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In a one-period model of market making with many
exogenoudly informed traders, we first show that
the variance of prices and expected trading vol-
ume depend on the public information released at
the start of trading. This is accomplished by rep-
resenting beliefs with elliptically contoured distri-
butions, for which the form of optimal decision
rules does not depend on the specific distribution
used. Second, if the modd is altered so that the
decision to become informed is made endogenous,
then the decision rules of the market-maker and
informed traders depend on the public informa-
tion. Third, in a multiperiod model with many
informed traders and long-lived private infor-
mation, recursion formulas similar to those of Kyle
(1985) hold for all elliptically contoured distri-
butions, trading volume is autocorrelated and,
unless per period liquidity trading is bounded away
from zero as new trading periods are added,
informed traders profits vanish.
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Recent experience suggests that the announcement of unanticipated
events can cause large price changes and surges in trading activity.
For example, the announcement of unexpectedly low earnings by a
firm may lead to a burst of trading in the shares of the firm, the share
price may drop quickly, and the share price may be more volatile
thereafter. Of course, if the low earnings report was anticipated by
investors, we would expect to see no dramatic reaction to the
announcement. As another example, consider the reaction of oil futures
traders after Iraq's invasion of Kuwait and the U.S. decision to respond
by sending troops. Throughout this sequence of events, there was a
dramatic increase in oil prices, prices were more volatile, and trading
was very active. The announcement of Irag's invasion of Kuwait led
to one of the most volatile days in the history of trading in the oil
futures pits at the Chicago Mercantile Exchange.' Aside from this
anecdotal evidence, the empirical works of Gallant, Rossi, and Tauchen
(1992) and Hsieh (1991) use daily data to show that stock price
variances and volumes are serially dependent. It is this relation
between public news and the serid dependence in trading volume
and price volatility that we are interested in modeling.”

The dependence of price variability and volume on the arriva of
news (or rather the arrival of unexpected news) cannot be explained
with current market microstructure models. Models such as those
offered by Kyle (1984, 1985, 1986) and Admati and Pfleiderer (1988)
use the norma distribution to characterize beliefs. As a consegquence,
their models have conditional variance-covariance matrices that
change deterministically. Therefore, these models result in expected
trading volume and price voldtility that are unaffected by the type of
public information released. In other words, these models do not
take into account the effect of differences between actual, announced
information and the news that traders expected on volume and vol-
aility. At the same time, the use of the normal distribution to represent
beiefs yields a simple pricing rule where price changes are linearly
related to net order flow.

We use a more general representation of beliefs that allows volume
and volatility to depend on the public information that is reveaed.
By using distribution functions from the dlliptically contoured class
(ECC), we maintain the linear form of the decision rules found in
Kyle (1985) and are adso able to have price volatlity and trading
volume depend on public information in a richer way. In this setting,
if the public information is not fully revealing, yet is close to what

! Seethe Wall Street Journal, August 3, 1990.

2 While Gallant, Rossi. and Tauchen (1992) and Hsieh (1991) use daily data to document persistence
in price volatility and trading volume, the implications of the model presented in this article are
for transaction level (or some other short time interval) data
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investors expect, there is little incremental effect on price volatility
and trading volume. On the other hand, if public information is sub-
stantidly different from what investors expect, then an increase in
price volatility and trading volume occurs.

Other researchers have used the ECC in financial economics. Cham-
berlain (1983) proves that the class of distributions consistent with
mean-variance analysis is from the ECC, an msght used by Owen
and Rabinovitch (1983) and Ingersoll (1987).2 In addition, we know
that the ECC is very large; Cambanis, Huang, and Simons (1981) show
that any univariate dlstrl bution can be used to generate an dlliptically
contoured distribution.* The term elliptically contoured comes from
the fact that contour lines of the density functions in this class are
elipses. While the ECC includes the norma distribution, it contains
many other distributions of interest to financia researchers. the mul-
tivariate t, mixture of normals, and multivariate double exponential.
We use ECC distributions because al distributions in this class have
linear conditional expectations [see Vershik (1964), Blake and Thom-
as (1968), and Kelker (1970)], which alow us to ma| ntain the linear
form of the price adjustment rule in Kyle (1985).°

In Section 1, we present a one-period model and prove that most
of the results derived by Kyle (1985) hold for the ECC. In particular,
if the number of informed traders is fixed, then decision rules of
informed traders and the market-maker have the same form as in Kyle
(1985). However, with the ECC, we are able to show that trading
volume and price variances can depend on the redlized public infor-
mation, a result that does not hold with a normal distribution rep-
resentation of beliefs. We aso give an example where we use the
multivariate t and demonstrate that a greater difference between the
realized public information and its expected value leads to higher
volume and more informative prices.”

In Section 2, we enrich the model so that some traders decide
whether to pay a fixed cost to acquire private information after observ-
ing the public information. Traders acquire information simulta-
neously, and the number of informed traders is announced before

3See Harvey (1991) for an application of these distributions to asset pricing. These distributions
aso belong to the set of separating distributions studied by Ross (1978).

* We restrict our analysis to distributions that have second moments; this excludes, for example,
stable distributions with characteristic exponents less than 2.

® Blake and Thomas (1968) characterize distributions in the elliptically contoured dass in terms of
the following linear conditional expectation property. Given a random vector x= (x,, x,)’, let y=
a’xand z = y'x. Then E[y|z] = Az {for dl a and gif and only if x is a member of the elipticaly
contoured class. It is in this sense that the elliptically contoured class contains al distributions
that have linear conditional expectations. See Hardin (1982) for a further discussion of this property.

® There are distributions in the ECC, like the uniform distribution on the unit circle or sphere, that
give lower volume and less informative prices when the difference between realized public infor-
mation and its mean is large.
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trading commences. The decision rules of the market-maker and
informed traders depend on the number of traders who acquire infor-
mation. With this model of endogenous information acquisition, con-
ditional price voldtility is a function of public information. Conse-
quently, the acquisition of information, and hence the equilibrium
number of informed traders, depends on the public information; trad-
ing volume, price variances, and the equilibrium decision rules of
the market-maker and informed traders are al functions of the public
information.

In Section 3, we consider multiperiod trading where a fixed number
of informed traders have long-lived private information and where
information from past prices is publicly available. This extends Kyle's
discrete multiperiod model to many traders and a larger class of
distributions. As before, the informed traders decision rules do not
change when we use distributions from the ECC; however, price
variances are functions of past orders, while volumes are serially
corrdated. If a fixed amount of liquidity trading (measured as a vari-
ance) is split equally over al periods (so that the liquidity trading
per period declines as new periods are added), then informed traders
profits vanish as new trading periods are added; this result contrasts
with that obtained in Kyle (1985) when there is a monopolistic
informed trader.” If liquidity trading is the same each trading period
(regardless of how many new periods are added, so that the totd
liquidity trading increases as new periods are added), then informed
traders profits are bounded when new trading periods are added (the
profits of a monopolist informed trader become infinite as new trading
periods are added).

In Section 4, we provide a summary. All proofs and a description
of the ECC are in the appendices.

. The Basic Model

In this section, we introduce the market participants and the assump-
tions used to solve the moddl. We prove that there is a unique linear
Nash equilibrium (Proposition 1), that the conditional variance of
the value of the security given the public information is heteroske-
dastic (Proposition 2), that trading volume depends on public infor-
mation about the asset’s value (Proposition 3), and that, for some
elliptically contoured distributions, if actual public information is
very different from expected information (whether it is unexpectedly
good or bad news does not matter), trading volume is higher and
prices are more volatile (Proposition 4).

"Similar results are found independently in Holden and Subrahmanyam (1992) and Michener and
Tighe (1991).
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Public Information and Competition

We consider a one-period model with | risk-neutral informed trad-
ers, a market-maker, and a number of liquidity traders. All participants
trade an asset with a terminal value, v, that is known only by informed
traders. Before trading, public information, s, that is correlated with
the termina value of the asset is observed by all traders. We often
refer to public information as the public signa. A typical informed
trader, say the ith informed trader, submits an order, x(I, s, v), based
on the number of informed traders, public information, and knowing
the terminal value of the asset. Liquidity traders submit orders sum-
ming to | that are uncorrelated with the termina value of the asset
and the public signal. The market-maker is risk-neutral and sets prices
to make zero expected profits, given the public information and the
net order flow, y = 2L, x.(1, s, v) + I This model has a structure that
is similar to those in Kyle (1984, 1985, 1986) and Admati and Pflei-
derer (1988).

