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In an extension of the Kyle (1985) model of con-
tinuous insider trading, it is shown that asym-
metric information can make it impossible to price
options by arbitrage. Even when an option would
appear to be redundant, its introduction into the
market can cause the volatility of the underlying
asset to become stochastic. This eliminates the
potential for dynamically replicating the option.
The change in the price process of the asset reflects
a change in the information transmitted by volume
andprices when the option is traded.

The usual approach to option valuation is to posit a
price process for the underlying asset and then vaue
the option by arbitrage arguments. The option can be
priced by arbitrage if it is redundant-that is, if it can
be created synthetically by trading the underlying
asset and other assets. If the option is not redundant,
then its existence may have an effect on the under-
lying asset price, because prices will adjust to a new
equilibrium when a nonredundant asset is created.
This aspect of incomplete markets is well understood
[see, eg., Detemple and Selden (1991)]. In this article
| describe a similar but more subtle phenomenon,
linked to asymmetric information. | describe a market
in which an option appears to be redundant-it can
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be synthesized by dynamic trading. Nevertheless, the existence of
the option affects the underlying asset price, because it affects the
flow of information. When the option is traded, the volatility of the
underlying asset becomes stochastic as a result of the change in the
information flow. Thus, the option is not redundant when it is actualy
traded.

The fact that real and synthetic options can differ in the amount of
information they transmit has previousy been noted by Grossman
(1988,1989). Grossman (1988) shows that a traded index option can
appear to be redundant, but its remova from the market would have
real consegquences because its price reveals information about trading
plans. | show that a nontraded option can appear to be redundant,
but adding it to the market can have real consequences because its
price reveals information about the fundamental value of the asset.

The framework that will be used to demonstrate the informational
role of options is Kyle's (1985) model of continuous insider trading.
Kyle assumes that the asset value is normally distributed and shows
that in the unique linear equilibrium the price process is a Brownian
motion. Back (1992a) extends Kyle's uniqueness result beyond the
linear class and shows that, when the asset value is lognormaly dis-
tributed, the equilibrium price process is a geometric Brownian
motion. In either the normal or lognorma case, one would expect
an option on the asset to be priced by arbitrage.’ As is well known,
a market for an option cannot exist in this environment unless there
are agents who desire to trade it for noninformational reasons, com-
monly called noise or liquidity traders. We assume that the value of
the underlying asset (which for brevity we call a stock) is normally
distributed and that the liquidity trades in the stock and option have
a constant correlation coefficient p # 1. Under these assumptions,
in the equilibrium | have found, the stock has stochastic voldtility
and the option is not redundant.

One mativation for imperfect correlation of liquidity trades is that
some agents trade only in the stock and others use options for hedg-
ing; that is, they hold calls to hedge short positions or write covered
cals. More generdly, there might simply be some differences across
agents in the extent to which they use the options market, perhaps
due to differentia transaction costs. If these various agents have inde-
pendent liquidity shocks, then this structure will generate imperfect
correlation of liquidity trades. The correlation will be negative, as
will be assumed in Sections 3.1-3.3 and 4, if it results from agents

1 The arbitrage trading in the model is done by market makers. Being risk neutral and competitive,
they force prices to equal discounted expected values. Hence, taking the risk-free rate to be zero,
acall option with exercise price K and maturity Ton a stock with price P will have the price E[(#;
— K)*}. When P is a geometric Brownian motion, this is the Black-Scholes formula
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putting on or undoing hedged positions.> Obviously, it would be
desirable to modd the liquidity trades and determine their correation
structure endogenoudly, but that is beyond the scope of this article.

It is not surprising that the introduction of the option affects the
stock price process in this model, because we are essentially assuming
a different structure for liquidity trades when the option is traded. In
the single-asset model, Back (1992b) shows how the volatility pattern
of an asset depends on the pattern of liquidity trades. What is inter-
esting in the current modd is that the option is no longer spanned
by the stock and risk-free asset once it is introduced; that is, the stock
and option prices are imperfectly correlated. The correlation of the
prices depends on two factors: the correlation of orders and the matrix
of coefficients that relate prices to order flows. The former is taken
to be exogenous here, but the latter is determined endogenoudly. If
it were singular, the option would be redundant. However, it is non-
singular in the equilibrium that will be constructed.

The matrix relating prices to orders would be singular if market
makers in both markets were to base prices on the same weighted
average of stock and option orders. This would happen if the payoff
of the derivative were an affine function of the stock price. In that
case, an order for the derivative would convey the same information
to the market as an order for the stock, so orders would smply be
added to define an aggregate volume measure that drives both prices.
However, in the equilibrium that will be constructed, an order for an
option conveys different information than an order for the stock. For
example, a buy order for a cdl option has little effect on the relative
probabilities of vaues below the exercise price, but it increases the
probability of the option finishing in the money to a disproportionate
extent, relative to a buy order for the stock. As a result, the option
price is comparatively more sensitive to option orders than is the
stock price. Hence, there is no aggregate volume measure that drives
both prices, and consequently, the prices are not locally perfectly
correlated.

There is some empirical literature concerning whether the intro-
duction of an option affects the volatility of an asset. After controlling
for systematic changes in idiosyncratic risks, Lamoureux (1991) finds
that there is no change in voldtilities on average. This agrees with
the prediction of this model. The volatility becomes stochastic when
the option is introduced, but the expected average volatility does not
change.

The theoretical literature on Kyle models with multiple assets
includes Bhushan (1991), Cabalé and Krishnan (1993), Chowdhry

%Other reasons for imperfect correlation of liquidity trades could be tax effects (e.g., sales of specific
assets to realize losses) and option trades made to close out positions.
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and Nanda (1991), and Subrahmanyam (1991). These are primarily
one-period models. In each of these articles the assets are assumed
to have a joint norma distribution, which excludes options. In each
article, liquidity trades across the markets are assumed to be imper-
fectly correlated. The articles differ with regard to whether market
makers see the orders for other assets or at other market locations. It
is assumed here that market makers see the orders for both assets.
This makes the result that the prices do not move together more
striking.

An important motivation for informed traders to use options is to
gain additiona leverage or to avoid short-sale constraints. This moti-
vation is not captured in this article. It is assumed, for tractability,
that there are no margin requirements or short-sale constraints. There-
fore, the choice of which asset to trade is based entirely on the relative
mispricing and price pressure in the two markets.

The modd is described in the following section. Section 2 shows
that the following three conditions are equivaent and would hold if
the derivative had a linear or affine payoff: local perfect correlation
of prices, existence of an aggregate volume measure that drives both
prices, and singularity of the matrix relating prices to orders. Sections
3.1-3.3 present an equilibrium under certain parametric assumptions.
Section 3.4 explains how these assumptions can be generalized. Sec-
tion 4 describes some properties of the equilibrium presented in 3.1-
3.3. Included in Section 4 are severd graphs of the conditiona density
of the stock value. These demongtrate the different signding effects
of stock and option orders. They aso illustrate the stochastic volatility
of the stock. Section 5 briefly concludes.

The Mode

The basic moddl is that of Kyle (1985), generalized to include a cal
option. There are risk-neutral market makers, a risk-neutral informed
trader, and liquidity traders. Trading occurs continuously over an
interval [0, 1]. The stock is assumed to pay no dividends during this
period. There is to be a public information release a time 1. The
informed trader knows at time O the pricevs a which the asset will
trade after the information release. The rest of the market views*as
being normally distributed with mean K equal to the exercise price
of the call option.? Denote the variance of »* by ¢2. More generd

3 In equilibrium, the price of the stock at time O will be the mean of ¢*. We can think of the option
as being created at time 0. Therefore, what we are assuming here is that the exercise price is set
equal to the stock price when the option is created. This corresponds roughly to practice.
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distributions of o* will be considered in Section 3.4. We assume the
option expires just after the information release, so its price at expi-
ration will be v° = (¢ — K)*. The market makers are assumed to be
competitive and to observe the order flows in both assets. The risk-
free rate is normalized to zero.

Prices will be denoted by P, the informed trader's orders by X,
liquidity orders by Z, and total orders (X + Z) by Y. We use the
superscript s to denote the stock and the superscript o to denote the
option. Unscripted symbols will denote vectors. thus P = (Ps, P°)T,
v= (v, v°)7, .and so on.

