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We explore the dynamics of a takeover bid. In con-
trast to preceding models, if the initial takeover
bid is unsuccessful a raider is allowed to make a
new tender offer in order to try and secure the
remaining shares. Numerical analysis shows that
the raider’s tender offer rises over time as be accu-
mulates more shares. The anticipation of a higher
tender offer in the future makes shareholders more
inclined to bold their shares and forces the raider
to offer a higher premium than is predicted by
static theories. As the time between tender offers
goes to zero, we show analytically that the expected
profit from engaging in a takeover goes to zero.

Since the work of Grossman and Hart (1980), it has
generally been believed that exclusionary devices are
required for takeovers to be profitable. This insight
is predicated upon shareholders being atomistic. Ba
gnoli and Lipman (1988) show that when there is
instead a finite number of shareholders, equilibria
exist in which a raider engages in a takeover. For the
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case when each shareholder has one share, the symmetric equilibrium
has the raider make a tender offer gtrictly less than the posttakeover
vaue and each shareholder randomize in deciding whether to sell.
While the takeover does not take place for certain, it does occur with
positive probability, and, in the event it does occur, the raider earns
gtrictly positive profit since his tender offer is below the posttakeover
share value. As a result, the raider realizes positive expected profit
from engaging in a takeover. The profitability of takeovers when the
number of shareholders is finite is aso established by Holmstrém
and Nalebuff (1992) .*

In showing that takeovers can be profitable, these theories leave a
crucial issue unresolved. When randomization results in too few
shareholders tendering, the takeover bid fails because the raider is
not allowed to make a new tender offer. But is this a natural assump-
tion? Might there not be an incentive for a raider to go back into the
market with a new tender offer so as to try and secure the remaining
shares? In fact, if it was initialy profitable to make a tender offer, it
would seem even more so now that the raider has a position in the
firm as it will take fewer shares to complete the takeover. Of course,
this depends on what happens to a shareholder’s reservation price as
the raider's holdings increases.

In practice, the successful takeover of a firm often does require a
raider to make more than one bid. In a data set composed of U.K.
acquisitions, Franks and Harris (1989) found that over 9 percent of
uncontested takeovers entailed multiple bids. Multiple bids had a
positive and significant impact on the abnorma returns received by
the shareholders of the target firm. It would then appear that a static
model creates a premature ending to the takeover bid.

In related papers, Shleifer and Vishny (1986), Hirshleifer and Tit-
man (1990), Holmstrijm and Nalebuff (1992), and Ferguson (1992)
explore a takeover bid when the bidder has a stake in the firm prior
to publicly announcing his one-time tender offer. Even though share-
holders are atomistic in Shleifer and Vishny (1986) and Hirshleifer
and Titman (1990), attempting a takeover is profitable because the
bidder can earn an above-normal return on his current holdings. Of
course, he redlizes no gains on shares acquired via the tender offer.
The limitation to this form of analysis, however, is that it does not
explain how the raider came to acquire his initial holdings. This
approach constitutes only a snapshot of a dynamic setting in which
a raider gradualy acquires shares over time.

'Also see Noe (1992), who uses nonstandard analysis to prove that the raider's expected return is
positive for some equilibria even when each shareholder has only an infinitestima fraction of the
total number of shares. For a review of some of the work mentioned, see Spatt (1989).
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Dymamics of the Free-Rider Problem

It is the objective of this article to formulate a dynamic modd of
a raider’s quest for control of a firm. The raider is assumed to make
unconditional (and uncontested) bids directly to shareholders. The
takeover bid is derived as part of a symmetric Markov perfect equi-
librium of an infinite horizon game. Our main objective is to explore
the dynamica properties of a takeover bid and to provide new insight
into the free-riding problem.

Even though a raider has more opportunities to acquire a firm in
the dynamic setting, our analysis shows that his payoff is strictly less
than that predicted by equilibria for the static game. When the take-
over turns out to be unsuccessful in the static game, the loss to a
shareholder from not tendering is considerable since he has foregone
any opportunity of selling his shares at a premium. In contrast, when
the raider can make future tender offers, a shareholder knows that an
initially failed takeover attempt will only bring the raider back into
the market with, as we will show, a more attractive tender offer. Since
the vaue of not tendering on€'s shares is greater, a shareholder must
be offered a higher price in order to induce him to sell today. This
drives up the tender offer and drives down the raider’s expected profit.

As the time between tender offers becomes arbitrarily smadll, it is
shown that a successful takeover requires the raider to make a tender
offer that gives dmost all of the takeover-induced surplus to share-
holders. Though the takeover is consummated very quickly, the raider
receives very little of the surplus he has created. When a raider is
capable of making frequent tender offers, a takeover attempt is then
unlikely to generate sufficient profit so as to compensate him for any
associated fixed costs. For example, with 20 identical shareholders
and a takeover rule of 50 percent, the symmetric equilibrium of the
static game predicts the raider’s expected profit is almost 9 percent
of the rise in the value of the firm from a takeover. However, with an
annua real interest rate of 4 percent and a tender offer every three
months, the symmetric equilibrium of the dynamic game predicts that
the raider’s expected profit is less than; of 1 percent of the takeover-
induced rise in firm value.

This finding-that the equilibrium tender offer converges to the
posttakeover share value as the length of the period goes to zero-
is closely related to an important theorem in the durable goods and
bargaining literatures. Referred to as the Coase Conjecture (though
it has been proven), it states that the monopoly price of a durable
good is close to margina cost when the length of the period is small.
Thus, when agents can change their actions quickly, inefficiencies
associated with price being above margina cost or with delay in
completing a takeover (due to the tender offer being less than the
posttakeover share value) are small. The relationship between our
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model and the model of a durable goods monopolist will be dis
cussed.

Though a dynamic theory supports the qualitative findings of Ba
gnoli and Lipman (1988)-in that a raider earns positive expected
profit from engaging in a takeover-the free-riding problem is shown
to be considerably intensified when a raider can make multiple tender
offers. Quantitatively, it would appear that the expected profit from
a takeover bid can be quite low and that exclusionary devices may
indeed be necessary even when ownership is concentrated.

. A Dynamic Model of a Takeover

A firm is owned by N shareholders, each of whom holds exactly one
share. There is a single raider who has proprietary knowledge as to
how to increase the value of the firm by $6 per share. Normalizing,
weset § =1 and, in the absence of a takeover, make the fundamental
value 0. In order for the raider to ingtitute the necessary changes to
redize this increased value, he must own at least K shares where K
€{1,...,N—1}. Then (K/N) is the takeover rule.

The game starts in period 1 and proceeds as follows. In each period,
the raider makes an unconditional bid for shares directly to share-
holders. That is, the raider is willing to buy any number of tendered
shares at the offered price, regardless of whether the number of shares
suffices to take control of the firm. Given the tender offer, the share-
holders simultaneoudy decide whether to sell their shares. In order
to ensure the existence of a symmetric equilibrium (that is, where
all shareholders use the same strategy), we allow shareholders to
randomize. We assume that once a shareholder sdlls, he is out of the
game. As soon as the raider owns at least K shares, the game ends
and all remaining shareholders (including the raider) receive 1 for
each of their shares. There is no upper bound on the number of
periods.

A history of the game in period t is composed of past tender offers
and number of shares sold over the preceding t - 1 periods. Let A
denote the space of possible histories at t. A raider’s strategy is a
sequence of functions, {y*(-)}=,, where ¢*: H*— R, . ¢ tells the raider
what tender offer to make in period t conditional on the history at t.
A shareholder’s strategy is a sequence of functions, {¢‘(-)}=,, where
¢ H' x R, — [0, 1]. Given he has not dready sold his share, ¢*is
the probability that the shareholder sells given the history at t and
the current tender offer. Shareholders and the raider are risk neutra
and have a common discount factor of & € [0, 1].