The timing of events in the modd is as follows. First, public infor-
mation is observed. Then informed and liquidity traders submit orders
to the market-maker, who determines the price knowing the public
information and the net order flow. The market-maker only knows
the net order flow, the number of informed traders, and the public
signal; individual trader order sizes or the identity of the informed
is not known. After the market-maker sets the price, trade occurs and
the termina value is revealed.

We assume that the terminal value of the asset, the public infor-
mation, and the liquidity trades are jointly distributed according to
some multivariate dliptically contoured distribution, where uncon-
ditional expected values of the public information, the full infor-
mation value of the asset, and the amount of liquidity trading are s, ,
pe, and 0, respectively, and are known to dl traders:

s So
(v> ~ ECC((PO) Z, !P(')); (1)
) 0

here ¢¥(-) is a function that determines the shape of the density. In
Appendix A, we describe the characteristic function of a density in
the ECC and show that the mean, variance, and function ¢(-) com-
pletely characterize the distribution. The function ¢(-) can be any
continuous function that satisfies the usual restrictions of a charac-
teristic function.®. The unconditional variance-covariance matrix,
S, is

®Elliptically contoured distributions in this setup have the property that liquidity trading is semi-
independent of s — s and v — p,: they are independent only for the normal distribution (see P7
in Appendix A). While q!|s, v] = 0, 1the conditional variance of the liquidity trades depends on
the redized public information. (Two random variables a and b are semi-independent if Halb) =
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The conditional distribution of » — p,and |, given the realized
public information, is an dliptically contoured distribution of a form
similar, but not identical, to the original multivariate joint distribution
(see P7 in Appendix A):

v—po| s\ _ (0../03) (s — )
()= eeel(7)

(s = 5,)°\[02 — (6%/6%) 0 'p(-)\ 3)
g( ot )( 0 ) vO)

where g(-) isafunction that maps from % two %+, whose form depends
ony(-).* The conditional variance-covariance matrix depends on the
public information through the function g(-) which has as its argu-
ment (s — s,)2/¢2.In the case of the normal distribution, the con-
ditional covariance matrix is deterministic and g(-) is equal to unity
for al vaues of the public information, s. In what follows, we use
the notation A =62 — (62/02) and represent conditional vari-

ances as
Alsy _ [(s—s)2\[A
(af | S> B g( o2 )(a?)' )

As an example, consider the multivariate tdistribution with kdegrees
of freedom and m = 3 variables (& > 2 is needed for the variances
to be well defined). In this case, the unconditional density is

I‘[%(Ie + m)]
fCs, 0= (det )12
T3£)((k — 2)m)™

—(k+m)/2
1 S$— S
X [l + g 2(5_50 v—Do I)E"<v—lpo)] :

6))

The conditiona distribution, given the public information, is a mul-
tivariate t with k degrees of freedom and m = 2 variables. The con-
ditional variance of the difference between the terminal value and
the unconditional expected price is

0 and E1b| a) = 0. { Semi-independence is a weaker condition than independence and a stronger
condition than zero correlation.)

® If we condition on k variables, then g(-) isafunction that maps from %* to R*.
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Var[v—pols]=g<¥>A
k=2 1 [ (s—s) k|
Tk k—l[k+ a? /e—z]A‘ ©

Notice that, unlike the normal distribution, if public information has
a very large deviation from its mean, there is a large conditiona price
variance.

Having described the uncertainty in the model, we now turn to the
strategies of the participants. Let p(y, s) be the price that the market-
maker sets knowing the net order flow and the redized public infor-
mation. The market-maker sets p(y, s) so that

p(, 5) = Ev|y, s), )
while each informed trader chooses x(I, s, V) to maximize
E(v — p(y, 9)x(1, s, v) |, 5). (8)

Proposition 1 characterizes the unique linear equilibrium of this game;
note that the form of the equilibrium decision rules does not depend
on the dliptically contoured distribution used.

Proposition 1. The unique linear Nash equilibrium is symmetric
and is of the form

x(I, s, v) = B8(v — E[v | s)),
p(y, s) =E[v|s]+ Ay,
where
VI /A

“T+1 Ve

1 a?
-3 V2

| and b are independent of the public information, and the equilib-
rium decision rules depend only on the unconditional variance-
covariance matrix, not on the specific elliptically contoured distri-
bution used.

With the ECC representation of beliefs, the form of the equilibrium
decision rules is independent of the dliptically contoured distribu-
tion chosen. Also, the equilibrium values of | and b are independent
of the public signal. This property of | and b follows from the fact
that the conditional variance function for eliptically contoured dis-
tributions has a very specific form. As demonstrated in Equations (3)

A
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and (4) public information affects the conditional variance-covari-
ance matrix via a proportionality factor. In equilibrium, I and b are
functions of the ratio of the conditiona variance of information that
the informed traders have, Als, to the conditional variance of the
liquidity trading, ¢%|s.! Because this ratio is independent of the public
information, | and b are independent of s. Further, because condi-
tional expectations are independent of ¢(-)[as demonstrated in Equa-
tions (1) and (3)] we know that the form of | and b is independent
of the particular éliptically contoured distribution used, for a fixed
unconditional variance-covariance matrix.

While the functiona form of | and b is independent of public
information and the specific dliptically contoured distribution used,
the same is not true for the equilibrium properties of trading volume
and the informativeness of prices. For a fixed unconditiona variance-
covariance matrix, the linearity of conditional expectations implies
that the conditional first moment is the same for all distributions in
the dlipticaly contoured class. However, for higher-order moments,
the conditional values are different for each distribution in the elip-
tically contoured class. In the remainder of this section, we explore
the implications of this feature of distributions in the elliptically
contoured class when we examine the dependence of price volatility
and trading volume (which depend on higher-order moments) on
the public signa and the order flow (our conditioning variables).

Proposition 2. For elliptically contoured distributions other than the
normal, Var(v — p(», s)|s, : is conditionally heter oskedastic. ™

As an illustration of Proposition 2, consider using the multivariate
t to represent beliefs. The conditional variance of the termina value
less the expected price, given s and v, is

Var[v — p(y, 5) | s, y)

=g ¥ + (s — 5)° a} A
I’B2A + o2 o? I’82A + o2

— —_— 2 k 2

= k__z_l. b+ (S SO) k + yz gy A
k k a2 k—2 IA+ otk — 2|I*8A + o2

9

From expression (9) it is easy to see that a higher value of |s — s

1% While conditional heteroskedasticity is a time-series property. we have shown the dependence of
the conditional variance function on past information in our static setup. If we repeat our model
to obtain an infinite horizon model, this dependence gives conditional heteroskedagticity. In the
rest of the article. we use the phrase conditional heteroskedasticity to mean dependence of the
conditional variance on past information.

30



Public Information and Competition

or the absolute net order flow |y| leads to a higher conditiona vari-
ance.

Next we examine the implications for trading volume of using
distributions from the ECC. The expectedvolume [as defined by Admati
and Pfleiderer (1988)], given the public information, and the uncon-
ditional expected volume are derived as follows. If b,,b,,...,b, @€ the
trades from M groups of traders, then the expected total volume is™

V= Emax{B*, B}, (10)

where B* = M, max{b, 0} and B~ = I, max{—b, 0}. This sim-
plifies to

) ]. (11)

1 < 1

V=32 nb,|1+25[”
The first term of expression (11) consists of the orders from the
informed and liquidity traders, while the last term represents the
securities traded with the market-maker.

To complete our characterization of trading volume, we need to
compute the expected value of the absolute value of an dlipticaly
contoured random variable (which we state as a lemma). First, how-
ever, we refer to a result from Chu (1973) that alows us to write an
elliptically contoured density function as the product of a normal
density function and a weighting function (see P9 in Appendix A).

