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A simple introduction to contingent claim valua-
tion of risky assets in a discrete time, stochastic
interest-rate economy isprovided. Taking the term
structure of interest rates as exogenous, closed-
form solutions are derived for European options
written on (i) Treasury hills, (ii) interest-rate for-
ward contracts, (iii) interest-rate futures con-
tracts, (iv) Treasury bonds, (v) interest-rate caps,
(vi) stock options, (vii> equity forward contracts,
(viii) equity features contracts, (ix) Eurodollar lia-
bilities, and (x) foreign exchange contracts.

In this article, a relatively simple approach to pricing
options in an economy with stochastic interest rates
is described, taking the initial term structure as given.
A genera equilibrium model is used, and the work
of Rubinstein (1976) and Brennan (1979), where it
was assumed that interest rates were deterministic, is
extended. The approach differs from the work of
Heath, Jarrow, and Morton (1989a), which relies upon
the assumption of dynamically complete markets. In
Section 1, a general equilibrium model is described
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and an equivalent martingale measure defined. Sufficient structure is
imposed to facilitate a direct comparison to the discrete time, one-
factor models of Ho and Lee (1986) and Dybvig (1989), which assume
that interest rates are normally distributed, and the continuous time
model of Jamshidian (1989) and the examples in Heath, Jarrow, and
Morton (19898) which assume an Ornstein-Uhlenbeck process with
mean reversion for forward rates. Closed-form solutions are derived
in Section 2 for European options on Treasury hills, interest-rate
forward and futures contracts, and Treasury bonds. The section con-
cludes by considering the pricing of a call option written on an
interest-rate cap. A closed-form solution is derived for this compound
option.

The next two sections describe three extensions. the pricing of
equity options in Section 3, and Eurodollar and foreign currency
options in Section 4. The pricing of Eurodollar options necessitates
the consideration of credit risk. The initial domestic and Eurodollar
term structures are taken as exogenous, and the credit premium is
modeled as a state variable. While thisis similar to the work of Ramas-
wamy and Sundaresan (1986) on the pricing of corporate debt, it
avoids two problems. First, in their analysis, the term structure of
corporate debt is endogenous; thus, they misspecify the initia prices
of corporate bonds. Second, they assume a form of the Loca Expec-
tations Hypothesis. This article shows that the three extensions have
the same common structure. For equity, the one-period return can
be decomposed into two components. the one-period risk-free rate
of interest plus an equity risk premium. Similar decompositions apply
for Eurodollar liabilities and foreign currency contracts. Under the
equivalent martingale measure, the expected value of the premium
is zero.

The assumption that the evolution of the term structure depends
upon one factor, which implies that bond returns are (localy) per-
fectly correlated, is relaxed in Section 5. It is assumed that there are
two factors, so that, in general, bond returns are not perfectly cor-
related. Closed-form solutions are derived for European Treasury hill
and stock options. A summary is given in Section 6.

. The Pricing of Risky Assets

A finite dated exchange economy is considered. A representative indi-
vidual is assumed to exist who maximizes the expected utility of
lifetime consumption. The utility function is assumed to be von Neu-
mann-Morgenstern additively separable with constant proportional
risk aversion. Let G,denote the margina rate of substitution from
t—1tot, and B,(m) denote the vaue a t = m of a pure discount
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bond that matures at t = m+ n. Then from the first-order conditions*

B,(m) = E( III G ﬂ,.), 6Y)

Jmm+1
wherefl,, is the information set at t=m, and 1 ° m + n. In a more
genera model, the prices of the state contingent claims will depend
upon many factors. For example, if claims are traded in nomina terms,
prices will depend upon the margina rate of substitution and the
rate of inflation;’for a model that incorporates production, prices will
also depend upon technology [see Milne and Turnbull (1989)].

