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In the context of an equilibrium asset-pricing
model, the dynamics of the instantaneous real
interest rate and the instantaneous rate of expected
inflation are estimated. Unlike previous models,
we allow real interest rates and inflation to be
mutually dependent processes. The model is esti-
mated as a state-space system that includes obser-
vations on various maturity Treasury bills and
NBER-ASA survey forecasts of inflation. Over the
period 1968-1988, we find evidence that instan-
taneous real interest rates and expected inflation
are significantly negatively correlated. Real inter-
est rates also display greater volatility and weaker
mean reversion than expected inflation.

Analysis of the relationship between interest rates and
inflation can be traced back to the work of Irving
Fisher (1896). Yet, economists continue to devote a
significant amount of theoretical and empirical effort
to this subject. Cox, Ingersoll, and Ross (1985b) and
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Richard (1978) made important contributions by developing equi-
librium, “arbitrage-free” bond pricing models that explicitly recog-
nize the effect of inflation on the term structure of interest rates. These
theoretical models provided a framework for a number of empirical
studies, such as Oldfield and Rogalski (1987). Stambaugh (1988),
Gibbons and Ramaswamy (1986), Heston (1988), and Pearson and
Sun (1988).

A basis for this research is the presumption that a suitable model
of the term structure of interest rates requires multiple sources of
uncertainty, perhaps reflected by different dynamics for real interest
rates and inflation. Recent empirical evidence supports this view.
Stambaugh (1988) considers a latent variable model of the term struc-
ture, where logs of bond prices are linear functions of multiple (unob-
served) state variables. Using a generalized method of moments
(GMM) test of conditional expected Treasury-bill returns, he rejects
the hypothesis that interest rate movements can be described by a
single-state variable. However, he finds that a two- or three-state
variable model, where these state variables are assumed to be mutu-
ally independent, is sufficient to characterize Treasury-bill returns.
Although his analysis does not attempt to identify these variables, he
suggests that variables that determine the real rate of interest and the
expected inflation rate would be obvious candidates.

In the context of a model of real interest rates and inflation given
by Cox, Ingersoll, and Ross (1985b), hereafter referred to as CIR,
Gibbons and Ramaswamy (1986) present an innovative technique for
estimating the parameters of the process followed by the real interest
rate. Their GMM estimation considers nonlinear restrictions that the
model places on unconditional means and covariances of real Treas-
ury-bill returns. Their technique does not require -making specific
assumptions regarding the process followed by inflation, other than
the assumption that it be mutually independent of the process fol-
lowed by the real interest rate. In a similar manner, Heston (1988)
gives GMM estimates that result from imposing both linear and non-
linear CIR model restrictions on conditional mean bond returns. The
bivariate CIR model is also the basis of a maximum likelihood tech-
nique presented by Pearson and Sun (1988). However, each of these
empirical analyses retains the assumption that inflation and real inter-
est rates follow independent processes.1

This article is in the same spirit as the empirical studies cited above
in that it seeks to estimate the dynamics of real interest rates, as well
1 This Independence assumption is necessary for obtaining a closed-form solution to each of the
two-factor models in CIR (1985b).
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as inflation, in the context of an equilibrium model of bond prices. 2

However, it departs from the previous literature by weakening the
assumption of state-variable independence. The processes followed
by the real interest rate and inflation are allowed to be jointly depen-
dent. 3 Moreover, an estimation technique is presented that allows us
to identify and estimate the nature of this dependence in terms of
both expected and instantaneous (unexpected) movements in real
interest rates and inflation.

Why might it be important to allow real interest rates and inflation
to be dependent? Economic theory suggests that most exogenous
variables will have simultaneous effects on both real interest rates
and inflation, and thus induce correlation between them. For exam-
ple, technological change, commonly modeled as an exogenous vari-
able, can directly influence investment opportunities, real rates of
return (interest), and output growth. Except when monetary policy
is completely accommodating to this change in output, there will
also be a change in the level of inflation via output’s effect on money
demand.4 Alternatively, a government’s monetary policy may itself be
modeled as an exogenous variable, although a more complete model
might treat it as endogenous. While there are certain restrictions that
can be placed on monetary models, such that they can display “mon-
etary (super-)neutrality,” most models would predict that anticipated
and/or unanticipated changes in money growth will have an influence
on the real economy. In summary, there is at most a very small set of
macroeconomic models that would predict independence between
real interest rates and inflation.

2 It should be noted that other multivariate equilibrium bond-pricing models, such as Brennan and
Schwartz (1982), choose not to model processes for real interest rates and inflation explicitly, but
instead specify state-variable processes for yields on bonds of different maturities. In addition,
alternative “regression-based” approaches have been used to investigate the relationship between
interest rates and inflation [e.g., Fama (1975, 1988) and Mishkin (1987)]. While these studies
impose few model-specific restrictions on the processes followed by real interest rates and inflation,
they are unable to identify the specific dynamics of these processes, such as unexpected (instan-
taneous) versus expected movements, or magnitudes of mean reversion in real rates and inflation.
This limits their usefulness in obtaining bond-volatility parameters applicable to pricing and hedg-
ing interest-sensitive contingent claims, such as options and futures. Instead, these articles have
been useful in examining more general questions, such as whether forward rates predict (or possess
information on) future inflation or real interest rates.

3 Recent work by Boudoukh (1990) also considers the pricing of bonds when real measures are
correlated with inflation. He considers a discrete-time model of an endowment economy, so that
consumption equals output each period, and assumes that log inflation and log consumption growth
follow a vector autoregressive process, with the variance of inflation following an ARCH process.
The model’s parameters are estimated using data on aggregate consumption and inflation. Using
these estimates, bond prices are approximated (closed-form solutions are not possible) using a
Gaussian quadrature method. The statistics generated from these bond prices are compared to
those of actual bond prices. A number of results are consistent with those of this article, including
the observation that correlation between inflation and consumption growth plays an important role
in determining the properties of the term structure.