Chu's (1973) lemma characterizes an éliptically contoured distri-
bution as “nearly” a randomization over a norma distribution. Thus,
draws from an dlipticaly contoured distribution are “nearly” draws
from a normal distribution with a randomly chosen variance. We use
the word “nearly” because the “distribution” from which we pick
the variance (the weighting measure) can take negative values; hence,
it is not necessarily a probability measure. When the weighting mea-
sure is a probability measure, the dliptically contoured distribution
is a randomization over the normal distribution; these distributions
comprise the compound normal class. For example, a draw from the
t distribution can be viewed as a draw from the normal distribution
where the variance is chosen from an inverted gamma distribution
(here the weighting measure is an inverted gamma distribution).

Chu (1973) gives another representation for densities in the com-
pound norma class. A draw from a compound normal distribution
can also be viewed as the product of a draw from a distribution with
a nonnegative support and a draw from an independent standard
normal distribution. As an example, the t distribution can be gener-

! Foster and Viswanathan (1990) use a similar definition of trading volume.
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ated from independent x> and normal distributions. Here, the positive
random variable that multiplies the unit norma is \VQ/Vk,where
Q is drawn from a x? distribution with k degrees of freedom.

We use Chu's (1973) lemma to compute the expected value of the
absolute value of a random variable in the ECC. Let z represent the
“random variable” that determines the variance of the independent
normal random variable in Chu's (1973) first characterization (for al
distributions in the ECC) and let w(-) be the weighting measure for
z. Also, let\/Z i represent the random variable that multiplies the unit
norma in Chu's (1973) second characterization (for the compound
normal class). We state the expected value of the absolute value of
an dliptically contoured random variable in the following lemma.

Lemma. If e is from an elliptically contoured distribution with mean
zero, Ef{e|] is a monotonic function of its variance, ¢2, and

2 g, J‘w
Eflel|] = zdW(z).

[hel] V2rx [f3 22 dW(2)]"”* Jo )
If e is from a compound normal distribution, then dWw(-) isa prob-
ability density function and using Chu's (1973) second character-
ization we obtain

2 o,
Bllel) = 757 tmz e V2
For general dlipticaly contoured distributions, the weighting mea-
sure dW/(-) is not a probability density and our characterization is in
terms of integrals over the weighting measure. For the compound
norma class, the weighting measure is a probability measure and the
integrals are expectations.

Proposition 3. For nonnormal elliptically contoured distributions,
informed, liquidity, market-maker, and total expected trading vol-
umes depend on the public information. For compound normal dis-
tributions, the portion of total expected volume from each source is
constant.

To understand how the expected trading volume depends on the
public signal, consider our example with the multivariate t distri-
bution. If we use Chu's (1973) second characterization of the mul-
tivariate t, we can write it as the product of a multivariate standard
normal random variable and the square root of aix? distributed random
variable divided by its degrees of freedom. The public signal gives
information about the value of the x3:random variable, and it is the
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revison in beliefs about the x% random variable that affects volume.
With Chu's (1973) first characterization of an dlipticaly contoured
random variable, the public information causes a revision in prior
bdiefs about the inverted gamma distribution from which the vari-
ance of the normal is drawn, With either representation, the public
signal affects volume and is the source of conditional heteroskedas-
ticity.

Next we consider elliptically contoured distributions where the
conditional variance and volume, given the public information, are
monotonic in the absolute difference between the realized public
information and its mean. Examples of these distributions include
the multivariate t, the discrete mixture of normals, the double expo-
nential, and all other distributions in the compound normal class.
For al the digtributions in the compound normal class, Chu's (1973)
lemma gives an interesting interpretation of the g(-) function intro-
duced in Equations (3) and (4). This function is the conditional
variance of the random variable z, given the public information. The
monotonicity property follows from the fact that larger values of
Is — 5| lead to an upward revision of our prior beliefs about this
variance.

Proposition 4. Suppose g(-) is monotonic in {s — s,|, with strict
monotonicity on a positive measure [this is true for the whole com-
pound normal class where g(-) is strictly monotone increasing in
|s — sol,]. Then the conditional variance given the public informa-
tion, Var(v|s), and the volume given the public information, V(s),
are monotonic in |s — s,|.

Under the conditions of Proposition 4, for any distribution in the
compound normal class, a large unanticipated redlization of the pub-
lic information leads to higher volatility and higher volume. Unan-
ticipated earnings reports, merger announcements, and major polit-
ica events should lead to higher trading volume and volatile share
prices-these predictions cannot be generated by models with nor-
mally distributed beliefs. However, these effects are easily captured
by models that represent beliefs with distributions from the ECC.

Throughout this section, we have specified exogenoudly the num-
ber of informed traders. A more realistic model may alow some
traders to decide whether to purchase information. Of course, the
decision to acquire information depends on others actions as well
as the kind of public information that is revealed. Public information
that is much different than expected may induce more traders to
choose to become privately informed. This decision is the subject of
our next section.
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Endogenous Information Acquisition

We extend the model of Section 1 to allow endogenous information
acquisition by some traders. We consider a model where traders decide
whether to become informed by paying a cost, c, after they observe
the public information. For example, if public news reduces voldtility,
fewer traders may acquire information. If the news increases voldtility,
more traders may acquire information.”

In our model of information acquisition, traders simultaneously
decide whether to become informed. In our setup, the public infor-
mation is revealed, then traders simultaneously decide whether to
acquire information, the number of informed traders is announced,
trades are submitted, and the market-maker sets the price for the
orders received.”® Because the number of informed traders is
announced prior to trading, the market-maker and other traders can
adjust their decision rules according to the number of traders who
become informed. This structure is similar to Admati and Pfleiderer’s
(1988) second model of information acquisition and yields a unique
linear equilibrium.*

Traders who can acquire information do so only if their expected
profit when they are informed (net of the costs of acquiring infor-
mation) exceeds their expected profit if they remain uninformed. The
expected profit that accrues to an informed trader when there are |
informed traders in total is

1 _ [ = %)) @
T+ D 2!S g( 2 NIU+1) (12)

From expression (12) we can see that the equilibrium number of
informed traders is unique and is given by I, where

OU+1,s5) < c< O s). (13)
In what follows, we characterize the equilibrium that results from

I, s) =

12 The fact that informed traders acquire information after they observe the public signal isimportant.
If information acquisition occurs before the public signal is observed, given the unconditional
variance-covariance matrix. al eliptically contoured distributions lead to the same number of
informed traders. The reader may aso view our model as a sequence of repeated games where
private information is short-lived and public information also contains past trades and public signals.
Such a model would be an extension of Admati and Pfleiderer (1988); we do not work out this
case because of the complexity of the notation.

'3 Another approach that gives the same equilibrium is to allow for sequential information acquisition
by the traders. In this case, traders decide one at a time whether to acquire information, and
everyone knows the current number of traders who have already become informed. Traders continue
to acquire information until the last trader does not find it profitable to pay for information. At this
point, the market-maker accepts the orders from all traders and announces the terms of trade.

' For other earlier work on endogenous information acquisition and the volume-volatility relation-
ship, see Pfleidercr (1984).
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this model of endogenous information acquisition (Proposition 5)."°
We are able to make more specific claims about these eguilibrium
properties when beliefs are represented with distributions from the
compound normal class (Proposition 6).

Proposition 5. For all elliptically contoured distributions except the
normal, there is a unigue number of informed traders, I(s), that is
a nontrivial function of the public information. Consequently, the
mar ket-maker‘ s sensitivity to trades, | (s); the informed trader’s inten-
sity of trading, b(s); the conditional variance of the terminal value
given the public information, Var(vls); and the volume given the
public information, V(s), are (discontinuous) functions of the public
information.

From Proposition 5, we find that the result of Section 1 which shows
that the parameters | (s) and b(s) are independent of the dlliptically
contoured distribution no longer holds. Information acquisition
depends on the public signa in a way that varies with the distribution
used to represent beliefs. With endogenous information acquisition,
changes in | (s) and b(s) only occur when more traders become
informed.

