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It is shown that the arbitrage pricing theory holds
in each infinitesimal period of a continuous trad-
ing model under the assumption that dividend pay-
offs are functionals of factor and idiosyncratic
uncertainty. This generalizes the one-period
model's result that the arbitrage pricing theory
holds under the assumption that price changes in
a given period satisfy a factor structure. since
instantaneous returns in a multiperiod model are
endogenously determines the theory is derived
under assumptions that may be viewed as restrict-
ing more primitive characteristics of the economy
than the assumptions made for the one-period
model.

The one-period arbitrage pricing theory (ART), first
studied by Ross (1976), is one of the centra models
of the theory of capital markets and has attracted much
attention in the literature [e.g., Huberman (1983),
Chamberlain and Rothschild (1983), Ingersoll (1984),
and Reisman (1988)]. This model states that if the
payoffs of a sequence of assets satisfy a factor struc-
ture, then the expected return of each asset in the
sequence is approximately a linear combination of
the covariances of the factors with the return of the
asset.

| consider a continuous trading economy in which
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each asset i is a clam to a liquidating dividend payoff X(T). Returns
over the entire period need not satisfy a factor structure in the usua
sense. However, it is assumed that termina payoff can be split into
two parts. One of these is dynamically spanned by K factor portfolios
with value processes V;, . . . . Vi, and the other is conditionally uncor-
related across assets at each time, that is,

Xx(n = F{+ Nh

where F; is the payoff of a continuously adjusted portfolio of the factor
portfolios. We refer to the term N, = X(T) - F; as a “residual,” and
suppose that covi(N;, N) =0, for each i * j and al t. Because F; need
not be linear in the factor portfolios, this is a more genera hypothesis
than directly assuming a factor structure, and it does not imply that
expected returns over the entire period satisfy the usua APT reation.
Here the systematic risks are dynamicaly spanned by the factors,
rather than being the payoffs of static portfolios of the factors. Of
course, with continuous trading, the dynamic span of the factor port-
folios is much richer than the span of static portfolios. Further, instead
of assuming an exact dynamic factor structure for the payoffs [cov (N;,
N;) = 0], an approximate factor structure adong the lines of Cham-
berlain and Rothschild (1983) is assumed. In other words, it is assumed
that the residuas N; are “dynamicaly weakly correlated.” This means
that there is only weak correation in the loca changes in the expected
idiosyncratic risks E[N]].

An example of an economy with an exact dynamic factor structure
is the following. For each t, the factors V 4, . . ., Vk are [td processes,
cov (dVy, dV)) = 0, for every k* j, and var (dV,) = dt, for each k.
The risk-free rate is deterministic. Each payoff X(T) satisfies some
integrability conditions and is a functiona of the sample paths of
V4, ... Vg and aWiener process B;, where the dB; are uncorrelated
across assets and uncorrelated with dv, for each k.

| demonstrate that, subject to some regularity conditions, the absence
of arbitrage and the existence of a dynamic factor structure imply that
instantaneous returns satisfy an APT relation. The APT result is that,
for most assets and at most times, the local risk premium of the asset
is approximately a linear function of its betas with respect to the
factors. This approximation result is in the same spirit of the one-
period model.

If we consider the expected idiosyncratic risks under the risk-neu-
tral probability, say E¥N,],:and we adopt the weak-correlation hypoth-
esis for the loca changes in these expectations, then the APT would
be relatively straightforward to derive. The reason is that these loca
changes are the residuals from projecting the local rates of return on
dVv 4, ..., dVk. Thus, the weak correlation hypothesis would be equiv-
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alent to assuming that local changes in prices have a factor structure
a each instant. Applying the one-period APT logic a each instant
would yidd the dynamic APT. However, this is an assumption about
the pricing of the risks N, rather than an assumption about the risks
themselves. This assumption is not implied by the dynamic weak
corrdation hypothesis used in this article, as will be demonstrated
by example.

