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Cross-holding occurs when listed corporations
own securities issued by other corporations. We
analyze the effect of cross-holdings on market cap-
italization and return measures as well as impli-
cations for econometric testing of asset pricing
theories. We show that cross-holdings generally
distort standard market return and risk measures.
The magnitudes of such distortions are calculated
for simulated economies by using a variety of cross-
holding patterns. In addition, cross-holdings are
shown to induce nonstationarity in the covari-
ance matrix of security returns. We examine the
effect of this nonstationarity for estimating effi-
cient frontiers and factor structures. We also dis-
cuss the implications for risk-return estimates in
equilibrium asset pricing models.

In some security markets, listed corporations own
a substantial fraction of the shares issued by other
listed corporations. Notable examples include the
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stock markets in Japan, Germany, and severd other European coun-
tries." Such cross-holding |s found, albeit to a lesser extent, in U.S.
securities markets as well.? It has been suggested that equity cross-
holding can significantly distort certain financial measures. For exam-
ple, McDonald (1989) and French and Poterba (1991) argue that
estimates of aggregate equity market capltallzatlon in Japan are inflated
due to the double counting of cross-held shares®> As a consequence,
they argue that the weight attached to Japanese shares in world equity
market indices is overstated.*

We confirm the above results by using a genera theoretical model
in which firms may hold corporate securities. We then show that
equity cross-holding generally distorts the standard market return
measure, and we analyze the extent of that distortion. We demonstrate
how to adjust the weights in the market portfolio to eliminate the
distortion, and show that the standard vaue-weighted equity market
portfolio will generaly not be on the mean-variance efficient frontier
of equity returns when the true market portfolio is efficient.

Cross-holding also has disturbing econometric implications for both
domestic asset pricing tests and tests of global equity market inte-
gration. We show that the presence of cross-holding introduces non-
stationarity in the covariance matrix of observed returns, which leads
to significantly distorted estimates of the efficient frontier. This dis-
tortion creates the erroneous perception of a higher price of risk in
the cross-held economy and increases the probability of rejecting the
mean-variance efficiency of the market portfolio.

In an APT framework, we find that the number of factors for the
cross-held economy is generaly misestimated. Furthermore, even if
the correct number of factors is specified, the estimated factor risk
premia are distorted. This implies a tendency toward spurious rejec-
tions of APT in the presence of cross-holding. Some of these results
are related to the Shanken (1982, 1985) critique of the APT in that
they involve estimation problems that arise as a result of repackaging
securities into portfolios. In this article, however, there is an addi-
tional problem of nonstationarity that compounds the factor identi-
fication issues raised by Shanken.

The origins of and rationale behind the cross-holding structure of ownership in Japan have been
studied by McDonald (1991), Sheard (1991), and Tachibanaki and Taki (1991), among others.

?See Prowse (1990) and Prowse (1992) for a comparison of the extent of aggregate cross-holding
in the United States and Japan.

®Both these articles as well as Kester and Luehrman (1989) and Ando and Auerbach (1990) also
argue that share cross-holding inflates measured price/earnings (P/E) ratios in Japan.

“This overstatement appears very substantial. For example, French and Poterba (1991) estimated
the standard measure of equity market capitalization for Japan at twice the true market value.
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Throughout, we use results from simulations to analyze the severity
of the distortions that we examine. These simulations employ a return
generator with known properties in economies that are constructed
to be identica except for the presence of cross-holdings. This alows
us to isolate the effects of cross-holding. In addition, the simulations
permit us to examine the effect of a variety of different cross-holding
structures. While market return distortions are typically not severe,
the impact of nonstationarity induced by cross-holding on tests of
asset pricing models may be quite significant.

In the next section, we develop a perfect markets model with cross-
held securities and demonstrate several properties of market aggre-
gation in such a setting. Section 2 uses this model to explore the
implications of cross-holding for market returns. Section 3 analyzes
econometric problems induced by cross-holding. Finaly, Section 4
provides concluding comments.

. Corporate Cross-Holding and Market Aggregation

To focus on issues that arise solely because of cross-holding, we
assume that markets are complete and that there are no transaction
costs or taxes. For the moment, we assume that firms are financed
entirely by equity. Debt and other corporate securities are incorpo-
rated into the anaysis in Appendix A. The stock market consists of
shares in N firms, at least some of which hold shares of other listed
firms. We treat unlisted business entities as if they were individuals.®

Let S denote the total market value of al outstanding shares issued
by firm i, and letV¥ represent the (market) value of that firm’'s oper-
aing assets (i.e, the firm's assets excluding its holdings of other
firms securities). By value additivity, firm i's tota value will egqua
the sum of its operating assets and its ownership of shares in other
firms.® That is,

S;=V¥+ D b,S, Vi (1)
J

where h; is the fractiona ownership of firm j's shares by firm i. In
much of what follows, it will be useful to employ matrix notation.
Consequently, we define an n x n cross-holding matrix, H, with ijth

®We do not require share ownership across corporations to be symmetric. That is, firm a may own
shares in firm b regardless of whether firm b owns shares in firm a.

®See DeMarzo (1988) and Duffie (1988) for an extension of the Modigliani-Miller theorem to a
stochastic economy where firms are allowed to trade all available securities.
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element equa to hy. " Letting V* be the vector of V* values, we can
represent the vector of § values by S where

S$=V* + HS. (2)
Summing (2) over al firms, we obtain
vS=v(V* + HS), (3)

where i denotes a conformable unit vector. The left-hand side of (3)
is the standard measure of equity market capitalization. Clearly, this
market capitaization overstates the aggregate value of operating assets
(i ' V*) by the extent of aggregate corporate shareholdings.

It is useful to distinguish between “inside” and “outside’ share-
holdings. Outside shares are those held by individuals, whereas inside
shares refer to shareholdings by listed corporations. Using the super-
scripts | and O to designate inside and outside holdings, respectively,
we can rewrite (2) as

SO+ §'=V* + HS. 4)
Also, (3) can be rewritten as
VSO + ST = V* + JHS. 6))

Since /S =Z, §t =3, Z, b,S,= HS, iit follows that the aggregate value
of outsde shar&e equals the aggregate value of operating assets; that
is, i 'S =i "' V*. ®We should emphasize that this equality holds in the
aggregate, but not necessarily at the individual firm level. That is, the
vector S will not generally equal V*, and similaly S 1 HS For
example, a holding company whose shares are held by outsiders may
have no operating assets.

We will henceforth refer to the aggregate value of outside shares
as the true market capitalization.® One might be tempted to view the
digtinction between the true market capitalization and the standard
measure of market capitalization as being primarily philosophical.
Note, however, that the standard measure can be artificialy inflated

"Note that we have defined this matrix to include potential cross-holdings of al N firms; however,
our use of outstanding shares implies h;; = 0. If a firm does not hold any shares in other firms and
h;; = 0. itsrow in the H- matrix will contain only zeros. Similarly, if afirm’s shares are not held by
other corporations and h; = 0. its column in the H- matrix will contain only zeros. Hence, it is
possible (even likely) that the H- matrix is singular.

®0ne can also approach the issue of aggregate market value from an earnings perspective. In the
aggregate, outside shareholders receive the total operating earnings while net payments to inside
shareholders sum to zero.

®Brioschi, Buzzacchi, and Colombo (1989, 1991) also provide a detailed analysis of market capi-
telization in the presence of cross-holdings, where they use the terms gross value and net value
instead of standard and true market capitaization, which we employ here. They note that their
analysis [which includes equations similar to our Equations (1)-(5)] is analogous to a Leontief-
type input-output model.
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(without limit) by firms issuing shares to each other. This could even
be accomplished by simply exchanging shares (in equivaent values)
without any cash or other assets changing hands. This implies that
analyses based on the standard measure of market capitalization can
be serioudy misleading, at least with regard to the vaue of operating
assets.

It is also interesting to consider what congtitutes the market in the
context of an equilibrium asset pricing model (e.g., the CAPM). In
such models, there is a constraint that individuals in the aggregate
purchase al available shares. For our situation, this clearly corre-
sponds to purchasing al the outside shares, since by definition inside
shares are not held by individuals. Consequently, the market portfolio
in such asset pricing models has weights based on the vaue of outside
(rather than total) shares.

In Appendix A, we extend the analysis of this section to include
al corporate securities (i.e., not just equity shares) that may be held
by individuas as well as by other corporations. The market in this
more genera setting is based on weights determined by the outside
holdings of al classes of securities.

. Returns with Cross-Holding

We now consider how individual security returns as well as market
returns are affected by cross-holdings. Section 2.1 presents theoretical
propositions related to market returns. In Section 2.2, we examine
the economic significance of these results by using numerical sim-
ulations.