In light of shareholders being identical, our solution concept is
symmetric Markov perfect equilibrium. The payoff-relevant state vari-
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able is the number of shares sold or, equivdently, the number of
shares currently held by the raider. Let m denote the state variable.
At a Markov perfect equilibrium, the raider’s strategy is a function
that maps from (O, 1, . ., K - 1} into R,, and a shareholder’'s strategy
maps from (0, 1, ..., K- 1} x R, into [0, 1].

Under this formulation, the dynamica properties of the takeover
bid are due to shareholders tendering their shares over time. A raider
may then need to make severa tender offers in order to secure enough
shares to gain control of the firm. A distinct source of dynamics is
present in models with multiple bidders; see Giammarino and Hein-
kel (1986), Fishman (1988), and Hirshleifer and Png (1990). In their
models, bids are assumed to be conditional so that a raider does not
acquire shares over time.

. Symmetric Markov Perfect Equilibrium

In this section, the method for constructing a symmetric Markov per-
fect equilibrium is described. An equilibrium is defined by a recursive
system of Keguations and can be solved by backward induction. Since
the game ends as soon as the raider owns K or more shares, payoffs
are uniquely defined when the gtate variable, m, lies in {K, K + 1,
. . .,N}. The first step is to solve for a symmetric Markov perfect
equilibrium when m = K - 1. Having solved for that equilibrium,
payoffs are defined for m3 K - 1. Next solve for a symmetric Markov
perfect equilibrium when m = K - 2. Continuing backwards in this
manner, a symmetric Markov perfect equilibrium for the entire game
can be derived.

To begin, consider the subgame when the raider has K - 1 shares
and makes a tender offer of r. Let #._, denote shareholders expec-
tation on next period's value of a share when the state variable is
unchanged; that is, no shares were sold this period. Without loss of
generality, we can assume #,_, = 1 since this must be true in equi-
librium. Ultimately, #._, will be derived, but for the time being it is
taken as exogenous.

Given (r; 7«_,), :let us derive optima shareholder behavior. If r <
8#¢_, then the weakly dominant strategy is not to tender. Tendering
yields r, whereas not tendering yields é#,_, 'when no one ese tenders
and 1 when at least one other shareholder tenders, so the raider owns
a least K shares and can implement the takeover. The unique equi-
librium is for each shareholder not to tender whenr < 6#._,. Now
suppose r € (87_,, 1). Tendering is not a symmetric equilibrium
because it yields r, whereas not tendering, given everyone else is
tendering, yields 1 due to the firm being taken over. Nor is not ten-
dering a symmetric equilibrium, because it yieldss#,_, - while ten-
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dering yields r. Hence, a symmetric pure-strategy equilibrium does
not exist when re (67,_,, 1). A symmetric mixed-strategy equilibrium
does exist, however, and it entails each shareholder tendering with
probability p,._, defined by

r=01—(QQ = pe DV 1) + (1 — pp_)VKoFy_,. (1)

The term r is the payoff from tendering, and the r.h.s. of (1) is the
payoff from not tendering. It is derived as follows. Given each of the
other remaining N - K shareholders tenders with probability p._,,
the probability that at least one of them tenders isl — (1 — p,_, )%
In that event, the takeover is completed and a nontendering share-
holder earns 1. If instead no one tenders, which occurs with proba-
bility(1 — p,_ )% %, he receives a payoff of #._, in the next period.
The fina case is when r 3 1. It is easy to show that the unique
symmetric equilibrium is for all shareholders to tender. It follows
from the preceding anaysis that a shareholder’s strategy at the unique
symmetric equilibrium is

0 if 7€ [0, 67,_,),

1 - r 1/(N — K)

Per(rs ) =41 — [TW] if r& (87, 1, (2)
1 ifr=1.

-

When he makes a tender offer of r, a raider expects a shareholder
to tender his share with probabilityp,_, (r; #x_,). L etVi_, (#«,) «denote
the value function for the raider when m = K - 1 given #x_;:

v}—l(ik—l)
N—K+1
= max 2 (N_ If+ 1\([>K_=)/(1 ~ P INEHIHK =1+~ )
= U A
+ (- ﬁK—l)N_K+16VK—1(iK—l)' (3)

Recal that p._.is a function of r as well as #,_,. With probability

(N i 1)(;3“)!‘(1 — P

exactly j of the N - K + 1 remaining shareholders tender their shares.
Since the raider aready has K - 1 shares, the takeover occurs when
j ® 1in which case the raider earns a return of 1 on each of his K -
1 + j shares. Note that these j shares cost him jr. When j = 0, the
state variable is unchanged so that his payoff is éV,_,(#._,). Solving
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(3) for Vx_,(#-,), the optima tender offer is that value of r that
maximizes

N—K+1
) (N" f* 1)(15,(_1)1'(1 — P )K= 1+ j— )
=1

1= 8(1 = pey )V @

Since p,_, is continuous in r, then a maximum to (4) exists. Assuming
it is unique, denote it r%_,(#_,). It is straightforward to show that
r%_, < 1.

Thus far, equilibrium strategies for the raider and the remaining
shareholders have been derived when m = K - 1 and #,_, is share-
holders expectation on the value of a share next period given that
the state variable is unchanged. The final step in deriving a symmetric
Markov perfect equilibrium for this subgame is to ensure that share-
holders' expectation of tomorrow’s share price is correct. At a Markov
perfect equilibrium the value of a share tomorrow, given that the state
variable is the same as today, must equa the value of a share today.
The latter isr%_,(#,), and the former is 7,_,. Thus, the equilibrium
tender offer when m = K - 1, denoted »%_,, :is defined by the following
fixed point:

e, = re(r¥-). (5)

Since r¥_, € (6r%_,, 1) then, according to (2), shareholders ran-
domize when the equilibrium tender offer is made. Lettingp¥_, «denote
the equilibrium probability of tendering a share given that the equi-
librium tender offer of r%¥_ is made, it is defined by

1/(N—K)
1 - r:—I:I

1—ory,

P:—l =1- [ (6)
The equilibrium outcome for the K - 1 subgame is then (»%_,,
px_)) Finaly, let v¥_, denote the raider’s equilibrium payoff:V¥_,
= Ve, (rk ).

Having derived the equilibrium outcome for the K - 1 subgame,
we have payoffs for al m 3 K - 1. One can then solve for an
equilibrium when the raider has K - 2 shares. More generaly, let us
define an equilibrium outcome for the generic m subgame given
r*......,r* and V¥, ..., V¥  Asabove, thefirst stepisto derive
the equilibrium probability of tendering one's share,p.,, as afunction
of the tender offer, r, and shareholders expectation on the vaue of
a share next period when no shares are tendered today, #,. Assuming
., < 1and re€[8#,, 1] (which will be true in equilibrium), p,.(r; #,)
is implicitly defined by
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r- > (” T 1)(;3,.)f(1 — AN 1D

j=K—m ]
+ 25 ( i 1)(ﬁm)41 — PV orE,
J=1
+ (1 = p,)N-m"18+,. @)

r is the payoff from tendering on€'s share, and the r.h.s. of (7) is the
payoff to not tendering. When j shares are tendered and j = K — m,
the takeover occurs. In that case, by not tendering his share, a share-
holder earns 1. If je{1,..., K— m — 1}, the takeover is unsuccessful
but a share will be worthr¥%, tomorrow. Since, in equilibrium, a
shareholder is indifferent as to selling his share, his payoff isrk,,
when the raider owns m + j shares. Finaly, if no shares are tendered,
then his share will be valued at #,.