To summarize, | show that the APT holds in each infinitessmal
period of a continuous trading model under the assumption that
dividend payoffs are functionals of factor and idiosyncratic uncer-
tainty. This generalizes the one-period model’'s result that the APT
holds under the assumption that price changes in a given period
satisfy a factor structure. Since instantaneous returns in a multiperiod
model are endogenously determined, the theory in this article is
derived under assumptions that may be viewed as restricting more
primitive characteristics of the economy than the assumptions made
for the one-period modd.

The result is presented in Section 1, with the proof being given in
the Appendix. Technica remarks regarding the interpretation of the
assumptions and the derivation of the results and their implications
are contained in Section 2.

. The Intertemporal APT

We consider an economy with continuous trading over a time interval
[0, T], in which the sources of uncertalnty are a countable number
of independent Wiener processes." We assume there is a risk-free
asset with instantaneous rate of return of 0 and a liquidating value of
1. There is a sequence of other assets with prices X(t). Each asset
is a claim to its liquidating value® X,(T). We make a no-arhitrage
assumption so that there exists a risk-neutral probability Q. This means
that Q assigns zero probability to the same events as does the under-
lying measure P, and that X,(¢#) = E¥X.(T)]for each i, where E*
denotes the expectation under Q.

Since the sources of uncertainty are Wiener processes, each asset
price is an 1t6 process.’ We write its differentia as

ax(t) = a0 dt + o () dZ,(1),

This allows us to prove that various processes are Itd processes. For technical reasons, we augment
the information generated by the Wiener processes by al subsets of zero probability events.

*The generalization to nonzero and stochastic risk-free rate is straightforward. Similarly, it is straight-
forward to alow interim dividends by letting X; denote the price of the asset when dividends are
reinvested.

*This is proved in Back (1989), following an argument of Duffie and Huang (1985) and using the
martingale representation theorem of Hitsuda and Watanabe (1976).
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where Z is a Wiener process.* A trading strategy in the assets is a
sequence q = (Qg,0p, - - ) Of nonanticipative processes such that

i=1

2 E*[f 0,(0%a,(2)? dt] < oo,

The associated value process is

i =v,+ 2 f 8.(s) ax,(s),
=1

where V, is a constant. We consider K fixed trading strategies f*, . . . ,
f ¥ with associated value processes V;, . . . , V. For simplicity of nota-
tion we assume that V = (V,, . . ., V) is a Q- Wiener martingale. We
wish to relate the asset risk premium a (1) to its risk as measured by
the covariances of its price change with the price changes of the
hedging portfolios:®

b,(8) dt= cov(dX,(1), dV,(1)). (n

A trading strategy in the factor portfolios is a trading strategy of the
formq=xf1+ - +x f ¥ where the x * are nonanticipative real-valued
processes. We assume that for each asset i, there is a trading strategy
in the factor portfolios with payoff F; such that

X(T) = F,+ N, )

where the martingales h (t) = E[N] satisfy the condition that, for
each Kk,

cov(dn (1), dV,(8)) =0,

and the residuals N; are “dynamically weakly correlated.” The mean-
ing of this is as follows. By Hitsuda-Watanabe (1976), the h ; are It
processes. Let Gy,(t) denote the matrix of local covariances cov (d h (1),
d h (1), forij =1,., M, and let p(t) denote the largest eigenvalue
of Gy(t). Set u(t) = sup y =1 {Um( )}. We assume that p(t) is finite for
amost al t and amost all states of the world, and moreover that
JIu(p) dt is essentially bounded,® that is,

“The infinite sum here represents a limit in the space of square-integrable martingales (under the
probability measure Q).

®Formally, cov,(dXi, dVi) is defined as d(X;, Vi), Where the brackets denote the predictable joint
variation process [see Elliott (1982)) This process will adways exist in this article and will be
absolutely continuous since we deal only with 1t6 processes (because of the assumption that the
sources of uncertainty are Wiener processes).

®For a random variable x, esssup (x) = inf{c e R: X £ ¢ amost surely}.
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ess.sup(f u2(t) a’t) < oo, 3

To get some intuition as to the meaning of dynamic weak correlation,
notice that if for each time t we have that cov (N;, N;) = O for every
i 1 j, then it can be proved that the local covariance matrix of the
residuals, Gy(t), is diagonal. For h ; to satisfy our definition of dynamic
weak correation, some integrability conditions on the diagona €ele-
ments of these covariance matrices should be imposed.