2.1. Analytical properties

To keep the notation as concise as possible, we will express returns
[shown in (7) and (8)] using X; and Y, which denote, respectively,
the operating and total earnings of firm i These are economic earnings
that implicitly include any capita gains on firm i's operating assets
as well as on its shareholdings. Firm i’s operating earnings plus its
proportional share of the earnings of the firms which it holds is

Y,= X, + 2 b, Vi (6)
J

The return on firm i’s shares can thus be represented as

Y, X,+Zb,Y
R =_=_J_J_L.
S, VFE+Zb,S, ™

In the absence of cross-holding, the return on firm i’'s equity would
simply be equal to the return on its operating assets; that is,
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RY = X,/VT. (8)

Clearly, R will not generally equal R¥. This should be no surprise,
since shareholders of firm i now effectively own a portfolio of V¥ and
inside shares. This is particularly evident if we use the expression for
R* in (8) to rewrite (7) as

= _K"— * __bqu__

R V*+ 2, b,S R+ 2,: (Vr + 2, b,,s,)R" ®)
Alternatively, we can view each firm as holding a portfolio of the
underlying operating assets in the economy. In fact, the N- vector of
observed firm share returns can be concisely expressed as R = PR*,
where R* is the N- vector of returns on the operating assets while P
isa Welghtlng matrix with elements p, = ¢,V}/2,4,VT and Q = (I -

H )* with g; denoting its elements. To see this, reexpress (6) in
vector form as Y = X + HY, which simplifies to Y = QX; similarly, S
= QV* from (2). Equation (7) can thus be expressed asR, = Z, q,X,/
Z,q,V*. Using X = R}V} from (8), we obtain the expresson above

for

Ee true market return (denoted by R*m) is the aggregate return
on the operdti ng assets in the economy.’® Hence, we divide aggregate
operating earnings by the true market value and obtain R*, "X/
i 'V*. Alternatively, we can use a weighted average of R*; values across
aII firms to obtain

R% = w¥R* = UX/VV*, (10)

where w* is a vector of weights with eements w*; = V*; /i 'V*. Sim-
ilarly, we write the value-weighted standard equity market return
based on all issued shares (with w, = s/ i 's) as

R, = w'R=VY/'S=VQX/'VQV* an

Examining (10) and (11), it is clear that, in general, the standard
equity market return in a cross-held economy will not equal the true
market return. We discuss the difference between these two return
measures below, and also derive a very restrictive condition that is
necessary and sufficient for these two measures to be equal. Notice
first that calculating R*,, may be difficult in practice. The vaues of
R*; cannot be readily measured by using (8), because V*; and X; may
not be directly observable. Fortunately, if disaggregated holdings are
observable, it is possible to calculate R*,, by using R (instead of R*))
values with an adjusted weighting scheme.™

°Recall that earnings on inside shares aggregate to zero.

"t should be emphasized that the calculation of R, using Proposition 1 requires reweighting
individua firm returns. That is, fully disaggregated Uata are required. Consequently, estimating
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Proposition 1. R*,,= S; W’R, wherew’, = S’/S,and $,= S, S’..

To prove this proposition for the al-equity case we can proceed
as follows:

-1 vt
}; w?R,—S2 2} S¢ 5 12)
But S3Y/S is smply Y°, the aggregate earnings on firm i’s outside
shares, so

op =2 Y7
2’ wOR, 355" (13)
We have shown in the previous section that i 'S’ =i 'V* and mentioned
that, by similar arguments, i 'Y° =i 'X. Using vector notation, we thus
have
Lo » B ‘_,3.’._0 = i{ = R*
woR AN R (14)

A corollary to Proposition 1 that considers both equity and none-
quity corporate securities, and its proof, is contained in Appendix A.

The weighting scheme specified in Proposition 1 weights each
firm’'s return by the proportion going to outsiders. The aggregate of
outsiders' returns must equal their share of total earnings divided by
their total holdings. Since in the aggregate outside shareholders
receive the total operating earnings and hold shares with a total vaue
equal to that of operating assets, the specified weighting scheme
effectively diminates the distortion caused by inside shareholding.
Alternatively, by our observation in Section 1, the market portfolio
must have portfolio weights based on the value of outside shares.
Proposition 1 demonstrates that the true market return based on the
values of operating earnings and operating assets is equivalent to the
return for the value-weighted portfolio of al outside shares.

Using Proposition 1, we can derive a necessary and sufficient con-
dition to guarantee the equality of R, and R*,.

Proposition 2. The standard equity market return (R,) is equivalent
to the true market return (R*,) for all V* and X if and only if each
firm has the same proportion of its shares held by insiders (i.e., the
sum of each column of H must be identical).

A proof is contained in Appendix A aong with a corollary that
extends this result to an economy with many classes of corporate

R*, by using partialy disaggregated data. such as returns on industry portfolio indices, will generally
be Inaccurate becauge returns on such subindices may themselves be distorted by cross-holding.
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securities. In general, we would not expect each firm to have an
identical fraction of its shares held by insiders, and thus deviations
between R, and R*,, should be expected. The following proposition
provides a simple relationship between R,, and R*, that clarifies how
inside shareholdings distort standard equity market return measures.
This proposition is proved in Appendix A.

Proposition 3.

1 , =

O s, 2 (b, — bNS,(R, = B),

where R = (UN) S; R, h; is the proportion of firmi’s shares held by
insiders, and h' is an aggregate measure of the percentage of the
standard market capitalization owned by insiders; i.e, h' = S, hS/
S ;S.

It is clear from the above that R,, is distorted because it overweights
returns of firms where the insiders proportion of shares is higher
than the cross-sectional average.™ If firms that have a large proportion
of shares held by insiders also have higher returns than the cross-
sectional average return, then R, will exceed the true market return.
The expression in Proposition 3 is analogous to a weighted covariance
caculation. In fact, if al firms were to have equa capitaizations
(S's), then this expression simplifies to

R, — R% =

R, — R* = Cov(h, R),

Q-5
where

Cov(h, R) = % S (b= iR - B

is the estimated cross-sectional covariation between the proportion
of a firm’'s shares held by insiders and that firm's return. Note that as
h', the aggregate cross-holding measure, increases toward unity, the
market return distortion could become quite sizable even for small
observed covariances. We will investigate the magnitude of this dis-
tortion in greater detail in Section 2.2.

Since R, will generaly not equal R*,, it is worthwhile considering

“Note that the reciprocal of R, is the aggsrieg_ate pricefearnings ratio for the total market using
economic rather than accounting earnings. Similarly, the reciprocal of R*,,, represents the aggregate
PIE ratio after eliminating the distortionary effects of cross-holdings. Since Ré" can be either greater
or less than R*,,, it is clear that cross-holding can distort the economic P/E ratio either down or
up. This contrasts with results in the articles mentioned in note 3, which found the P/E in Japan
to be biased upward. The difference is that our anaysis uses economic returns in contrast to
accounting returns in the other articles.
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the mean-variance efficiency of the standard equity market portfo-
lios—that is, a portfolio using w as the weighting vector. In the
context of the CAPM, linear combinations of the market portfolio and
the riskless asset will determine the capital market line (CML). By
congtruction, only a single portfolio composed solely of risky secu-
rities lies on the CML. As explained in Section 1, the market portfolio
for the CAPM must be what we have termed the true market portfolio.
All other portfolios containing only risky securities lie below the CML;
in other words, they have a lower ratio of expected excess return to
standard deviation of return. Thus, the standard market portfolio with
cross-holding will generadly be inefficient relative to the CML. Fur-
thermore, when the true market portfolio lies on the mean-variance
efficient frontier of risky securities (as required by the CAPM), the
standard equity market portfolio will aso lie on that frontier only
under very redtrictive conditions.

Proposition 4. Assume the true market portfolio is mean-variance
efficient. For a given nonsingular covariance matrix of equity returns
in the cross-held economy (W), the value-weighted portfolio of all
shares (standard equity market portfolio) is also mean-variance effi-
cient if and only if w-w°’ = | (a, - w’) for all i, where| is a constant
and a is the weight for the ith security in the minimum-variance-
efficient portfolio. Further, 3, = S; v/ S; S;; for all i, where v; isthe
ijth element of W ™.

The proof of this proposition is in Appendix A. In generd, the
condition specified in Proposition 4 is unlikely to be satisfied (an
exception clearly being when w equals w’). Consequently, the stan-
dard equity market portfolio with cross-holding will be mean-variance
inefficient in the context of the CAPM as well as being below the
CML. In Section 3 we will examine additional problems that arise in
the presence of cross-holding when the efficient frontier must be
estimated with historical data.

2.2 Simulation results

We now examine simulation results that adlow us to infer plausible
magnitudes for the discrepancy between standard and true market
return measures in economies with different cross-holding structures.
Simulations are used in lieu of actual data since we can more accu-
rately compare two economies that are constructed to be identical
except for the presence of cross-holding. This alows us to avoid a
host of confounding complications, such as those introduced by eco-
nomic regulations or other market imperfections, exchange rate fluc-
tuations, and possible nonstationarity of risk premia or return distri-
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butions.”® Furthermore, a return generator with known properties may
be used. As we will see, this advantage is quite important.

The results reported below involve simulations of eight cross-hold-
ing patterns, each at two levels of aggregate cross-holding (h' equal-
ing 0.2 and 0.5)." That is, there are 16 simulated types of cross-held
economies used in our analysis. For each simulation type, the reported
results are based on 100 runs using N = 50 firms, T= 300 time periods
(months), and a return generator described in Appendix B. For each
run, we caculate a variety of datistics for an underlying economy
and a cross-held economy. These two economies have identical pat-
terns of operating assets and operating incomes; however, in the
underlying economy all shares are held by outside investors, whereas
in the cross-held economy some shares are held by insiders (as spec-
ified by the particular H matrix for that economy). Each run in a
simulation uses a new H matrix randomly generated according to
specific rules for that type of economy. The eight patterns (or classes)
of H matrices are described briefly below and in more detail in Appen-
dix B.