4 Fama (1981) makes a similar argument.
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The model presented in this article fits within the equilibrium
framework of CIR (1985a) in that our assumptions regarding state-
variable processes as well as the “prices” of risk associated with these
state variables are consistent with a general equilibrium model. How-
ever, our model does not test any of the specific examples given in
CIR (1985b). Instead, it is similar to those of Vasicek (1977), Lange-
tieg (1980), and Marsh (1980). As will be discussed below, it pos-
sesses both advantages and disadvantages compared to the CIR (1985b)
model. An attractive feature of the model is that it can be transformed
into a state-space system that allows mutual dependence between the
unobserved state variables. This model can then be estimated by
maximum likelihood, using a Kalman filter to simplify computation
of the likelihood function.

A key aspect of our estimation technique is the use of survey fore-
casts of Inflation as well as Treasury-bill prices of various maturities.
Combining these two types of data allows us to identify the (latent)
state variables as the real interest rate and expected inflation, rather
than identifying these variables by assuming them to be independent,
as was done in other studies. Using survey inflation forecasts offers
potential advantages relative to the usual practice of inferring inves-
tors’ expectations of inflation from actual inflation. If survey data is a
more direct measure of the expectations of bond-market investors, it
would not be as prone to small sample problems associated with
other types of rational expectations estimates. Hence, more powerful
estimates of bond-price dynamics could result.

The article’s econometric results indicate that the instantaneous
(short) rate of real interest is significantly more volatile than the
instantaneous level of expected inflation, during both the 1970s and
1980s. This is strikingly at odds with a number of earlier studies that
found changes In nominal interest rates as primarily reflecting fluc-
tuations in expected inflation rather than fluctuations in real rates
(e.g., Fama, 1975; Mishkin, 1981; Fama and Gibbons, 1982). Unex-
pected changes in real interest rates and inflation are also found to
be significantly negatively correlated. Tests of the hypothesis that real
interest rates and inflation follow independent processes are conclu-
sively rejected. In addition, real interest rates display weaker mean
reversion than inflation.

The plan of the article is as follows. In Section 1, the empirical
work is motivated by showing its consistency with a simple intertem-
poral capital asset-pricing model. In Section 2, I derive the equilib-
rium term structure of interest rates that results from this model. In
Section 3, the technique used to estimate this model is discussed,
while, in Section 4, the data chosen for the empirical work is described.
An analysis of the empirical results follows in Section 5.
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1. An Intertemporal Model

Consider an economy similar to that of Merton (1971, 1973a) and
CIR (1985a, 1985b). The following three assumptions are made.

Assumption 1. Infinitely lived individuals maximize utility of the
form

where C(t) is the time t consumption of a representative individual. 5

Assumption 2. There exists a single capital-consumption good. A
single technology is available that transforms capital, K(t), into out-
put according to the process6

where the expected rate of return on capital, αk(t), also varies sto-
chastically, following the process

and where π(t) is the expected rate of inflation, which follows the
process

Assumption 3. The monetary policy of the government is assumed
to result in a process for the nominal price level, P(t), of the form

with the expected rate of inflation, π(t), following the process previ-
ously specified in Equation (4).7

Similar to CIR (1985b), we assume an exogenous nominal price
level process without explicitly modeling the nature of the money
5 Duffie and Epstein (1989) show that this specification of utility an be generalized to a recursive
utility formulation, where the intertemporal elasticity of substitution Is unity but the coefficient of
relative risk aversion can be different from unity. The resulting form of the process for the equi-
librium real interest rate is the same as that derived below.

6 This assumption could be weakened to allow for multiple technologies, without changing the form
of the process followed by the equilibrium real interest rate [e.g., see CIR (1985a].

7 The formulation In Equation (5) allows the government’s monetary policy to be modeled as one
in which real capital shocks to the price level may or may not be accommodated. ρkp = –1 could
be regarded as a nonaccommodating monetary policy, while, if ρkp = 0, capital shocks are completely
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supply and demand that would give rise to it.8 However, unlike CIR,
the specifications in Equations (2)-(5) allow for the possibility of
interaction between the real return on capital and the rate of inflation.
As mentioned in the introduction, a number of theoretical models
justify this general specification. Monetary models predict that tech-
nological change, which affects the efficiency (return) of capital, influ-
ences the economy’s rate of inflation.9 Equation (4) captures this
effect by allowing movements in expected inflation to depend on the
current expected return on capital (through a nonzero b 2 1) and inno-
vations in the expected return on capital (through a nonzero ραπ) .

In addition to the return on capital affecting inflation, there may
well be a causal relationship working in the opposite direction. Fischer
and Modigliani (1978) outline a number of ways that inflation can
affect the real economy. Many of these influences are a result of
nonindexed private contracts or the taxation of nominal asset returns.
In particular, Feldstein (1980) demonstrates a link between higher
expected inflation and lower asset valuation. Equation (30) allows
for this effect by making the expected real return on capital depend
on the level of, and innovations in, expected inflation.10

The solution to the consumption and portfolio choice problem
described by Assumptions l-3 is similar to others found in the lit-
erature and is outlined in Appendix A. Individuals’ optimal con-
sumption behavior implies that aggregate consumption is propor-
tional to aggregate real capital:

Let f(t) be the (instantaneous) nominal yield on a currently matur-
ing, default-free discount bond, and let r(t) be the (instantaneous)
real yield on a currently maturing, default-free indexed bond. In
equilibrium, the nominal interest rate equals

and the equilibrium real interest rate is
8 Foresi (1990) extends CIR (1985a) by assuming an explicit process for the central bank’s supply
of money and by allowing agents’ utility to depend on real money balances. The price level process
can be derived endogenously rather than specified as exogenous. He finds explicit solutions for
the instantaneous nominal interest rate, but closed-form solutions for finite maturity bonds can
only be derived for very simple cases.