Proposition 6. Suppose g(-) is monotone increasing in  |s— s,|, t with
strict monotonicity on a set of positive measure (the compound nor-
mal class satisfies this restriction). With endogenous information
acquisition, if g(0)(\/o3A/2) :, there exist A,A,...,and I, < I, <
..., such that

ifO0< |s— | <A, then! =1,
ifA, < |s— 5| <A, thenl =1L,
HES : < :

*y )

hence, | (s) is a monotonic decreasing function of |s — s,|
discontinuous at A, i= 1,2,....

The conditional variance of the terminal value given the public
information, Var(v|s), and the volume given the public information,
V(s), are discontinuous increasing functions of |s — s,|, where the
discontinuities occur at A, i= 1,2,....

% Because the number of informed traders is discrete. there are discontinuities in the model's
parameters. In an earlier version of this article, we considered a model of simultaneous Information
acquisition, where traders chose a probability of acquiring information. and then according to that
probability information was revealed to some traders. In this case, the model's parameters were
continuous, otherwise, this model had similar implications to those given here.
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As previoudly discussed, the requirement in Proposition 6 that g(-)
be monotonic is satisfied by a large number of dlipticaly contoured
distributions; in particular, it contains all distributions in the com-
pound normal class. For these distributions, the discontinuities in
the decision rules mean that there can be large changes in price
volatility and trading volume for relatively small changes in the public
signal. In other words, small pieces of news can cause large changes
in market behavior when more traders decide to become informed.

Finaly, we are interested in the effects of long-lived information
in our model and the effects of competition among the informed
traders in such a setting. To introduce these changes, we use a model
like that of Section 1, where the number of informed traders is given,
but where there are a number of consecutive trading sessions. This
analysis is reported in Section 3.

. Multiperiod Trading with Long-Lived Information

In this section, we are interested in how the moddl’s participants act
in a multiperiod setting where the information is about the value of
a security a number of periods in the future (we refer to this as long-
lived information). To focus on this effect, we analyze a model where
there are many trading periods. Of particular interest to us is how the
informed traders choose to release their information through trading,
and what effect competition among informed traders has on their
profits.

Before the first round of trading, a fixed (and known) number of
informed traders see the terminal value of the asset, v. In each sub-
sequent trading period, liquidity traders and informed traders place
their orders, the market-maker observes the sum of these orders and
adjusts the market price, and trade occurs. Thus, past prices and
volumes become part of the current publicly available information.

We are principally concerned with how the informed traders and
market-maker’s strategies change in this dynamic environment. Related
to this, we want to learn about the time-series properties of trading
volume, and whether there are time dependencies in price volatility.
In order to compute the effects of adding more time periods, we need
to know how liquidity trades are partitioned as new trading intervals
are added. We analyze two digtinct environments. In the first, existing
liquidity is split into equal and declining amounts as new periods
are added. Our second representation has an increase in liquidity as
new periods are added, so that the liquidity per period is constant.

Consider a T-period model with a fixed number of informed traders,
where bdiefs are given by the dlipticaly contoured distribution
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()= =ecl(8) (5 ) v0) oo

We assume that there is no public information other than past prices
and net trades until time T, at which time the value of the asset is
announced. Thus, the modd is identical to the discrete multiperiod
model of Kyle (1985), except that we allow for many informed traders
and a more genera representation of the information structure of the
model.

Next we consider how competition among the informed traders
and the availability of liquidity affect the profits and trading intensities
of informed traders. We are interested in how the limiting behavior
of the model changes with competition among informed traders (the
limit in this section refers to adding more trading periods with the
same long-lived information). We show that the profits of a monop-
olist informed trader depend on the total liquidity variance in all
periods. In contrast, for competitive informed traders, profits depend
on the liquidity variance in each period. More specificaly, we find
the unique linear solution to the model and show that the decision
rules are invariant to the elliptically contoured distribution used
(Proposition 7); that price variances are functions of past orders and
prices; and that trading volume is autocorrelated (Proposition 8). We
provide a recursion that can be used to solve the mode explicitly
(Proposition 9), to examine limits when a fixed amount of liquidity
trading is spread over a larger number of time periods (Proposition
10), and to discuss limits when there is a constant amount of liquidity
trading per period as the number of trading periods is increased
(Proposition 11).

Proposition 1 states that public information does not affect the
equilibrium decision rules when the number of informed traders is
fixed. Similarly, in this multiperiod, discrete-time model, information
in previous order flows becomes a public signal, and decision rules
are invariant to the dlliptically contoured distribution used. This is
stated as Proposition 7.

Proposition 7. The unique recursive linear equilibrium is symmetric
and has decision rules that are invariant to the elliptically contoured
distribution chosen. The parameters 8, A, «, 8, and A, are constant
and satisfy

Xy = Br(v - pl—l))
b=p_,+ A(x, + 1),
A, =ENac(v | Ix, + 4, ..., Ix, + 1)),
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E[H: | Doy Dems v]= a,_,(v— P:—l)z + 6:—1(117 RN A v),

& .= Ft§ (1 l )1 for t=1

T
V-1 B A A E I IR e R AL ] RIRG R

Given A,, the parameters 8,, A,, «,, 8,, and A, are solutions to the dif-
ference equation system

g, = 1 — 2aA,
TN+ I = 2a)))
1— ad,
a_; =

A+ IQ = 22D

6., = aMo? + b,

A= (B./oD)A,

A= = N\BIA,_,
subject to ay = 6, = 0 and the second-order condition
A —ar) > 0.

The conditional variance of the terminal value, v, given the order

flow, A,(ys, ..., ), , and the time-varying “constant” in the value
function of informed agents, 6,04, ..., I, v), evolve according to

A, ...,y = A,b,(E#),

-1 I*fiA, ., + o

6:—1("1-.. l'l U)iﬁ & /12 (V—po)\
) y f—1 —158¢—1 0'[ A()
where b(-) and g,_,(-) depend on the particular eliptically con-
toured distribution used.

In this multiperiod model, information from past prices and orders
does not affect the market-maker’ s sensitivity to trades and the informed
traders trading intensities. As in the single-period model, the infor-
mation in past prices and order flows affects the conditional variance
of the unknown information and the conditional expectation of the
volume. Because of the influence of past events on the conditional
variances, trading volume is correlated across periods.’®

Proposition 8. For all elliptically contoured distributions other than
the normal, Var(v — p,|p, ..., p.—,) IS afunction of the price and

' This multiperiod model, like Kyle's (1985) discrete model, is nonstationary. Consequently, we
refrain from using the term conditional heteroskedasticity. One can obtain similar autocorrelation
results from a stationary model obtained by repeating a one-period model infinitely often.
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order flow history. For all eliptically contoured distributions (exclud-
ing the normal), trading volume is a function of the price and order
flow history and is autocorrelated; when beliefs are represented with
compound normal distributions, trading volume is positively auto-
correlated.

Corollary. For the compound normal class, Cov(V, V,_,) > Cov(V,
V._2) > 0. Also, Cov(V, V,_,) > Cov(V,._,, V._,) > 0.V

From Proposition 8, we see that the autocorrelation in volume is
intimately related to the random variable that drives the variance-
covariance matrix of the normal distribution in Chu's (1973) char-
acterization. For example, for the multivariate t distribution, the ran-
dom variable that determines the variance-covariance matrix is the
inverted gamma distribution. The covariance between trading volume
in any two periods is related to the conditional variance given the
past order flow of this inverted gamma random variable (which is the
source of second moment variation over time in the multivariate t
distribution).

The recursion listed in Proposition 7 cannot be used easily to com-
pute the equilibrium as it has two constraints, one at t = 0 (on the
initial variance A,)) and the other at t = T (that o, = 0.). Proposition
9 provides recursive formulas in a transformed variable that has only
one endpoint congtraint at t = T, and can be used to solve for the
equilibrium.®® We use Proposition 9 to understand how the equilib-
rium decision rules change as we vary the liquidity trading in each
period and as we change the number of periods.