The cumulative liquidity trades are assumed to be Brownian motions
with a constant covariance matrix

oS o®©
s=( o2)
13 g

We assume Z° and Z° are imperfectly correlated, so = is nonsingular.
The process Z is assumed to be independent of v.

Denote by C[0, 1], ®?) the space of continuousR?--valued functions
on [0, 1]. A pricing rule is defined to be a nonanticipative function

(t, V)= P(1, V): [0, 1] x C([0, 1], R?) - R=.

By “nonanticipative” it is meant that, for each ¢, P(¢, -) depends only
on (Y(s)).=,(i.e, is measurable with respect to the u-field on C([O,
1], ®?) generated by the family of projection maps {x—> x(s) | s <
t}). This captures the idea that the market makers at each time t have
only observed the history of the aggregate order process Y

The price vector just before the announcement is P(1, Y). It should
be kept in mind that this is not the price after the announcement.
The price vector after the announcement is v, and we are alowing
for a jump at the announcement, so v can, in principle, differ from
P(1, V). It will be proved that there is no jump in equilibrium.

The informed trader’s order for asseti (i = sori = 0) a any time
t is assumed to be of the form dX‘(#) = «’() dtfor some stochastic
process a‘.4 The informed trader’s information at any time t consists
of v and the history of prices up to that time. Hence the order rates
a'(t) must be measurable with respect to that information. We use
the device of an “artificial market” employed in the rationa expec-
tations literature [e.g., Grossman (1981)]. In the artificia market, the
informed trader is assumed to observe the order process Y Hence,
he can infer the liquidity trades Z. We construct an equilibrium of

* More general strategies were considered in Back (1992a) for the single-asset case and shown not
to occur in equilibrium.
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the artificial market and show that this is an equilibrium of the actual
market, because the price process in this equilibrium reveals the order
process to the informed agent.

A technical requirement is also needed to exclude doubling strat-
egies, namely, we must constrain a to be such that the stochastic
integrals  P'(t, Y) dZ'(9) are martingales. As in Back (1992a), this
can be interpreted” as stating that liquidity traders would not lose
money on average if they could trade at the midpoint of the spread.

An equilibrium consists of an order strategy a = (af, a®)Tand a
pricing rule P such that, given P, a maximizes the expected value of
the informed agent’s profits

J; [v — P, D]Ta(D) at. (@D}

subject to the measurability and “no-doubling-strategies’ conditions
and such that, given a, P satisfies the zero-profit condition

VO P Y =Ev] (Yus] as. 2

In this conditioning, market makers are assumed to know a, though
they cannot observe the actua orders of the informed trader.

. Signaling, Spanning, and Aggregation

It is useful to briefly review the Kyle model here. Assume that the
option is not traded. We may want to alow the variance of liquidity
trades in the stock to be different in this case, so denote the variance
by ¢3. Given the distributional assumptions on V°, the equilibrium
pricing rule is

Ps(t, Y) = K+ AY:(9),

where A =a,/a4. In equilibrium, the process Y° is a Brownian motion
on the filtration it generates (i.e.,, given the market makers infor-
mation) with zero drift and instantaneous variance ¢% Thisisacon-
sequence of the particular strategy chosen by the informed trader.
Therefore Psis a Brownian motion with zero drift and instantaneous
variance o2, given the market makers information. The conditiona
distribution of V° is always normal, and the variance decreases linearly
in time. Orders for the stock cause the conditional distribution to
shift in a paralel fashion, buy orders shifting it right and sell orders
shifting it left.
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2.1 Affine payoffs and signaling

The distribution of the stock price process would be unaffected by
introducing a traded derivative with a linear or affine payoff. Suppose,
for example, that the payoff wereys - K rather than(v* — K)+. Denote
values related to this derivative by the superscript d. The equilibrium
would have the following form. Market makers would consider the
combined order process. Y* = Y+ Y<. The equilibrium pricing rule
would be

Ps(t, Y) = K+ AY*(D),
P4t Y) = AY*(D),

where X = o,/04 and oo NOw denotes the instantaneous standard
deviation of 2z + z4. The informed agent’s trading strategy would
cause the process Y*to be a Brownian motion with zero drift and
instantaneous variance o}, relative to the market makers information.
Therefore, Ps-would be a Brownian motion with zero drift and instan-
taneous variance ¢2, just as if the derivative were not traded.

The reason that trading this derivative would have no effect on the
stock is that orders for this derivative would convey the same infor-
mation as orders for the stock. Because it may have come from the
informed trader, a buy order for the derivative would indicate that
the derivative may be undervalued (i.e, that P* < V* - K). Given
pricing as above, this is the same as the stock being undervalued.
The result is that both types of orders would induce parald shifts in
the conditional distribution of »s; for example, a unit buy order for
either asset would shift the distribution right by the amount A.

In contrast, orders for a call option can convey different information
than orders for the stock. Suppose that it tends to be the case that
the informed agent buys the cal option only when it is undervalued
in the sense that P° < v°.Then a buy order for the option is a signa
that it will finish in the money. The market will rationally respond to
this order by increasing the probability assigned to the event v > K
to a disproportionate extent, relative to its response to a stock buy
order. We will see in Section 4 that this occurs in equilibrium. Thus,
when there is a traded cal option there is a richer class of signals
the market can receive. Unless stock and option orders are localy
perfectly correlated, this enlargement of the local state space will
preclude spanning of the option by the stock and risk-free asset. An
equivalent perspective is that the change in the stock price alone will
not determine the change in the option price; one must aso know
the source of the stock-price change (whether it was stimulated by
stock or option orders) in order to determine the option price change.
Hence, a risk-free hedge cannot be formed from the stock and option.
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2.2 Order aggregation and spanning

In the previous subsection, where the derivative has an affine payoff,
market makers base prices on the sum of orders in the two markets.
If the units of the stock and derivative differ, then the sum is a weighted
sum.” This raises the question of whether there could be a weighted
sum of orders, possibly with random time-varying weights, which
drives the price processes in the option model. In this subsection we
show that this type of order aggregation is equivalent to the option
being spanned by the stock and risk-free asset or, equivalently (given
certain regularity conditions), to local perfect correlation of the stock
and option.

We assume that in equilibrium

dP(®) = u(® dt + AQ) dY() (©)]

for some vector-valued process 4 and matrix-valued processA adapted
to Y This assumption is unrestrictive.

Theorem 1. Assume that (3) holds. Then the following conditions are
equivalent:
1. P° and P° are locally perfectly correlated almost everywhere.
2. A(t) is singular amost everywhere.
3. There exists a scalar process Y* satisfying

ay*() = y() dt + g(OTdY(®), (4)
for some processes y and 8 = (8¢, 8°)T adapted to Y, such that
dpr(t) = k() dt + n() dY*(D (5)

for some processesk = («*, x°)T and n = (5, n°)Tadapted to Y.

Proof Given (3), the local covariance matrix of dP is AZAT. This is
singular iff A is singular, becauseZ is positive definite. Therefore, (1)
is equivalent to (2). If (4) and (5) hold, then

s 4 g sﬂs sﬁo
dp=(%TmY + {7 n
<x° + n°7) @t (ﬂ"ﬂ‘ nege) 4
so A is singular. For the converse, suppose that A is singular. Let
dy*(t) = A(®)T dY(®), where A(H)T denotes a nonzero row of A if

there is one and is zero otherwise. The other row of A(t) is of the
form 8(DX(DT, ¢« so (5) holds. n

The weighted sum (4) is a generdization of the type of weighted
sum considered by Jarrow (1992). Jarrow assumes that the stock and

* For example, if v = 29 + constant, then Y* = ¥ + 2¥* would drive the price processes.
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option prices satisfy dP°(¢) = é(¢) dps(t)for some process & adapted
to Y and uses the weighted sum

Y*(H) = Y () + () Y°(®)

to drive the stock and option prices. However, Jarrow does not assume
that there is asymmetric information.

2.3 An example

In Sections 3 and 4, we construct an equilibrium and show that the
three equivalent conditions of Theorem 1 do not hold in that equi-
librium. | do not know whether the equilibrium is unique, so it is
possible that there are other equilibria in which the conditions do
hold. The following example illustrates some of the issues involved
in determining whether the conditions are consistent with any equi-
librium.