In a dense H matrix essentialy al the eements are generated to
be nonzero. In other words, al firms tend to hold (generaly small)
positions in the shares of essentialy all other firms in the economy.
In contrast to this rather extreme cross-sectional dispersion of inter-
firm shareholdings, we generate several types of H matrices where a
substantia fraction of elements is zero. The sparse matrices are gen-
erated to have 40 percent of their elements equal to zero. In the
sparse-columns case, there is a 40 percent probability for each column
that its column sum is equa to zero (and thus so is each entry in the
column). In the sparse-rows case there is a 40 percent probability for
each row that its row sum equals zero. These last two cases alow us
to observe whether economies in which many firms either are com-
pletely owned by outside investors or, respectively, hold no equity
stakes in other firms lead to different results.

Block-diagonal matrices have cross-holdings only within blocks
(groups) of firms in the economy. This classification is used to sim-
ulate the situation where firms within a corporate group (e.g., the
Keiretsu in Japan) are closely knit through mutual ownership but
ownership across groups is relatively insignificant. In these simula-
tions, there are five blocks (groups) with 10 firms each and the within-
block cross-holdings are generated using the dense pattern.

In addition, available data on cross-holding in major economies are incomplete. For example,
Japanese data (which appear to be the most comprehensive) provide dlwggreg?ated information
on roughly the top 10 to 25 shareholders for each firm. However, this frequently represents half
or less of the firm's cross-held shares.

““The h' value of 05 corresponds to the aggregate cross-holding level in Japan estimated by French
and Poterba (1991). whereas h' = 0.2 is used to represent a more moderate level of cross-holding.
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The concentrated matrices are similar to the sparse matrices, with
90 percent instead of 40 percent of the elements equal to zero, leading
to an increased concentration of corporate ownership by other cor-
porations. The fina two patterns considered are designed to illustrate
the result in Proposition 3. The risk-correlated matrices are con-
structed so that firms with large (small) expected returns also have
a large (small) percentage of their shares held by insiders. The risk
and size-correlated matrices have the additional restriction that firm
size and risk are negatively correlated.

In Table 1 we report results of our simulations for the market return
measures. In each run (100 per simulation type), monthly market
returns are calculated for both the underlying economy and the cross-
held economy. Both value-weighted and equally weighted market
returns are calculated. The value-weighted returns calculated in the
underlying and cross-held economies correspond to the true market
return, R*,, shown in (10) and the standard market return, R,, shown
in (11), respectively. We aso examined the extent of distortion in
equal-weighted return measures because of their widespread use in
investment anaysis.

The mean and standard deviation of the difference between the
300 monthly market returns in the two economies were measured for
each of the 100 runs per ssimulation. We report the average of these
100 means and standard deviations as the result for that simulation
type in Table 1. Below each average mean, we report the fraction of
means that have the opposite sign from the average mean. This pro-
vides a measure of the dtatistical significance of the average mean
differing from zero since the reported fraction of means represents
the probability mass in the empirical distribution’s tail.

The reported mean deviations between R, and R*,, are generdly
small and not significantly different from zero. This is true for both
value-weighted and equal-weighted market returns as well as for mod-
erate (h' = 0.2) and rather substantial (h' = 0.5) aggregate cross-
holding levels.™® The notable exception to this genera result occurs
when the pattern of cross-sectiona cross-holding is correlated with
returns. This is seen in the risk-correlated and risk- and size-correlated
columns, where the reported means are highly significant athough
gill rather small. The largest mean difference is -0.0015 for monthly
returns or -1.8 percent on an annualized basis.

Despite the smal mean differences, substantia differences occur
for individual observations. This is particularly true for the equal-
weighted market index, where the average standard deviation reported

In addition, athough not reported here, we found the correlation between R, and R*, for both
value- and equa-weighted indices to be generally larger than 0.99.
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Table 1

Cross-holding-induced distortions in market return measures

Sparse Sparse Block Risk Risk-size
Dense Sparse columns rows diagonal Concentrated correlated correlated
A. b= 0.2, value-weighted
Mean 0.0000 0.0000 —0.0000 ~0.0000 0.0000 —0.0000 0.0003 —0.0014
(0.41) (0.39) (0.52) 0.47) (0.49) (0.43) (0.00) (0.00)
Avg. st. dev. 0.0011 0.0013 0.0027 0.0011 0.0011 0.0015 0.0038 0.0170
Risk prem. bias -0.0004 0.0002 —0.0007 —0.0001 -0.0001 —0.0003 —0.0000 0.0014
(0.40) (0.36) (0.36) (0.50) (0.46) (0.40) (0.53) (0.49)
B. b" = 0.2, equal-weighted
Mean 0.0001 0.0001 0.0000 0.0000 0.0000 0.0000 0.0006 —0.0005
(0.45) (0.40) (0.50) (0.41) (0.45) (0.50) (0.00) (0.01)
Avg. st. dev. 0.0069 0.0067 0.0077 0.0048 0.0061 0.0059 0.0098 0.0055
Risk prem. bias —0.0052 —0.0037 —0.0058 —0.0028 —0.0038 —0.0039 —0.0043 —0.0035
(0.20) (0.33) (0.10) (0.18) (0.16) (0.22) (0.22) (0.13)
C. b = 0.5, value-weighted
Mean —0.0000 —0.0000 0.0000 —0.0000 0.0000 0.0000 0.0007 —-0.0015
(0.48) (0.51) (0.46) (0.50) (0.44) (0.43) (0.00) (0.00)
Avg. st. dev. 0.0026 0.0023 0.0042 0.0027 0.0025 0.0024 0.0068 0.0167
Risk prem. bias —0.0004 —0.0003 —0.0006 —0.0005 0.0004 0.0003 0.0007 0.0006
(0.46) (0.54) (0.48) (0.53) (0.44) (0.45) (0.30) (0.50)
D. ¥ = 0.5, equal-weighted
Mean 0.0002 0.0002 0.0002 0.0002 0.0001 0.0002 0.0010 -0.0009
(0.43) (0.40) (0.37) (0.35) (0.49) (0.46) (0.09) (0.00)
Avg. st. dev. 0.0108 0.0106 0.0112 0.0065 0.0093 0.0100 0.0148 0.0097
Risk prem. bias —0.0058 —0.0055 —0.0066 -0.0033 ~-0.0051 —0.0045 —0.0049 —0.0046
(0.21) 0.23) (0.15) (0.28) (0.24) (0.22) (0.18) (0.23)

The mean and standard deviation of the difference between 300 monthly market returns in underlying and cross-held economies (R, — R?) were measured for each

of 100 simulation runs (with 50 firms in the economy). The average of each of these across the 100 runs is reported as mean and avg. st. dev., respectively. Risk prem. ,

bias measures the average difference between the ratio of the mean excess market return to the standard deviation of the market return in the cross-held and underlying
economies. All these results are reported for two aggregate cross-holding levels (5% = 0.2 and 0.5) and eight different cross-holding patterns. Below the mean and
risk prem. bias values, we give the fraction of observations with the opposite sign from the reported mean (or bias). This represents the probability mass in the
empirical distribution’s tail and thus provides a significance measure for the mean (or bias) differing from zero.
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is much larger than for the value-weighted returns.® The simulated
digtribution of market return differences is approximately normal;
hence, an average standard deviation of 0.0069 for equal-weighted
monthly returns in the dense case with h" = 0.2 suggests that approx-
imately one-third of the time the measured market return would
deviate from the true return by at least 2.5 percent on an annudized
basis.

We aso examine the effect of cross-holding on the ratios of mean
excess market return to standard deviation of market return in the
cross-held and underlying economies. This ratio is frequently used
as an estimate of the market risk premium. In Table 1, we report the
average difference between these ratios across 100 runs under the
label of risk premium bias. The results indicate that in the vaue-
weighted case there is little systematic difference in the two market
risk-premium estimates. For the equally weighted case, there is weak
evidence of a downward bias. The risk premium in the underlying
economy is approximately equal to 0.1, and thus the estimated biases
are only 2 to 8 percent of this value and are not highly statistically
significant. Thus, we find only a weak indication that comparing risk
premia (caculated in this manner) between economies with differing
cross-holding structures could potentially lead to inappropriate con-
clusions (e.g., rejection of the equdity of risk premia). However, as
we shall see shortly, other approaches to estimating risk premia across
markets are much more sensitive to cross-holding.

. Problems Associated with the Covariance Matrix of Cross-Held
Returns

We have noted that firms in a cross-held economy consist of operating
as well as financia assets, and thus their returns can be expressed as
portfolio returns. In particular, the vector of firm returns in such an
economy can be expressed as R = PR*. R* is the vector of returns
on operating assets, and the weights in firm i’'s portfolio are the entries
in the ith row of P. In this section, we discuss implications of this
result for econometric estimates that are based on observed security
returns in cross-held markets. We identify problems in estimating the
efficient frontier (in Section 3.1) as well as in using factor analysis
and testing the APT paradigm (in Section 3.2). International empirical

"The larger distortions for the equally weighted index result from its placin? more weight on small
firms' returns. In our Simulations, except for the risk- and size-correlated column, shares are equally
likely to be held by any firm. If small firmsin the underl_rng economy hold even small equi
stakes in firms with large operating assets, these stakes will have a profound effect on the small
firms' returns, resulting in an accentuated deviation of the index return from that for the underlying
economy.
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studies are particularly susceptible to the problems we outline given
the extent of cross-holdings in many foreign markets."’