Given that each of the remaining N - m shareholders tenders with
probability p,. (recall that it is a function of r and #,), the vaue
function for the raider is

V,.(#,) = max E ( >(p,..)’(1 =PIV m + j— jn)

J=K—m

+ _E ( )(p,..)f(l = PNV, — 1)

/=1
+ (1 = p)¥ "8V, (F,,). (8)
Defining r4,(#,)as the optimal tender offer, it is the value of r that
maximizes

[1 2 (N i m)(P,..)f(l — PV (m + j— )

-K—

K—m—1 \ 1
> ( = m) (B = porm VS, —fr)J
RN
+[1 =81 = p)*m, ©)

To ensure that shareholders' expectations are correct, the equilibrium
tender offer, r%,is defined by

ra=ro(r¥). (10)
Finaly, let p% = p,.(r%; r*) and V* = V, (r*) Solving this recursive
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Table 1
symmetric Markov perfect equilibrium

(N, K, 0) = (10,5, .9) (N, K, o) = (20, 10, .9)
m p? r? vi p2 re ve
0 447 929 160 491 946 186
1 470 953 1.090 494 957 1.132
2 481 973 2.043 496 967 2.088
3 488 .987 3.016 497 976 3.055
4 492 997 4.003 .498 985 4.032
5 499 991 5.016
6 4993 995 6.007
7 4995 998 7.003
8 4997 9994 8.001
9 4998 9999 9.0001

N = number of shares/shareholders.

K = minimum number of shares required to take control of the firm.

o = discount factor of the raider and shareholders.

m & number of shares held by the raider.

P2 = probability of a shareholder tendering his share when the raider has m shares.
r* = tender offer when the raider has m shares.

V* = raider’s payoff when he has m shares.

system of K equations allows one to construct a symmetric Markov
perfect equilibrium.

. Equilibrium Behavior of the Raider

Assuming the raider can make multiple offers brings in a potentialy
relevant feature of the environment. The downside to this extension
is that it increases the complexity of the conditions that define equi-
librium. Due to the intractability of analytica methods, numerical
analysis is used to explore the properties of equilibria. We would like
to emphasize, however, that this equilibrium is particularly amenable
to numerical analysis in that there are only three unspecified param-
eters. the number of shares/shareholders, N, the minimum number
of shares required for a takeover, K, and the discount factor, d. A
description of our numerica method is described in Appendix A.
Numerical analysis generated values for r%, p%, and V¥ that are
defined in the preceding section. For future reference, let V* = V¥
denote the raider’s equilibrium payoff and r* = r& a shareholder’'s
equilibrium payoff for the game. Tota discounted surplus, TS, equals
V* + Nr* and the potential surplus is N. Note that the foregone
surplus, N — V* — Nr*, is due solely to the delay in consummating
the takeover. As an example of the output of our numerical anaysis,
Table 1 shows equilibrium vaues for the case of 10 and 20 share-
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N, K) = (10, 5

ising tender offer: N e number of shares/shareholders, K © minimum number of shares required
to take control of the firm, d © discount factor of the raider and shareholders, m © number of
shares held by the raider, r* © equilibrium tender offer.

holders, given a takeover rule of 50 percent and a discount factor of
9. For N - 10, the raider makes an initial tender offer of .929, which
is 92.9 percent of the incremental vaue from a takeover. In response,
each of the shareholders tenders with probability .447. Out of the
total potentia surplus of 10, the raider's expected payoff is .160 or
1.6 percent of the value created by a takeover. The difference between
10 and .160 reflects both the considerable premium that the raider
must offer to induce shareholders to tender and that there is likely
to be delay in consummating the takeover. The latter is costly to the
raider in that he must pay for shares upfront, but he does not reap
the gains from buying those shares until he completes the takeover.
The total surplus is 9.451, so the foregone value from delaying the
takeover is only .549. This small loss is reflective of the quickness
with which the takeover occurs.

There are several noteworthy properties of the dynamics of the
takeover bid. Figures 1, 2, and 3 illustrate the equilibrium tender
offer as a function of the raider’s holdings when there are 10, 20, and
30 shareholders, respectively. Note that the greater the number of
shares controlled by the raider, the higher is the vaue of the remain-
ing shares.
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Property 1. The tender offer increases with the number of shares held
by the raider.

Property 1 was observed for al numerical runs. Since the raider's
holdings do not decrease, Property 1 implies that tender offers are
nondecreasing over time.

The intuition for Property 1 is as follows. When the raider owns m
shares, he needs only another K - m shares to complete the takeover.
The benefit to him of buying those additional K - m shares is K,
because completing the takeover yidlds a return of 1 not only on his
newly purchased shares but also on his current holdings. In contrast,
the cost to completing the takeover is the expense of buying ancther
K - m shares since the expenditure incurred in buying the first m
shares is sunk. Therefore, as the raider's holdings increase, the net
benefit to completing the takeover rises. This induces the raider to
make a higher tender offer in order to increase the probability of a
shareholder tendering his share and thereby speed up the time until
completion of the takeover. This effect is compounded by a rise in
shareholders reservation price, because a takeover has become more
imminent.*

It is especially interesting to observe that the tender offer rises over
time even though shareholders are homogeneous. When sharehold-
ers are heterogeneous and have different reservation prices for their
shares, one would expect the tender offer to rise in response to an
initially unsuccessful takeover bid since the raider must raise the
tender offer in order to induce shareholders with higher reservation
prices to sdl. Shareholder heterogeneity would then result in share-
holders sdlling at different points in time and the tender offer rising
over time. Our analysis shows that such behavior occurs even in the
absence of shareholder heterogeneity. Although all shareholders res-
ervation prices are identical at any point in time, they evolve over
time in response to the raider's accumulation of shares. Thus, the
endogeneity of a shareholder's reservation price to past tendering
decisions causes intertermpora variation in tender offers in spite of
the homogeneity of shareholders.

Not only does the tender offer rise over time, but it appears that
the raider makes most of his profit on the initia purchase of shares.
In Table 2, the average price is shown for the first 20 percent of the
K shares purchased, the middle 60 percent, and the last 20 percent.
These figures assume that no more than one share is tendered in a

2A similar result is derived for the static setting in Holmstrém and Nalebuff (1992) and Ferguson
(1992). They modify the Bagnoli-Lipman model to alow the raider to have an exogenously deter-
mined stake in the firm. It is shown that as the initial number of shares held by the raider increases,
the equilibrium tender offer rises. The intuition is similar to that discussed here.
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Table2
Share prices as related to the timing of purchase
Average price of first Average price of mid Average price of last
(N, K, a) 20% of shares 60% of shares 20% of shares
(10,5, .5) 705 .870 .983
(10,5, .9) 929 971 997
(10, 5, .95) 964 985 .998
10, 5, .99) 993 997 9997
(20, 10, .9) 952 985 9997
(30, 15, .9) 957 990 99995

N = number of shares/shareholders.
K = minimum number of shares required to take control of the firm.
o = discount factor of the raider and shareholders.

period. For example, when (N, K, d) = (20, 10, .9), the raider gives
an average premium of .952 for the first two shares purchased while
giving close to full value, .9997, for the last two shares. Intuitively,
once the raider is close to having enough shares to takeover the firm,
the cost to delaying the takeover is sufficiently great that he finds it
optimal to pay close to full value for the remaining shares.