9 For example, see Siegel’s (1983) extension of the Sidrauski (1967) model.
0 We do not wish to Imply that Equations (3) and (4) can be regarded as “structural” equations in

the sense of Lucas (1976). Rather, they should be considered as reduced forms. The economy is
not modeled at the level of detail needed to evaluate government tax or monetary policy changes.
In fact, we find evidence of certain parameter shifts over the period 1979-1982, when a change In
monetary policy was announced.
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Thus, the instantaneous riskless real interest rate has dynamics similar
to the dynamics of the expected rate of return on risky capital:

The state of the economy is determined by the level of real wealth,
K(t), along with the bivariate system, consisting of the real interest
rare and expected inflation. Letting and

Equations (9) and (4) can be rewritten in the form

where

and

with

where

The bivariate process for r(t) and π(t) will be jointly stationary if
the real parts of the eigenvalues of B are negative. Note that this
bivariate Ornstein-Uhlenbeck process will not restrict either r(t) or
π(t) from becoming temporarily negative. In one sense, this is an
advantage relative to the “square root” process models in CIR (1985b),
which restrict r(t) and π (t) to be positive, since in the absence of a
costless storage technology, r(t) could be negative, while expected
deflation implies π(t) could be negative.” Nevertheless, we would
ideally like to impose the restriction that the nominal interest rate
be nonnegative Unfor-
tunately, this leads to significant difficulties in deriving solutions for
equilibrium bond prices, so that this restriction will not be imposed
11 Our estimates of r(t) are consistent with the general view that real interest rates were negative
during a large part of the 1970s (Figure 7). It is also likely that π(t) was negative during certain
historical episodes, such as in Great Britain during the early 1920s, when the British attempted
a return to the gold standard at pre-war parity.
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in the analysis that follows.12 However, we can anticipate that the
restriction that f(t) be positive, together with the characteristic that
r(t) and π(t) may individually become negative, will lead to estimates
of b 12, b21, and/or σ r π that reflect negative correlation between r(t)
and π (t).

2. Derivation of the Term Structure

We can now derive the term structure of interest rates for (zero net
supply, default-free) nominal bonds. Following the work of Richard
(1978) and Langetieg (1980), let N(τ, s (t)) be the nominal price at
date t of a discount bond that pays $1 with certainty at date t + τ.
Since the bond price depends on the vector of state variables, s(t),
Ito’s lemma allows us to write its dynamics as

where

where µ, and µπ are the instantaneous expected changes in r(t) and
π(t), respectively, given in Equation (10).

A currently maturing bond is instantaneously riskless in nominal
terms, and thus N r = N π = N rr = N ππ = N r π = 0 as the bond price
approaches its maturity value of N(τ = 0, s(t)) = $1. Defining the
yield on this bond to be the nominal interest rate, i(t, s(t)), we have

If bon& are priced such that no arbitrage opportunities exist in equi-
librium, then a standard hedging argument can be employed to show
that the expected rate of return on a τ maturity bond must be of the
form

where xr and xπ are the “factor risk premia” or “market prices of risk”
of a unit of standard deviation from the real interest rate and inflation,
respectively. CIR (1985a) shows that, in equilibrium, the factor risk
premia equal
12 As with the Vasicek (1977) and Langetieg (1980) models, omitting this restriction still leads to
sensible bond prices when the nominal interest rate is currently positive.
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where U(C*) is the utility function evaluated at individuals’ optimal
level of consumption, and cov(C*, s) is the covariance between
changes in optimal consumption and changes in the state variable,
s. Given that utility is logarithmic, C* = ζK(t), and using Equation
(10), we have and

Equating the right-hand sides of Equations (12) and (14) gives us
the standard partial differential equation that the equilibrium bond
price, must satisfy. Richard (1978, p. 49, Equation 57)
shows that the solution to this equation can be written in the form

where and where

Some insight may be gained by comparing this formula to that of
a forecast of inflation over the life of the bond (i.e., the period from
t to t + τ ). From the stochastic process for inflation, Equation (5),
we obtain

Note the similarity in ‘Equations (16) and (17), especially the first
terms under the integral signs on the right-hand side of each equation.
One component of the bond price is the expectation of an exponential
function of the integral of the nominal interest rate, of which one
component is the instantaneous mean rate of inflation, π(t). Similarly,
the expected rate of inflation over the bond’s life [Equation (17)] has
this same component.

The results of Langetieg (1980) allow us to solve for the equilibrium
price of a bond of any maturity.13 Denote the log of the bond price
a s Using Equations (16) and (10), the
formula for can be shown to take the form
13 Specifically, see Equations (30), (32), and (33) of Langetieg (1980, pp. 86-89).
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where is a constant, given the bond’s maturity, and is a
2 × 2 matrix given by Hence, and

are defined as

where is the element of
Similarly, using Equations (17) and (10), we can solve for the

optimal forecast of the price level, given the current price level, P(t) ,
real interest rate, r(t), and instantaneous rate of inflation, π(t) . Denot-
ing the time t optimal forecast of the price level at

we find it satisfies

where K2(T) is a constant, given the forecast horizon, T and α 3 ( T )
and α4(T) are defined as

An interesting feature of the log bond prices and log inflation
forecasts, given by Equations (18) and (19)) respectively, is that they
are both linear in the state variables.” Also, the coefficients of these
state variables are functions of only the elements of the matrix B from
the state-variable process, as well as either or T. Since the bivariate
state-variable process, given in Equation (10), is conditionally homo-
skedastic, log bond prices will also be conditionally homoskedastic.
This is a possibly unattractive characteristic of the model as compared
to the models of CIR (1985b), which allow for a particular type of
conditional heteroskedasticity. The results of previous research chal-
lenge the assumption of homoskedasticity. Fama (1984), using a
regression approach, finds time variation in the term premia of longer
maturity Treasury bills. Oldfield and Rogalski (1987) find variance
instability in log Treasury-bill price changes over the period 1959 to
1981. While the heteroskedasticity found in these two articles is based
on conditioning sets that are different from that of the present article,
so that the specification of Equation (18) is not conclusively rejected,
we do not want to take a firm stand on the complete accuracy of the
specification given in Equation (18). In Section 5, we will examine
evidence of heteroskedasticity during the 1968-1988 sample period,
and will attempt to gauge its influence by looking at subperiod sam-
ples of the data.
14 This linearity feature is also shared by the two Independent-factor models of CIR (1985b). See
Stambaugh (1988) on this point.
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However, in spite of its disadvantage of homoskedasticity, Equation
(18) has the attractive feature of being a closed-form solution for
bond prices, which also allows parameterization of the correlation
between real interest rates and expected inflation. In addition, this
specification for bond prices is consistent with many stochastic inter-
est-rate option pricing models, such as Merton’s (1973b) general
stochastic interest-rate option pricing model, Grabbe’s (1983) model
of options on foreign exchange, and Jamshidian’s (1989) model of
options on bonds. Hence, the parameter estimates that we obtain
from this article can be conveniently used in empirical applications
of the models.15

3. Estimation of the Model

In this section, we outline a method of estimating the parameters of
the previous model. This bond-pricing model was formulated in con-
tinuous time, so that analytic solutions for bond prices could be
obtained. However, since the data used to estimate the model are
available only at discrete observation intervals, it will be useful to
examine this model when viewed at discrete intervals. We show that
this model can be transformed into a discrete-time state-space sys-
t e m .1 6

The process for the state variables, s(t), given by Equation (10)
above, can be rewritten in a discrete-time form as

where

is the fundamental solution matrix of the state-variable process, and
where

S

a n d is a normally distributed random variable with zero mean
15 Equations (11) and (18) imply that the variance of a -period bond equals
Most option-pricing models require integration of this expression with respect to

It is straightforward to show that this integration leads to a closed-form expression. Note that
this expression does not Involve any unobserved variables, such as r(t) or π (r), which makes it
valuable in empirical applications.