3.1 Mean-variance analysis

Recall from the previous section that the ijth element of P is p; =
g;V*i/ S jg;V*;. Thus, the weights in firm's portfolio will change each
period as the V*; values change over time. We will illustrate that this
nonstationarity of the elements in P can induce significant distortion
in econometric estimates, particularly through its effect on the covari-
ance matrix of security returns. We will continue to assume that the
elements of H, and thus of Q = (I - H )™, are constant through time.
That is, firms do not trade the securities that they hold and do not
issue new securities. If this assumption were relaxed, the nonsta-
tionarity of the covariance matrix would likely become more pro-
nounced, further distorting econometric estimates.

The covariance matrix of security returns plays an important role
in the application, as well as the testing, of asset pricing theories.
For example, this matrix together with the vector of expected security
returns determine an economy’s investment opportunity set and the
efficient portfolios that lie on the frontier of this set. A simple linear
transformation of security returns by creating portfolios (which become
the new securities) does not affect the ex ante efficient frontier since
these portfolios can be unbundled to recover the underlying secu-
rities. However, if the portfolio weights are not constant through time,
the linear relationship between mean portfolio returns and mean
underlying returns will not transform the estimated covariance matrix
of portfolio returns into the covariance matrix of the returns on the
underlying securities. Thus, the estimated covariance matrix and mean
return vector in a cross-held economy may yield a significantly dif-
ferent estimate of the efficient frontier than the one that would be
obtained by using returns from the underlying economy. This result
is formalized in the following proposition, whose proof is in Appen-
dix A.

Proposition 5. Let P denote the time-series average (element by
element) of the P matrices over an estimation horizon T, and use
the time-series average return as the estimate of E(R). Then

plim 1T > R, = PE(R%),

"In addition to single-country studies involving cross-held markets. a substantial number of recent
articles attempt to test international financial market integration by comparing estimated prices of
risk across different stock markets. Stehle f1979, Jorion and Schwartz (1986). Solnik (1974).
Errunza and Losq (1985). Korgjczyk and Viallet ﬁl 39), and Harvey (1991) employ a CAPM frame-
work. Obstfeld.(1966? and Wheatley (1988) empl 031 the CCAPM. Studies by Cho. Eun, and Senbet
(1986), Gultekin. Gultekin, and Penati (1989). and Korgjczyk and Wallet (1989) use the APT.
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where R, denotes the vector of returns in the cross-held economy at
time t. However, plimQ > PQ*P’, where

plim Q= plim %, 2 (R,— R)(R,— R)".
t

This proposition says that the estimated covariance matrix for the
cross-held economy will be larger (element by element) than that
yielded by the linear transformation of the underlying returns process
using the average weighting matrix (P). However, P isthe matrix that
transforms the underlying return process to match (in the limit) the
estimated mean return for the cross-held economy. Thus, the standard
estimates of E(R) and W will yied an (estimated) efficient frontier
for the cross-held economy that differs from that for the underlying
economy. In fact, given that plimQ > PQ*P’, we expect to see a
particular bias in the shape of the estimated efficient frontier in the
cross-held economy relaive to the underlying economy.

This bias in the shape of the frontier can be analyzed by examining
the effect of cross-holding on the efficient set constants that charac-
terize the efficient frontier. In the cross-held economy these constants
are

A=22 v, (E(R) — R,
]k

B= 2 2 l),,/(E(R/) - R/)(E(Rh) - R/)y
j &

C= E 2 Vs,

In these expressions, R; denotes the risk-free rate of return and v;
was previously defined as the ijth element of W'. Anal 0ogous constants
(A*, B*, and C*) exist for the underlying economy, using E(R*) and
Wr, or equivalently usingPE(R*) and PQ*P’. Given our result that
estimated variances and covariances will be larger in the cross-held
economy, we should expect estimates with C < C*. The variance of
the globa minimum-variance portfolio in the respective economies
is equal to 1/ C or to 1/ C*. Consequently, the globa minimum-vari-
ance point will appear to be closer to the expected return axis in the
underlying economy than in the cross-held economy. Intuitively, it
is harder to reduce portfolio variance when the covariances between
firms equity returns are larger. However, as we move up the frontier
to portfolios with higher expected returns, we should eventualy obtain
portfolios using the cross-held returns, which appear to have lower
variance than equivalent expected return portfolios from the under-
lying economy. This occurs because the larger estimated covariances
in the cross-held economy can now be multiplifed by negative weights
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for an increasing number of pairs of firms. We should therefore obtain
less apparent curvature (i.e., a more open frontier) by using the
returns in a cross-held economy.

To verify this predicted distortion, we use results from the simu-
lations discussed in Section 2.2 to plot the two efficient frontiers and
to obtain related dtatistics. In Table 2 we provide the efficient set
constants A, B, and C for the 16 simulations (eight patterns times two
levels of cross-holding).”® We then report the following biases: A -
A*, B - B*, and C - C*, where these numbers are based on the
average difference in the constants over 100 runs in each simulation.
As predicted, the efficient set constant C is strongly (and significantly)
downward biased when estimated with the cross-held returns. We
aso find that B is strongly upward biased (we will return to this later),
and A is weskly downward biased.”

Figure 1 illustrates the distortion in the efficient frontiers. These
plots are based on the efficient set constants in Table 2 for the dense
cross-holding matrix case with h' = 0.5. In addition, the figure illus-
trates the tangent line (emanating from the origin) for each of the
two frontiers. The figure clearly illustrates that one appears to obtain
a much higher maximum ratio of return to risk (as measured by
standard deviation of return) in the cross-held economy than in the
underlying economy. We have caculated the dlope of the tangent
line, often referred to as the Sharpe ratio, in each of the two econ-
omies. Jobson and Korkie (1982) show that this Slope is equal to V/B.
We have caculated the average of the 100 estimates of \/B for each
simulation by using the underlying and cross-held returns and adjust-
ing for a bias in the estimate.® Table 2 shows the average Sharpe ratio
estimate in the underlying economy (over 100 runs) as well as the
average difference between the Sharpe ratio in the cross-held and
underlying economies, namely the bias induced by cross-holding.
The size of the bias is large and statistically significant for each cross-

"All reported estimates have been adjusted for the biases arising from the small sample estimation
rocedure. These bias corrections can be found in Jobson and Korkie §1980). As In Jobson and
orkie (1982), we have excluded from our sample cases in which either of the two global minimum

mean returns, A/C or A*/C*, is less than zero. Merton (1972) discusses the consequences of such
cases. We have a'so analyzed whether discarding these observations from our sample biases our
estimation procedure in any significant way. Leaving these cases in the sample decreases the velue
of the estimates of A*, A, B*, B, C*, and C somewhat, but has a negligible impact on the differences
A-A*, B-B* and C-C*.

' We aso find, but do not report in Table 2, that the expected excess retur on the global minimum
variance portfolio, A/C, is significantly upward bi when using the cross-held returns (all 100
differences were positive in each of the 16 cases). While this indicates an upward shift in the
efficient frontier, the shift is less than one basis point on average.

“The biase[v/Z] - VB can be approximated by a Taylor series expansion as VB + N/T — VB —

(B + N/T)‘-'”]BV:_ir(B) where the expression forvar(8)is given in Equation (2.4) in Jobson and

orkie (1980). B is the true value of the congtant as caculated on the parameters of the
return  generator.
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Figure 1.

Efficient frontiers in the underlying and cross-held economies

The efficient frontiers are based on efficient set constants found in Table 2 for the dense cross-
holding case with 4" = 0.5. The constants are calculated from 300 monthly returns for 50 firms in
each of 100 simulation runs. The tangency lines to the frontiers are also shown in the figure.

holding pattern and increases dightly with the aggregate cross-hold-
ing level.

This apparent bias in the Sharpe ratio does not imply that there is
necessarily a greater price of risk in an economy that has cross-holding
than in one that does not. Clearly, the result we obtain is a statistical
artifact by reason of the nongtationarity of the covariance matrix in
the cross-held economy coupled with an optimization procedure that
attempts to exploit an apparent difference in the covariance structure.
Our finding suggests, however, that one must be careful in inter-
preting results from market integration tests that compare the esti-
mated market prices of risk from economies with different cross-
holding structures.