In concluding this section, let us briefly discuss the implications
of assuming there are some fixed costs in making a takeover attempt.
As specified by Bhattacharya (see Spatt, 1989) and Hirshleifer and
Png (1990), assume the raider incurs a fixed cost with each tender
offer. It was argued above (and shown in Table 1) that the raider's
payoff is increasing in the number of shares he owns as he needs to
purchase fewer shares in order to complete the takeover. It follows
that if it was profitable to initiate a takeover, then it must be profitable
to continue it. Thus, even if there are fixed costs with each tender
offer, the raider will never discontinue his takeover attempt though
the presence of fixed costs might deter him from starting one.

. Free Riding in the Dynamic Setting

Numerical analysis of the infinite horizon setting showed that a raider
earns positive expected profit from attempting a takeover when the
number of shareholders is finite. This supports the central finding of
Bagnoli and Lipman (1988). However, the significance of this result
depends on the amount of expected profit. If it is very smal, then it
is unlikely to be adequate to cover any fixed costs associated with
attempting a takeover. In that case, takeovers are unprofitable ex ante
and thus will not be attempted.

To explore this issue, define At as the length of the period, and let
6= e where r > 0 is the common discount rate. Given A, p%(AD),
r%(AD,and V%(A#) denote the values for the probability of tendering,
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the tender offer, and the raider’s payoff, respectively for some equi-
librium, me€ {0, .. — 1}. As before, r*(Af) = r¥(AD and V*(AD)
= V¥AY are the equmbrlum payoffs for a shareholder and the raider.

For any sequence of equilibria associated with the time between
tender offers going to 0, Theorem 1 shows that the raider's tender
offers converge to the posttakeover share value. Thus, asAt — 0, the
shareholders get al of the surplus from the takeover.

Theorem 1. For all sequences of equilibria, lima,—, raAt) = for
alml {0,....K-1).

Ketch of Proof Consider an arbitrary sequence of values for At from
R,. for which At— 0. By sdecting an equilibrium for each vaue of
At,"we generate a sequence of equilibria. Associated with this sequence
of equilibria are the sequences {{p%}&L}, {{r%}&L}, and {{ VE}%L).
To prove Theorem 1, we need to show that for any arbitrary sequence
of equilibria, lim,, ., r5(Af) =1V me {0, ..., K— 1}.

The strategy of the proof is as follows. We begin by supposing that
there exists a sequence of equilibria such that r¥_,(Af) does not
converge to 1 asAr— 0. It is shown to follow from this supposition
that there exists a sequence of equilibria such that{p¥_,} — 0 and
{r¥_,} is bounded below 1. A contradiction is then established by
showing that if {p¥_,} — 0, then {r%_,} — 1. From this contradiction,
we conclude that our original supposition, that {r%_,}does not con-
verge to 1, is false. The proof of Theorem 1 is completed by induction.
It is shown that if, for al sequences of equilibria,{r%.}—=>1V j€{1,

, K — 1 — mj}, then, for all sequences of equilibria, {r%} — 1.
ThIS step is proven by applyl ng the same method used for showing
{r%_,} — 1. The proof is provided in Appendix B.

Since the tender offer made by the raider goes to one as the time
between tender offers goes to zero, it follows that the raider’s payoff
goes to zero since he is paying a premium that approaches the full
posttakeover rise in share value.

Corollary. lim,,_.,V*(At) = 0.

Even when the number of shareholders is finite, the raider’s expected
profit is small when tender offers can be made frequently. Intuitively,
the argument is as follows. Letr¥_, denote the equilibrium tender
offer when the raider holds K - 1 shares. The value of a share tomor-
row will either ber¥_,if no shares are sold today, or 1, if at least
one share is sold so that the takeover is completed. A shareholder
then expects the value of his share to be at least as high tomorrow
and, with some probability, to be strictly higher. Hence, the only cost
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to holding on to one's share is the delay in being paid. As the time
between tender offers goes to 0, the cost of delay goes to O so that a
shareholder strictly prefers not to tender unlessr%_, — 1. Thus, in
order to induce shareholders to tender, the raider must make a tender
offer that is arbitrarily close to the posttakeover share value. By induc-
tion, this argument can be applied to show that regardiess of the
raider's current holdings, the equilibrium tender offer goes to 1 as
At— 0.For if the raider holds m shares and the equilibrium tender
offer is bounded below 1 asAr — 0, shareholders anticipate the
expected value of a share being higher tomorrow because, by the
inductive assumption, r%,,—>1asAt—0,j€{l,...,K— 1 - m}.
As a result, the lone cost to not tendering today is the delay from
being paid, and this cost goes to 0 asAt— 0. To induce shareholders
to tender requires that the raider give al of the surplus to the share-
holders.

It is dso an implication of Theorem 1 that the time until completion
of a takeover goes to O as the time between tender offers goes to 0.
To establish this result, define[7T/At)as the integer part of T/At,
where T > 0 and At > 0. For the symmetric Markov equilibrium,
define ¥ (7, A¢) as the probability that at least K shares are tendered
over periods {1, ..., [T/At]}.

Theorem 2.lim,, ., ¥(T, At) = 1 for all T > 0.

Proof Since, in equilibrium, a shareholder randomizes, it must then
be true that he is indifferent between tendering his share at r¥%(Af)
and not tendering his share, for alme {0,1,..., K— 1}. When m
= 0, it follows that a shareholder is indifferent between tendering at
a price of r§(Ar) and never tendering his share (that is, waiting for
atakeover). Let the payoff associated with the latter strategy be denoted
s(AD) Since, by Theorem 1, lim,, ., r§(AD = 1,it follows from s(Af)
= r¥(A?) for dl At > 0 that lim,,—.o s(Af) = 1.

For any T > O, note that the r.h.s. of (11) is an upper bound on
s(Ab):

s(At) = ¥(T, AD(1) + [1 — ¥(T, Ap]er1m20(1), (11)

This follows from the fact that with probability ¥(7, At) a takeover
occurs over periods {1, ..., [T/At])} while with probability [1 -
W(7, Ap)] it occurs over {[7/At]) + 1,...}.The r.h.s. expresson pre-
sumes that if it occurs over {1, ..., [T/At]} then it occurs in period
1, whereas if it occurs over{[7/At] + 1, ...} then it occurs in period
[T/A¢8) + 1.

Now suppose that Theorem 2 is not true. This means that there
exists a value for T, which we denote T', and an € > 0 :such ¥ (77, A?)
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<1 —efordl Az> 0.In conjunction with (11) it follows that

Since the r.h.s. is bounded above by (1 — ¢) + ee~»™~29 it follows
from (12) that lim,,_., s(Af) < (1 — ¢) + ee~*7, which contradicts
lim,,_, s(A?) = 1. We conclude that Theorem 2 is true. .