LetAT= (A5, A°)T denote the first row of the matrixA in (3). Suppose
that the price-response coefficients A°and A¢ are both positive, as one
would expect them to be. Suppose that P*(¥) < v* < K. Even though
the stock is underpriced, relative to its true value, the option must
be overpriced here, because it will finish out of the money; that is,
Pe() > 0 = v°." Therefore, the informed trader can buy the stock and
sell the option and make money on both trades. If these trades are
made in the proportion

a* = —(\°/N)e’, (6)

then they will not move the stock price. If the matrixA is singular,
then the second row is proportional to AT; hence, trades made in the
proportion (6) will not move the option price either. This suggests
that the trades could be be repeated indefinitely, thereby generating
unbounded profits for the informed trader.

It is not compatible with equilibrium for profits to be unbounded,
so0 in equilibrium either or both of the following must hold: (i) Afs
nonsingular, so any vector of trades must move one of the prices; (ii)
the ratio A°/xs changes even when the prices do not. Either of these
could prevent the profitable vector of trades described in the last
paragraph from being repeated indefinitely. However, if only (ii)
holds, then there will be another vector of profitable trades satisfying
(6) after A°/xs changes. It is possible therefore that (i) must always
hold. If so, then there is no equilibrium in this modd in which the
option is spanned by the stock and risk-free asset.

. Equilibrium

Back (1992a) constructs an equilibrium of the Kyle model for a gen-
era distribution of the asset value and proves that it is unique within
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a certain class. The same technique will be used here to define an
equilibrium with a traded option. Whether the equilibrium is unique
in this model is an open question.

In Sections 3.1-3.3 we assume that o = —g°°/2. This parametric
assumption simplifies the solution of the modd, in a way that will
be explained in Section 3.4.

3.1 Pricing rule
We begin with the definition of a function = ®2 - R. This function
will appear in the definition of the equilibrium pricing rule. In par-
ticular, we will haveP:(1) = xs(Y(1)).

Figure 1 shows the level curves of =<. Wheye€ A = {(y*, y°) | 2y*
+ y°= 0}, then x*(y) = K Thus, when Y(1) € A4, then P:(1) = K;
is, the option is a the money just before the announcement. Let O
denote the region below A and J the region above A. The definition
of = is such that #*(¥) > Kin J and #*(y) < Kin O,s0 the option
is in (respectively, out of) the money just before the announcement
when Y(1) isinJ (respectively, 0). We show that in equilibrium the
informed agent will trade in such a way that Ps(1) = v*as.®
market believes that the announcement will not cause a jump in the
price. Hence, for example, if the option is out of the money just
before the announcement, then it will finish out of the money.

The level curves of =<inJ have dope - 1, and the level curves in
0 are vertical lines. This means that =* is a function of y* + y°
and a function of y*only in O, so P*(1) depends on Y*(1) + Y°(1)
when the option finishes in the money, and depends on Y*(1) when
the option finishes out of the money. The reason for this construction
is to ensure that a certain type of arbitraging cannot be done by the
informed trader. If it were known with certainty that the option would
finish in the money, then the prices of the two assets would move
exactly together. In this situation, there would be an arbitrage oppor-
tunity if there were differential price pressure across the two markets.
For example, if both assets happened to be priced below their true
values, then the informed trader could arbitrage by buying the one
with the lowest price pressure and selling the one with the highest.
Due to the definition of =<, the pricing rule to be defined here will
ensure that the price pressure becomes approximately equal when it
becomes highly probable that the option will finish in the money.
Also, for a similar reason, it will ensure that the price pressure from
option orders becomes nearly zero when it becomes highly probable
that the option will finish out of the money.’

s It is intuitively obvious that this is required for optimality; for example, if P7(1) < ¢, then the
informed trader should have bought more just before time 1.

" The exact formulas for the price pressure coefficients are given in equation (A13) in the proof of
Theorem 3.
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Figure 1

This figure shows typical level curves of x. For p < K, (x)~'(p) = {y | 2y’ + y> < Oand y* = a}
for some @, (x) (K} = {y | 2" + y°=0},and for p > K, (x')"'(p) = {y | 2y* + y° > O and y*
+ y° = b} for some b.

Figure 2 illustrates in more detail how = is defined. A change of
variables has been made in going from Figure 1 to Figure 2. The
vertical axis in Figure 2 shows the variable ¥ = »* + y°. With this
change of variables, the line A is the -45° line, and the level curves
above A are horizontal. Also, we can write 3 = {y | ¥* + ¥*> 0} and
O={y}| y + y< <0} To reduce the notational burden in the
following, let ¢ = (Z5(1), 2¢(1)), where Z<(1) = z*(1) + Z°(1).

For each real a, the set {¥ | = a} N is a level curve of =
Figure 2 shows one such level curve, labeled =* = p*. The number
ptis defined by

prob[¢ € L] = prob[v* = p'], @
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Forp' < K ()~ (p) ={y |y + y < 0and y'= al}, where a and p* are related by prob((2*(1),
2Z:(1)) € L] = prob[¢* = p*}. Here, prob denotes the unconditional probability, and L = {y | »* +
y <0Oand y' < a). For p* > K, (=)' (p) = {y |yt ¥y > 0 and y< = b}, where b and p* are
related by prob{(Z*(1), Z<(1)) € H] = prob(v* > p”]. Here, H = yity+y=>90 and y* = b}.

where prob denotes the unconditional probability, and L = {y | »*
< a} N O. We have
prob[t € L] = probff € L | § € O}-probf§ € O}

=1prob[Zz*(1) = a | $€ O]

= Gy(a)/2,
where G, denotes the cdf of Z*(1) conditional on € 0. Also

prob{vs = pt] = prob[v* = p* | v* = K] prob[v* = K]
= F(p1)/2,

where F, denotes the cdf of v* conditional on v* = K. Therefore (7)
is equivalent to Fo(ph) = Go(y*), or, equivalently, p* = F5'(Go(a)).
In general, we define

(V y € O)a*(y) = F3'(Go(¥").
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Similarly, for each rea b, the set {y | y* = b} N Jis a levd curve
of ==. Figure 2 shows such a leve curve labeled as = = p*. The
number p¥is defined by

prob[{ € H] = prob[v* > p¥],

where H = {y | y> = b} n J. This is equivalent to p# =
F7'(G,(b)), where F, denotes the cdf of Vv° conditiona on v* > K,
and G, denotes the cdf of Z°( 1) conditional on ¢ € 3J. In general, we
define

(VyeDw(y) = F(G,(y + ).

For future reference, note that our assumption that o* = —g°/2
implies that Z°( 1) has the same variance as z:(1),s0 the vector ¢
symmetrically distributed about the line A. This implies that

prob[{ € L] = prob[{ € H],
when a + b = 0 as in Figure 2. Hence, the definitions of p* and p¥
imply
prob[v* < p] = prob[v® > p¥].
It follows from this that (p- + p™)/2 = K.
The stock price a time t is defined by averaging over the values of
. The average (expectation) is taken with respect to the distribution

of the random vector y + Z(1) - Z(t), where y = Y(t) is known at
time t. Formally, we define

P(#) = E[=*(Y(®) + 2(1) — Z(®)) | (¥(9)),=} (8)
The option price is defined by
Po(1) = E[x°(Y(D) + 2(1) — Z(8)) | (¥(9)),<], 9)

where x° = (x* — K) The motivation for averaging over the distri-
bution of y + Z(1) - Z(t) will be explained following Lemma 2.
Note that even though = is discontinuous at the line A, the prices
are smooth functions of the state variable Y(t) a each time t < 1, due
to the averaging in (8) and (9).

Using the symmetry of the distribution of ¢ — (Z*(9), Z<(®) about
the line A for each t, we can easily show that (8) and (9) imply that
the option is in the money at time rif Y(z) € 3, a the money if Y(t)
€ A4, and out of the money if Y(¥) € O.

3.2 Trading strategy

We now turn to analyzing the informed agent’'s optimal strategies
when prices are defined by (8) and (9). Lemma 1 shows that the
informed agent will have many optima in equilibrium. The situation
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The equilibrium trade vector for the informed agent at any time ¢, when Y(t) 5y, () = (1 —
)(EZQ1) | Z(8) = y, #(2(1)) = ¢*] — y). ‘This figure illustratesa(t) when ¢* < K.

here is analogous to that of a risk-neutral agent in a competitive
model-he has an optimum only if all expected returns are equal,
but in that case anything is optimal. Here anything is optimal provided
it causes the prices to be right just before the announcement. All the
results in Sections 3 and 4 are proved in Appendix A.