Proposition 9. Let 0, = Ia?A,/o?, §,= a,\,. Solve for0,and {,as follows.
First find , given 0, using
1+ 11 —2¢)

0, =¢& T

(where 0 < §, < 3), and then solve for 8,_, given ¢, using
0 - (1 - g-‘)z
T =200 + 1 - 280

with the endpoint constraint 8, = 0.
Then the recursions

' Because the model is nongtationary. the first-order autocovariance function is declining with the
number of lags used [i.e., Cov(V, V,.,) > Cov(V,_,, V,._;) > 0].

18 Kyle (1985) also provides a recursive solution method that is specific to the monopolist informed
trader case.
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S+ 1 — 207
1- g-l ’

Q= a,_,

A1

1+ -2

with the endpoint constraints A, and o, (= 0) yield the solution.*

A,

We use Proposition 9 to determine how informed traders profits
and other model parameters change as the number of time periods
is increased, while keeping the total liquidity trading variance fixed
(for T periods, the liquidity variance in each period is ¢3/T). Kyle
(1985), in a modd with a single informed trader, finds that spreading
liquidity trading over many periods causes the informed trader’s prof-
its to increase, and that in the continuous time limit these profits are
the highest. However, when there are at least two informed traders,
we find that as the number of periods increases, the expected profits
of informed traders (calculated at time 0) vanish.”

Proposition 10. Suppose the liquidity trading variance in each of T
periods is ¢#/ T, that is, the total liquidity variance is held constant.
If the number of informed traders is greater than or equal to 2, as T
- oo, for the mtb trading period, the equilibrium parameters con-
verge as follows:

E[MZI) -0,  EML| v]~-0,
AL -, BL-0,
B, —~ o0, TAL— AL ) —» —.

When the number of trading periods is very large, informed traders
total expected profits go to zero, the market-maker's sensitivity to
trades in the initia periods is infinite, and the size of the informed
traders orders converges to zero. With competition, informed traders
reduce their order size at a rate greater than /T (this is reflected in
the result that 787 limits to infinity). Thus, the reduction in the size
of informed orders occurs at a slower rate than the reduction in
liquidity trading variance in each period. As the per-period liquidity
trading variance falls with the increase in the number of trading
periods, informed traders trade too intensely and drive their profits
to zero. This higher intensity of trade implies that the market-maker

% For the last period, we havea, = 0 and §, = 0; | hence, the recursion on a, makes no sense. If we
solve for the time series of A, and use Equations (B32) and (B25) to solve for A;and a;r.,, the
recursion gives other vaues of  «,.

% | independent work, Holden and Subrahmanyam (1992) obtain a similar limit. However, they do
not show that the expected profits of informed traders vanish. See also Michener and Tighe (1991).
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learns efficiently the true value of the asset, and that informed traders
immediately release all of their private information to market through
their trades.

These results are in contrast with those obtained by Kyle (1985)
in his analysis of the same model with a monopolistic informed trader.
In Kyle's (1985) model, the informed trader reduces the size of trade
so that it is of order I/T; the absence of competition alows the
monopolist to capture greater rents as liquidity trading variance is
spread over many periods. In fact, a monopolist informed trader makes
the greatest profits when liquidity trading variance is spread over many
periods.?*

Proposition 11 shows that when a constant liquidity trading variance
is spread over an increasing number of trading periods, intense com-
petition among the informed traders causes their trading profits to
vanish. This intense competition can be found in other environments
where the total liquidity trading variance is not constant. In generdl,
as the liquidity trading variance per period goes to zero as the number
of trading periods limits to infinity and the number of informed traders
is greater than unity, the profits of informed traders vanish. Con-
versdy, if the liquidity trading variance per period is nonzero and
finite, then profits of competitive informed traders are finite as the
number of periods increases. With competition, the important vari-
able becomes liquidity trading variance per period; with a monopolist
informed trader, it is the tota amount of liquidity trading variance
across al periods that matters.

Proposition 11. When there are T trading periods, let the liquidity
trading variance in eachperiod be h;. The limitingparameter values
in the mtb trading period as T - oo are, if | = 1 and Th; » oo, then

7] —~o00, A, -0, B,-0, br (AT — A) = O
ifl1=1and Th,— x* > O, then
HIL]~ B AL~ X, BL-~0, (AT = AD ~ —h%;
ifl = 2and b™— x > 0O, then
EM}] = En A, = Ay, 85 = By b7 (AT = AD) — —b;
and, if1 = 2 and b”| O, then
HII,] - 0, —» 00, 87, = 0, h7! (AT — AJ) — oo.

2 In contrast to Kyle (1985). there is no well-defined continuous-time limit if there are more than
two informed traders. The usual assumption that informed traders make infinitesima trades of
order dt yields infinite trading intensities. A previous version of our article discussed the contin-
uous-time case. Also, see Back (1992) for amore detailed discussion of insider trading in continuous
time.
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From Proposition 11 we can see that the differences between com-
petitive and monopolistic settings are most striking when there is an
infinite amount of total liquidity trading. In such a case, the monop-
olist makes infinite profits as he trades infinitesimal amounts in each
period. However, infinite tota liquidity trading variance can lead to
zero profits with competition. To see this, let the liquidity trading
variance in each period be 1/V/T when there are T trading periods.
Then informed traders profits vanish as T increases, even though the
total liquidity trading variance,7(1/\/T), |becomes infinite. All of this
serves to emphasize the importance of understanding the competitive
environment when modeling long-lived private information.

. Summary

We consider a model where public information is released prior to
trading and the relevant random variables are represented by €lip-
tically contoured distributions. In a model with exogenously informed
traders, we show that the equilibrium decision rules of the market-
maker and informed traders are independent of the specific distri-
bution used. In addition, the market-maker’'s sensitivity to trades and
the informed traders intensity of trading do not depend on the value
of the public information. However, the informativeness of prices and
the volume of trading depend on the public information. Distribu-
tions like the multivariate t and other members of the compound
normal class have the property that a higher absolute difference
between the realized public information and its mean leads to greater
price volatility and greater trading volume.

When the decision to acquire information is made endogenous and
occurs dfter the redlization of the public information, this decision
depends on the redlized value of public information, as do the deci-
sion rules of the market-maker and the trading intensities of the
informed traders.

In a multiperiod model with many informed traders, representing
beliefs with eliptically contoured distributions, we show that trading
volumes are autocorrelated, and, for the compound normal class,
trading volume is positively autocorrelated. We present a recursive
method to solve the multiperiod model and show that with compe-
tition, when the total liquidity trading variance is fixed and allocated
equaly over T periods, the profits of informed traders go to zero as
T increases. This finding is in contrast to the result of Kyle (1985)
that profits are positive for the monopolist informed trader. Also, if
the liquidity trading variance is fixed in each period, as the number
of trading periods increases, informed traders profits are finite with
competition, even though the total liquidity trading variance becomes
infinite.
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Appendix A: Some Properties of Elliptically Contoured Distribu-
tions

What follows is a summary of definitions and properties of dlipticaly
contoured distributions. For more detail, see Blake and Thomas (1968),
Cambanis, Huang, and Simons (1981), Chu (1973), Devlin, Gnana
desikan, and Kettenring (1976), Kelker (1970), and Johnson (1987).

P1. A random variable x is said to have an dlipticaly contoured
distribution if its characteristic function is of the form

Eev=] = e** X ¢(t'27't), (A1)

where | is the mean vector of the random variable =x. ¢(-) is afunction
that satisfies the necessary conditions for a characteristic function:
¢(0) =1, |¢()| < 1forall t+ 0,and ¢(#) is continuous on the red

P2: If the variance-covariance matrix exists, it is equal to—2¢’(0)2.
Since we can scale the representation so that —2¢’(0) =1, is the
variance-covariance matrix.

P3: An dliptically contoured random variable X whose measure is
absolutely continuous (with respect to the Borel measure) has the
density

fx) = c.(det2)-12p ((x — u) =~ (x — u)), (A2)

where ¢, is a scaling function that ensures that we have a valid density.
The function b,(-) depends on n, unlike ¢(-), which is independent
of n.