16 A state-space representation is also used by Hansen and Singleton (1987) to test asset-pricing
models by a generalized method of moments (GMM) technique. Their procedure allows for greater
generality In consumers’ utility but relies on the use of consumption data.
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and covariance matrix

Equation (20) is a “state transition equation” in a discrete-time state-
space model, where the state variables, the instantaneous real interest
rate and expected inflation, are unobservable to the econometrician.
A corresponding set of “measurement equations” can be constructed
from data on bond prices and inflation forecasts.

As is discussed in more detail below, we compute hypothetical
maturity bond prices by linearly interpolating the yields derived from
the average of observed bid and ask quotes of bonds whose maturities
immediately surround This constructed bond price is assumed to
measure a “true” maturity bond price with error. Specifically, the
log of this constructed bond price, takes the form

where e1(t) is independently and identically distributed over time.17

A second measurement equation for the survey data on inflation
forecasts assumes that survey forecasts are noisy measures of the “true”
market forecast of inflation. Denoting a survey inflation forecast as

we make the assumption

where e,(t) Is also assumed to be independently and identically dis-
tributed over time with possibly a constant nonzero mean. A nonzero
mean would allow survey forecasts to be biased in a simple way. The
assumption that the additive errors, e1 and e2, are each identically
distributed implies that measurement error has a standard deviation
that is proportional to either the level of bond prices or the level of
expected inflation, since Equations (21) and (22) are in log form. In
the following discussion, we will, make the additional assumption
that e1 and e2 are normally distributed. However, our estimation tech-
nique will still produce best-linear unbiased estimates of the param-
eters in the absence of this assumption.

Now, suppose that at date t we can observe (with error) the prices
of discount bonds at M maturities, and survey forecasts of
inflation for N periods into the future, Then, we can write
17 Given that our empirical work uses bid-ask prices of bonds sampled at monthly intervals, this
Independence assumption is justified. It might not be justified if the sampling frequency were dally
or hourly. As in the case of other empirical tats of equilibrium bond-pricing models [e.g., Brown
and Dybvig (1986) or Stambaugh (1988)], It is necessary to assume some form of measurement
noise in order to prevent rejection of the model with probability 1. One Indication of the model’s
plausibility will be the magnitude of these measurement errors.
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these observations in matrix form as

where

K is an M + N vector of constants, and a is an (M + N) × 2 matrix
whose first M rows are of the form and
whose last N rows are of the form The
M + N vector of error terms is distributed as N (0, R ), where the
covariance matrix R has diagonal elements

Equations (20) and (23) now comprise a state-space model. How-
ever, another slight simplification can be obtained by defining the
state variables not as s(t)´ = (r(t) π(t)), but as the deviations of the
real interest rate and expected inflation from their unconditional
(long-run) means. We can define a new vector of state variables, x(t)´
= (x1(t) x2(t)) with zero unconditional mean:

With this state-variable transformation, the state-space model becomes

with distributed normal with covariance matrix and where
β is an (M + N ) -dimensional vector of constants and, without loss of
generality, δ in the state-transition equation [(20)] has been set to 1.

Our goal is to estimate the parameters of the instantaneous real
interest rate and expected inflation dynamics given by Equation (10),
and test the validity of the hypothesized bond-pricing formula [Equa-
tion (18)]. Specifically, we wish to estimate the elements of the matrix
B and the elements of the covariance matrix Σ. Note that in the state-
space system (24), both 4 and a are uniquely determined by the
parameters b 11, b12, b21, and b 22 (i.e., the matrix B ). In addition, the
covariance matrix Q is uniquely determined by the covariance matrix
Σ and the matrix B. Therefore, we propose to fit the model (24) subject
to the cross-equation restrictions on the parameters of φ, α, and Q,
and thus obtain estimates of B and Σ.

A general problem in estimating multiple-factor (state-variable)
models of asset pricing is that processes followed by the individual
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unobserved factors cannot be identified. For example, this lack of
identification occurs in empirical work based on the Arbitrage Pricing
Theory of Ross (1976) and in empirical work on bond pricing, such
as Oldfield and Rogalski (1987) and Stambaugh (1988). Empirical
articles, such as Gibbons and Ramaswamy (1986) and Heston (1988))
are able to identify the process followed by the real interest rate by
assuming that it is independent of the inflation process. In the current
article, the problem of identification is solved without resorting to
this independence assumption. Instead, identification is achieved by
utilizing data on survey inflation forecasts as well as bond prices. The
combination of these two types of data is necessary to identify uniquely
the individual states r(t) and π(t) of the model. If only data on bond
prices or only data on inflation forecasts are used, there exist orthog-
onal transformations of the states and the estimated parameters that
fit the data equally well.18

Following the work of Engle and Watson (1981, 1983), we now
describe a maximum-likelihood technique to estimate the parameters
of the system in (24). Define the vector of “innovations,” as

Let be the optimal forecast of the
unobservable state vector given the current and past values of the
measurement equation observations. Also, let H t denote the time t
covariance matrix of the innovations vector, Both and H t can
be computed from a Kalman filter recursion, given starting estimates
for and the covariance of x0, denoted G 0, and given values of the
parameters and R (or equivalently given values for the
parameters and H, are computed as follows. Define

Then, we have

Once n t and H t are computed using the Kalman filter, we can cal-
culate the log-likelihood of the observations, y t. Schweppe (1965)
has shown that the log-likelihood can be written in terms of the
innovations as
18 The proof is available from the author upon request.
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The remaining step is to find, by using a numerical iteration tech-
nique, those parameter values B, Σ, β, and R that maximize the above
function.

