and Bhattacharya (1988) show that such a framework
may entail information-based bank runs, and Qi (1993b) demon-
strates that a bank, offering informed agents bank stock and unin-
formed agents bank demand deposits, can improve economic effi-
ciency.
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Appendix

A.1 Proof of Proposition 1

Before proceeding to the proof, | lay some groundwork. Rewrite the
sequential constraints (4), (5), and (6) in terms of intertemporal

restrictions on

IL<1-—S5,, (A1)
L=<RI_,+S+1—ar,— (1 —a)r,D_, — 5, (A2)
L<RL,+S_,+1—ar,— (1 —-—a)r,—S. (A3)

Notice that (Al), (A2), and (A3) are interrelated, and by recursively
substituting the bound on |, into the bound on I;, they imply a se-
guence of investment restrictions:

Iy

=

L=

I,

I

1 - So,
RI_,+S+1—ar,— (1 —a)r,D_, — S,

<14+ R, —ar,— (1 —a)r,D_, + S, — S,,

R,+S, +1—ar,— (1 —a)r,— S,

=1—-RS,+R—arn— (1 —a)r, +S,—S,,

=RL+S+1—ar,— (1 —a)r,— 3§,

1+ RRIL, —ar,— (1 —a)r,D_, + S, — S))
+R—arn— Q1 —a)r,+8, — S,
RL+S,+1—ar,— (1 —a)r, — S,

1— RS, + (R+1D(R—ar,— (1 —a)r,)

+ R(S,—S,) +S,— S,

RL+S,+1—ar,— (1 —a)r, — Ss

1+ RRI_, —ar,— (1 —a)r,D_, + S, — S,)
+(R+DR—ar,— (1 —a)r,) + RS, — S3) + S, — S,

The above constraints can be described in two subsequences,
namely, for k€ Z, ,, the set of positive integers,

Li<Rhy ,+ S, +1—ar,— (1 —a)r, — S,

k
S 1- RS+ L R(R—ar,— (1 —a)r+5,,— S, (A4)
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Luivi S Ry, + S5+ 1 —ar, — (1 — a)r, — Speny
<=1+ RMRI_., —ar,— (1 —a)r,D_,+ S5, — S,)

x
+ Z RY'(R—ary,— (1 —a)r, + 85 — San). (a35)

{=1

Lemma 1. A necessary condition for a steady-state payoff (ry, r,) to
be budget feasible is that r; and r, satisfy
R+ 1 (R—1)D_, +2
R+ T T O T 12
Proof: Suppose the payoff (», r,) is budget feasible. From Definition
1, there exist some nonnegative {S} and {I} such that (4), (5), and
(6) hold; equivaently, (Al) to (A5) hold. Take S 3 0. From (A4)
and (A5),

r, < R (A6)

L+ Lyoy <2+ RYRI_, —ar, — (1 = a)r,D_,)

+2(R—an,— (1 —a)r) 2, R

{=1

k
- (R—-1) z R*'S3 1 = Saunr

i=1

<2+ R"(RI_, —an— (1 —a)r,D_,
I}
+2(R—ar, — (1 — a)r,) 2 R">,
fm=]

where the last inequality obtains because S 3 0 is taken as given.
If (A6) is fase, that is, if

o R+ 1 r+(1_a)(R—1)D_1+2r
(R—DI_,+2" (R—DI_,+2"°

> R,
) {

lim 2 + R"\RI_1 —ar, — (11— a)r,D_,

—rc0

+2(R—ar,— (1 —a)r) X R“\)

/

& —
-2 + lim RM((R— DI, +2)
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« (= R+ 1 .
2 S
(R-—11_,+2"

(R—1)D_, + 2 >

BT IS VA

= —w‘

Thus, if (A6) isfalse, , L, + L., iS negative for k sufficiently large,
implying at least one of " I,, and 1,,,, is negative for k large. That is,
there is no nonnegative {I} that makes constraints (Al) to (A5) true
or, equivaently, (4), (5), and (6) true. This, however, is contradictory
to the assumption of budget feasihility. Therefore, a budget-feasible
steady-state payoff (r,, r,) must satisfy (A6). |

Proof of Proposition 1. To prove necessity, suppose that the payoff
(r, 1) is budget feasible. Applying D; = 1; = 1 in Lemma 1 makes
(A6) become (7). Therefore, (7) is a necessary condition. To prove
the sufficiency, suppose that r; and r, satisfy (7). It remains to show
that there exist nonnegative {S} and {I} such that (4), (5), and (6)
hold. Take {S} = {0} and {I} = {1}. By substituting D_; = | ; = 1,
{S} ={0}, and {I} = {1}, we see that (4), (5), and (6) hold. Therefore,
(7) is adso a sufficient condition. [ |