The relationship between the local covariance matrix, Gy(t),
and the conditional covariance matrix of h ,(T), ..., h y(T) at timet,

é,,( D, is
G, = E,[ f G, (s) ds].

COV:("Ii(T),'ﬂj(T)) = E,[‘VI,(T), ﬂj(T)] - 771(!)77;([) = Erl;[ d(q,, ﬂj)]-

This follows since

This implies that if cov (N;, N) = 0, for i * j, then Gy(t) is diagonal.
In addition, this also implies that for each t the largest eigenvalue of
Gu(t) is smdler thaness.sup(JT u3(s) ds). This shows that dynamic
weak corrdation of the residuals implies a conditiona weak corre-
lation of the residuals in the sense of Chamberlain and Rothschild
(1983) at every time, though the converse may not be true in generdl.

A sufficient condition on the terminal asset payoffs, X(T), under
which the decomposition (2) with dynamically uncorrelated resid-
uals is possible is derived in Example B1 of Appendix B. This con-
dition is that, for each i, the payoff X(T) is a functional of the sample
pathsof Vi, ..., Vi and B, where{B, : i 3 1} isasequence of P- Wiener
processes independent across i such that cov (dB;(t), dV,(t)) = 0 for
each t amost surely, and the X(T) satisfy some integrability condi-
tions. The proof is based on the fact that such functionals can be
represented as the sum of stochastic integrals with respect to the V,'s
and B;, where the F;, in decomposition (2) is the sum of the integrals
with respect to the V,'s, and N, is the integral with respect to B.

It is important to notice that we do not make the assumption that
price changes have a factor structure; that is, we do not assume that

er(') = bt,o(t) dt + E bt,k(t) dV.(t) + dex(t),

k=1

where the b, are nonanticipative processes and g is a P- local mar-
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tingale such that the various ¢ are localy uncorrelated at each in-
stant. The fact that asset payoffs have the decomposition (2) with
locally uncorrelated residuals does not imply that loca changes in
asset prices have a dtrict factor structure. This is demonstrated in
Example B2 of Appendix B.

The only other assumption needed concerns the state price density
process. This process is the martingale y (t) = E[dQ/dP], where dQ/
dP denotes the Radon-Nikodym derivative of Q with respect to P. If
an asset with a price process dX(t) = dy (t) + v(t) dt is traded, then
by Girsanov's theorem v will be given by [see Back (1990) and Ross
(1989)]

cov(dy(t), ay(®) /Y (@)) = v(2) dt.

We assume that E [y (T) 7] < ¥), and that the expected cumulative
absolute risk premium of the above artificia asset is finite, that is,

EU;T [v(®)| dt] < oo, (4)

Theorem 1. There exist nonanticipative processes (the prices of the
factor risks) | ,, ..., | g, such that

2

A sketch of the proof and its relation to the one-period model and
a discussion of the necessity of the assumptions are given in Section
2. The proof of Theorem 1 is given in Appendix A.

Theorem 1 implies that, for most assets and at most times, a (t),
the local risk premium of asset i, is approximately a linear combi-
nation of its betas with respect to the hedging portfolios. This approx-
imation result is in the same spirit as the one-period model.

a,(t) = 2 N b, (D

dt) < oo a.s. (5)

. Remarks

Technical remarks regarding the relationship between the one-period
model and the intertemporal model, a sketch of the derivation of the
result, and comments on the implications of the assumptions are
contained in this section.

First, we examine the relationship between the results derived here
and the one-period model. Using the method of the proof for the
one-period model, we will show that, for each i,

X0 = F® + 20 + R(D,
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where F(t) is the price of the payoff F; in the decomposition (2) at
time t, h ,(t) is the expectation at time t of the residud term N; in
(2, and

3 R < o, ©)

Therefore, X(t) is given approximately by
X(H = F(0) + n(D).

R(t) is the approximation error at time t, and (6) implies that the
approximation errors are smal in the sense that the sum of ther
squares is finite.