4. Data

A monthly time series of Treasury-bill prices was obtained from the
Center for Research in Security Prices (CRSP) tape. Similar to Gibbons
and Ramaswamy (1986), we constructed time series of (hypothetical)
30-, 90-, 180-, and 345-day Treasury-bill prices by linearly interpolat-
ing the yields derived from the average of bid and ask prices of
Treasury bills whose maturities immediately surround the desired
maturity. This time series of Treasury-bill prices was created to coin-
cide with the period over which survey inflation forecasts were avail-
able, 1968-1988.

Since 1968, the National Bureau of Economic Research (NBER)
and the American Statistical Association (ASA) have made quarterly
surveys of professional forecasters’ predictions of the GNP price defla-
tor. A recent article by Keane and Runkle (1990) provides an in-depth
analysis of the characteristics of these forecasts. Unlike other studies
that have analyzed survey forecasts, Keane and Runkle find that they
are unable to reject the hypothesis that the NBER-ASA price level
forecasts are unbiased and rational in the sense that publicly available
information cannot be used to improve the forecasts. They attribute
their differing results to their more careful consideration of the cor-
relation between individual forecasters’ prediction errors, to their use
of unrevised rather than revised GNP price-deflator data, and to their
more detailed consideration of exactly what information was available
to the forecasters. In addition, Keane and Runkle emphasize that,
unlike other surveys, the NBER-ASA survey is limited to professional
forecasters. Being professionals, these forecasters have an economic
incentive to utilize all publicly available information.19 Since the model
of our article is that of a “representative” individual, we chose the
median forecast of the NBER-ASA survey respondents as our (noisy)
measure of the “market’s” forecast of the price level.20
19 The Livingston survey collects the predictions of economists. whereas the University of Michigan
survey polls consumers. Keane and Runkle believe that, relative to professional forecasters. these
two groups lack the incentive to compile accurate foreasts, which could be one reason why previous
research based on these surveys has often rejected the hypothesis that these forecasts rationally
utilized all available information.

20 Recall that the estimation Equation (22) allows for Independent measurement errors. Our empirical
technique is also valid even if the median survey forecast possesses a constant bias. The median,
rather than the mean, forecast was chosen to reducc the influence of possibly extreme individual
forecasts that could result from inaccurate data entry or the existence of a few uninformed fore-
casters.
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The NBER-ASA survey reports forecasts of the level of the GNP
price deflator at five future quarterly dates. At the time that forecasts
are submitted by the respondents (the end of May, August, November,
and February of each year), these quarterly dates are 1, 4, 7, 10, and
13 months into the future. Note that in order to construct inflation
forecasts of the form we would need to know what
the forecasters believe is the current level of the GNP deflator, P(t),
when they make their forecasts. This poses a problem because the
GNP deflator is only reported on a quarterly basis, and then only with
a lag. Hence, the GNP deflator, P(t), is not truly observed at the time
of these forecast submissions.

This problem can be resolved if we modify the way in which infla-
tion forecasts are constructed, so that the forecasted price change is
a price change that begins one month from the time the forecasts are
submitted. In other words, if t is measured in months, we can construct
price forecast ratios (inflation forecasts) of the form

where T = 4, 7, 10, or 13. Using Equation (19), we can see
that these inflation forecasts take the form

As with Equation (19), the right-hand side of (30) is linear in the
state variables, with the coefficients ‘multiplying these state variables
being functions only of T (equal to 4, 7, 10, or 13) and the elements
of the matrix B. Therefore, Equation (30) will be a suitable mea-
surement equation that we can use in place of (19), and this is done
in the empirical work that follows.

The estimation technique described in the previous section assumed
that bond prices and inflation forecasts were sampled at the same
frequency. However, since the NBER-ASA survey forecasts are avail-
able at quarterly intervals, while bond prices from CRSP are available
on a more frequently monthly basis, our estimation technique must
be modified in order to take full advantage of all the available data.
In Appendix B, we outline how the state-space model can be refor-
mulated and estimated when the observation interval for inflation
forecasts differs from that of the bond prices.

Table 1 shows summary statistics of the CRSP Treasury-bill prices
and the NBER-ASA median inflation forecasts for the period 1968-
1988. Part A of the table shows that the term structure of interest rates
was upward sloping, on average, with the average difference between
the yields on 30-day and 345-day bills being just over 100 basis points.
The average predicted annual inflation rate was approximately the
same (about 5.1%), whether the predictions were made over 3-, 6-,
6 8



9, or 12-month intervals (T = 4, 7, 10, or 13, respectively). As one
would expect, part B of Table 1 shows that bond volatility (as proxied
by the sample standard deviation of monthly first differences of log
bond prices) increases with the bond’s maturity. The sample standard
deviation of the change in log inflation forecasts is also increasing
with the prediction interval.21 Part C shows evidence of high corre-
lation between changes in log bond prices of different maturities and
also high correlation between log inflation predictions made over
different (partially overlapping) time intervals. However, there is a
relatively small and negative correlation between log bond price
changes and log-predicted inflation forecast changes.
21 Being sample standard deviations, a constant mean is used to compute the residual from each first
difference. Of course, our theoretical model implies this mean is not constant but changing with
the level of the unobserved state variables. Hence, the statistics in Table 1 are meant only to be
suggestive.
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5. Estimation Results

This section reports maximum likelihood estimates for the parameters
B, Σ, β, and R. First, the model was estimated using the monthly
Treasury-bill prices along with the quarterly NBER-ASA inflation fore-
casts over the period 1968-1988. The elements of the observation
vector, y t, were ordered to equal the log of 30-, 90-, 180-, and 345-
day bond prices, and 3-, 6-, 9-, and 12-month inflation forecasts,
respectively. In order to simplify the estimation process, some further
assumptions were made. First, the covariance matrix R was restricted
to be diagonal with elements where the standard deviations of
the measurement errors were assumed to be the same for each of the
log bond prices (=r1), and the same for each of the log inflation
forecasts (=r2). The purpose of this assumption was to reduce the
number of parameters to be estimated to a more reasonable level.
Second, the vector of constants, β, in the measurement equations
(24b) were estimated without imposing potential cross-equation
restrictions implied by the theoretical model. It can be shown that
the elements of the vector β are functions of the elements A, B, Σ ,
and x, as well as of and the parameters that would indicate
a (possible) constant bias between survey and “market” forecasts of
inflation. While it would certainly be of interest to recover estimates
of parameters other than B, Σ, and R, attempts to estimate the system
by imposing these additional cross-equation restrictions on β proved
to be unsuccessful.22 The results when all other cross-equation restric-
tions were imposed is given in the first column of Table 2.