Lemma 1. Given the pricing rule defined by (8) and (9), any strategy
for the informed agent that implies P(1) = v a.s. is an optimal strategy
in the artificial market.

The next lemma asserts the existence of a particular optimal strategy
that will subsequently be shown to be an equilibrium strategy. This
is a generdization of the Brownian bridge strategy followed by the
informed agent in the single-asset model (Back 1992a). The strategy
is illustrated in Figure 3. The order rate is the vector shown divided
by 1 - t. The effect of dividing by 1 - t is to make the vector very
large near time 1 whenever Y is away from the level curve xs= s,
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This forces the stock price to V° at time 1, so there is no jump in price
following the announcement.

Lemma 2. Given the pricing rule defined in the theorem, there exists
atrading strategy for the informed agent in the artificial market that
guarantees P(1) = v a.s. and which has the property that the distri-
bution of Y; given the market makers information, is that of a Brown-
ian motion with zero drift and instantaneous covariance ma-
trix X,

It may seem surprising that Y and Z can have the same distribution,
as this lemma states. This is simpler to see in the single-asset model.
Consider the termina distributions. From Back (1992a), we have X (1)
=—Z(1) + =—'(v), where A and v are scalars. The ability to contin-
uoudy monitor the liquidity trades (which can be done simply by
monitoring the price) and to move continuously up or down the
residual supply curve makes it optima for the informed agent to
completely offset the liquidity trades, as shown by the formula given
for X (1). The definition ofax, which the construction in this article
generalizes, is such thatx~!'(v) ~ Z(1), so Y(1) ~ Z(1).

One can prove that Y and Z have the same distribution simply by
showing that Y is a martingale on the filtration it generates. This is
an intuitively appealing condition, because it means that market mak-
ers cannot predict whether the next orders arriving will be buy or
sell orders. This is plausible because in equilibrium the assets are
neither underpriced nor overpriced on average. Back (1992a) shows
that under some assumptions it is a necessary condition for equilib-
rium in the single-asset model. The distribution of a continuous mar-
tingale is completely determined by its instantaneous variance, and
the instantaneous variance of Y is the same as that of Z because dX
is of smaller order than dZ (dt rather tham\/df) Hence, Y must be
distributed like Z if it is a martingale (and it is a martingale on its
own filtration when the informed trader follows the strategy in
Lemma 2).

3.3 Eqilibrium

The properties of the trading strategy in Lemma 2 justify defining the
prices according to (8) and (9). These prices are the conditional
expectations of v* and v°, respectively, because v = =(¥(1)) a.s., and
Y(1) ~ Y(® + Z(1) — z(¥) conditional on Y(t). This leads imme-
diately to the following.

Lemma 3. The pricing rule (8) and (9) and strategy in Lemma 2
congtitute an equilibrium in the artificial market.
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The fina step is to show that in this equilibrium the price process
reveals Y (hence Z) to the informed agent, so the equilibrium is aso
an equilibrium of the actua market.

Theorem 2. The pricing rule (8) and (9) and strategy in Lemma 2
constitute an equilibrium.

3.4 Generalizations

The purpose of this subsection is to explain the role of the assump-
tions that »* is normaly distributed with mean K andre = —o%/2
and to show how to relax them. Hopefully, this will aso provide
additional insight into the construction of the equilibrium. Suppose
now that the support of " ¢*Is an interval (possibly a half-line or the
whole real line) and its distribution function F is continuous. This
implies that F~'is well-defined on (0, 1). Let = Ibe an arbitrary sym-
metric positive-definite matrix.

The candidate for an equilibrium is the pricing rule defined by (8)
and (9) and the trading strategy in Lemma 2. The only change that
needs to be made to accommodate this more general setup is in the
definition of the curve 4. Continue to denote the region below A by
0 and the region above A by J, and take the levd curves of =<(y*,
y<) to be vertica lines in 0 and horizontal lines in J.

Lemma 1 goes through if

(p" — K)/(p* — K) = slope 4, (10)

in the notation of Figure 2, where p*and p* are defined as in Section
2.1. In general the slope of 4 need not be constant. Lemmas 2 and
3 remain valid here, so we have at least an equilibrium of the artificia
market when A satisfies (10). | conjecture that Theorem 2 and The-
orems 3 and 4 also remain valid, but | have not verified the details.

Because p- and p" are defined in terms of 4, Equation (10) is an
equation in the curve A.There are various ways to write this as an
integral or differential equation (one of which appeared in a previous
version of this article). These suggest numerical methods for anayz-
ing the equilibrium. However, | have been able to solve the eguation
analyticaly only under the assumptions that \° is symmetrically dis-
tributed about K and that Z*(1) and Z<(1) have the same variance.
These imply that (10) is satisfied by the -45° line.

. Properties of the equilibrium

The loca dynamics of the equilibrium price processes are described
by the following theorem.
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Theorem 3. In the equilibrium of Theorem 2,
dP() = AG, Y(®)) adY(D), (11)

where A(t, y) is a symmetric positive-definite matrix for each (t, y)
and depends continuously on (t, y). The instantaneous covariance
matrix of P is the symmetric positive-definite matrix AZA. Writing

_[As A
we bave AS > X*° = X% > \ for all (t, y).

The positive definiteness of the covariance matrix of P means, of
course, that the stock and option prices are not locally perfectly
correlated. Hence, the option is not spanned; equivalently, one can-
not form a risk-free hedge by using the stock and option.

The positive definiteness of the price-response matrix A can be
interpreted as follows. Suppose that we were dealing with discrete
orders and discrete price changes and had AP = AAY. Consider a
stock buy order Ay*and an option buy order Aye normalized so that
either one alone would cause a $1 increase in the stock price. Then
the option-price change would be greater in response to the option
order than in response to the stock order. The reverse is aso true: If
the orders were normalized so that either would induce a $1 change
in the option price, the stock-price change would be greatest in
response to the stock order. Therefore, each market is comparatively
more sensitive to its own orders. In a multiasset extension of the static
Kyle model, assuming joint normality of the asset values, Cabalé and
Krishnan (1993) aso show that the price-response matrix is sym-
metric and positive definite.

The fact that the top row of A is larger than the bottom means that,
for any vector of orders, the stock-price change will aways be greater
than the option-price change, as one would expect. Of course, this
does not mean that the stock return is greater than the option’s. The
fact that the left column of A is bigger than the right means that an
order for one share of the stock will have a bigger effect on each price
than will an order for one option.

Theorem 2 shows that the stock and option are not localy perfectly
corrdlated, so the option price is not given by a Black-Scholes-type
formula Pe(#) = f(t, P(H)). However, prices are martingales, due to
the existence of risk-neutral competitive market makers. This implies
there are no arbitrage opportunities for price-taking traders with pub-
lic information. Hence, the failure of arbitrage-based pricing must be
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due to the presence of stochastic volatility. This is established by the
following result.

Theorem 4. In the equilibrium of Theorem 2, the stock-price process
Psiis not a Markov process réelative to the market makers' information.

Because P reveals Yin this equilibrium, the information received
by market makers is public information. Hence, the stock price is not
a Markov process relative to public information either. The vector
process (P, Y) is Markov in this equilibrium, however.

Even though the volatility process is much different when the option
is traded, the expected average voldtility is the same. Because P:iisa
martingale, relative to the market makers information, and P*(1) =
Vv’ as, we have®

E[fl (dP‘)z] = var P5(1) = var v°.

The same formula applies when the option is not traded.

Theorems 3 and 4, as well as other properties of the equilibrium,
are illustrated in Figures 4-9. These show the conditional density of
vat timer=1, given the market makers information (or, equivalently,
public information) for various values of ¥(3).These figures assume
that ¢ =0 =1, K= 100, and the unconditiona standard deviation
of v* is 10. The assumption thate= = 1 is implicitly an assumption
about the unit in which the stock is measured. The calculation of the
densities is explained in Appendix B.