P4: Suppose the random variable x has Z-! = I and the variance-
covariance matrix exists. The elements of x are mutualy independent
if and only if "2~ N(O, I). The normal is the only dlliptically contoured
distribution with finite second moments that has the independence
property.

P5: If "%~ ECC(n, Z,¢),then Ax + a is aso an dlipticaly contoured
distribution in the same class [i.e,, it is distributed ECC(Ap + a, AZA’,
&)l

P6: If x ~ ECC(g, Z, ¢) :and we partition x’ = (x, x3),

zll 212
z= (22, 2) (A3)
Then
Hx, | x,] = 2,25 x,. (A4)

In particular, if E[x,|x;] = 0, then x, and x, : are semi-independent.
Elliptically contoured distributions are the only distributions with
linear conditional expectations.
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P7: From P4, Vvar(x,|x,) is independent of x, if and only if x ~
N(0, ). More generaly,

Var(x, | x,) = g(x325'%,) (2, — Z,,25'2,). (A5)

P8: If x = \/Zy, where \/Z and y: are independent, with y ~ N(0,
S), then x is from a compound normal distribution, which is a par-
ticular type of dliptically contoured distribution.

P9: If e has an dlipticaly contoured multivariate distribution with
mean zero (Chu, 1973),

f(e =J; n(e, 2) dW(2), (A6)

where 4dw/(-) is a weighting function on [0, o) that can assume
negative values, [¢dw(z) = 1,and, given =z, n(-,2) is the normal
density, with zero mean and variance 2°Z. If the weighting function
takes only positive values, it is itsdf a density and f(e) is in the
compound normal class. In this case, a second characterization is that
e=\/Z x u, where Z is a positive random variable independent of
the normal random variable u.

Appendix B: Proofs of Propositions 1-11

Proof of Proposition 1
If the market-maker uses a linear pricing rule of the form p(y, s) =
a(s) + A(s)y, then the ith informed trader maximizes

El(v— a(s) = NOyx1, s, 0) | v, 5]

= [v — a(s) — A 2 x,(1, s, v)-lx,.(l, s, ) — AN®)[x,(1, 5, VT,

(B1)
where we use y = Zx;(/, s, v) + /.and simplify. The first-order con-
dition is

v—a() —\s) 2 x(L s, v) = 2A)x,(L 5, v) =0, (B2)

Y

and the second-order condition is —2A(s) < 0, or A(s) > 0. The first-
order condition becomes

x,(L 5, v) = Ml—s) [v — a9 - A D x5 v)]. (B3)
7

Thus, x,(1, s, v) is independent of i and
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x(I, s, v) =

1
([+—M' (v - a(s)]. (B4)

Hence, 8(s) = 1/[(1 + 1A(s)]

The market-maker takes the linear strategy of the informed traders
as given and sets a price p(y, s) = E[v | s, y]. Because dlipticaly
contoured distributions have linear conditional expectations and are
closed under addition, we obtain

E[v — E[v|s]]|s ¥)
BOAls [ I

(E{v|s] — a(s))]. (BsS)

TTB()A|s + o?|s|? T+ DAG)
Thus,
_ BA]s
N9 = TgGrAls + otls’ (B6)
and

a(s) = E[v|s] — )\(s)[ (E[v|s) — a(s))]. (B7)

I
I+ DA
Thisyields a(s) = E[v|s]. Equation (B6) rearrangesto  A()[/28(s)?A|s
+03|s]=I8(s)Als. The formula for the conditiona covariance matrix
[Equation (4)] and B(s) = 1/[(1 + DA(S) yield

_r e — 1
Ms)[(l T oAt "’] "ot (88)
This gives
\/7 A 1/2 1 a'% 1/2
X(S) =\= m |:0'_fi| and B(S) = ﬂ = W ["A-] . (Bg)

[
Proof of Proposition 2
Using property P7 in Appendix A for dliptically contoured distri-
butions and the fact that s — s and y are uncorrelated, we find

Var[v — p(y, 9) | 5, 3]

Y (s — so)z) o}
= + A, B10
b(IZﬁZA + o2 o2 ) I'BA + o? (B10)

which is conditionaly heteroskedastic. ]

Proof of Lemma
Using Chu's (1973) characterization of eliptically contoured distri-
butions and Tonelli’s theorem [see Royden (1968, p. 270)] —dW(z2)
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is a finite measure and |e|n(e, z) is a positive function-we have

E[|e|]=J‘_Q lelf(e) de=J:°° |e|J; n(e, 2)dWi(2)de

=J‘°° fm le|n(e, 2)de dWA2)

< 2 g, 4
=fo Vaz Urzawiy 7 2 AV (B11)

The monotonicity of £f|e|] in o, : follows immediately.
In the case of the compound normal distribution, the second char-
acterization of Chu (1973) gives

E[le|] =%E{V§]W (B12)

[ |
Proof of Proposition 3
The three components of volume are given by

V/ =/(g((s —2&’)2)132121\), Vl. =j(g((s _2&))2)'7%),
7 7 (B13)
v, = /(g(%f’g-z)[a; + BZIZA]),

where f(-) is the monotone function referred to in the lemma proved
above. From these expressions, the dependence on the public infor-
mation is clear. When the distributions belong to the compound
norma class, conditional expectations are well defined and

1

IB(A)I/Z
v P

1 f
vV, = E{\/EIS]'EW;]')';,—Z , (B14)

_ 1 [df + ﬂzle]l/z
Vu= E[\/Els]\/z_’, (E[Z])l/z

The proportionality stated in the proposition is obvious. L]

Proof of Proposition 4

The only claim that we need to prove is that for the compound normal
class, g((s — 5)2/0?) is strictly monotone increasing in  |s — | For
the compound normal class, we know thats — s, = \/Zu. The random
variable Z drives the conditional variance updating, and it is easy to
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show using Chu's (1973) lemma that g((s — £)%/¢?) = E[Z]s]. But
I Zr(D (s = s1/VZ) dz
Iz r(2b(Is — £1/VZ) dz’

where r(-) isthe density function of Z, and b(-) isthe density function
of ||, where u is the normal random variable referred to in Chu's
(1973) second characterization.

Differentiating this with respect to |s — s,| yields

dE[Z | s] dE[Z | 5] >0
dls — sl d(ls— %12

- ‘U {572 o]
[ wndi)
x [ f “-12 r<z)b(%) dz] >

« E[Z|s|'E[1/Z]s]—1>0

E[Z]|s]= (B15)

« Cov(Z,1/Z| s} < 0. (B16)
This conditional covariance is negative, using the Cauchy-Schwarz
inequality, and therefore the claim follows. L

Proof of Proposition 5
With endogenous information acquisition, the number of informed
traders depends on

_ (G = %)%\ (e3A)2
(i, s) —g( pr )\/7(1+ D (B17)

For fixed s, expression (B17) is a decreasing function of Z and there-
fore a unique I(s) exigts. If the eliptically contoured distribution has
a smooth density, g((s — %)%/¢?) is a smooth function of s. Let 0 <
& < & <...bethevaues of g(-) in its range where it is just optimal
for the next trader to become informed. Let S, = {s|g((s — 5)?/0?)
= g}, which is a nonempty set. Since g,—, and g, :are in the range of
the continuous function . g(-) there must be a sequence of s con-
verging to some s€ S, and g((s* — s)%*/¢?) < g,. For any member of
the sequence, s*, I(s,) = & — 1 while at s, I(s) = k& Consequently,
A(s) and B(s) are discontinuous at s, as are the conditional variance
and volume given the public information. [
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Proof of Proposition 6

For endogenous information acquisition, if g(-) is a monotonic func-
tion of |s — |, then II(Z, s) is monotonicaly increasing in |s — s}.
The assumption that at least one trader becomes informed when s =
s completes the proof. [ ]

Proof of Proposition 7
We conjecture a vaue function for each informed agent of the form
\I,:=¢:(plr LI )pn ll) L | 1" U)
‘ — 2
=a,(v—p)+ 6,g,<i2 2P+ (—U—L")). (B18)
0 J=1 Ao