The parameter estimates of the covariance matrix, Σ, indicate sig-
nificant negative correlation between the innovations
of the instantaneous real rate and expected inflation.23 In addition,
the standard deviation of the instantaneous real rate, is more than
twice as large as that of expected inflation, This result, that the
instantaneous real interest rate is more volatile than expected infla-
tion, seems surprising given that a number of earlier studies, such as
Fama (1975), Mishkin (1981), and Fama and Gibbons (1982), con-
clude that changes in inflation play a dominant role in interest-rate
movements.

Turning to the estimates of the elements of matrix B (i.e., b ij, i, j
= 1, 2), it can be shown that these point estimates imply negative
eigenvalues, consistent with the state variables following a stationary
22 Several different numerical algorithms were attempted, but each was unsuccessful in converging
to a maximum value for the likelihood function. Apparently, the likelihood function is rather “flat”
along the dimension of these additional parameters.

23 This is consistent with the results of other research on interest rates, such as Summers (1983) and
Mishkin (1987).
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The b ij are the elements of matrix B of the state-transition equation, ds = (A + Bs(t))dt + σ d Z ,
where the 2 × 1 vector s is composed of the instantaneous real Interest rate and expected inflation.

and are diagonal elements, whereas is the off-diagonal element of Σ, where Σ dt =
The are the intercept terms in the measurement equation y t = β + α x t + e t, where

y t is the 8 × 1 vector of log bond prices and log inflation forecasts, and x t is the deviation of s(t)
from Its unconditional mean. The error term, e t, has a diagonal covariance matrix, with r1 and r2

equaling the standard deviations for the log bond prices and the log inflation forecasts, respectively.
Standard errors are In parentheses.
1 Point estimates of B Imply a positive eigenvalue, making the system nonstationary.
2 Rejection at the 1% level, x2(3) 1% = 11.34.
3 Rejection at the 5% level, x2(3) 5% = 7.81.
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Figure 1
Expected paths of the real interest rate and the rate of inflation following a one standard
deviation innovation in the real interest rate, based on model estimates obtained from
data over the period 1968.10-1988.12
This Impulse-response function equals E0[x(t)] = x(0)eBt, where x is a vector of the deviations of
the real Interest rate and the expected rate of inflation from their unconditional means. Point
estimates for the elements of matrix B are from column 1 of Table 2.
process. These estimates are generally significantly different from
zero. The positive off-diagonal elements imply that the expected
change in the real rate is positively related to the level of expected
inflation; whereas the higher the current real interest rate, the greater
is the expected increase in inflation. A likelihood ratio test of the
hypothesis of zero overall correlation between real rates and inflation,
b 12 = b21 = ρ r π = 0, results in rejection at a 1 percent significance level.

Based on these parameter estimates, we can describe the dynamics
of the instantaneous real interest rate and expected inflation in terms
of their response to an innovation [i.e., a realization of dZ in Equation
(10)]. Figure 1 shows the expected movement in r(t) and π(t) from
one standard deviation Innovation in r(t), equaling σ r = 0.02665.2 4

The real interest rate displays rather weak mean reversion. Its “half-
life” (i.e., the time it takes to return one-half way back to its initial
value) is 5.27 years. In addition, the correlation between the real rate
24 Given the nonzero correlation between the innovations in the real rate and expected inflation, a
rise of σ r in the real rate would be expected to produce a change of ρr π σπ in the level of expected
inflation. For the current set of parameter estimates, this Implies a fall In expected inflation equal
to 0.0040.
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Figure 2
Expected paths of the real interest rate and the rate of inflation following a one standard
deviation innovation in the expected inflation rate, based on model estimates using data
over the period 1968.10-1988.12
This impulse-response function equals E0[x(t)] = x(0)eBt, where x is a vector of the deviations of
the real interest rate and the expected rate of inflation from their unconditional means. Point
estimates for the elements of matrix Bare from column 1 of Table 2.
and inflation indicates that the rate of inflation is expected to “over-
shoot” its long-run value, first falling below its long-run steady state,
then moving above it, before finally falling again.

In a similar manner, Figure 2 shows the expected movement in
r(t) and π (t) from a one standard deviation movement in r(t). Rel-
ative to the real interest rate, the rate of inflation displays stronger
mean reversion. Its half-life is 1.85 years.

The estimates of r1 and r2, the standard deviations of the “mea-
surement” errors of the log Treasury-bill prices and the log inflation
forecasts, respectively, give one indication of how well the model fits
the data. Doubling the estimate for r1 implies that the measurement
error on the six-month (180-day) Treasury-bill yield has a standard
deviation under 18 basis points. The standard deviation of the dif-
ference between the “market” and the NBER-ASA six-month inflation
forecast is approximately2 × 0.00084 = 16.8 basis points. This appears
to be a reasonably small level of measurement error.

As an indication of parameter stability, the sample was split in two
and the estimation was repeated for each of the two subperiods. The
7 3



This impulse-response function equals E0[x(t)] = x(0)eBt where x is a vector of the deviations of
the real interest rate and the expected rate of inflation from their unconditional means. Point
estimates for the elements of matrix B are from column 2 of Table 2.
second column of Table 2 shows the parameter estimates over the
1968-1978 period, while the third column of Table 2 shows estimates
for the 1978-1988 period. The estimates of the parameters of the
covariance matrix, 2, are fairly similar for the two periods. The esti-
mated standard deviations for expected inflation are very close, 0.0113
and 0.0105. However, the later period shows somewhat greater vol-
atility in the real interest rate, its standard deviation being approxi-
mately 50% greater (a, = 0.03 vs. 0.019). The instantaneous correlation
between real rates and inflation continues to be negative for the two
periods

The major difference between the two subperiods in their impli-
cation for the strength of mean reversion is the real rate of interest.
As displayed in Figure 3, estimates using only the 1968-1978 data
indicate a half-life for the real interest rate of 3.86 years. In contrast,
as Figure 5 shows, the real rate’s estimated half-life is 37.55 years for
the 1978-1988 period. However, there is not a substantial difference
in the rate of inflation’s mean reversion, as Figures 4 and 6 show. The
half-life of inflation is 2.01 years for the 1968-1978 period and 1.62
years for the 1978-1988 period. In addition, in both cases, one can
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This impulse-response function equals E0[x(t)] = x(0)eBt, where x is a vector of the deviations of
the real interest rate and the expected rate of inflation from their unconditional means. Point
estimates for the elements of matrix B are from column 2 of Table 2.
reject the hypothesis of zero correlation (b12 = b21 = ρ r π = 0) between
the processes for real rates and inflation, although the rejection is
somewhat stronger in the earlier subperiod. All things considered,
the qualitative characteristics of the parameter estimates for the two
subperiods are similar.