Given the shapes of the two efficient frontiers illustrated in Figure
1 (and the efficient set constants in the two economies in Table 2),
it is reasonable to conjecture that empirical tests of the mean-variance
efficiency of the market portfolio would be more likely to reject effi-
ciency in an economy with cross-holding than in one without cross-
holding.”* Using results from our simulations, we measure the dif-

\While we refer above to the market portfolio for an economy, our analysis of the efficient frontier
distortion aPpHeS to portfolios e%;enerated from any given set of assets, which may or may not
comprise al assets in the market.
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Table 2
The effect of cross-holdings on efficient set constants, the Sharpe ratio, and mean-variance efficiency tests
Sparse Sparse Block Risk Risk and size
Dense Sparse columns rows diagonal Concentrated correlated correlated
A V=02
A 9.6208 9.8439 8.7741 9.3965 9.7921 10.4556 9.5859 8.8443
B 0.0139 0.0155 0.0187 0.0172 0.0257 0.0168 0.0155 0.0144
C* (x107%) 2.1254 2.1444 2.0667 2.1234 2.0695 2.0156 2.0576 2.0336
A- A —1.8475 —2.9337 -2.2414 -0.7951 ~2.9677 —3.3631 —2.4371 0.7097
(0.37) (0.35) (0.38) (0.37) (0.25) (0.26) (0.42) (0.35)
B— B* 0.0962 0.1019 0.0734 0.0929 0.0718 0.0602 0.0774 0.1222
(0.15) (0.10) (0.20) (0.13) (0.19) (0.20) 0.17) (0.06)
C— C* (x107) —0.7663 —0.7966 -0.7150 —0.4430 —0.7063 -0.6254 -0.9149 —0.4502
(0.00) (0.00) (0.00) (0.03) (0.00) (0.00) (0.00) (0.00)
Sharpe ratio 0.1059 0.1079 0.1117 0.1098 0.1192 0.1094 0.1080 0.1064
Sharpe ratio bias 0.0410 0.0428 0.0303 0.0419 0.0330 0.0282 0.0309 0.0532
(0.07) (0.04) (0.12) (0.10) (0.10) (0.12) (0.11) (0.02)
Index inefficiency 0.0105 0.0119 0.0166 0.0145 0.0234 0.0119 0.0121 0.0122
(underlying) (0.35) (0.33) (0.27) 0.29) (0.25) (0.34) (0.31) (0.33)
Index inefficiency 0.0518 0.0545 0.0477 0.0564 0.0565 0.0405 0.0430 0.0640
(cross-held) (0.08) (0.09) (0.06) (0.09) (0.12) (0.14) €0.07) (0.05)
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Table 2
Continued
Sparse Sparse Block Risk Risk and size
Dense Sparse columns rows diagonal Concentrated correlated correlated
B. ¥=05
A 8.6155 8.7980 8.7158 8.7361 9.6085 9.4993 8.1189 8.5444
B* 0.0207 0.0192 0.0176 0.0210 0.0220 0.0154 0.0191 0.0168
C* (x10-%) 2.1084 2.0108 2.0511 2.0985 1.8742 2.0529 1.9983 2.0305
A-— A —2.2746 —2.7881 —1.5907 0.2711 —3.8856 -4.1141 —1.5622 -0.8620
(0.23) (0.27) (0.40) (0.52) (0.32) (0.24) (0.42) (0.40)
B- B* 0.1041 0.1016 0.0900 0.1085 0.0747 0.0811 0.0980 0.1296
(0.10) (0.09) (0.10) (0.09) (0.10) (0.13) (0.13) (0.01)
C— C* (x107Y) —1.0264 —1.0217 —1.0332 —0.6255 —0.8271 -1.0122 —-1.1968 —0.6423
(0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00) (0.00)
Sharpe ratio 0.1137 0.1118 0.1098 0.1139 0.1148 0.1072 0.1116 0.1089
Sharpe ratio bias 0.0445 0.0463 0.0404 0.0503 0.0371 0.0374 0.0463 0.0583
(0.10) (0.05) (0.05) (0.02) (0.05) (0.08) (0.08) (0.00)
Index inefficiency 0.0168 0.0140 0.0125 0.0171 0.0183 0.0095 0.0144 0.0111
(underlying) (0.27) (0.30) (0.33) (0.26) (0.23) (0.34) (0.31) (0.34)
Index inefficiency 0.0617 0.0607 0.0535 0.0680 0.0549 0.0466 0.0599 0.0688
(cross-held) (0.00) (0.07) (0.05) (0.05) (0.05) (0.04) (0.05) (0.01)

The averages of the efficient set constants, A*, B*, and C* (in the underlying economy) from 100 simulation runs are reported. These constants are based on 300
monthly observations of excess returns for 50 firms. The biases in the three efficient set constants (defined as the differences between the cross-held and underlying
economies’ efficient set constants, 4 — 4*, B— B*, C — C*) are reported along with the average Sharpe ratio (\/B*) in the underlying economy and the Sharpe ratio
bias (VB — V/B*). The index inefliciency values reported for the underlying and cross-held economies represent the average difference (over 100 runs) in the slopes
of two lines: the tangency line to the efficient frontier and the line that passes through the value-weighted portfolio, both of which intersect the origin. All results are
shown for 16 simulations (eight cross-holding patterns times two levels of aggregate cross-holding). The values given in parentheses below several of the reported
statistics (for example, A — A*) represent the fraction of observations with the opposite sign from that statistic.
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ference in the dopes of the following two lines: the tangency line of
the efficient frontier and the line passing through the value-weighted
portfolio, both of which intersect the origin. The difference in these
two slopes (measured in excess return versus standard deviation space)
provides a measure of how far away the market index is from the
efficient frontier.

Table 2 aso reports the difference in these dopes as the index
inefficiency for the underlying and cross-held economies. The values
shown are the average differences over 100 runs in each simulation.
In the underlying economy, we cannot reject that the difference in
the dopes is equa to zero; that is, we cannot reject the ex ante
efficiency of the market index. However, for the cross-held returns,
the inefficiency of the market index increases markedly and appears
statistically significant for a wide range of cross-holding patterns. This
result implies that tests of the mean-variance efficiency for a market
portfolio may be biased toward regjection of efficiency if there is even
a moderate degree of cross-holding in an economy. Furthermore, this
effect is even more pronounced at higher levels of aggregate cross-
holding.

3.2 Factor analysis and the APT

Numerous single-market as well as market-integration studies have
employed the arbitrage pricing theory (APT), where returns are
assumed to be generated by a set of factors. In this section, we explore
potential methodological problems induced by cross-holding when
factors are prespecified and when they must be estimated from secu-
rity returns. Again, we employ simulations to anayze the extent of
distortions in a controlled environment.

Consider the hilinear paradigm employed by Gibbons (1982) in a
market-model context and Brown and Weinstein (1983) in a multi-
factor model. Suppose that the ex ante return-generating process in
the uzr;derlying economy can be represented for security i in period
t as

Ry=E,+ 3., + - + 8puby + &, (15)

where §,, is the return on the jth stochastic factor. These factor returns
each have zero expectation and are independent of returns on other
factors. The weight on the jth factor for security i is b; andé, has
zero mean. Ross (1976) shows that under the APT assumptions, E;
can be represented as

Ey=7g T Al + -0+ Ay, (16)

*The notation and methodology in this section follows closely that of Brown and Weinstein (1983).
Ah more detailed exposition of the model structure and some of the tests we use can be found
therein.
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where in equilibrium | 4 is equal to the risk-free rate and the | ‘s are
factor prices for period t. Let D , denote the T x k matrix of factor
redizations (with elements d ), and let R now denote the T x N
matrix of observed returns for the N securities. Then, from the factor
process (15), we have

r=A,B,+ U, (17)

where ry; = R; - E; and By is the k x N matrix of factor weightings.
By assuming that E; = E; for al t, we may interpret r as differences
from mean returns. From (16)) we now have

R=X\y + AB,+ U=AB+ U, (18)

where A = [Ag]rx1, 4o = [Ay; + 6y]_rxb» A= Ao, Aulrcca+rys Be = [Bplaxm
B = [t, BiJtes1yxn R = [Ruy]rxn and U= [e,]rxn.

We first analyze whether the presence of cross-holdings in an econ-
omy distorts estimates of the factor prices (A) when prespecified
factors are used in the bilinear model. To do so, we perform simu-
lations, using a return generator based on a two-factor model with
known properties. For simplicity, we utilize constant factor prices
with| ;=001 and| = 0.02 for al t.  We first generate R*;, a T x
N matrix of return observations for the underlying economy, and then
generate another T x N set of returns in the underlying economy,
which are then transformed into R,, the returns in the cross-held
economy. We then examine whether factor prices are affected by
cross-holding. With a two-factor model and constant factor prices, we
can write the matrix containing returns from both the underlying and
cross-held economies as

[R?» Rz] = [Ao",y (Xo + 'Yo)‘v,] + [xlblty (Al + 'Yl)bll
+ [)\zbz"» \, + 72)b2] + [T;‘: Tz]: (19)

where b*; (b) is a1 x N vector of factor loadings for the jth factor
in the underlying (cross-held) economy, and theT’s are mean zero
error matrices. Under the null hypothesis that the factor prices and
the risk-free rate are unaffected by the presence of cross-holdings,
we should find g, = ¢, = ¢ = 0.