The function g(-) depends on the particular distribution used. Our
proof is by induction. For each t, each informed agent maximizes

‘I’:—l = ma;x E[(U - P:)x: + a,(U - P:)2

+8(h, ... ) | oy, Py v], (B19)

where 8,(4,..., 1, v) isthelast term in Equation (B18). For a price
function of theform p, = p,., + A\ [xi + 2.2 + /). this maximiza
tion reduces to

mgx[[v — Dy — Arx: - )‘t 2 x{]x:

i

2
+ a/<l) - P:—l - A:x: - xl 2 X{)

I

+ a,AfE[I,Z | pl: (BN )pl—ly U]

+ EB(L,..., W) | .., Dy v]]. (B20)
The first-order condition is

(l) — P xr E x{) - 2)‘,,‘}1 - 2a,)\,<v = Pi- — er; -\ E x{)

i J*i
= (), (BZI)

and the second-order condition is —2\, + 2\2a, < 0. The second-
order condition simplifies to A, (1 — A\a,) > 0, while the first-order
condition rearranges to

(IR

| =

x:=

>
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- Za,)\,(v D W) x{)]. (B22)
vy

Because the right-hand side of expression (B22) is independent of
x!, xi= x, for al i. Rearranging Equation (B22) yields

1 — 2a,,

xl = )\,[1 + I(l _ Za,)\,)] ( v — pt—l), (sta)
1 — 2a,A,
B = NI+ I = 28] (B23b)
Equation (B23b) leads to
1
N8B =
B 1+ I(1 - 2a\) (B24)
The value function recursion then yields
oy = ﬁt[l - Arﬁr] + at[l - Arﬂt]z
1~ ad [using (B24)]. (B25)

TN+ 1A - 2a0)]
Also, the value function recursion [Equation (B19)] implies that
8k, ..., by, ©) = aNE[R2 | k..., by, ]
+ E3 (L, ... ) | b, ..., L, v). (B26)

Let 3(-) be the functions that determine the conditional variance for
the informed traders, so

2 (v = po)
g,_( 21.+ i )

l =1
= E[gf< 2 12 pO) ) III’ LR ] Il—h v]- (B27)
(e Ao
Given our conjecture that :8,(4, ..., I, v) is of the form
(v~ po) )
5! 2! lh ’
g( o} z 4,

induction and Equation (B27) lead to

6"'(11"'-’4—1'v)=a,?\fafg:—< >+ p°)>
1;- A,

E[atg‘<6, ? g+ (v AOPO) ) Iln SR v:l
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t—1

= [aAio? + 6‘]&“(01% ; 2+ (—"—_Xf—"—)—z)

[using (B27)]. (B28)

Therefore, 8,—, = [ 20} + 8]

To obtain A,, the market-maker’'s sensitivity to order flows, notice
that 8,(v — p,_,) and I, are jointly dlipticaly distributed, given the
information p,, . . ., p,—., With zero means, and a variance-covariance

matrix of
—1 Y A_, O
_— . B
”'-‘(2, I, + ai)( 0 o (B25)

The conditional expectation of v — p,_,, given 8,(v — p.,) + 4,
linear and equal to A,[IB,(v — p,-,) + 1}, where

= lﬁrAl—lb(') - IBrAl-l
©I8A,_ b() + aib(r) IPPPA,_, + o}

The function b(-) is the part of the conditional variance function that
depends on past prices. From Equation (B30), A, is constant.

The recursion of the unconditional expectation of the conditional
variances is

(B30)

[ [Cov(v = p,_;, YD)
A=At - A,_, Var(y)
[ 2
N P ¢ % ¥ ]
U AL (PBA, o)
- A 1- “T“—] —A-(1- gL (83D
L. =1

Expressions (B30) and (B31) yield A, = (I8,/¢})A,,:and complete our
derivation of the recursive formulas.

To solve the recursions equate B, = (\,0})/(IA,) to expression
(B23b) to obtain

A2g? 1 — 2a,A,

A, 1+1Q — 2a\)’ (B32)
If wefix @, 2 0 and A, > 0,1 then the left-hand side of Equation (B32)
is an increasing convex functionin | ; that is zero at A, = 0. The right-
hand side of Equation (B32) is a decreasing concave function that is
positive a A, = 0 and is zero a X, = 1/2a,; ' consequently, there is a
unique value of A, between 0 and 1/2a, that solves Equation (B32).
We leave it to the reader to check that this is the only solution of
Equation (B32) that satisfies the second-order conditions and ensures
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a positive A,. A related uniqueness proof is shown in the proof of
Proposition 9.

We solve Equation (B32) recursively to obtain the unique solution
given the endpoint constraints a,=0and A,> 0. To show uniqueness
given an initial A,, change A, to A7 = v2A The new solution has A}
=\, a, = via,B, = v7'8, and & = v¥, :s0 there is unique corre-
spondence between A, and A, :and hence a unique solution. =

Proof of Proposition 8

The dependence of price variances and volumes on past order flows
and past prices follows from the one-period model. For the compound
norma class, write the random variablesx, = \/Zr,, and I, = \/Zw,,
where r,...,r, w,,..,wy arejointly normaly distributed and Z is an
independent positive random variable. With this transformation we
have

Cov(V, V._,)

(VZ):
=E|—— (] + |w]| + |In.+ w])
| 4

X (Ir-] + tw_,| + |Ir_, + w._,l)]

{ IVz N
_\El_z_(llrzl + thl + II",+ er)J
vz
X ET(”":—:' + |we| + |Ir_, + w,])

= i[5(2) - (EVZ)] % E(ClInl + [w,] + 1r, + w))]
X E[(Ifres] + |0yl + Uiy + D] > 0. (B33)

The last inequality in Equation (B33) that follows becausev/Zhas
positive variance. Thus, trading volume is positively autocorrelated.

For generd dliptica distributions, Chu's (1973) characterization
leads to the covariance between V, and V,; being given by K;., times
(J 22dW(2) — (J zdW(2))?], where K,,_, iS a positive number. The
term in brackets in this expression cannot be signed because dW(2)
is a weighting measure that can be negative; to use Jensen’'s inequality,
it must be a probability measure. ]

Proof of Corollary to Proposition 8

After some manipulation, one can show that g2A,=¢? x (1 — 2aA,)/
(1 + 1(1 — 2a)))). Because a, is a sequence that decreases over
time (see the proof of Proposition 10), B2A,increases over time. Since
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liquidity trading is constant in each period, any differences in auto-
correlations are determined by differences in the expected volume
of informed trading. As B7A, increases, so do expected orders from
informed traders. u

Proof of Proposition 9

First use the expressions for 8,and «,., from Equations (B23b) and
(B25) to get

A, 1—aA,
Also Equation (B32) and X, = (IB/o})A, lead to Bt =0a(1 —
2a,\)/(IA,-,) Equating these two expressions and rearranging yield

IA,_la,_l - A,(l - alxt)

g = (B34)

. B
a? 1~ 2a,A, (B35)
Equation (B32) and A, = A,_,/(1 + I(1 — 2\,a,)) yield
IA,_ (1 — 2\e,)
2 = =1 (X ) B36
M= T+ 10 - 2vaf (B36)
Thus,
I’A?_ i}, _ (1 —aM)? IA,_, (1 — 2\a) -, (B37)
dt 1 = 2aA)? o} [1+I(1 = 2\a)]
which simplifies to
1A, \af, (1 —a\)?
- - . (B38
b o2 (1 — 2aA)[1 + 1(1 — 2a\)P (B38)

which defines 8,_,. Equations (B25) and (B31) yield the relationship
oM [1 + I(1 = 2a\)]?

6,=8,, 0= ar) (B39)

Substituting for 8,—. from Equation (B38) and letting §: = aA, yield
_eltra-2n a -

ST T =281+ 101 - 207 (B40)

The two equations in expression (B40) can be used to solve recur-
sively for q,, and{,. « Start with the endpoint constraint 8, = 0, which
implies {»=0. Use the second equation of (B40) to solve for 0,_,.
The first equation of (B40) is then used to solve for §r—, Plug this
value back into the second eguation to get 8,_.and so on.