In Figure 7 we graph “smoothed” estimates of the unobserved state
variables, r(t) and π(t), based on the Treasury-bill prices and NBER-
ASA forecasts over the full sample period, 1968-1988. A smoothed
estimate of a state variable is an optimal estimate based on the full
sample of observations, observations that occur both before and after
the particular state variable’s realization.25 Consistent with the esti-
mates obtained in Table 2, the real interest rate shows evidence of
being more volatile than the expected rate of inflation. In addition,
it is noteworthy that our estimate of the instantaneous real interest
rate is negative over a substantial part of the 1970s and part of 1980.
25 In contrast, a filtered estimate of a state variable uses only those observations that precede the
realization of the particular state variable. See Anderson and Moore (1979) or Harvey (1981) for a
discussion of smoothing.
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Figure 5
Expected paths of the real interest rate and the rate of inflation following a one standard
deviation innovation in the real interest rate, based on model estimates using data over
the period 1978.12-1988.12
This impulse-response function equals E0[x(t)] = x(0)eBt, where x is a vector of the deviations of
the ml Interest rate and the expected rate of inflation from their unconditional means. Point
estimates for the elements of matrix B are from column 3 of Table 2.
This indicates that use of a bond-pricing model that does not restrict
the real rate to be positive can be an important empirical consider-
ation.

As mentioned in Section 2, the joint process for real interest rates
and inflation assumed in Equation (10) leads to a simple and con-
venient way of parameterizing instantaneous and longer-term depen-
dence between these two variables. The potential disadvantage of
this process is that it implies conditionally homoskedastic changes
in log bond prices and log inflation forecasts. By looking at the one-
month-ahead model prediction errors [i.e., the given by Equation
(25)], we can obtain a rough indication of the validity of this assump-
tion. Under the model’s assumptions, the vector of one-month pre-
diction errors should have zero mean and a steady-state variance that
is constant. In other words, given an infinitely long past history of
observed log bond prices and survey inflation forecasts, the next
period’s realization of log bond prices and inflation forecasts should
be homoskedastic. However, since we have only a finite history of
observables, we should not expect strict homoskedasticity, but a pre-
diction error variance that asymptotes to the steady-state level.
7 6



Expected paths of the real interest rate and the rate of inflation following one standard
deviation innovation in the expected rate of inflation, based on model estimates using
data over the period 1978.12-1988.12
This impulse-response function equals E0[x(t)] = x(0)eBt, where x is a vector of the deviations of
the real interest rate and the expected rate of inflation from their unconditional means. Point
estimates for the elements of matrix B are From column 3 of Table 2.
One-month-ahead prediction errors for the log of the 345-day Treas-
ury bill and the log of the one-year-survey inflation forecast are plotted
in Figures 8 and 9. There are clear indications of heteroskedasticity
in Figure 8. The nine largest (in terms of absolute value) one-month-
ahead forecast errors for the log of the 345-day Treasury-bill price
occur during 1979.10-1982.9, the period during which the Federal
Reserve announced a change in its monetary-policy operating pro-
cedures.26 In comparison, the largest one-month-ahead prediction
errors for the log of the one-year inflation forecast do not seem to be
concentrated in any one subperiod.

Given the apparent increase in the volatility of Treasury-bill forecast
errors during 1979.10-1982.9, this period might be considered a dif-
ferent monetary-policy regime relative to the periods before and after
this interval. Research by Hamilton (1988) supports this view, he uses
an Expectations Hypothesis model of the term structure in which the
process followed by the short-term interest rate (i.e., the interest rate
26 From October 1979 to October 1981, the stated policy of the Federal Reserve was one of targeting
nonborrowed bank reserves, rather than targeting the federal funds rate.
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Figure 7
Smoothed estimates of the paths of the instantaneous real interest rate and the instan-
taneous expected rate of inflation over the period 1969-1989
These smoothed estimates were obtained using observations on monthly 30-, 90-, 180-, and 345-
day Treasury-bill prices and quarterly 3-, 6-, 9-, and 12-month NBER-ASA median predicted inflation
rates over the period 1968.10-1988.12. Smoothed estimates ate maximum-likelihood estimates of
the state-space model’s unobserved state variables based on the full sample of observations.
regime) can switch from a low- to a high-volatility process. Hamilton’s
estimation results indicate a high probability of a regime switch pre-
cisely during the October 1979-October 1982 period.27

While the theoretical framework of the present article cannot account
for a positive probability of a parametric shift of the joint real interest-
rate-inflation process, it may be informative to investigate the type of
change in parameter estimates over the three-year period 1979.10-
1982.91. 28 Although based on only 36 monthly observations, column
four of Table 2 shows estimates over this period.

Not surprisingly, the estimates for the standard deviations of the
instantaneous real interest rate and expected inflation are significantly
higher than during any other sample period; however, the relative
magnitudes are approximately the same, with σr = 0.066 being some-
what more than twice as high as σπ = 0.031. Interestingly, the instan-
27 Hamilton finds that heteroskedasticity characterized by regime shifts is far more important in
explaining interest rate data than heteroskedasticity of a slowly changing nature, such as embodied
In ARCH models.