A characteristic of each of Figures 4-9 is that the density has two
peaks. This is difficult to discern in Figure 4, nevertheless it is true.
This is a consequence of the trading strategy of the informed agent.
Whenever V° is near K, the informed agent sells options while simul-
taneously buying the stock. The scale of this trading plan increases
with the proximity of osto K Even if such a plan has apparently been
carried out on some scade and the conditional probability mass is
concentrated around K, as in Figure 4, there will be values of v*very
near K at which the conditional density is relatively low, because the
scale of the plan has not been large enough to indicate that v*is that
close to K. This is true for every t > 0, though not at t = 0.°

* iAs usual, the real meaning of (dP*) is d{P, P*),where the brackets denote the quadratic variation
process. See, for example, Dothan (1990). This formula is a consequence of the fact that M? — (M,

M ] is a martingale, whenever M is a centered continuous square-integrable martingale [Karataas
and Shreve (1988, Definition 1.5.3) and Dothan (1990, Definition 10.33)].

" The difference between t > 0 and t = 0 is mathematically a result of the fact that the normal (
(1 — DZ)density is asymptotically smaller than the normal (0, Z) density-that is, the ratio of the
two densities is arbitrarily close to zero whenever the norm of the argument is sufficiently large-
no matter what  is.
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This is the conditional density ofy*; given the market makers information a time 3, when r’(3) =
land Y(3) = —2, assuming that ¢ = g% = 1, ¢ = —$, K - 100, and the unconditional variance
of v is 100. The stock price in this circumstance is 100, and the option price is 0.53. The conditional
variance of v iis approximately 4.

In Figures 4-6, the option is at the money, because Y(3) is on the
line 4. These cases differ with regard to the location of Y (f) on A.
This location affects the conditional variance and the option price.
The fact that the conditional variance and option price can vary with-
out the stock price varying shows that the stock has stochastic volatility
and that the option is not spanned by the stock. In Figure 4, option
orders through time % have on net been sdls, and stock orders have
been buys. In Figure 5, net orders for both assets are zero, and in
Figure 6 option orders have on net been buys and stock orders have
been sdls.

Both the variance and the option price increase with option buy
orders. The conditional variance of v° is approximately 4 in Figure 4,
52 in Figure 5, and 243 in Figure 6 (these numbers are biased down-
ward because the tails of the distributions were neglected in com-
puting them). The option price is 0.53 in Figure 4, 2.98 in Figure 5,
and 7.41 in Figure 6. Clearly, option buy orders can increase the
conditiona variance substantially. Recall that the unconditiona vari-
ance in this example is only 100, so the conditional variance in Figure
6 is higher than the unconditiona variance. This feature of the model
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Figure §
This is the conditional density of ¢ given the market makers information a time 1, when y(3) =
0and ¥(3) = 0, asuming that g« = g =1,0°= ~ =100, and the unconditiona variance of

v+ is 100. The stock price in this ci reumstance is 100 and the option price is 2.98. The conditional
variance of v 1is approximately 52.

differs radicaly from the single-asset Kyle model, in which the con-
ditional variance decreases linearly with time.

In Figures 7-9, Y(3) € O, so the option is out of the money. In
Figure 7, the stock price is 90. Figures 8 and 9 illustrate the different
signaling effects of stock and option buy orders. Taking Figure 7 as
a benchmark, Figure 8 (respectively, Figure 9) shows how the con-
ditional density would differ if there had been enough stock (respec-
tively, option) buy orders to raise the stock price to 95. Consistent
with Theorem 3, it takes more option buy orders than stock buy orders
to raise the stock price to 95. Also consistent with Theorem 3, the
resulting effect on the option price is greater with the option buy
orders. In fact, relative to stock buy orders, option buy orders signif-
icantly increase the conditional variance of v+, the conditiona prob-
ability of the option finishing in the money, and the option price.

. Conclusion

| have described an equilibrium in a market in which an agent with
private information can trade in an option and the underlying asset.
Trades in the option and underlying asset convey different informa
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This isthelconditional density of ¢* given the market makers information at time 3, Ywher¥*(z) =
-1 and ¥*(3) = 2, assuming that o= = 0> =1,¢*= —}, K= 100,and the unconditional variance

of’1 is 100. The stock pricein this circumstance is 100, and the option price is 7.41. The conditional
variance of v* 1is gpproximately 243.

tion, so the existence of the option implies that a richer class of signals
can be received by the market. This enlargement of the loca state
space precludes spanning of the option by the underlying asset. The
change in the information flow due to the existence of the option
also causes the underlying asset to have stochastic volatility.

The new assumptions introduced here, relative to the single-asset
Kyle model, concern liquidity trades in the option. It is probably
unrealigtic to assume the variance of liquidity trades in the option is
constant over time. One might expect it to vary depending on the
degree the option is in or out of the money and on the time to maturity.
Ideally, this would be derived endogenously in a more complete
model. This comment applies equally well to the assumption of
imperfect correlation of liquidity trades across the two markets.

Appendix A
Define &% = Fgle G, and x5 = F;'e G,. Then we have
_ 7o(y9) ifyeO,
() {ﬂ(y, + ) ifyed, (A1)
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Th?s is the conditional density of ¢*, given the market makers information at time 3, when ¥(3) =
-0.95250 and ¥»(3) = —0.47625,assuming that e~ =e>=1,0°= —}, K= 100,and the unconditional
variance of ¢* is 100. The stock price in this circumstance is 90, and the option price is 0.07. The
conditional variance of v* is approximately 39. The conditional probability of the option finishing
in the money is 2.6%.

Proof of Lemma 1. The proof is in two steps. First, we prove the
existence of a nonnegative function J(v, t, y) that has certain smooth-
ness properties and satisfies (where the subscripts denote partial
derivatives, s denoting the derivative with respect to y° and o the
derivative with respect to y°)

vi—- P+ J =0, (A2)
vv— P+ ],=0, (A3)
I + YgsT 4 2ga%T 4 goo7 VY =0 (A4)
Je Z\Y Jss ~v Jso v Joo/ bt ] \ 4

J(v, 1, =0 ifw(y) = v (AS)

Second, we use the function J to prove the lemma. The first step can
be seen as solving the Bellman equation and the second as proving
a verification theorem. However, the argument is entirdy self-con-
tained and does not refer to any results from dynamic programming
[for the connection to the Bellman equation, see Back (1992a)].

Sep 1. The intuition behind the definition of J(v, t, Y(t)) at any time
t is to consider not trading after time t until “an instant” before time
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This is the conditional density of v*;given the market makers information a timej, when¥*(}) =
-0.36705 and Y°(3) = —0.47625 assuming that o==g®=1,¢°= —, K=100, and the unconditional
variance of v* is 100. The.stock price in this circumstance is 95, and the option price is 0.52. The
conditional variance of v is approximately 33. The conditiona probability of the option finishing
in the money is 16.2%.

1. The prices then will be given by=*(y) and =°(y)where y = Y(t).
+ Z(1) - Z(t). At that point, consider trading against the pricing
rule = = (=*, #°) until the price vector is moved to v. The vaue J(v,
t, Y(t)) will be defined as the expected profits earned from this “ strat-
egy.” This discussion is intended only to motivate the following con-
struction; it is not implied that there is an actual strategy of this form.

Given y, consider a smooth curve {w(a) | 0 £ a £ 1} with the
property that w(0) =y and p (w (1)) = v. Take the curve to lie strictly
within O (respectively, 3) if VV < K and y 1 O (respectively, vV > K
and y€3J). Otherwise, let the curve intersect the line A exactly once.
Denote the point of intersection by h. Define

iy, y) = J; {[v: — =(w(a)))w(a)

+ [v° — ®°(w(a)))w°(a)} da, (A6)

where w' = dw’/da.In order for j to be well defined, we have to
ensure that the integral depends on the curve w only through v and
y. The integra depends at most on the endpoints w(0) = y and w(1)
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This is the conditional density of o+ given the market makers' information at time, when y»(3) =
-0.95250 and y°(3) = 1.36316, assuming that o= = g% = 1,¢°= —3, K= 100, .and the unconditional
variance of ¢+ is 100. The stock price in this circumstance is 95, and the option price is 3.62. The

conditional variance of ¢ iis approximately 150. The conditional probability of the option finishing
in the money is 33.0%.

and on h, becausedxs/dy° = dx°/dy in each of the regions J and O.
So we need to show that it does not depend on h and that it is invariant
with respect to w(1) in {w(1) | #(w(1)) = v}.