A.2 Proof of Proposition 2
To show the uniqueness result, suppose that r, and r, satisfy (7) with
equality. From Proposition 1, there exist nonnegative (S) and {l}
such that (4), (5), and (6) hold; equivaently, constraints (Al) to
(A5) hold. By substituting (7) and D, = |, = 1, constraints (Al) to
(A5) become

10 =1- S()y

L<1+S,-S,

k &
L,=1+ E Rb_'sz,‘—l - 2 Rb_'szt,

=1 =0

k k
Lypr =1+ 2 Rb_‘SZi - 2 Rk_ISZH-l)

i=0 =0

where the last two inequalities hold for al k€ Z,, Since {I} must
be nonnegative, the two imply that
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& £ d
2 R¥ Sy — 1 = 2 RS, = 2 RSy + 1,
im1

1=0 i=0

which in turn implies that for dl k1 Z,,,

k
(R-1) 2 R*¥ S+ Speer = 2.

im=1
If there exists some j€ Z,, such that 5,,_, > 0, then
lim (R — 1)R*S,,_, = o0 > 2.

k —»00

This is a contradiction; hence, Sy, = 0 for all k1 Z.. Toshow S, =
0 for dl k1 Z,, the set of nonnegative integers, note that Sy, = 0
implies that

[ 1
—1=< D, R¥1S, =< 1.

=0
If there exists some j T Z, such that S, > 0, then

lim RIS, = 00 > 1.

k—>c0

This is again a contradiction; hence, S,, = 0 for dl k1 Z,. Therefore,
it must be true that S = 0 for dl t 3 0.

To show that I, = 1 for al t 3 0, apply (7) with equality and S =
0 to (Al), (A2), and (A3). It follows that

I, =<1,
I = R(I_, — 1) + 1,
IL<R(U_,—-1)+1,

where the last condition holds for al t3 2. Then I, =1and I, £1
imply that I, £ 1 for all t 3 1. If there exists some j | Z, such that |,
< 1, by recursively substituting the bound, for k I Z,,,

Lo = Rk(lj_ 1) + 1,

7

1A

lim I, < RX(I,— 1) + 1 = —o0.
k —>00

This is contradictory to the requirement that I, 3 0 for al t 3 O.
Therefore, it must also be truethat I, = 1 foral t1 Z,. n

A.3 Proof of Proposition 3
To solve Problem A, first form the Lagrangian:
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L=aU(r) + A —-a)U(r) + A (R—ar,— (1 —a)r,)
+ N(r, — 1) + A(r, = 72) + N(r, = R) + A1y + A1,

where A/s are the multipliers for constraints (8) to (12). The first-
order conditions imply the following system of equations:

al'(r) —Na— X, — 2\, + A, =0, (A7)
QA =-aU(r,) — MO —a) + X+ A+ A+ A =0, (A8)
MR—ar,— (1 —a)r,) =0,

A(r, — 1) =0,
A(r, — 12) =0,
Af(r, — R) =0,
As7, =0,
A¢1: = 0.

To find a solution, suppose first that only (8) and (10) are binding;
thatis, A, = A, =X, =X =0, \, # 0, and \, = 0. Solving (8) and (10)
simultaneoudly gives
_\/a2+4(1 —a)R — «

- 2(1 — @) ’
Vaz + 401 — &)R — a\°
2(1 — a) )

r,

rn=(n)= <

Note that r, and r, as characterized above haver, > R > r; > 1 since
VR-a)?+40-a)(R-1)~-Q2—-a

rn —

2(1 — @) !
at+2(1—a)R—V(a+2(1 —a)R)?—4(1 —a)*(R— DR
R—nr=
2(1 — a)
> 0,
R — ar,
r,=——> R
1l -«

Tofind A, and A;, take \, = A\, = A\, = A\ : = 0 and solve (A7) and (A8)

simultaneously:

_at(r) + 204 ~ )rU'(ry) S
a+2(1 - a)r,

A 0,
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_ a(l —a)
a+2(1 - ar,

where the last inegquality follows from U(:) being strictly concave
and ry; <r.,.