The payoff X(T) is priced by decomposing it into a sum of two
payoffs, F, and N;. The first part of the decomposition, F;, is spanned
by the factors, and its price at time t is given by F(t), the arbitrage
price at time t of the payoff F,. The second part in the decomposition,
Ni, is approximately priced by its conditional expected value at time
t, h (t). It was proved before that the assumption of weak dynamic
corrdation implies that the h (T) are conditionally weakly correlated
a each time in the sense of Chamberlain and Rothschild (1983).
Therefore, it follows from the one-period version of the APT studied
by Reisman (1988) that the sum of the squared approximation mis-
takes is finite.

The process R has the representation

dR () = p(t) dt + de,(D),

where r ; is a honanticipative process and e ; is a P- local martingale.
The proof of Theorem 1 is based on demonstrating that the r ; are
small in the appropriate sense.

If the idiosyncratic risks are locally uncorrelated with the state price
density, that is, if

cov(ay(t), dn,()) =0,

at each instant, then it follows from Girsanov’s theorem that E¥n,(7))
= h (t). Thisimplies that R is zero, which implies that r ; is zero, and
we have exact pricing.” It should be noted that in this article we make
no assumptions on the state price density, except for an integrability
condition.

To sketch the proof of Theorem 1, we consider (without any loss

"Sufficient conditions on the primitives of the economy that imply that y is V adapted (and therefore
we have exact pricing) were studied independently by Chamberlain (1988).
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of generality) the case in which F;, = 0 for each i. In this case,
dX{(t) = p(8) dt + d‘t(‘) + dn(0).

One can view the decomposition as follows: d h ;(t) is attributable to
changes in our expectations about the terminal payoff of the asset,
and d e (t) is attributable to changes in the risk premium of the ter-
minal payoff due to changes in our expectation about the payoff.

It is shown in Example B2 of Appendix B that the fact that the
processes h ; are drictly locally uncorrelated does not imply that the
processes e ; are also strictly locally uncorrelated.

We decompose each o, as

pi= —pu t+ P2

sothatdh;-r ;dtandde;+r ;, ,dt arelocal Q- martingales. Thus, r ;, ;
and r ;, , are risk premia due to each part of the martingae part of the
price change. Using the dynamic weak correlation of the h ;, it is
proved that the r ;, ; are small in some appropriate sense. It is proved
that de; +r ;, , dtisgiven by the Q- conditional expectation of [&p,,(s)
ds. Using the fact that the r ; ; are small, it is demonstrated that the
local variances of the e ; are small. Using that fact, it is proved® that
ther ; , arealso small.
We prove that the r ; ; are small in the sense that

> E“‘[(frlp,,ll dt)] < oo, @

*Thefactthatde;, +r1 ;, » dt isgiven by the Q- conditional expectation of JZ p..(s) ds implies that

T T
I Py dt:I de, + p,, dt.

Therefore,

E'[(Ir i df) ] = E*[{e,)/].

Itis proved that ther ; ; are small in the sense that

5 ef([ v o=

Therefore, the e; are small in the sense that

> E*{(e,);] < oo,

The proof that the r ; , are small follows from the Kunita and Watanabe inequality. since from
Girsanov's theorem we have that r ; , dt = yie.,y).
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We clarify the ideas behind the proof of (7) by deriving a simpler
bound of the form

2 P} < 0o, (8)
by using the method of the proof for the one-period model in Reisman
(1988) or in Reisman (1986). The derivation of (7) is a technica
modification of the derivation of (8).

The reason we derived the stronger bound in (7) is not because
we find it more attractive than the weaker bound in (8), but because
we need the stronger bound later in the proof in order to demonstrate
that ther ,, , are small (see note 8).

The proof of (8) goes as follows. From Girsanov's theorem we
get that E¥[dn,] = p,, dt. Therefore, for any a 4, . . ., @ y, such that
Z¥, a2 =1, we have that

Sensaefo = 3 4)])"

whereC =y (t) * (B[ y (T )¥)” and the last inequality follows from
Holder s inequality since for each random variable x, E*x}=
y () TE[ y (T)X]. Thisimplies that

N N 172
2 ap,, dt < C(z E Qa,a, cov (dﬂn d”/)) = Cu,

=1 y=1

where the last inequality follows from the assumption about dynamic
weak correlation of the h ;. By taking a, = p,,/(ZX, p%,)*/?, we obtain
that 22, p2, < co. This concludes the sketch of the proof of Theorem 1.