Consider the first equation of (B40). The right-hand side of the
equation starts at 0, increases, and limits to infinity at ¢, = 3. Then, at
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¢, =1, 1 the right-hand side starts at -¥ and is strictly increasing. The
right-hand side reaches zero at(Z7+ 1)/27and then increases to infinity
as¢, limits to infinity. Given an arbitrary 8, > 0, there is one solution
suchthat 0 < ¢, < 3 There is another solution such that (7 + 1)/21
< ¢.. However, this solution implies that 1 + (1 — 2¢,) < 0.and thus,
by Equations (B24) and (B31), either A, < Oor A,_, < 0. In either
case, we violate the congtraint that A, iis positive for al t. Hence, we
need to consider the values of these equations over the interval 0 <
¢ < 3, from which we get our uniqueness result. "

Proof of Proposition 10

First, note that the parameters 6, and ¢, in Equation (B40) are inde-
pendent of A, and ¢?. Second, intheregion 0 < §, < 3, 6, is drictly
monotone increasing and one-to-one in  ¢§,, and 8,_, :is strictly mono-
tone increasing in §,. Thus, 8,_, is a strictly monotone increasing
function of 8, call this map T(-). Then 6,_, = T(8,). Since 8,= 0, {;
= 0, we have8,_, = T(8,;) = 7(0) > 0. Assume that 8, > 8,,,. Then
6,_,>0,oT1T0)> 10, <8,>80,, because T(:) isastrictly mono-
tone map. Since 8, > 8,., by the induction assumption, we have an
increasing seguence.

Consider the sequence 6. This sequence is obtained through
repeated use of the strictly monotone operator 7(:) (remember that
#3 = 0), :and thus is an increasing sequence. Suppose #2 ~ <o, Then,
the second expression of Equations (B40) relating 6,_, and ¢{, iimplies
that ¢7 — 3. INow

_ QD+ 1 - 2DP - (1 - 8D)?
(1 - 28D + 1(1 — 24D

07 — of (B41)

When {7 - 3, expression (B41) converges to 0/0. Using I’'Hopital’s
rule, we obtain the limit as {7 — 3 to be 27 — 1.

When 7= 1, 8T — 87 converges to—3as in Kyle (1985). When | 3
2, 87 — 07 converges to a strictly positive limit. This implies for large
enough 7, 87 — 67 is drictly positive and contradicts the fact that
07 < 07. Thus, 87 — oois contradicted and 87 — 8%, a finite positive
number.

But 8] = TI(al)?A./0%. Since T — oo and 67 — 8*, af imust converge
to zero. Second, {7 is a strictly monotone and continuous map of
67. Consequently, ¢7 — ¢*, afinite positive number less than 3 In fact,
we can show that ¢Tiis a strictly increasing sequence in a way identical
to that of 6] (strictly monotone map that starts at 0). Since «f is
determined by af = (af (1 — $D)/QT[1 + 11 — 2¢DP) we obtain
that a7 = 0. Since {T= alAT — {* AT — o0,

Again, N8BT is given by a monotone decreasing and continuous map
of ¢7 and thus converges to a finite limit; hence, we must have
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BT — 0. However, A] = (I/63) x (A,/(1 + 1(1 — 2¢])) x 7TBT.
cause {, - {*, 18] - oo and A\[/T - 0. Finaly, the fact that §'1’ -
t* <3 |mpI|es that TCAT — AD) = TA, x (—I(1 — 2¢N)/Q + 11 —
2D) -~ -

The resul'ts for AL, 87, af AZ, ifor a fixed m, can be obtained in a
similar manner.

To complete our proof that profits go to zero, we need to show that
65 limits to zero. First note that for small e, there is a T such that for
allT = T,

e 1 , 1 _
A 14711 = 2¢D) Ag < ([1 FI(1 — 20%)) + f)Aq v*A,, (B42)

where 0 < v < 1 (this defines v). Now note that if we fix the number
of trading periods a T and change the parameter A, to i2A,, d, changes
to @dy; sSimilarly, if we change o2 to g2¢%, 8, ¢ Changes to ag2. Then
8THY < o(T/(T + 1))V28] < v8]:

T+1 6 AT-}-I
+ T+1 < T+1
T+ 1 3 T+ 1
Because A/T limits to zero, there is T such that for T, 7T, ¢7(1/
T)A\Ta? < e. Then for T* = max{T, T}, ¥ T <[e+ vet -o- + 0T
+ (v)78f*. ~ The right-hand side of this expression converges to /(1
- V) and bounds any limit points of the sequence : 87. But eisarbitrary;
thus, the limit must be zero. It immediately follows that 87, aso con-
verges to zero. Expected profits limit to zero as e and 871both converge
to zero. =

T+l = §'T+l

oz + vdI. (B43)

Proof of Proposition 11

Consider the case where | 3 2. Then the sequence 67 is a bounded
increasing sequence and therefore converges. Now 87 = [I(ad)?A,)/
h;. Thus, if h; is a decreasing sequence converging to 0, 5,87 — 0
thus @ — 0. Then as in the proof of Proposition 10, «Z, —~ 0, AZ — oo,
BL — 0, byAL - 0, and b7'(AT — A]) —» —oo. Toprovethat 87 — 0,
we amend the proof in Proposition 10 dightly. By an argument similar
to that in Equation (B43),

AT AT (b)’
=8t < +ol——) &< L + vdg, (B44)
T T br

where we have used the fact that h; is a decreasing sequence. Then
using the same argument as in Proposition 10, it follows that 87 —» 0
and thus 67, — 0.

On the other hand, if "b, - ¢ > ' we obtain that 4787 converges to
a finite limit and thus. afonverges to a finite limit. Since {7 isasoa
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bounded increasing sequence in this case, {7 converges to a finite
number; thus, we obtain that eaZ, AL, and 8% .are al finite convergent
sequences. Also b;'(AT — AI) — —k*, afinite number. To prove that
profits are finite, we also need to show that 85 is a bounded sequence.
As in Proposition 10, we know, for T sufficiently large,

0+t < ST N[ bryy + (b /b)) 28, (B45)

where 0 < v < 1. Since {TA] bconverges to a finite limit, it is bounded
by B. Also for T large enough, v2(b;,,)/(h;) < ¥* < 1; thIS follows
from the fact that by + ¢ > 0. Then 8”7 < [B+ yB+ -+ + ¥7"! B]
+ ()78, 'The right-hand side of this expression converges to B/(1
— v), which is finite; thus, 67 and af converge to finite limits and
profits are finite.

When 1= 1, we know that 8, — 08,_, < —1 [see Kyle (1985, p. 1332)]
and thus 8,_, > 8, + 1. Hence, 87 converges to infinity. In the case
where b, =1/ (Kyl€'s case), we know that  [65]/T = [/(ag)?A,]. But
Kyle (1985) shows that af is bounded and thus 83/T is a bounded
function.

Then for a general hy we can write: (b,T)(87/T) = (I(ad)?A,) [the
~ in this equation is different from that in the Kyle (1985) case].
Since 67/ T is bounded, if h'T converges tooo, so doesa], and profits
are unbounded. Conversdly, if h'T converges to a finite number, so
does . In either casg, {7 converges to %2 and thus BT «converges to
zero. Also if Thyisbounded, so is af:and thus AT; if Th, is unbounded,
a] isinfinite and thus AJ converges to zero.

Further, b71(AT — AD) = (1/b,T) x [TA, x —(I(1 — {N)/(1 + I1
— 2¢{7)]. Since the term in the sguare brackets is finite from Kyle
(1985), when h;T isfinite, sois b7'(AT — AJ); and when h;T isinfinite,
it is zero.

To prove the limits for &7, we note that when b, = 1/T, &7 |[Kyle
(1985)] converges to a finite limit. By the homogeneity of &7 :in the
liquidity trading for fixed T (see Proposition 10), 87 = (b, T)/287 (Kyle,
1985). Thus, if h;T bounded, so is &3; andif & is unbounded, so is
h;T. Extensions to the mth trading period for al the parameters are
obvious. n
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