Table 3 reports the results of our regression tests using T x 2N =
300 x 100 = 30,000 observations for each of 100 simulation runs
using a sparse H matrix with h" = 0.5. We have also run these tests
with severa other cross-holding patterns as well as with a larger
economy and find results consistent with those reported in Table 3.
The iterative procedure outlined in Gibbons (1982) and Brown and
Weinstein (1983) has been employed in these tests. Both WLS and

Z0ther parameters of the return generator are discussed in Appendix B.
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Table 3
Tests of the arbitrate pricing model with prespecified factors
Coeffi. Weighted least squares Generalized least squares
cients bT=02 b =05 b7 =0.2 bT=0.5
A 0.0043 0.0041 0.0038 0.0036
A 0.0079 0.0102 0.0063 0.0100
A, 0.0178 0.0191 0.0166 0.0187
Yo —0.0004 —0.0004 -0.0003 —0.0002
(0.28) (0.34) (0.34) (0.48)
Y 0.0004 -0.0010 0.0004 —0.0012
(0.50) (0.50) (0.60) (0.50)
¥, 0.0009 0.0024 —0.0002 —0.0008
(0.52) (0.42) (0.52) (0.52)

Regressions based on the following equation were performed to test whether the presence of cross-
holding affects the estimate of the risk-free rate of return and the factor prices:

[Rl‘v Rz] = [xﬂ‘,v .+ '7u)"’] + [Albn.v (xl + 71)b|] + lxzvz: (xz + 7z)bz] + ['1?, T;],

where RY is 2 300 x 50 matrix of security returns in the underlying economy, and R, is a similar
matrix of security returns from a cross-held economy (using sparse matrices with 5" = 0.2 and b
= 0.5). Returns are generated based on a two-factor model with A, = 0.01 and A,, = 0.02 for all ¢
The reported A and v estimates are averages across 100 runs. Below each v estimate, we report the
fraction of observations with the opposite sign. Both WLS and GLS estimates are reported.

GLS edtimations have been used, the latter to take into account the
substantial cross-sectiona correlation induced by cross-holding that
is not captured by the factors. Examining the estimated parameters,
we find that all g’'s are quite small and not significantly different from
zero. Thus, with known factors, the null hypothesis that cross-holding
does not distort factor price estimates cannot be rejected.® Not sur-
prisingly, the estimated risk-free rate and factor prices are quite close
to the parameters of the return generator.

Since the identity and even the number of factors generating returns
in an economy are typicaly unknown, we also examine the effect of
cross-holding on factor analysis and tests of the bilinear model when
the number of factors and their returns must be estimated. Cross-
holding-induced distortions may be anticipated for two reasons. The
first reason results from recognizing that securities in a cross-held
economy are essentialy portfolios of the underlying economy’s secu-
rities. Shanken (1982) has shown that it is possible to construct port-
folios that distort estimates and may even conceal the existence of
factors generating the returns of underlying securities. Although we
have no a priori reason to believe that cross-holdings have the specific
construction necessary to destroy factors, the increased cross-corre-
lation between firms security returns may wel result in miseading

*We have. a ormed andogous ng a market model and find that the null hypothess
once agan ?g ot rejrgcteda;t ?&g@snagﬁaséjgni icance levels. ! HI ypet
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estimates of the economy’s underlying factor structure. The second
possible reason for distortions arises from the fact that the implicit
weights (P matrix) for the cross-held economy’s returns are nonste-
tionary.

We first investigate whether cross-holding affects the estimated
number of factors. We generated underlying security returns, using
the two-factor model described above (with T = 300 and N = 50).
Using a sparse H matrix (with h' = 0.5), we also obtained the cor-
responding returns for the cross-held economy.” A maximum like-
lihood factor analysis was performed on each set of returns to obtain
B*, and B, (the factor loadings in the two economies). This procedure
aso yieds y* and y, which at convergence of the estimation pro-
cedure contain the diagonal dements of W* - B* B*,' and W - BB',,
respectively. We then test the adequacy of a k- factor model in 6|ola|n-
ing security returns, using a maximum likelihood ratio test.” The
standard procedure is to start with k = 1 and to increase the number
of factors generated until the null is no longer rejected at the desired
level of significance.

Using the underlying economy returns, we reject the null (for each
of 100 smulation runs) when k = 1 but never reject (at a 1 percent
significance level) when k = 2. Clearly, this is appropriate since the
returns are in fact generated by a two-factor model. However, using
returns from the cross-held portfolios of these underlying securities,
we reject the null (at the 1 percent significance level) for k = 2 and
even for k = 3 in every one of the 100 simulation runs. Note that the
null is also rejected if we use return observationsPR*—ithat is, a
stationary transformation {P:= (UT) S P] of the underlying returns.
This indicates that even without nonstationary weights, the implicit
portfolios generated by cross-holding introduce substantial cross-sec-
tional covariance that cannot be adequately captured by two factors.
Note aso that it seems cross-holding has the tendency to increase
the dimensionality of the apparent factor structure rather than destroy-
ing or hiding factors.

Under certain circumstances the finding of spurious factors is likely
to be mitigated as the number of assets in the economy grows. Con-
sider an economy in which each firm holds equity in a most n firms.
It is possible to increase the number of firms, N, in such an economy
and yet preserve a given aggregate level of cross-holding (e.g., one

*We also tried other cross-holding patterns as well as alarger economy and obtained results con-
sistent with those reported below

%|n particular, we test the null hypothesis of W= BB'« Kl See page 494 of Krzanowski (1988) for

adetailed descrlptlon of this test. He shows that Wlth securm%)W-[T (2N +11)/6 - 2K/

] 1nt1{]i)b ﬁyl/z 1n AV follows ac dlstnbutlon with (N - K)* - (N +K)] degrees of freedom
under the nu
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could increase the number of blocks in our block-diagonal structure
with each block having the same aggregate cross-holding level and
value). As the number of assets in this economy grows, the fraction
of firms, n/N, whose returns include a particular firm's idiosyncratic
risk goes to zero. The apparent distortion in the factor structure due
to cross-holding may thus eventualy disappear for this economy once
it has a sufficiently large number of firms.

Nevertheless, our analysis indicates that the factor structure is clearly
distorted for a wide variety of cross-holding patterns, and thus it is
important to examine how seriously affected are APT tests using esti-
mated factor structures as inputs. In particular, we examine tests of
the bilinear models in (17) and (18), such as those employed by
Brown and Weinstein (1983), using B, estimates obtained from the
factor analysis procedure discussed above. These tests are based on
partitioning a set of 2N securities into two digoint groups of N secu-
rities and testing whether the risk-free rate of return and risk premia
implied for the two groups of securities are identical. For example,
Equation (18) can be rewritten as

[R, R,) = A[B,, B] + U, U,). (20)
A less restrictive form of this eguation is
[Ri, R;) =[ABy, 4,B,] + [U,, (%) 21

Under the null hypothesis, we expect that A, = A,.

We implement four tests proposed by Brown and Weinstein (1983)
to study the effect of using R*; and R,, two sets of returns where the
returns of the second group are based on portfolios generated by
cross-holding, in lieu of R*; and R*,. The first three tests involve
F-statistics computed by using the sums of sguared errors for con-
strained and unconstrained versions of Equation (21)." In the first
F- satistic (F,), the constrained regression alows only one risk-free
rate to be estimated (i.e., | o; = | o, IS imposed). In the calculation of
F,, the constrained model estimates only one common set of risk
premia, A. For F; both of the above constraints are imposed. We
aso compute a fourth F-statistic (F,) to test whether the estimated
factors are the same for both groups of returns. This F- statistic is based
on the sum of squared errors of the unconstrained factor moded [r,,
ro] =[D Ba, D Bl +[U;, Uy] and the constrained version [rq, ry] =
Dy [Bu, Bl +[Uy, U]. ]

We first apply these four tests to two groups of security returns from
the underlying economy (N = 50 for each group), R*; and R*,. The

"These tests are described in detail in the ?pendix_of Brown and Weinstein (1983). We did not,
however, employ their approximation in (A.6), which we found to be inaccurate for our data set.
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Table 4
Tests of equivalence of risk premia and the risk-free rate implied for two groups of
securities

F F, F, F,

A =02
F* 1.218 1.220 1.181 1.142
F,— F* 0.147 0.030 0.508 0.788
(0.09) (0.43) (0.00) (0.00)
F, — r* 0.140 0.025 0.417 0.648
(0.15) (0.44) (0.00) (0.00)
F,— F, 0.006 0.005 0.092 0.139
(0.34) (0.49) (0.05) (0.05)

B. & =05
F* 1.227 1.212 1.178 1.133
F,— F* 0.346 0.217 1.348 2.119
(0.03) (0.16) (0.00) (0.00)
F,— F* 0.313 0.134 1.029 1.637
0.07) (0.22) (0.00) ©0.0n
F, - F, 0.034 0.082 0.319 0.482
(0.38) (0.31) (0.00) (0.01)

F-statistics are presented based on constrained and unconstrained versions of the bilinear model.
Each reported F-value is the mean across 100 runs. The first three F-tests are based on the arbitrage
pricing model. For F,, the constrained regression allows only one risk-free rate to be estimated.
For F,, the constrained model estimates only one common set of risk premia. For F£,, both of the
above constraints are imposed. F, is based on constrained and unconstrained versions of the factor
process model (17). There are two panels, one for each level of aggregate cross-holding. The first
row of each panel provides the four F-statistics when both sets of security returns are from the
underlying economy (R*, R*). The other three rows present differences in F-statistics, where the
F's are based on two groups of security returns, one each from the underlying and cross-held
economies, R? and R,, respectively, and the F,statistics use the two groups, RY and P R?. Sparse
matrices are used to generate returns in the cross-held economy. Below the differences in F-values
we report the fraction of observations with the opposite sign.

constrained and unconstrained regressions discussed above were per-
formed with B, matrices obtained from maximum likelihood factor
analyses of the return data® Using the errors from these regressions,
we calculated F*;, F*,, F*5, and F*, which are reported in Table 4.7
This procedure (factor analysis and regressions) was then repeated
for the two groups of returns R*; and R,, where the second group of
returns now comes from a cross-held economy. This yielded F,, F,,
Fs, and F,. Findly, the same anaysis was performed for two groups
R, and PR¥. This third set of F- tatistics (£, £, F, F,) allows us to
explore the distortion induced by portfolios where the weights are
stationary.