It should be noted that while the derivation of (7) requires the use
of the global regularity assumptions on p in (3) and on v in (4), the
derivation of (8) requires much weaker assumptions. This is the place
in the proof where the globa regularity assumptions on pu and v are
employed.

Appendix A
Notation
By Girsanov's theorem, there exists a P- Wiener martingde W =
(W, ..., W) and a nonanticipative process| = (1 4, ..., 1), such
hat

av(®) = dw() + A 4, (A1)
where

M) dt= —4(5) diy, W), (A2)
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Since y is a positive 1td process, it has the representation dy = fy
dZ, where f is a nonanticipative process and Z is a P- Wiener martin-
gde. We will denoted F = f dZ. We have that

¢2(8) dt = Y(£)2 d(¥), = d(®), = L(Dw () dt. (A3)
(A3) and (4) imply that

E*[f ¢2(s) ds] = E[f V(£)¢%(s) dS]
E[f |lv(s)| ds] < oo, (A4)

For a nonanticipative q = (4 4, . . . ,q n) ad an Itd process X =
Xy - -, Xy), we will denote
0-X(1) = zf 8, dx,. (A5)

All equalities and inequalities between random variables hold as.
without being explicit.

Proof of Theorem 1
Equation (3) implies that for each i, <h ;> is essentialy bounded. This
implies that h (T) e L*(Q). Define

E¥n(D)] = ni(D), (A6)
where g4 isa Q- martingae. Since X(T) = F, + h {(T) and since X; is
a Q- martingale, we obtain

X(1) = F(n) + (D, (A7)

where E¥[F,] = F,(¢) is the value of the payoff F; at timet. 5} is aso
an I1t6 process and has the representation

7:(6) = 77(0) + €,() + J; p,(s) ds, (A8)

where ¢/ isaP-loca martingale and an Itd process such that ¢/(0) =
0 and r ; is a honanticipative process.

Since F; is spanned by V,, . . ., V, it is sufficient to prove the the-
orem in the case where F; = 0. Therefore, in order to prove the
theorem, it is sufficient to show that

o

> (fo 10,(s) — A(ODL(s)| a‘S) < oo, (A9)

=1
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where b/, = (b, ..., b’x),and, for each Kk,
d( Wh’ 6;), = b:k(t) dt (A].O)
To prove (A9), it is enough to show that
oo T 2
2 (f OLAGK ds) < oo, (A11)
(=1 0
and that
@ T 2
P (f lp/(s) | dS) < oo, (A12)
=1 o

Proof of (All). From the Cauchy-Schwarz inequdity, we obtain

(J; [ (BI()A()] dS)

= (J{‘T Ibi(s)|? ds) (J[‘T A2 ds) (A13)
=< 4 .
0 0
T
From the definition of b, we have that f [bi(s) |2 ds < ()
0

Denote
(D) = (1) — 0.(0). (A14)

Since for each k, aW,, h ; i, = 0, then we have aso that

T
f Ibi(s)|? ds = (&) . (A15)

This and (A13) imply that

é (fr IBi(HN(S) | dS> = (J; A2 dS)(E (6,>7)- (A16)

=1

Equation (A1) implies that for each k, | (t) dt =-d &, W, fi,, which
implies that

f A2(s) ds =< f ¢%(s) ds < oo, (A17)

where [I¢?*(s) ds < oo{ followsfrom (A4). The proof of (A11) follows
by substituting (A17) in (A16) and observing that Lemma 1 below
implies that 2%, (&;)r < 0. u
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The proof of (Al12) aso follows from Lemma 1 below.
Lemma 1. Suppose that the assumptions of Theorem 1 hold. Then

i {(51)T + (J; FAQ) dS) } < . (A18)

Proof For each i, define
p. () dt = d(®,n,),. (A19)
Proposition A2 implies that [7 p,,(s) ds is Q- square integrable. Define

Y.(5) = E,‘[f p1,(s) dS], Vi€[o, 1], (A20)

and
p.() dt=d(®, YY), (A21)

The proof is based on the representation of e ; and r ; given in the
proposition below.