28 Our implicit assumption in estimating the model over a particular subperiod is that individuals
believe during this subperiod that there is a zero probability of another regime shift ever occurring.
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Errors from one-month-ahead Kalman filter predictions of the log of the 345-day Treasury-
bill price
These predictions are based on prior observations of monthly 30-, 90-, 180-, and 345-day Treasury-
bill prices and quarterly 3-, 6-, 9-, and 12-month NBER-ASA median predicted inflation rates.
Defining the log of these observations at month t as the vector y t, the residual vector

is computed. The residuals that are plotted correspond to those of the log of the 345-
day Treasury bill.
taneous correlation between real rates and expected inflation, ρ r π =
-0.427, is relatively close to the estimated correlation during the
earlier 1968.10-1978.12 period. In addition, the implied half-lives for
the real interest rate and expected inflation are close to those esti-
mated for the earlier period. The real interest rate continues to display
weaker mean reversion than expected inflation. Finally, consistent
with the earlier period, the hypothesis of independence between real
interest rates and expected inflation is rejected at the 1 percent sig-
nificance level. In summary, with the exception of higher estimated
instantaneous standard deviations, the qualitative behavior of real
interest rates and expected inflation is surprisingly similar to the
earlier 1968.10-1978.12 period.

To see what effect the 1979.10-1982.9 subperiod had on the esti-
mates for the second half of the entire sample period, the model was
reestimated using only the six years of data from 1982.10-1988.12.
This is reported in column 5 of Table 2. While the estimated stan-
dard deviation for the instantaneous real interest rate was still higher
than that for expected inflation, both of their magnitudes were lower
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Errors from one-month-ahead Kalman filter prediction of the log of the one-year NBER-
ASA median inflation forecast
These predictions are based on prior observations of monthly 30-, 90-, 180-, and 345-day Treasury-
bill prices and quarterly 3-, 6-, 9-, and 12-month NBER-ASA median predicted inflation rates.
Defining the log of these observations at month t as the vector y t, the residual vector n t = y t

– Et-1[yt] is computed. The residuals that are plotted correspond to those of the 12-month NBER-
ASA median inflation forecast.
than during any earlier subperiod (σr = 0.015, σ π = 0.008). However,
the estimated instantaneous correlation was quite similar to estimates
obtained for the earlier periods. Also similar to other periods, a like-
lihood ratio test of the hypothesis b12 = b21 = ρ r π = 0 leads to its
rejection.

Perhaps because of the relatively short 1982.10-1988.12 sample
period, the point estimates of the elements of the matrix B imply a
nonstationary process for real interest rates and inflation because one
eigenvalue turns out to be positive. Hence, we cannot compute half-
lives for r(t) or π (t) from these estimates. However, note that with
the exception of the element b21, these point estimates do not appear
to be exceedingly different from those obtained during the earlier
1968.10-1978.12 period. Thus, the evidence of potential nonstation-
arity during this subperiod may be weak.

6. Conclusion

An equilibrium bond-pricing model has been formulated and esti-
mated that explicitly accounts for the difference between real and
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nominal variables. An important feature of the model is that it allows
for interdependence between real interest rates and expected infla-
tion, which can be justified on both theoretical and empirical grounds.
An estimation technique has been presented that uses NBER-ASA
survey inflation forecasts, as well as Treasury-bill prices, to show how
these mutually dependent processes can be identified.

The empirical results confirm that real interest rates and inflation
follow jointly dependent processes. The instantaneous real interest
rate and the instantaneous rate of expected inflation are found to be
significantly negatively correlated. In the context of our model, a
positive technological shock that increases the expected rate of return
on capital, and hence the equilibrium real interest rate, is coincident
with a partial fall in expected inflation. This empirical finding could
be consistent with a government policy in which money growth rates
are not fully accommodating to changes in real returns.

The paper’s estimates also indicate that the real interest rate is more
volatile than the rate of expected inflation. That expected inflation
rates are found to be “sticky’ compared to real returns is not an
uncommon characteristic of nominal asset prices. For example, fluc-
tuations in real exchange rates, rather than changes in relative infla-
tion rates, dominate nominal foreign exchange rate movements. Mussa
(1986) finds this to be true especially during the recent floating
exchange rate regime, which covers most of this article’s sample
period.

Regarding the longer-run dynamics of real interest rates and infla-
tion, we find that the real interest rate displays slower mean reversion
than the instantaneous rate of inflation. Again, in the context of the
model, where the equilibrium real interest rate possesses the same
dynamics as the expected rate of return on (risky) capital, the model
would predict weak mean reversion in the expected rate of return on
stocks. This prediction is, in fact, validated by Fama and French’s
(1988) recent empirical analysis of stock returns.

Appendix A

The solution to the consumers’ consumption and portfolio choice
problem, given by Equations (6) and (8) in Section 1, is outlined
here.

Let w b, wr, and w k (= 1 – w b – w r ) be the proportions of a rep-
resentative individual’s portfolio invested in nominal bonds, real
(indexed) bonds, and real capital, respectively. Denoting his total
wealth as W, and J( W, αk, π ) as the indirect utility function, Merton
(1971) shows that the optimality equation is
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Differentiating with respect to C, wb, and wr, one obtains

Using Equations (A3) and (A4), we can solve for the optimal port-
folio proportions, and Substituting these proportions back
into Equation (Al), we then have a partial differential equation for
J( W, αk, π ). Merton (1971) shows that the solution to this differential
equation is of the form

Since nominal and real bonds are assumed to be in zero net supply,
we have W(t) = K(t). Using conditions (A2) and (A5), we arrive at
Equation (6) in the text. Using condition (A5) along with conditions
(A3) and (A4), setting wb = w r = 0, we arrive at Equations (7) and
(8) in the text.

Appendix B

This appendix gives the state-space representation used to estimate
the bond-pricing model when bond prices, y1t, are observed at more
frequent intervals than are survey inflation forecasts, y2t.
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The measurement equation (24b) can be rewritten as

Now define a new vector of observations, Yt, where

when y2t-1 is observed at time t – 1,

when y2t-1 is not observed at time t – 1.

In addition, define the vector w t such that

A new vector of state variables, Xt, can be defined where

is the form of the new state transition equation.
The measurement equation corresponding to this state equation is

where

when y2t-1 is observed at t – 1,

otherwise;

when y2t-1 is observed at t – 1,

otherwise.
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Calculation of the likelihood function when a t, and b t are deter-
ministic functions of time is similar to the method given in Section
3 of the text. See Harvey (1981, p. 110) for details.
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