There are four cases to consider: (1) v* < Kand y €O, (ii) v* > K
and y €3, (iii) v* < Kand y € J, and (iv) v* > Kand y € O. By
substituting v°= (v* — K)*and #»°= (x* — K)* and making a change
of variables, we can rewrite the right-hand side of (A6) in these cases
as follows:

ws(1)
M f [ - ()] b,

w(1) + wo(1)
(ii) f [v° — =3(b)] db,

yitye

74 o wi(1)
(iii) f [v° ~ =5(b)] db + f (v — 75(b)) db

e n

+ (K= v)(n° ~ y),
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- ws(1) + wo1)
(iv) f [vF — 75(b)] db + f [v* — 73(b)) db
bl n

+ (o= K)(n° = »°).

Expressions (i) and (iii) depend on w(1) only through w(1), which
is uniquely defined by v in these cases. Expressions (ii) and (iv)
depend on w(1) only through w’(1) + w°(1), which is uniquely
defined by v. It remains to show that (iii) and (iv) do not depend on
h. It suffices to show that the gradients of (iii) and (iv) as functions
of h are proportional to the vector (2, 1), because that implies that A
is a leve curve of (iii) and (iv).
The gradient of (iii) is

(wz(n‘) - mi(n + n°))
K—=mitr +7) )’
and the gradient of (iv) is the negative of this. As noted in the text,
wo(y*) + m(y* + y°) = 2K
whenever y € A. Therefore,
mo(n’) — m(n* + 1°) = 2(K — (o + 7°)).

This completes the proof that j is well defined as a function of v
and y.

Note that j is a nonnegative function. This follows from the fact,
which can be straightforwardly verified, that for any curve {w(a) | 0
< a < 1} which lies entiredly insde one of the regions J or O, the
integral

J; {[r(w(1)) — m(w(a))|w(a)
+ [7(w(1)) — m(w(a))|w*(a)} da

is nonnegative. To deduce the nonnegativity of j in cases (iii) and
(iv), one can apply this fact twice.
Now define
J(v, t y) = E[j(v, y + Z(1) — Z(D)], (A7)

where we are taking the expectation over Z, regarding v as a constant.
All expectations in the remainder of this step are to be understood
in this way. We need to show that (V (o, ¢ ¥))J(v, ¢, ¥) < oo. It
suffices to show that

J(v,0,0) = E[j(v, Z(1))] < oo,
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because J( v, t, y) = E[j(v, Z(1)) ] Z= y] and the conditiona expec-
tations are finite if the unconditional expectation is finite. To save on
notation, write ¢ for Z(1).
We have
J(1,0,0) =ZE[j(®) | §€ O] + :E[j&) | £ € 7).

Suppose that v < K. Then, when ¢ € O we are in case (i), and when
¢ €3 we are in case (iii). By the monotonicity of =,

E(j(®) | £€0] = E[{w*(1) — {Hov* — xp(§)} | £€O).

For this mean to be finite, it suffices that each product have a finite
variance. This is clearly true of the first factor [recall that we are
regarding w:(1) = (x3)~'(v*) as a constant]. In the second factor, we
are treating V° as a constant, and the distribution function of =5(¢*)
conditional on ¢ € O is F,. This has a finite variance by assumption.
Similar reasoning yields the finiteness of E[j(§) | €3}, and the case
v’ > K is handled in the same way.

To verify (A2) and (A3), we begin by differentiating the formulas
for j in cases (i)-(iv). In each case, we obtain j (v, y) = =*(y) — v*
and j,(v, y) = m°(y) — v°. Hence

Pt y) ~vs=Ex(y+ 2ZQ) — Z®O)] — v*
E(j(v, y + ZQ1) — Z())),

and similarly for P° - \° (note that we are ill taking the expectation
over Z, regarding v as a congtant). To establish (A2) and (A3), it
suffices to show that we can pass differentiation through the expec-
tation operator in (A7).

The only complication here is that j’ is not continuoudy differen-
tiable, as the usua theorems for the interchange of differentiation
and expectation require. However, it is continuously differentiable
on each of the regions J and O, and everywhere continuous, and these
properties are sufficient. Proceeding along the lines of the usua argu-
ment, we have to establish the uniform integrability of the difference
quotients. Consider the partial derivative with respect to y°. Given 1
>e>0,if bothb=y+ 2Z(1) — Z(H) and b’ = y + Z(1) — Z(D
(e, 0) belong toJ or both belong to O, then

(&) — j(b)/e = j(b") = x(¥") — v*
< max{m*(y + Z(1) - Z(D), =(y + Z(1)
—zZ® + (1,0} — v
for some 6” on the line segment joining b and b'. The last inequality
follows from the monatonicity of =+(-).  The right-hand-side variable
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is integrable and independent for e, which establishes the uniform
integrability. If one of b and b’ belongs to 3 and the other to O, then
the line segment joining b and b’ crosses the boundary between 3
and 0 at some point » = ¥y + Z(1) — Z() + (¢, 0). The difference
guotient can be written as

(e - a)(;(b') - j(n)> N (g’)(f(n) - j(b))
€ e — ¢ € '3 '

This weighted average of difference quotients can be bounded in the
same way as above, completing the argument. The partial derivative
with respect to y° is analogous.

Because J(7, 1, ) = j(v, ), condition (A4) follows directly from
the definition of j. Finadly, the PDE (A5) follows from the fact that
J(t, Z(1))is, by definition, a martingale [Karatzas and Shreve (1988,
Theorem 3.6)].

Sep 2. Let X be an arbitrary policy and apply 1t6’'s formula to J(v, t,
Y(t)), using (A5). This yields

J(v, & Y() = J(v, 0,0) + f'js(v) u, Y(u)) dy*(u)

+ Jr,jo(v’ u, Y(u)) dYo(u).

Now subgtitute from (A2) and (A3) and rearrange terms to obtain
J; {[vr — P(u, Y(u)))a(u) + [v° — P°(u, Y(w))]a(w)} du
( , .

=j(0,0) — j(u, ¢, Y1) + J [v° — P(u, Y(u))] dZ*(u)
0

+ J-‘[vo — P(u, Y(1))] dZ°(u).

The left-hand side of this is the profits earned during [0, t]. Because
J(v, )iscontinuouson [0, 1] x R [Karatzas and Shreve (1988, Problem
4.3.2)], this aso holds at t = 1. Taking expectations throughout and
recaling that J is nonnegative, we conclude that the expected profits
are bounded above by E[J(v, 0, 0)]. In this step, we use the fact that
[5[v' — P'(u, Y(1))] dZ'(w) is a martingale.

If the strategy impliesJ(v, 1, Y(1)) = 0 as., then the expected
profits actually attain the upper bound. A sufficient condition for this
is tha=(¥(1)) = P(1, Y(1)) = v [

461



Tbe Review of Financial Studies /v 6 n 3 1993

Proof of Lemma 2. To reduce notation, we will write v for v* and p
for == throughout this proof. Given any strategy for the informed
trader, the joint distribution of Z and v defines a joint distribution
for Y and v [a distribution for Y or Z is a probability measure on C([0,
1], ®2)). The distribution of Y given the informed trader’s information
is this joint distribution conditioned on v. Denote this byu(- | v).
In equilibrium, the market makers are assumed to know the strategy
of the informed trader, so they know the joint distribution of Y and
v, but, of course, they do not observe v. Therefore, the distribution
of Y given their information is the marginal distribution of Y Denote
this by . Of course, the margina distribution of v is F.

First, we show that if u(- | v) is as specified in the lemma [i.e., the
distribution of a (0, S)- Brownian motion conditioned on ending in
the set #=*(v) then p will be the distribution of a (0, S)- Brownian
motion. Then we show that there is a strategy for the informed trader
such that Y actualy has the distribution u(- | ) for each v. This will
complete the proof.

Let | denote the distribution of a (0, S)- Brownian motion. All the
distributions on c([0, 1], ®?) are determined by their finite-dimen-
sional distributions, so what we need to show is that for any finite set
of times ¢, < ... < ¢, and sets 4, C R?, we have

wY | (V m)Y(,) €A, = MY | (Vn)Y(,) €A4,}. (A8)

By assumption, | is obtained by conditioning | on =(¥(1)) = v:and
then integrating over v. Thus, we can write (A8) in terms of density
functions as

8(y(1),..y(t) | y(D)YB(¥(1)) = g(y(1)),....»(t) | »(1))g(x(1)),(A9)

where g(-|-) is the conditiona density function defined by |, g(:)
is the normal (0, S) density function [the margina of y(1) under I ],
and h(:) is the density obtained by conditioning g(y(1)) on=(y(1))
=Y and then integrating over v. What we need to show is that g(y(1))
= h(y(1)); that is, the marginals of w and | on Y(1) coincide.