Proposition Al. As defined in (Al4), e ; has the representation
ft(t) = Y;(t) - f pzr(s) ds — Yi(o)) Vite [0’ T], (A22)

and r ; as defined in (A8) has the representation
P = —py t Py (A23)

Proof. Since h ; is an I1t6 process and a P- martingale, it has the rep-
resentation

n{(T) = f d(s) dB,, (A24)

where d; is a nonanticipative process. From Girsanov's theorem (Elliot,
theorem 13.14), we have that

BY¥(H) = B,() — (®, B)),, Vte [0, T), (A25)
is a Q- Weiner martingae. Since

T T
J; ds) d(®, B,), = (®,n,)r =J; p1(s) ds, (A26)

then
7,(8) =f da,(s) dBI‘ + f Pn(s) ds. (A27)
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{Jt d,(s) dB*} iis a Q- martingale because it follows from (3) that
T d*(s) ds is essentialy bounded. Therefore,

7,(8) = E¥[(n(T)]

= E?[f d,(s) dB?] + E’[f p1(s) ds]

= f‘ d(s)dB? + Y.(0)

4

=9,(8) — J p..(s) ds + Y, (). (AZ8)
0
Therefore,

() — n,(t) = Y, (1) — J; p(s) ds

= (Yt(t) - ‘I; p2,(s) ds)
+<_ ft p(s) ds + ft p2,(s) ds)y (A29)

where, from Girsanov’s theorem, {Y,(¢®) — [§ p.,(s) ds}is a P- local
martingale. By the definition of e ; in (A14) and (A8),

7,() — 7.(8) =7,(0) + () + f p,(s) ds. (A30)
Equation (A29) together with (A30) implies that

7,(0) + ¢(2) + L p.(s) ds

=Y,(0) + (Yi(t) - L p2.(s) ds — Y{(O))

{ [ \
+ \_ Jo (p:.(s) + p2,(5)) dS), (A31)

and the proof follows. =

Bounds on p,, p2s and ¢
The next step in the proof is to find bounds for the processesrt 4, r 4,
and e ;. Thisis done in Propositions A2-A5.
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First, we find a bound on r ;. This bound is the key step in the
proof.

Proposition A2.
oo T 2
2 E“‘[(f 12105 | ds)] < o, (A32)
im1 Y

Proof Let N = 1 and let a = (4, ..., ay) be given by

a ) = Sign(Pu(t))<J; [0 ()| dS), Vie [0, T]. (A33)

This implies that
1{& T 2\2
Z(E ( f 16:,(9) | ds) )

2 a,()p,,(s) ds) =< . 2 als) d(&, m),)

=1

A

1
( a@, za,ﬂ)z
(

f d(@))( . d(é a,'m)s)
( ¢*(s) ds>< f a’(s) Gy ()a(s) ds)
( f ¢*(s) dS>< f (g a; (s)) H(S) ds)
= (J;T $*(s) dSXJ;T u*(s) ds ﬁl(ﬁr 1p1($) | d8>2>. (A34)

The first equality follows from (A33), since, by integration by parts,

(J;T [1:(9) | dS)Z
=2 J;T (J: |p1 ()] dS> d(J;, 121 (©) | dE)
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= 2£ (j;' [p1:(s) | ds) |p,,(!)| ar, (A35)

the second equality follows from the definition of r 4;, the third equality
follows from Elliott (theorem 11.7c)) the first inequdity follows from
the Kunita and Watanabe inequdity (Elliott, theorem 10.11), the next
equality follows from the definition of Gy(t), and, since f* (t) dt =
d&f ;, the next inequality follows from the definition of py(t). The
last inequality follows from the fact that, for each t€ [0, T,

a@® = (J; 121 ()] dS> . (A36)

From (A34) it follows that

> (J; [£: ()| dS> = 4(1: o*(s) dSXfO u2(s) ds>. (A37)