**The factor analysis used dl return observations from both groups. Alternatively, the factor andlysis
could be performed separately on each group. We repeated our analysis in this manner, but found
the results relaing to distortions induced by cross-holding were quite similar.

®The degrees of freedom for the four F- tests are Fy; (300, 28,200), F: é6OZO, 28,200), F5: (900, 28,200),
and F,: (600, 29,600). Since the asymptotic distributions of Fy; 5, and ¢ (d,)/d; approach one another
as d, approaches infinity, we approximated all F- statistics by caﬁculatlng ¢ vaues.
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The numbers reported in Table 4 are based on the average F- sta-
tistics for 100 simulation runs using sparse cross-holding matrices
with h" = 0.2 and h' = 0.5 to generate the returns R, and PR%.%
F-statistics in the first row of the table are based on the two groups
of returns from the underlying economy (i.e., these test statistics
represent simulations of the null hypothesis). Interestingly, the
empirical distributions of our F- statistics for the null hypotheses do
not conform closely to the hypothesized F- distributions. In particular,
the means of our F- statistics are too far from 1, which implies that
when we smulate the null hypothesis we rgject it much too often.
We attribute this departure from the F- distribution, in part, to our
finite sample size but mainly to the error-in-variables problem asso-
ciated with the factor estimates and their sentivities in the multivariate
regressions.

The second row illustrates the extent to which cross-holding
increases the values of the F- statistics. The average F- statistics increase
when cross-held returns are included in the data. In addition, the
upward biasesin F,, F;, and F, are statistically significant (for example,
all 100 runs yielded positive differences for F; and F,).** Note that
both F; and F, increase considerably in the presence of cross-holding.
This increase is very pronounced for the high level of aggregate cross-
holding, h" = 0.5.

We dso report the effect of a stationary portfolio transformation
(P) in the next two rows of Table 4. This allows us to examine the
extent to which the distortion induced by cross-holding is attributable
to nongtationarity of the portfolio weights. The results indicate that
even a stationary P matrix transformation has a statitically significant
effect on the F- statistics and explains a large fraction of the distortion.
However, the last row shows that the additiona effect of nonstation-
arity is aso significant for F; and F,.

In summary, cross-holding does not seem to cause significant dis-
tortions in APT-based estimates of the risk-free rate of return and
factor prices as long as the appropriate factor returns are known.
However, in the more redlistic situation where the factor structure is
not known, cross-holding appears to create significant errors. When
the factors generating returns in an economy must be estimated, the
factor analysis procedure does not deliver the correct underlying
factors in the presence of cross-holding. Subsequent regressions using
the estimated factor loadings produced distorted estimates of the

%Again, we have run these tests with several other cross-holding patterns as well as larger economies
and obtain results consistent with those repotted in Table 4.

¥\We find that the significant biases lead to substantial increases in the rejection frequency of the
null hypothesis. These rejection frequencies ranfge from 20 percent for biases significant at the 10
percent level to 100 percent for the mast significant biases.
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underlying risk-free rate and factor prices. Furthermore, the results
reported in Table 4 are consistent with those for several other cross
holding patterns as well as larger economies. This suggests that these
results are robust to a wide variety of cross-holding situations.

. Concluding Comments

This article has focused on measurement distortions and a variety of
estimation problems that arise when using observed returns and mar-
ket capitaizations from an economy with cross-held securities. We
begin by showing that equity market capitdization calculations should
be based on the value of outside rather than total shares. The more
genera result that aggregate market value should be based only on
outside securities is demonstrated in Appendix A. An implication of
this result is that comparisons of aggregate leverage measures across
markets should not consider inside debt or other securities held by
listed firms.

Our anaytic results on market returns suggest that the conditions
under which cross-holding does not distort standard equity market
return measures are quite restrictive. In particular, Proposition 2
requires that the fraction of inside shareholdings be equal across
firms. This condition is generaly not satisfied in practice. As shown
in Proposition 3, the resulting distortion will depend on the cross-
sectional covariation of returns and cross-holding. If more heavily
cross-held firms have above-average returns, the standard market return
measure will be distorted upward, and vice versa when these firms
have below-average returns. Our analytica results aso indicate that
the standard market portfolio will generaly be inefficient relative to
the capitadl market line in a CAPM context and will also not lie on
the mean-variance frontier of risky securities.

The basic problem of inappropriately measuring market returns
and the resulting problem of specification error (for example, in
estimating betas) is related to the Roll (1977) critique of the CAPM.
However, our situation differs in that we do not have excluded assets.
In other words, having returns for all assets is not a sufficient condition
for a valid test of the CAPM. It is aso necessary to know the cross-
holding pattern (more precisely, the P matrix in our model).

Despite the above problems induced by cross-holding, our simu-
lation results indicate that for some applications the use of cross-held
returns may not lead to serioudly biased results. For a wide range of
cross-holding patterns, the mean bias in the cross-held market return
index was small and datisticaly insignificant. The cross-held and
underlying (true) market indices were aso highly correlated. Even
for those cross-holding patterns where we found dtatistically signifi-
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cant bias in the mean market return, the size of that bias was relatively
small. The market risk premium measured by the ratio of mean excess
market return to its standard deviation was also not significantly biased
on average.

This relatively good news does not guarantee an absence of bias
in al cases. It does, however, suggest that studies making reatively
simple comparisons of market returns and risk premia (measured by
the above ratio) across markets with widely different cross-holding
patterns may still obtain unbiased estimates of these parameters.
Unfortunately, our simulations indicate serious pitfalls for other types
of estimation and asset pricing tests using cross-held returns.

After reflecting on our anaysis, we see that the nonstationarity of
the return process induced by the changing P matrix is obvious. How-
ever, the distortion induced in the estimated efficient frontier is strik-
ing. This distortion results in a large and generaly significant bias in
the maximum Sharpe ratio as well as a pronounced tendency to reject
the mean-variance efficiency of the market portfolio in the cross-held
economy. This is due to the efficient frontier optimization procedure,
which implicitly magnifies the effect of distortions in the estimated
variance-covariance matrix, with rather dramatic results. Notably, this
effect appears robust to a wide range of cross-holding patterns.

When we shift our consideration to tests of the APT, the key issue
is whether the underlying factors are known. If we can observe the
underlying factor returns, our tests indicate that factor price estimates
do not appear to be serioudy biased by cross-holding. However, if
the underlying factors are not known and must be estimated from
cross-held returns, serious problems arise. First of al, the number of
factors are incorrectly estimated for the cross-held economy. Even if
we utilize the correct number of factors, our simulations indicate that
the estimated factor risk premia are distorted. This implies a tendency
toward spurious rejections of APT when some shares in the market
are cross-held, or, alternatively, rejections of market integration across
markets with and without cross-held shares. Again, these results appear
quite robust to differing cross-holding patterns.

The problem of correctly identifying the underlying factor structure
for cross-held returns is reminiscent of the debate between Shanken
(1982, 1985) and Dybvig and Ross (1985) on APT testability. A key
aspect of Shanken’s critique was the argument that repackaging secu-
rities into portfolios could conceal the existence of factors. Perhaps
the most powerful criticism of Shanken's argument was that the port-
folios he congtructed were artificial. While this point may have merit
with regard to completely concealing factors, cross-holding repre-
sents a naturally occurring and widespread phenomenon that appears
to serioudy distort estimated factor structures. Consequently, a more
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genera interpretation of Shanken’'s basic idea has considerable appli-
cability in markets with cross-held securities.

In summary, cross-holding introduces a number of potential esti-
mation difficulties. For some estimates (described above) the bias
induced by using cross-held returns does not appear to be severe.
For other estimates, the biases are substantial, and the only straight-
forward way of avoiding them is to have the time series of P matrices.
That is, we need to know the weights in firms portfolio holdings of
other firms securities. Such information is not currently available on
a widespread and disaggregated basis. Until we circumvent this prob-
lem, it appears that we should treat some estimates based on cross-
held returns with considerable caution.