To explore the actual size of a raider’s payoff, numerical analysis
was performed. Table 3 shows the results for when there are 10, 20,
and 30 shareholders with a 50 percent takeover rule; v* istheraider's
payoff, r* is a shareholder’s payoff, and 7= V* + Nr*is tota surplus.
When there are 10 shareholders and the raider can only make one
tender offer (d = 0), he gets a payoff of 1.230, which is over 12 percent
of the additional value created by a takeover. Increasing d is equivaent
to shrinking the time between tender offers. Note that a raider’s
expected profit is observed to fall. For reasonable values of the red
interest rate and the time between tender offers, d will exceed .9. For
example, even if the rea interest rate is 20 percent, the discount
factor will be at least .9 when the time between tender offers is six
months or less. A red interest rate of 4 percent and a tender offer
every three months yields a discount factor of about .99. When d =
.99 and each shareholder has 10 percent of the firm, the raider can
expect to get less than two-tenths of 1 percent of the additional value
created by a takeover. The payoff in the static game is over 70 times
as large. When there are 20 shareholders, a raider’s expected profit
shrinks by almost 99 percent relative to the static game. This yields
him a payoff that is less than one-tenth of 1 percent of the takeover-
induced rise in firm value. For example, if the target firm is currently
worth $1 bhillion and the raider anticipates being able to improve
value by 10 percent, his expected profit from attempting a takeover
is $100,000.°

In the static game, a shareholder stands to lose a lot by not selling
his share. If the takeover bid fails, a shareholder has lost any oppor-
tunity of selling his share a a premium. This creates a strong pro-
pensity to sell and results in the raider making a tender offer consid-
erably below the posttakeover value of a share. When (N, K) = (10,
5), it is haf of that value. However, when the takeover bid is not a
one-time affair (d > 0), the downside to not selling today is lessened.
Even if the takeover is not initially successful, it may succeed in the

8An important cavest is that these numbers assume that the only determinants of d are the time
between tender offers and the real interest rate. However, another determinant is the possibility
that the takeover bresks down for exogenous reasons; for example. the raider loses financing, or
a change in managerial conditions eliminates the potential gains from a takeover. It is unclear what
are reasonable values for the probability of exogenous breakdown.
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Table 3
Effect of the time between tender offers
(N, K) = (10, 5) (N, K) = (20, 10) (N, K) = (30, 15)

'3 Ve(a)/N V*(0)/V*(0) re TS/N Ve*(e)/N V*(a)/V*(0) re TS/N V*(0)/N V*(a)/V*(0) re TS/N

0 123 1.000 .500 623 .088 1.000 500 588 072 1.000 500 572
1 114 923 536 650 .080 905 546 626 065 902 549 614
2 103 841 575 678 .071 .809 593 664 .058 .802 .598 656
3 .093 755 615 .708 063 712 641 704 .051 .703 648 698
4 .082 665 659 .740 054 614 689 744 044 604 697 741
5 070 .570 705 775 .045 515 739 .784 .036 .504 .747 .783
6 .058 470 754 812 .036 414 789 826 .029 403 797 826
7 .045 363 807 852 .028 313 .840 .868 022 303 848 .869
8 .031 .250 866 .896 018 209 .893 911 015 202 .898 913
9 016 130 929 .945 009 106 946 955 007 101 949 956
95 .008 066 964 972 .005 .053 973 977 .004 051 974 978
99 0017 014 .993 994 001 .011 995 996 0007 010 995 996

Wid1QOId 49p1Y-2947 3q1 Jo Sotupulqg

N © number of shares/shareholders.

K © minimum number of shares required to take control of the firm
s © discount factor of the raider and shareholders.

V*('s ) © raider's equilibrium payoff.

V*(0) °© raiders equilibrium payoff in the static game

r* © shareholder’s equilibrium payoff.

TS® equilibrium surplus (TS= V*('s) + Nr*).
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Table4

Effect of the takeover rule (&, ¢) = (10, .9)

K %4 r* TS
5 160 929 9.451
6 184 932 9.506
7 222 932 9.546
8 .288 930 9.583
9 .449 918 9.628

N © number of shareg/shareholders.

K © minimum number of shares required to take control of the firm
s © discount factor of the raider and shareholders.

V* © raider’s equilibrium payoff.

r* © shareholder’s equilibrium payoff.

TS® equilibrium surplus (7s = v*(a) + Nr*).

future, and, in any event, the future tender offer is likely to be higher
(Tables 1 and 2). Thus, as the frequency of tender offers rises, the
shareholder’s reservation price rises. This forces the raider to set a
higher tender offer, which cuts into the raider’s profit.

Property 2. As the time between tender offers shrinks, the raider’s
payoff declines and a shareholder’s payoff and total surplus rise.

It follows that if a raider could commit, he would choose to make
a one-time tender offer.

Assuming there are some fixed costs associated with either attempt-
ing or consummating a takeover, a dynamic theory predicts there are
fewer targets that are ex ante profitable in comparison to that pre-
dicted by a static theory.

Property 3. As the time between tender offers shrinks, there are fewer
attempted takeovers.

Some additional findings are presented in Tables 4 and 5 that,
besides being of intrinsic interest, provide further sensitivity analysis.
Table 4 describes the influence of the takeover rule on the raider’s
payoff. As expected, a more stringent takeover rule increases the
expected profit from attempting a takeover. Since there are more
shares required, there is less of an incentive to free-ride, since each
shareholder is more likely to be crucia to the success of the takeover.
Table 5 shows that as ownership concentration fals, the percentage
of vaue taken by the raider fals. With more shareholders, the free-
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Table5

Effect of the number of shareholders(x, o) = (N/2, .9)

N V*/N re TS/N
10 0160 929 .9450
18 0100 944 .9540
20 .0093 946 9553
26 0079 948 9559
30 0073 949 .9563
34 0068 949 9558
40 .0063 950 9563

N © number of shares/shareholders.

K © minimum number of shares required to take control of the firm.

s © discount factor of the raider and shareholders.

V* © raider’s equilibrium payoff as a percentage of the value crested by the takeover.
r* © shareholder’s equilibrium payoff.

TSN © equilibrium surplus per share.

riding problem is more severe, since an individua shareholder’'s deci-
sion is less likely to determine the success of a takeover.

Special case of (N, K) = (2, 1). Though analytical methods are
intractable for the general case, one can derive closed-form solutions
for the special case of two shareholders and a takeover rule of 50
percent. Setting (N, K) = (2, 1) in Equation (4), we derive the equi-
librium tender offer, r*, by maximizing (4) and then solving for the
fixed point in (5). We find r* and the equilibrium probability of
tendering, p*, to be

_ 1 e__V1—8
14+V1-38 p 1+ V1-5§

Consistent with our numerical anaysis, the equilibrium tender offer
is increasing as the time between tender offers shrinks (d rises). Since
p* =1 - r*, then p* is decreasing in d. Note that as the time between
tender offers shrinks, the probability of tendering falls even though
the tender offer is higher.

Substituting r* into (4), one derives the raider’s equilibrium payoff:

r‘

(13)

V1-—-34
V= —————. (14)
1+V1-—-34
The raider’s payoff is decreasing in the discount factor:
oV ! (15)

= < 0.
%  2V1-8[1+ V1-—ap

Finaly, total surplus is an increasing function of d:
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2+V1-35
TS=V* + 2r* = (16)

1+V1-6
91 _ ! >0
%  2V1-8)1+V1-5

Consistent with the results from our numerical analysis (summarized
as Property 2), we find that as the time between tender offers shrinks
the tender offer (and thus a shareholder’s payoff) and total surplus
rise and the raider’s payoff falls.

(17)

. Relationship with the Coase Conjecture

Our main findings are that the equilibrium tender offer rises over
time and that, as the time between tender offers goes to zero, the
equilibrium tender offer converges to the posttakeover share value.
In the limit, shareholders get all of the surplus and the takeover occurs
in finite time with probability 1. Those familiar with the durable goods
pricing literature will note a striking similarity between these results
and the Coase Conjecture. It has been shown by Stokey (1981) and
Gul, Sonnenschein, and Wilson (1986) that a durable goods monopo-
list's price fals over time and, when the time between price changes
is small, price is close to margina cost. This result aso has impli-
cations for bargaining under asymmetric information, where it has
been shown that as the time between offers goes to zero, the delay
in consummating an agreement goes to zero; see Gul and Sonnen-
schein (1988) and Ausubel and Deneckere (1992).