The above derivation shows that there exist nonnegative A,’s and
feasible r; and r,, as characterized, which solve the system of egqua
tions. Since the objective function is strictly concave in r; and r, and
since in (8) and (10) the functions ar, + (1 -a)r,- Rand 2 — r,
are convex in r; and r,, the Kuhn-Tucker theorem [Ovarian (1984, Fact
A.9, p. 322)] tells us that (r,, r,) as characterized is indeed a solution
to Problem A. The solution is unique because the objective function
is gtrictly concave. Findly, the inequality result follows from the above
derivation. [

(U (r) = U'(r)) > 0,

A.4 Proof of Proposition 4

To show that the steady-state payoff (re, rg) is not a competitive
equilibrium, recal first from Proposition 2 that {S} = O and {I} = 1
are the unique choices that together with (r2, r2) make (4), (5), and
(6) true. Given the investment choices, individua agents maximi-
zation problems are restated. Each of the remaining agents of gener-
ation -1 solves

max U(Cr), subject to p,C{* < p,R+ m_,H_,,
{crly

cr' = 0.

For agents of generation t 3 0, they each solve

max W(C,,, C.,) =aU(C,,) + (1 — @U(ﬁ Cct, + cgﬂ),
{Cl+1. Cls2} PH-Z
subject to p,,,Cy + P,2Cliy < PR+ mH,,

Civ1) Cle2 Z 0.
In the first problem, u(ct) increases in ¢!, implying
co _DR+ m—IH-l'
P
For the second problem, the first-order conditions imply that

:1'4
9Cl,

=1 -a U’(h Cia t+ C;+2) — APz =0,

+2
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oW
aC:H

t+2 42

=alU(Cl)) + (1 - a) U/<p‘+l Ci t C;+2>§ﬂ = Ay

where | > 0 is the multiplier for the budget constraint. The above
two equations imply that wW(c:,,, Ci.,) increases cC,,; thus,
Ct. = P2 R + mH,
t+1 7 )
pH-l
Cii.=0.

By Definition 2, if the payoff (r¢, r¢) is a competitive equilibrium,
there must exist some p; > 0 and m 3 0 such that for al t 3 O,

ciil+ C, =R
Consider t = 0,
_ (p, + p,)R+ m_ H_, + myH, _
b
= p,R+ m_H_, + mH, = 0.

@

But there are no positive p, and nonnegative m; and m, that would
make the market clearing condition hold. Therefore, there does not
exist a competitive equilibrium, with or without money, that achieves
the steady-state payoff rg, r¢). [ ]

A.5 Proof of Proposition 5

For necessity, suppose that (r;, r,) is budget feasible. Applying D_,;
=1, =0in Lemma 1 lets (A6) become (13). For sufficiency, suppose
that r, and r, satisfy (13). Choose {S} and {l;} as in Proposition 5.
The choices are feasible because whenever r; and r, are consistent
with (13), S® Oand ;3 Ofordl t| Z,. By takingD,=1,=0
and substituting {S} and {l} as chosen into constraints (Al) to (A5),
the sequentia budget congtraints are indeed the same as imposing
(13). Therefore, (13) is dso a sufficient condition and (S} and {l)
can be as chosen. =

A.6 Proof of Proposition 6
To solve Problem B, recdl first that (15) and (16) are redundant and
therefore irrelevant. To find the solution, let us form the Lagrangian:

R+ 1
rn— (1 —a)rz)

L= aU(rl) + (1 - a)U(r,) + #1(R -«

+ w(r, — R) + pyry + s,
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where u,/s are the multipliers for constraints (14), (17), and (18).
The first-order conditions imply the following system of equations:

1
aU,(rl) - o + M3 = 0, (A9)

QAQ-aU(r,) — (A —-—a) +u, +u, =0,

p,(R— aR-: ! n—Q —a)r2)=0,
\ /

#(r, — R) =0,

usn =0,

w,r, =0,

To find the solution, suppose only (14) and (17) are binding; that
iS, uy = pg = 0, u; # 0, and p, # 0. By solving (14) and (17) simul-
taneously, », = 2R/(R+ 1), ,=R,and r, > r, > . To find pu; and
Mo, take Mg, = Y4, = 0 and solve (A9) and (AIQ) simultaneoudly,

”’l = R + IUI(rl) > Oy
2(1 — o) U(r) R+ 1
LTy - >0
e e (“)<UKQ) 2 ’

where the last inequality follows from the assumption that agents
relative-risk-aversion coefficient is greater than 1, which implies that

ulr) _rn_R+1
Ur,) n 2

Thus there exist nonnegative ,’.such that r, and r, as characterized
solve the system of equations. Since the objective function is strictly
concave in r; and r,, and since in (14) and (17) the functions
a(R+ 1)/2r,+ (1 —a)r, — Rand R— r, areconvex inr, and r,
the Kuhn-Tucker theorem [Varian (1984, Fact A.9, p. 322)] again tells
us that (r;, r,) as characterized is indeed a solution to Problem B.
The solution is unique because the objective function is strictly
concave. (]
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