Appendix A

Market aggregation with many classes of securities

We extend the results in Section 1 to alow for both equity and none-
quity (e.g., debt) securities. Let S denote the market value of all
outstanding securities of type k issued by firm i. For example, k = 1
may represent firms' common shares, while k = 2 may represent
corporate bonds. Let H* represent the cross-holding matrix for the
kth type of security; that is, hkij is the fractional ownership of firm j’'s
type -k security by firm i. The aggregate value of firm i’s securities can
be expressed as follows:

D SE=VE+ XD BySh (A1)
& kf
Summing over al firms, we obtain
E USk=yV* + E VHE S, (A2)
k

Splitting the security value S° between inside and outside holdings,
S' and S©, respectively, and noting that

USH = SH =3 D b, Sk = VH*SE, (A3)
1 i f
we arrive a the following result, which is analogous to the all-equity
case:
2 USkO = JV* (A4)
1]
That is, the aggregate value of al securities held by outside investors

equals the aggregate value of operating assets, and as such represents
the true market capitalization for the broader securities market we
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have defined here. From (A4) it is aso apparent that a recapitalization
that involves exchanging inside securities of one type for inside secu-
rities of another type may change the standard measure of market
capitalization but will not affect the true market capitalization.

Corollary to Proposmon 1. If there are many classes of corporate
securities, and R’ is the return on firm i’s type-k security, then
ShO

R%, = 2 2 wHRY where wg, = S_o and S$9 = 2 E S (A5)
ik - &

To prove this corollary, we proceed as in (12) and (13).
1 zt
k= 20 %
22 wiRt =5 2 2 S (46)

where Z* is the portion of firm i's total earnings, Y, which accrues
to holders of the kth class of its securities. Denoting the earnmgs
“payable’ to outside holders of firm i's type-k security by Z“°, we
obtain

ST uari- 5 I3 2 )

Using vector notation plus (A4) and analogous relation for aggregate
outside earnings as discussed in the text, we obtain

Z 02 X
ZZwﬂRf—z—k"/ST—TF=R’:. B (A8)

Proof of Proposition 2. We can express R*,,, as follows, using (13) and
alowing h; to represent the proportion of firm i’s shares held by other
corporations:

2, (1 — b)S,R, SR—S'R

= . A
2, (1 — b)S, US — VS (49)

R* = w°R =

Using (11) we can reexpress R, as
R, = S'R/VS. (A10)

Setting R,, = R*,,, and cross-multiplying the scalars in (A9) and (A10),
we obtain

VSS'R — /SS"R=/SS'R — VS'S'R. (A11)

The first term on each side of (A11) cancels. A necessary and sufficient
condition for (A1l1) to hold for all possible return vectors, R, is

VSS! = S!S, (A12)
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This requires that the column and (corresponding) row sums of SS'
must be equal; that is,

b,S, 2 S,=S, 2, bS, (A13)

This will be true for al possible firm vaue vectors, S if and only if
, = b Vi; that is, each firm must have the same proportion of its
shares held by insiders. a

Corallary to Proposition 2. The standard market return (R,) is
equivalent to the true market return (R*,) for all V* and X if and
only if each firm has the same proportlon of each of its types of secu-
rities held by insiders (i.e., h = h for all i and k),

The proof of this corollary is analogous to the proof in the al-equity
case shown directly above.

Proof of Proposition 3. Using Proposition 1, we can express the dif-
ference between the standard and true market return measures as

R,~ R%t=(w~ uw°)'R (A14)
Expressing the weights w, and w°, in terms of equity values, we get
R,— Rt =1 (% - (1——50"‘)—5’>R,. (A15)

1 m m

Recalling that h' is the aggregate measure of the percentage of total

share value owned by insiders, we can write S°, = (1 - h")S,. Sub-
gtituting this into (A15) and simplifying we obtain

R, — R% = ( bT)S 2 (b, — b)S,R,. (A16)
Since Z, (b, — b™)S, = 0, we can obtain the desired expression in
Proposition 3. a

Proof of Proposition 4. All portfolios on the mean-variance efficient
frontier of risky assets can be represented as linear combinations of
two portfolios on that frontier. Choose those two portfolios to be the
true market, whose weighting vector is w®, and the minimum-variance
efficient portfolio, whose weighting vector is a. Merton (1972) has
shown that elements of a are determined by the covariance matrix W
such thate, = Z,»,/Z, 2, , for i, where v; is the ijth element of W™,
Then the standard market portfolio will I|e on the efficient frontier
if and only if its weighting vector w satisfies

w=2Aa+ (1 — A)u°. (A17)
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This clearly requires
w, — w9 = Ne, — w9)

Proof of Proposition 5. First, we demonstrate that plim (I/ T) S R =
PR*.

R,

1
2R

P,RY, (A19)

1
72 PAER® + &), (A20)
.1 .1 .1
plim = > R, = plim T > P.E(R*) + plim 7 D Pt
t t t

_ 1
= PE(R*) + plim 7 D P, (A21)
4

since P = (1/ T) S P.. The elements of P, are
P = AyVi/Ze GV (A22)

The V*, values depend on R* redlizations in earlier periods; however,
the error vector (e *)) is intertemporally independent with mean zero.
Therefore,

plim lr D Per=0. (A23)
Consequently,
plim %2 R, = PE(R®). (A24)
To demondtrate thatQ > PQ*P’, we andyze a generic element:

Q.y= %., E (Ru - Rl)(Rﬂ - Rj)’ (A25)

plim @, = plim lT 2 (P.RY)(P,RY) — (PE(RM)(PE(RY). (A26)

I3

With some manipulation this reduces to
plim Q,= PO%P + 2 >, E(RY)E(RYD Ay, + 2 WndAym (A27)

where A,,, = plim (1/7) 2, 4,,9,,, and 4,,, equas the change in Py,
from time zero to time t. That is, 8,,, = P, — Pimo-

From (A22) it is apparent that q ;,, will be positive (negative) if
V* ., has increased more (less) than the weighted average S | g V* over
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the time period from O to t. Although the weights in q j are dightly
different, its sign will be primarily determined by the overall change
in V* - consequently, it will tend to have the same sign as q ;. Thus,
Ajm =plim (I T) St qim g jm > 0. Furthermore, the economics of pricing
for risky securities imply that both E(R*) and E(R*,,) should be pos-
itive. Consequently, plim . 9,,> PQLP,. [ ]

Appendix B: Simulation Description

In this appendix, we provide details of our simulation procedures.
The initia value of the operating assets (V*,) for each of the 50 firms
is sampled from a uniform distribution between 0 and 1 (however,
any positive upper bound would lead to equivalent results). Monthly
equity returns in the underlying economy are generated from a market
model. All distributions discussed below are norma unless otherwise
indicated. The parameters of the market model are as follows. the
riskless rate equals 0.0042 (i.e., 5 percent per annum); mean excess
return on the market equals 0.00583 (i.e., 7 percent per annum% the
variance of the monthly market return equas 0.0033 [= (0.20)7/12];
the distribution of firm betas has mean equal to 1.00 and variance
equal to 0.42; and, the standard deviation of firms unsystematic risk
is randomly drawn from a uniform dlstrlbutlon with lower and upper
bounds of 0.01 and 0.07, respectively.® The riskless rate and the
characterization of idiosyncratic risk for the two-factor model are the
same as in the market model. The factor sengitivities are normally
distributed with the factor means equal to 0.052 and 0.004, while the
factor variances are 0.022 and 0.019. The risk premia on the two factors
equal 0.01 and 0.02, respectively. The factors are independent stan-
dard normal random variables.

The restrictions used to generate the eight classes of cross-holding
matrices are detailed below.

Dense: Each of the 2500 entries in H matrix is sampled from a (O,
1) uniform distribution (we assume that no firms hold short positions
in other firms equity). We also generate column sums from a uniform
distribution and scale column elements so that their sums match the
generated values. We then employ an iterative procedure that cal-
culates S = (I - H)*V* and rescales H as necessary to match the
specified h' value for the economy.

Soarse: These are generated as outlined above for the dense matri-
ces with the following exception. Individual matrix elements are

*The variance of the beta distribution is based on an estimate that uses the Fama and MacBeth
(1973) procedure on historical U.S. stock data from the period 1926-1989.
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generated based on a distribution where there is a 40 percent prob-
ability that the entry is equal to zero and a 60 percent probability that
the dlement is drawn from the (0, 1) uniform distribution.

Sparse columns: There is a 40 percent probability that a particular
column sum is equa to zero (and thus each entry in a zero column
is zero).

Soarse rows; There is a 40 percent probability that a particular row
sum is equal to zero (and thus each entry in a zero row is zero).

Block diagonal: These matrices are constructed with five 10 x 10
dense blocks (generated as described above) down the diagona and
zeros elsewhere.

Concentrated: These are generated in the same way as sparse matri-
ces, but with a 90 percent probability of an entry being equa to Zero.

Risk correlated: Prior to rescaling H to match the desired h', the
columns of the sparse matrices are reordered such that firms With
large (small) expected returns are assigned columns that have a large
(small) proportion of shares held by insiders. The correlation between
h, and E(R) across al firms for matrices generated in this manner
was, on average, 0.97.

Risk and size correlated: First we construct an unscaled risk-cor-
related H matrix. Then we generate the vector of firm sizes based on
the underlying operating assets, V*. Next, V* is reordered such that
the expected returns are inversaly related to firm size based on oper-
atlng assets. Finally, H is rescaled to match the desired h'. Thus, firm
size and the proportion of the firm's shares held by insiders are aso
negatively corrdlated. The average absolute values of these correla
tions were greater than 0.97.
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