I will write 'y for y(1) in this paragraph. Consider any 4 € %% We
want to show that u(y€A) =A(y€A). It sufficesto consider separately
the two casesA € O andA € J. Suppose that A € O. If v > K, then
p(A | v) =0.1f v < K, then conditioning on =(y) = v is equivaent
to conditioning on y € O and y* = =5'(v). Thus,

f(ﬂ 5w, poea 8(&S(V),9°) dy°
I()"’I(IG'(U).)"’)GO) 8(x3'(v),y°) dy°

Set y* = x5'(v). The denominator of the above is g(y* | y € O)/2.
Therefore, we have

u(yedlv) =
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u(yeAd) =u(y€A| v<K)/2
f J‘()"’I(ro'(v)y")e,q} g(-xo (v) yo) dyo f(v) |

g(y' 1 y€0)/2
where f denotes the density function of v. By (Al),
Sf(v) 1

g(y 1 y€0)/2 ()
Hence,

u(ye ) = f f g(y, y°) dy° dy* = A(y € A).
- {5 | (), y?)EA}

One can show similarly that u(y€ ) =A(y€A) if A C J."We conclude
that p = A.

It remains only to show that there is a strategy for the informed
trader such that Y is distributed according to  u(- | v) for each v. We
consider_ onIy the case v < K, the other being handled similarly.
Define Ze = Z° — 8z:, where g = g*/o=. Then zz and Z° are inde-
pendent Brownlan motions, and the mstantaneous variance of Z is
a>(1 — p?)Where r is the correlation between Z° and Z°. By Rogers
and Williams (1987, 1V.40), there exists a function a*(y*, ¢) such that

Y:(H) = f (Y (u), u) du + Z°(t)

is distributed as a [0, ¢=)-1 Brownian motion conditional on
(1) = x5'(v); (A10)

in other words, Y° is a Brownian bridge. Also, by Rogers and Williams
(1987, 1V.39)) there exists a function ¥(y°, ¢) such that

Yo(p) = f a°o(Ye(w), 1) du + Z°(t)

is distributed as a0, (1 — p?))-FBrownian motion conditional on

Note that y* and y° are independent, by the independence of Z°
and Z°.
Define

Yo(s) = BY=(¢) + Y°(r)

= J; Bes(Y(10), ) + &°(Y°(2), w)] du + BZ*(t) + Z°(p)
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= f a*(Y* (1), Y°(w), u) du + Z°(),

the last identity being a definition of a°. Note that the stochastic
process a°(Y*(-), Y°(-),:) isadaptedtoZ and = (a*, «°) istherefore
an admissible strategy (in the artificia market). This strategy produces
a Y that is distributed as a (0, S)- Brownian motion conditioned on
(A10) and (A11). Given (A10), (A1l) isequivaent to 2Y*(1) + Y°(1)
< 0; that is, Y(1) € O. Hence, (A10) and (All) are equivalent to
»(Y(1)) = v. This means that the strategy a has the property stated
in the lemma

We still need to show that a satisfies the no-doubling-strategies
condition; in other words,

f P(1, Y(D)T dZ(D)
is a martingale. A sufficient condition for this is that

E[f1 Pi(t, Y(£))*? dt] < oo

for i = s, 0. Here we are taking the expectation over v and Z. Because,
unconditional on v, each P is a martingale, we have

E[flP'(t, Y())? dt] =< E[P(1, Y(1))3.

By (Al), the random variable P (1, Y(1)) has the same distribution
as v, 50 the finiteness of the variance follows from the assumed finite
variance of v. ]

Proof of Lemma 3. Let the informed trader follow the strategy given
in Lemma 2. Lemma 1 ensures that this is an optima strategy in the
artificial market. Given the definitions (8) and (9), the zero-profit
condition (2) follows from the properties of the trading strategy,
namely that =s(¥(1)) = vsa.s. and Y(¥) + Z(1) — Z() ~ Y(1) given
the market makers information at time t. u

Proof of Theorem 2. Theorem 2 is a consequence of Lemma 3 and
the properties of the matrix A established in Theorem 3. The non-
singularity and continuity of A imply, by Harrison and Kreps (1979,
Proposition 1), that the filtration generated by P is the same as that
generated by Y Therefore, the informed trader can infer Y and, hence,
Z from P. This implies that the equilibrium of the artificial market is
also an equilibrium of the actual market. ]
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Proof of Theorem 3. Equations (8) and (9) imply that the pricing
rule is smooth enough to apply 1t&’'s formula. Using the fact that
the quadratic variation of Y is the same as that of Z, we obtain, for
i=s,0

dP' = PidYs + P dY° + P dt + 3(0=P!, + 20°P!, + ¢°P.) dt,

where the subscripts denote partial derivatives (s denoting the deriv-
ative with respect to y* and o the derivative with respect to y°).
Equations (8) and (9) aso imply that P must satisfy the PDE

P!+ 3(o%Pi, + 20°Pi, + opi,) = 0. (A12)
Hence the price dynamics are actualy given by
dpP' = P dys + P. dy°.
Thus (11) holds with

_ [Pt y) Pt y)
A p) = (p?(t, y) P, J’)>

We will calculate these derivatives by differentiating (8) and (9).

Let ¢ denote a normal (0, S) random vector. Let f, f, &,, & denote,
respectively, the density function of v conditional on v < K, the
density function of v conditional on v > K, the density function of ¢
conditional on ¢ € O, and the density function of ¢ + ¢{» conditiona
on ¢ €J. Consder afixed t and y. For the duration of the proof, we
take ¢ = (¥*, ¥°) tc to denote a normal random vector with mean zero
and covariance matrix (1 — #) Set y<= y* + y°and ¥° = ¢ + ¢°.
Let h denote the density function of < + ¢*. Define

_ 8o(y* + ¥)
Yo = E[fo(fo(ys"‘ W))Xo(y + w)])
_ &y  + ¥°)

B=E[m(y +¥) = K| y* + y* + ¢ + ¢ = 0} h(—p° — p*),

where the expectations are al taken over y and x denotes the 0-1
indicator function. We will show that

(P: P?)=(70+71+4ﬁ 7,+2ﬁ>
Py P v, + 28 v+8)

This matrix is positive definite, because v,, v., and g are dl positive.
Also, the ordering of the elements is the same as claimed in the

(A13)
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theorem. The positive definiteness of L and S implies that LSL is
positive definite, so establishing (A13) will complete the proof.
We go through the caculation only for Ps. The others are similar.
To reduce the notation, we write p for the stock price=* throughout
the remainder of this proof. Set 8 = y + ¢.Also, for any ¢, set 8, = (y*
+ ¢+ € )0+ ¢0), 0= 0 + #° and 6: = 6 + 8°. From (8), we have

P: = lim - E[w(ﬂ) — =(0))].
Using definition (Al), we have
7®(0) — w(0) = [7,(0;) — 7o(0°)]x0(0)x0(0)
+ [Wl(oc) - 71(06)]X1(0 )Xl(o)

4 (e (85 — o (B v (A )y (A)
VLM Oo\Ves IV JIJAO\Ve/AI\V Y

+ [7,(09) — mo(0)]x,(0)x0(0). (A14)

For each redization of y, there exists by the mean vaue theorem
some 8, and 8., each lying on the line segment between & and 4.,
such that

(1/)[7(8) — 7,(69)] = 76(05.),
(1/9)[=,(6) — =,(6)]) = 7;(05).
By (A1), we have

To(w) = go(w)/ fo(wo(w)), (A15)
(w) = g(w)/ filz (w)). (A16)
We will defer the proof of the following.
. go(o:).) _
l‘lg)l E[ O(Wo(o(sx))Xo(Q)Xo(o)] Yo (A17)
&85) _
llm E[ [( 1(02))Xl(0¢)X/(0):| ‘YI' (A18)

Consider now the third and fourth terms in (A14). We can consider
separately the cases ¢ | 0 and € 1 0. First, let ¢ | 0. Whene > 0, the
third term in (A14) is zero for every redization of y. For each red-
ization of y such that the fourth term is nonzero, there is some €
between 0 and e such that 8, € A. 1 Using the mean value theorem again,
we have

%[Tl(of) - 70(05)] = : : ¢ (e _1 6') [Wl(af) - 71(05)]
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+ %[‘A’,(Gﬁ) + ‘R'o(o.")] + %(5)[70(05) - 10(0‘)]

€ — ¢

w05 + < (0) — wo@)] + 2000,

€

where 6, lies on the line segment between 6, and 6., and 0. lies on
the line segment between 6 :@and 6,. Using (A15) and (A16) and the
reasoning underlying (A17) and (A18), noting that x,(6,)x.(6)con-
verges to zero a.s., we obtain

lim E[‘—:—"r;(oz.)x,(o.)xo(B)J =0,

|0

fim E[‘;'fo(oa.>x,<o.>xo<o>] —o.