The proof of the proposition follows by taking E* of the above and
using the fact that (4) implies that [T ¢?(s) ds is Q- integrable [see
(A4)] and the fact that (3) implies that [J u*(s) ds is essentially

bounded. ]
Proposition A3.
D E¥MY¥(T)] < o (A38)
=]
and
> T
EJ d(y), < oo. (A39)
=1 &0

Proof. By definition Y(T) = fI p,,(s) ds. This implies that

E*Yi(T)] < E‘[( f P (8) ds) ] (A40)

The proof of (A38) follows from Proposition A2. The proof of (A39)
follows from (A38) since

E"[ f ' d(Y,),] + Y2(0) = E¥Y3(T)). (A41)

Next, we find a bound for the processr .
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Proposition A4.

=1

i ( f 1029 | ds) < oo (A42)

Proof. From (A21),

T T

This implies that

é(ﬁr [p24(9)| dS>2 = (J;T d(‘l>),><§N1 J;T d<Y,)s)

/

< ( J: ) ds /i J:T d(Y,),). (A44)

=1

The first inequality follows from the Kunita and Watanabe inequalitg
(Elliott, theorem 10.11), and the last inequdity follows since f( t)
dt = d & .. The proposition follows from Proposition A3, since

> f d(Y), < oo, -
=1 &0

Next, we find a bound for the process e ;.

Proposition Ab.

X (e)r < 0. (A45)

=1

Proof. From (A22) and the fact that e ;(0) = 0, we have that (Elliott,
theorem 13.24)

J; ' d{Y), = (e)r. (A46)
The proof follows from Proposition A3. L
Appendix B
Example B1

This example states conditions on payoffs under which the local
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corrdlation matrix of the residuas is diagonal. Let | be a nonantici-
pative process such that d V - | dt is a P- local martingale. Define

v = eXP{J; A(s) dV(s) — %J; OIE dS} (B1)

and assume that E[¢’(T)]=1. Let E' be the expectation operator with
respect to the measure dQ' = y ' (T) dP. Let { Bi; i 3 1} be a sequence
of independent P- Wiener processes, and assume that, for each t,
cov (dV,, dB) = 0 ass,, for each i and k. Assume that for each i, X {(T)
is a functional of the sample paths of V,, . .., V«x and B, and is Q'-
square integrable. Then X(T) has the representation (2), where the
residuals have a diagona loca correlation matrix. The proof of the
above is as follows.

By Girsanov's theorem, applied to the process (I, 0), the vector
process (V, B) is a Q- Wiener martingale. Since Ej[X,(T)] is a Q-
martingale, then by the Kunita and Watanabe theorem (Elliott: the-
orem 12.33), we have that

XAT) = E'X(T)] + f c,(9) dv(s) + f d/(s) dB,(s), (B2)

where ¢; and d, are nonanticipative processes. The decomposition
(2) is obtained by defining

F, = E'[X(T)] + J; c,(s) dV(s) (B3)

and

N, =f d.(s) dB,(s). (B4)

To obtain dynamic weak correlation of the residuas, boundedness
conditions on the d, should be imposed.

Notice that the decomposition (2) was constructed using terminal
liquidation payoff and factor prices. No additional information about
the structure of the economy or the equilibrium price was needed.

Example B2

The example indicates that a strict dynamic factor structure, such as
in the previous example, may not imply that local price changes have
a strict factor structure. Assume that, for each i,

X(T) = B(T), (B5)
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where the B, are mutualy independent P- Wiener processes. In this
case, F; = 0 and the residua payoff is B,(T) (i.e., there exists a dynamic
gtrict factor structure with no factors). We will demonstrate that the
local price changes do not have a strict factor structure with no factors,
Let | ; be a nonanticipative process, such thatdB¥(#) = dB,(t) — A (D
dt is a Q- Wiener process. We get that

X,(1) = B¥(@®) + E;“[ f A(s) ds]. (B6)

It is not difficult to construct an example in which Q is such that al
| ; are nonanticipative processes adapted to the filtration generated
by some fixed Wiener process Z. In this case, each X is locally cor-
related with Z, and therefore the price changes are not strictly locally
uncorrelated.
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