In spite of the similarity of these results, there are distinct forces
a play in the takeover game and the durable goods pricing game.
This is evidenced by the fact that the results for the takeover game
are derived with homogeneous shareholders, whereas consumer het-
erogeneity is a necessary condition for the analogous results to hold
in the durable goods setting. When consumers have different valua
tions of the good, the monopolist lowers its price over time so as to
price discriminate. It initially sells to those consumers who vaue the
good the most and then lowers price so as to sell to consumers with
lower valuations. Since consumers anticipate the ensuing price
decling, as the time between price changes shrinks, consumers are
more willing to postpone their purchases. This forces the monopolist
to shift its price path down. When d is close to 1 so that consumers
are very patient, this logic forces price to be close to marginal cost.
If, instead, consumers are homogeneous, then the monopolist’s opti-
mal strategy is to price a the (common) valuation (assuming it exceeds
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unit cost). In that case, price does not fal over time and the monop-
olist receives a positive payoff that is bounded away from 0 as é — 1.

In comparison, shareholder heterogeneity is not required in order
to have a rising tender offer and for shareholders to get dl of the
surplus as the time between tender offers goes to zero. In its place
is the presence of an externality between shareholders. Since per
share income is 1 when a least K shareholders tender (so that a
takeover occurs) and O otherwise, a shareholder’s payoff depends not
only on his decision to tender but also on how many other share-
holders decide to sell their shares. (In comparison, a consumer’s
payoff in the durable goods setting depends only on his decision to
buy.) This externdity makes a shareholder’s valuation of a share
dependent on the raider's current holdings. In equilibrium, as the
raider’s holdings approach K, the market value of a share rises because
the expected time until completion of the takeover is shorter. This
causes the reservation price of a (remaining) shareholder to rise over
time and accounts for the rising tender offer in equilibrium. The
externality then endogenously generates a rising supply schedule for
shares (in an intertermporal sense), which is analogous to the down-
ward-sloping demand schedule in the durable goods setting. As the
time between tender offers shrinks, shareholders increasingly prefer
to wait for the takeover to occur rather than to tender their shares.
This forces the raider to set a higher tender offer. As é—1, this tender
offer converges to the full posttakeover value of a share.

. Concluding Remarks

In actuality, when a tender offer fails to induce enough shareholders
to sdl, a raider can return to the market with a new bid in order to
try and secure additional shares. This article explored the implications
of this possibility for the dynamical properties of a takeover bid and
the intensity of the free-riding problem.

As found by preceding analyses in the static setting, a raider can
expect to earn positive expected profit when the number of share-
holders is finite. However, the return to engaging in a takeover is very
small when the time between tender offers is very short. For plausible
assumptions on the interest rate and the time between tender offers,
numerical analysis suggests that the payoff to a raider is quite low.
With at least 10 (symmetric) shareholders, a 50 percent takeover rule,
an annual red interest rate of 4 percent or less, and a time between
tender offers of no more than three months, the expected profit to a
raider is less than two-tenths of 1 percent of the additiona value
created by a takeover. It would appear that the free-riding problem
can be quite severe even when ownership is concentrated.
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This finding offers new insight into the empirical regularity that
the acquiring firm’'s shareholders earn minima returns from a take-
over, whereas the target firm's shareholders receive a substantial pre-
mium for their shares.* One explanation for this phenomenon is that
competition among raiders dissipates the rents from a takeover. Our
dynamic theory of takeovers suggests an alternative explanation, which
is that rent dissipation occurs because a raider is effectively competing
with himself. A shareholder knows that even if the takeover does not
succeed today, the raider will make as good or a better offer tomorrow.
This makes a shareholder more inclined not to tender today which
forces the raider to offer a greater premium. When a raider can make
multiple tender offers, he is competing with his future sdf and this
results in the transfer of surplus to the shareholders of the target firm.

Clearly, further analysis of the dynamic setting is required. There
are at least two substantive limitations to our analysis. First, we assume
shareholders are homogeneous and either each shareholder has one
share or, if he has multiple shares, he must sell his shares as a block.
In light of the findings of Holmstrom and Nalebuff (1992), generd-
izing our model to alow shareholders to hold multiple shares and
to sdl any number of their shares would be an important extension.
In a static modéd, they show that the free-riding problem is less severe
when shareholders can sell a portion of their holdings. Unfortunately,
it appears quite difficult to characterize even symmetric equilibria for
the infinite horizon game when shareholders are alowed to sdl a
portion of their holdings. In that setting, a state includes not only
the number of outstanding shares but also how those shares are dis-
tributed among the remaining shareholders.

The other limitation is that we have only considered symmetric
Markov perfect equilibria. There are also asymmetric Markov perfect
equilibria with quite different predictions” In light of shareholder
homogeneity, these equilibria seem less compelling. Perhaps more
interesting is what non-Markov perfect equilibria might predict. As
shown by Ausubel and Deneckere (1989) in the context of durable
goods pricing, non-Markov perfect equilibria can have very different
behavior. Characterizing the genera class of perfect equilibria in the
dynamic setting would be an interesting extension of our analysis.

Finaly, several related issues are worthy of investigation. Since the

“For reviews of the empirical evidence, see Jensen and Ruback (1983) and Jarrell, Brickley, and
Netter (1988).

®There exist asymmetric Markov perfect equilibria in which the raider's payoff is bounded away
from O even asé — 1. Such equilibria entall the raider aways offering a price # where 7€ (0, 1),
until at least K shares are tendered. Equilibrium has exactly K shareholders tendering in the first
period. There are many such equilibria, and they differ according tof and to the identity of the
shareholders that tender. In light of the multiplicity of asymmetric equilibria and that shareholders
are identical, there would appear to be a serious coordination problem.
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profitability of a takeover is reduced when one can make multiple
tender offers, this raises the issue of how a raider can commit to
making a limited number of bids. In fact, the raider’s payoff is max-
imized when he makes a one-time tender offer. One device is for a
raider to build a reputation for making take-it-or-leave-it offers to
target firms. What other devices might allow a raider to credibly com-
mit to making a limited number of bids is a challenging issue for
future research.

Another issue is how results might change if a raider could make
a conditional offer. With a conditiona offer, a raider would have to
decide each period whether to keep the previous offer open or make
a new offer. One potentiad advantage for a raider from making con-
ditional bids is that they may avoid the opportunistic holdup by share-
holders when al a raider requires is a few more shares to complete
the takeover, as occurs with unconditiona offers. A virtue to solving
our modd for the case of conditiona offers is that it would then allow
one to explore the relative merits of conditional and unconditional
offers in the dynamic setting.

Appendix A

Our procedure for calculating numerical examples followed the con-
gtruction in Section 3 quite closaly, with one exception. Instead of
substituting p,,(r; #,) into the raider’s objective function and maxi-
mizing with respect to r, we substituted the expression for r given
in (7) into the raider’s objective function and maximized with respect
to p,. This is legitimate since p,,(-) is a monotonic function of r.

The steps pursued in our numerical analysis were as follows. With
(7) substituting for r, denote the expression in (9) asw(p,,, .,) and
calculate dW( p,,, #..)/3p.. 'Setr = #, :and solve (7) for r. Denoting
the solution #,(p,), substitute #,(p,) for 7, indw(p,, ¥.)/dp, and
solvedWw( p%, 7,(p%))/dp,. = 0 for p%. Check the second-order con-
dition, ®w(p%, 7.,(p%))/dp% < 0. Deriver® = 7,(p*) and V% =
w(p?%, r%). Perform this procedure sequentidly for m € {0, 1, ...,
K — 1}, starting with m = K — 1.