€|0

Wehave 6,€ 7 and 8 € O iff —2¢ < 6< + 6 < 0. Hence,
E[{Tl(of) - 10(0:')}x1(0¢)x0(0)]
= E[x,(05) — wo(6:) | —2¢ < 6 + 6 < 0]-prob[—2¢ < < + & < 0].
Moreoever,
lim %prob[—Ze <@+ 6 <0]=2b(—y° — »),
elo
and
7, (05) — wo(6:) = 2[771(05) - K.
Findly, it is clear that '
lim E[x,(85) — K| — 2¢ < 6 + 6 < 0] = B/[h(— y* — ).

elo

This completes the calculation for ¢ | 0. The calculation for € 1 0
is the same, noting that the fourth term in (A14) is zero whenever
e <O.

It remains now to verify (A17) and (A18). The two are similar, so
we go through the proof only for (A17). We have

. 8o(05) 8o(6°)
im @) To(mo(6)

as., so it suffices, by Lebesgue's convergence theorem, to show that
the random variables

Xo(0)x0(0) = Xo(o)

80(05.)

Fo(ro(05)) Xo(0)x0(0)
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are uniformly integrable. This will certainly be true if the random
variables go(05.)/ fo(mo(05)) are uniformly integrable. Thus, it suf-
fices to establish the existence of a function &(-) :such that

E{k(6°)] < oo (A19)
and

8o(0%)
So(mo(85))

for every redization of y and al sufficiently small e. This last condition
will be true if

=< k(6%

go(w + ¢)

SUP S row + ) — W) (420)

for each real w.
The expectation in (A19) equals

Elk(y* + ¥)) = E[k(Z:(1)) | Z°(t) = y*},

and the conditional expectation is finite if the unconditiona expec-
tation is finite. Hence, it suffices to show that E[£(Z*(1))] < oo. In
other words, we want

J‘w k(w)g(w) dw < oo, (A21)

where g denotes the norma (0, o) density function. Thus, we can
take

k(w) =k, + «, exp(k,w?/20%),
for any constants «,, «,, x5, provided «, < 1.
By continuity and the fact that

wwo fo(To( + €)  fu(K)

0,

we have

go(w + ¢
sup sup ——————— < 00,
wzlz I-lg fo("o(w + e))

for every real u. Hence we can ensure (A20) holds by choosing «,
sufficiently large, if

. 8o(w + € _ K3 W? -
wl:t_rloo {lstlll<pl o('l'o(w + E)) "zexp< 20 =0 (AZZ)
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We haver, = Fg'e G, andFo(w) = 2F(w) when w < 0. Hence,
So(mo(w)) = 2 f(F ' (Go(w/2)).

It is straightforward to check that G £ Gy £ 2G, where G denotes
the norma (0, ¢=) distribution function. These facts imply

8o(w) < g(w) - g(w)
So(F5 (Go(w))) — fIF(Go(w)/2)) — f(FH(G(w))/2)

Sety =V (1 + 8)o2/e=forany 0 < é < 1.Using |'Hopital’s rule, we
obtain

lim Gw)/2 =
w- —00 F(‘YW)
Hence, for any w sufficiently close to —oo, we have
g(w) ()N <5_w2)
FEG@N/D) ~ fGw) TP\ o=

where x, = Vo2/o%. By choosing x, between d and 1, we obtain
(A22). u

Proof of Theorem 4. We argue by contradiction. Suppose that P° is a
Markov process. We have PY(1) = v as., so the unique pricing rule
for the option consistent with the equilibrium condition (2) is

Pe(H) = E[(P(1) — K)* | (Y(1))us!]
= E[(P(1) — K)* | P<(9)). (A23)

This shows that P° is adapted to the filtration generated by P°.
Let A(t, ) denote the transpose of the first row of A(¢ y). Then
(11) implies

dapP(t) = A, Y())T dY (D),

0 the instantaneous variance of Psis 2 = AT ZA. If P*is Markov, this
variance must be a function of (¢, P(¥)). Define

f 1
w(e) =J; ——a(u, () dpPs(u).

This stochastic integral exists because ¢(-) is continuous and, hence,
predictable and locally bounded. The instantaneous variance of W is
unity, so Wis a standard Brownian motion [Karatzas and Shreve (1988,
Theorem 3.3.16)]. Hence any square-integrable martingale on the
filtration generated by W can be represented as a stochastic integral
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with respect to W [Karatzas and Shreve (1988, Theorem 3.4.15)]. The
filtration generated by W is the same as that generated by P° [Harrison
and Kreps (1979, Proposition 1)]. Therefore, P° is adapted to (and a
square-integrable martingale on) the filtration generated by W, and

we conclude that there is a process b adapted to this filtration such
that

B()
a(t, P(1))
Equation (A24) implies that P° and P° are locally perfectly corre-

lated. But Theorem 3 shows that the instantaneous covariance matrix
of P° and P° is positive definite, which is a contradiction. L

drPo(t) = B(H) dw() = daps(1). (A24)

Appendix B

The conditional distribution of v* at any time t, given the market
makers information, can be explained with reference to Figure 2.
Consider first the calculation of the density at a point p- < K. The
conditional probability that v* £ p" is the probability that y + Z(1)
- Z(#) € L, given y = Y(t). Recall that p- and L are related by the
condition that the unconditional probability that Z(1) € L equals
F(p*). Let a(p*) denote the y° intercept of the line =* = p*, so the
region L is bounded by the lines y< + y*= 0 and y* = a(p*). Then
we have

F(p*) = prob(22:(1) + z°(1) = 0, Z°(1) = a(p"))
0 00
= _ n(x,)n(x;) dx, dx,, (B1)
& —oo WV 3x—2zal(pt)

where n denotes the standard normal density, The last equality, fol-
lows from making the change of variables Z*(r) = V3/3)Q2z: () +
Z°(®), Z°(t) = z°(t) and noting that Z(1) has a normal (0, 1) distri-
bution.

Let F(- | #) denote the conditional distribution function and f(- |
t) the conditional density of V°, given the market makers information
a timet. LetN(x | g, £) denote the normal (¢, 1 — #) distribution
function evaluated at x, and let n(x | u, £) « denote the corresponding
density. Analogous to (B1l), we have

F(pt| D

0 o0
= f f n(x, | Z°(), O nlx, | 2°(8), 1) dx, dx,. (B2)
—~o0 V3 x,—2a(pt)
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We can cdculate f(- | i interms of a'(p*) from (B2), and we can
calculate fin terms of aa'(p*) from (B1l). Substituting outa’ (p*)
gives

fH 1D
© z(®, Dn(V3x — 2 Z°(0, 0 d
J oo u\.&/u\\’:)-& I ZAN } a

To cdculate a(p*) we gan use (B1).
Similarly, letting b(p™) denote the y° intercept of the level curve
= = p¥ for p¥ > K, we obtain

NAGZEN )

Je n(x | Z5), DnQb(pH) — V3x | Z°(s), 1) dx
fe n(x)n(2b(p") — V3) dx

= f(p")

1

\-/

where b(p") can be calculated from

1 - F(p") = J; LMP")_\/? n(x)n(x,) dx, dx,.

In each of Figures 4-9, the density was elevated at 120 points and
the resulting graph smoothed. The expectations that define the stock
and option prices and the variance were computed as Riemann sums
from these 120 points.
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