This procedure was repeated for different values for (N, K, d) using
Mathematics. It was run for a variety of combinations of N T {10, 18,
20, 26, 30, 34,40}, KT {N/2,...,N—=1},andd1 (0, .1, .2, .3, 4, .5,
6,.7,.8,.9, .95, .99}.

Appendix B

Let us continue where we left off in sketching the proof of Theorem
1. To begin, in the ensuing analysis we use the following result.
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Lemma 1. Let {q} be a sequence where g; T (0, I]. If {g;]} does not
converge to 1, then there exists a subsequence of {qg;} that is bounded
below 1.

Proof By the definition of a limit, {g;} converges to one if any neigh-
borhood of 1 contains al but a finite number of eements of (q).
Hence, if {g} does not converge to 1, there exists ¢ > 0 such that
{ge{q} | g <1 — ¢ contains an infinite number of eements. This
sat of dements forms a subsequence of {q} that is bounded below
lby e =

Contrary to Theorem 1, suppose {r¥_,}does not converge to 1. By
Lemma 1, there exists a subsequence of {r%*_,}, which we denote
{7%_.}, that is bounded below 1. Consider the equilibria associated
with this subsegquence as a sequence of equilibria. Let {p%_,} be the
associated sequence of probabilities. By (6), pt_, is defined by

1/(N—K)
- 1 - F¥
pr=1- [ ver ]

——— B1
1 — e 7%, (B1)
It follows from (B1) and {#%_,} being bounded below 1 that {p%-,}
— 0. Lemma 2 alows us to generate a contradiction.

Lemma 2. If {p¥.,} = O, then {r¥_,} — 1.

Proof. Contrary to Lemma 2, let us suppose that {p%_,} — 0and
{r¥_,} does not converge to 1. It follows from Lemma 1 that there
exists asubsequence of {r%_,}, «denoted {#%_,}, that is bounded below
1. Let us consider the equilibria associated with {#¥_,} as a sequence
of equilibria. Note that the sequence of associated probabilities of
tendering, {p%¥_ .}, converges to 0. This follows from the assumption
that { p¥_,} — 0:and that every subsequence of a convergent sequence
is convergent and has the same limit.

Letting Pr,_,(j| r) denote the probability that exactly j sharehold-
ers tender (given a tender offer of r and the raider has K - 1 shares),
we define the raider’'s value function as

N—K+1

Vi1(#x=1) = max 2 PrK—l(j' NEK-1+ J- ]r)

r j=1
-

1= 2 PGl e i G, @)

/=1

where
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Pro,(j| D= (N - f + 1)(;3:_,>f(1 — PN EI-I (B3)

By the definition of #%_,. it satisfies the first-order condition

”'E"“ aPr,_, (7| 7¥_,)
or

][K =1+ j—jie, — e Vi)
/=1

N—K+1

- 2 Pre_ (j| FX-D)j=0, (B4)
J=1
where VE_, = V,_,(7%_,) and we have set fr_, = F¥_..
We want to evaluate #¥_, as Az— 0. To do so requires evauating
(B4) as At — 0. This shal be done by analyzing each part of (B4)
separately. From (B3), we have

anK—](j' r)
or
- (VR e - o

j
- (N=K+1- NPy

where dp,_,/dri evaluated at r,., = F5_, and #_, = #%_,. From (6),
one derives that

APy 1 N
axr 1 _ (N_ K)(l — ;:_l)-(N—K—l)/(N—K)(l — e—pAfr:_l)—l/(N—K).
(B6)

Since #%-, is bounded below 1, it follows from (B6) that dp,_,/dr is
bounded above 0. Using this fact in (B5) aong with {5%_,} =0, we
see that lim,, .o OPr,_, (5| F¥_,)/dr=0V j= 2 anddPr,_,(1 | 7%_,)/
dr is bounded above O.

Let us now use this information to evaluate (B4) as At— 0. Firdt,
since{p%_,} — 0 implies that limy., Pre_,(j | P2 )} =0V j= 1,
the last term in (B4) goes to zero asAt— 0. Second, it follows from
K—1+j— jrt, — e V% ,] being finite and lime., OPr,_,(J |
FE_1)/0r=0V j= 2 that

[aprx_l(f | 72_)

lim ar

Ar—0

](K_ 1+ j_ji':—l - e—pA'V:—l) =0

(B7)
V=2
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By the preceding two steps, (B4) holds as Az 0 if:
. [aprk—l(l | 7%
lim
Ar—s0 ar

Since we have proven that 6Pr,._,(1 | #%_,)/dr is bounded above 0,
(B8) holds iff lim,,_., (K — 7¥_, — e»>P%_.,) = 0. Since lim,,_,
e~#2 =1, this can be stated as

lim (K— 7, - V) =0. (B9)

ar—0

](K— P — e VR0 =0 (BY)

To summarize, we have shown that if {p¥_,} — 0 and {F%_,} is
bounded below 1, thenlim,. ., (K — 7%_, — V%_,) = 0. Next define
g(T) as the equilibrium probability that at least one share is sold
over (0, T] where T > 0. If T is a multiple of At, then q(T) = 1 —
(1 — pr_)H)w-»waas - Note that q(T) depends directly on At and aso
indirectly through p%_,. Consider the following upper bound on
vE L

Vi, < {q(T) +[1 — g(T)]e*T}

=143 om0 /73 b Giee |
l = L ST ]

xj(1-~ 72_1)}. (B10)

The second { } on the r.h.s. of (B10) is the raider's undiscounted
payoff conditional on selling at least one share. The r.h.s. expression
is then the raider's payoff when, with probability q(T), he immedi-
ately sells at least one share and, with probability 1 - q(T), he does
not sell any shares over [0, T) and sdlls at least one share & T. To
evaluate the r.h.s. expression in (B10) asAt — 0, first note that
{p%-.} = 0 implies

N—K+1

lim [Pre_,(j| 72) / X Pr,(jl 75 )]=0 V j=2

At—0 j=1

(that is, as the probability of an individual shareholder tendering his
share goes to 0, the probability that exactly one share is tendered in
a period becomes arhitrarily large relative to the probability that two
or more shares are tendered). It follows that

AL—0

lim {[q(T) + (1 = g(T))e "7
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N—K+1 N—K+1
X [K— 1+ 2 [Prx_,(jl ?}‘(‘_1)/ 2 Pr(jl ?‘_1)]
=1 1

x j(1 - ??-x)]

—[q(T) + (1 — g(T))e*")(K — 7t_1)} =0. (B11)
It follows from (B10) and (B11) that V ¢ > 0 3 7 > Osuch that
V. —{qg(T)+[1—g(T)]e*T}H(K—7¥_,) <eVAL€(0, 7). (B12;

By (B11l) and (B12), we conclude that lim,.., g(7T) = 1.Since T is
arbitrary, this is true for all T > 0.

The preceding step showed that iflims., (K— 7%, — V%) =0
then the probability that the takeover occurs over (0, T] goesto 1 as
Ar— 0, for dl T > 0. Consider the situation faced by a shareholder
as At — 0. He can tender his share today and receive a payoff of
7%_,, or he can hold on to his share and wait for a takeover. If the
takeover occurs a time T, his realized payoff is e=*". Since lim,,—,
g(T) = 1 for adl T > 0, the probability that a takeover occurs in finite
time goes to 1 asAt — 0. Therefore, asAr — 0, a shareholder’s payoff
from holding on to his share is at least e=»7:for all T > 0. In order to
induce a shareholder to tender his share as At— 0, it must then be
true that lim,,—, (F%_, — e=*™) = 0 for al T > 0. However, this is
only true if {#¥_,} — 1,which contradicts our earlier result that
{¥%_.} is bounded below 1. Going back to our original supposition,
we conclude that if {p%_,} = 0then {r¥_,} = 1. n

To summarize, we supposed there existed a sequence of equilibria
such that {r¥_,} does not converge to 1. Using Lemma 1, it followed
that there exists a sequence of equilibria such that {r%_,} is bounded
bdow 1. It was then proven that if {r%*_,} is bounded below 1, then
{p%_,} —0. Finadly, in Lemma 2, it was shown that if{ p%_,} — 0 tthen
{r%_,} =1, which contradicts the earlier result that {r%_,}:is bounded
below 1. Therefore, our original supposition that {r¥_,} does not
converge to 1 must be false. We conclude that, for all sequences of
equilibria, {r¥ .} — 1.

The proof of Theorem 1 is completed by induction. Using the same
method as above, we will show that if, for all sequences of equilibria,

{rt.} =1V je{1,...,K— 1 — m}, then, for al sequences of
equilibria, {r%} — 1. Let us suppose it is false: for al sequences of
equilibria {r%,} —>1V je{1,...,K—1— m}and there exists a

sequence of equilibria such that {r%} does not converge to 1. By
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Lemma 1, if {r*%} does not converge to 1, then there exists a subse-
qguence {7%} bounded below 1. Let us consider as a sequence of
equilibria, the equilibria associated with {7*}, and let {p*} be the
associated sequence of probabilities. Setting #, = 7% in (7), p* is
defined by

e 3 (N" f 1)(1‘:’:)/(1 o

+ —2— (N- ;n— 1>(1-):')1(1 _ m)N‘"’_l—je—pA'?:&+j

* [1 -2 (N_ T 1)(;7:)«1 - ﬁfn)”*"“"]e"“'?:-
(B13)

Since{#*} is bounded below 1 and, by the inductive assumption,
(r*%.} =1V je{1,...,K—1— m} it follows from (B13) that
{pt} — 0. Lemma 3 edstablishes the necessary contradiction.

Lemma 3. If {p%} — o, then if {rX, }—> 1V je{1,...,K— 1— m}
then r%}— 1.
Proof. Suppose, contrary to Lemma 3, that {p%} — 0, {r2,} =1V
j€{1,...,K— 1 —m}, and {r*%} does not converge to 1. By Lemma
1, there exists a subsequence {#*} bounded below 1. Consider as a
sequence of equilibria, the equilibria associated with {#*}. Note that
{p%} — 0 and{7%,} —> 1V je{l,..., K— 1 — m}.These two
properties follow from the assumptions that {p%} — 0 and {r%.} —
landthat { 5%} isasubsequenceof {p%}and {#%.,} isasubsequence
of {rX.},j€{l,...,K—1 — m}.To prove Lemma 3, we will show
that {#%,} — 1, which establishes the necessary contradiction to prove
the falsity of the claim that {r%.,} —1V je{1,...,K—1— m}and
{r¥*} does not converge to 1.

Given the raider has m shares, his value function can be defined as

N—m
Vo(f) =max 2, Pr,(j| N(m+j— jr
T juK—m

K—m—1

+ 3 Pr.(jl N(e V%, — jr)

Jj=1

+ [1 - f Pr,,(j | r)]e—ﬂ“vm, (B14)

/=1
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where P,(j| r) is the probability that j shareholders tender. The
optimal vaue for r,, 7*, satisfies the first-order condition

»
2 [8Pr S )] Pr——
j=K—m
*Z ' [apr ( ! 23
L TRy R
f=1
- Pr,,(j| #%)j
j=1
=0, (B15)

It follows from {p%} — O that lim,,—., Pr,(j | FEY =0V je{1,...,
N - m}. Therefore, the last term in (B15) goes to 0 as Ar— 0. Next
note that
oPr,,(j | 77)
ar

KNXN—m—;
m/ °

- - P
- (V= m = DA = P e,

where dp,./d:isevaluated at r,, = 7% and 7, = 7% Since, by assump-
tion, {p%} — 0, if dp,,/0r is bounded thenlim,,_, dPr,,(j | 7%)/dr=

(B16)

0V je{2,..., N— m}.From (B16),
aPr, (1| 7%)
or

- (N = m( — Py
— (V= m = DDA - pvn2e (g17)

so that lim,,_., Pr,,(1 | 7#%)/3r = lim,,_., (N — m)ap,,/dr. Hence, if
ap,./oris bounded above O, thendPr,,(1 | #*)/dris bounded above 0.

We now want to show that dp,,/dr is finite and bounded above O.
For this purpose, take the total derivative of (7) with respect to r and
setr,, = 7y and 7, = #%:

1= 3 <N_ " 1)[;'(;?;)1'-1(1 — PN = (N=m—1— )

J=K—m ]

X (1 — Py L
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) (N' ' 1)[1([:::)/(1 TN (N m 1))

1= J
e e 3p
X (P} (1= Pr) T | €75 e 7o
e op,
= (N=m= 1)1 = pyv-r-temrn| 22). (B18)

In (B18), there are three expressions multiplied bydp,/dr. The
first expression goes to zero asA¢—0. Using the inductive assumption
that {7%.,} — 1, the second expression goes to (N — m — 1) as At
— 0. The third expression goes to—(N — m — 1)#% asAt — 0.
Combining these three expressions, we find that they go to (N - m
— 1)(1 — #%) as A¢t— It then follows from (B18) that

lim (N — m — 1)(1 — ;:)‘%u 1. (B19)

At—0

Since #% is bounded below 1, then (B19) implies that ap,./dris finite
and bounded above 0 as Ar— 0.

Using the above facts, we conclude that for (B15) to hold asAt—
0, it must be true that

lim (e=»V*,, — 7% — e—»2P%) = 0, (B20)
At—0
Since lim,, .., e~** =1 then (B21) follows:
lim (V%,, — #* — V%) =0. (B21)
At —0

Using the same type of argument as in Lemma 2, one can show that
it follows from (B21) that the probability of a takeover occurring in
finite time goes to 1 as At— 0. Intuitively, if V% converges to V%,
— 7%, then, as At — 0, the raider must be buying the (m + 1)st
share infinitely fast since his payoff when he has m shares converges
to his payoff when he has m + 1 shares less the cost of the (m + 1)st
share (that is, there is no delay in buying this share). Since this share
is being purchased in finite time with probability 1, then . 7% must be
converging to#%,, asAt— 0, since a shareholder can aways receive
#%.. by holding his share. However, by assumption, {7%,,} —1 from
which it follows that {#*} — 1. Since this contradicts the earlier result
that {#%} - is bounded below 1, we conclude that our origina sup-

position that {p%} =0, {r%,} =1V je€{l,...,K— 1 - m}, and
{r*} does not converge to 1 is false. We have thus shown that if
{p%} —o0, then, if{r%, } =1V je{1,...,.K—1—m}, {ri} > 1. m
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Recdl that we began with the supposition that, for all sequences
of equilibria, {r¥%, )} =1V je{1,...,K—1— m}and there exists
a sequence of equilibria such that {r%} does not converge to 1. We
then showed that this implied that there exists a sequence of equi-
libria for which {p%} —0, {r%,}—1V j€{1,...,K—1— m},and
{r%*} isbounded below 1. By Lemma 3, we have a contradiction that
allows us to conclude that our origina supposition is false.

To summarize, we have proven (1) for al sequences of equilibria,
{r¥.,} —1; and (2) if, for al sequences of equilibria, {rk.} =1V
j€{1,..., K— 1 — m}, then, for al sequences of equilibria, {r%}
— 1. By induction, for al sequences of equilibria, {r%} =1V me
{0,...,K-1).
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