To be able to derive relatively simple pricing expressions, three
additional assumptions are made. First, it is assumed that there is
only one source of risk or factor. The precise description of this factor
is left unspecified. The assumption of only one factor is relaxed in
Section 5. Second, if Y,=In G,it is assumed that { Y.} are multivariate
normaly distributed, which implies that bond prices are lognormally
distributed. Third, it is assumed that y,° Y,— mfollows a first-order
autoregressive process’

»n=0y_, +e,

where m= E(Y), g is a constant, and (e,) are multivariate normally
distributed: E(e) = 0, var(e) = ¢%,and cov(e, €) = 0, * j.
The price of a pure discount bond is given by

y

= B (0)/B,(0)exp(¢,, + x), )

B,(m) = E[ex EI Y,)

J=m +1

where

x=0\(n— 1)2 g=re,
1=

b= D Pm = ? = NI - a2,

=1

| = m+n, andA(k) = Z4_, #. The one-period forward rate at t = |

implied by the term structure at t = 0 and defined by B_,(0) °

'This is a standard result. See Huang and Litzenberger (1988, chap. 7).

?See Turnbull (1979) for a description of this type of model in discrete time, and in a continuous
time framework see Richard (1978).

*A similar assumption is used in Campbell (1986).
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B(0)exp[—f(0, D), is
OB =k + 3| DA+ 1 ey A - j)za;]

J=1

+ 01+1y,.

The change in the forward rate is

Fom D) = £O, D = 3 P = p? = Aom — 7 L
, = 2 3

-8 E 6U-re,

J=1

For the one-factor case, (3) has a similar structure to the special case
considered by Heath, Jarrow, and Morton (1989a), who assume that
forward rates are normally distributed and var[f(m, I) — f(0, |)] =
ma? where o%s a constant. These assumptions are implicit in the
Ho-Lee (1986) moddl. In (3) if g =1 and o2 = ¢* for all j, then (3)
collapses to the case considered by Ho and Lee.

The process for the spot rate, r(m) =f (m, m), is derived from (3)
and can be written in the form

r(im) — r(m— 1) = a, — a,r(m— 1) — be,,
where

a,E'f(O,m)+i[)\(m+1—j)’-)\(m—j)z]£22

J=1

| —0[,/(0,m—1) +”‘21[A(h—ﬁ=¥)\(m—1 —1)21222},

1=

and a,= 1 -¢g. For0<q<1, a,> 0 and one would expect'a,>
0. Two points should be noted. First, the spot rate is perfectly cor-
related with the forward rate process. Second, in general, the spot
rate follows a mean-reverting process. If g = 1, which implies no mean
reversion, then the process corresponds to the Ho-Lee moddl.’

“Given the definition of a,and then simplifying, it an be shown that

a, = f(0, m) — 8f(0, m — 1) + 802, + & i 8x=-1g2.
4=l

°*Dybvig (1989) has generalized the Ho-Lee model to Include the case of mean reversion.
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1.1 Martingale pricing

Define the accumulation factor A(m) to represent the amount gen-
erated by investing in a series of one-period bonds fromt=0, 1, ...,
m-— 1, A(0) ° 1. By rearranging the first-order conditions, it can be
shown that there is an equivalent martingale measure such that with
respect to this measure relative prices follow a martingale.’If P,
r& presents the price of an asset at t = 0, which only has a fina payoff
at t = m (there are no intermediate dividends), then there exists an
equivalent martingae measure such that’

Po/A(0) = E*[P./A(m) (0],

where P_represents the payoff at t=m.

If the objective is to price only European options that mature at a
particular point, say t=m, then it is advantageous to redefine the
accumulation factor to be the amount earned by investing in an
m-period pure discount bond. This implies a change in the martingae
measure. Let a(m)—he accumulation factor-represent the amount
generated by investing in an m-period pure discount -bond, a(0) =
1. There exists another equivalent martingale measure such that™

Po/a(0) = E**[P,/a(m)|Q)
= B (0)E**(p..|Q). (4)

Given the form of this expression and the assumption that prices of
bonds are lognormally distributed, option-pricing formulas will be
similar in form to the traditional Black-Scholes model.

1.2 Futures prices

Consider a futures contract that matures at t = m written on an
n-period pure discount bond. Following Cox, Ingersoll, and Ross
(1981), the futures price a some time t=q £ mis determined by

F,(q m) = E{B,(m)G, - G,.,/[B:(@):--B,(m — 1)}I2,},

°A generd deviation of this result is given in Milne and Turnbull (1989), where it k shown that the
same result can be derived via arbitrage arguments, assuming that we have at least as many distinct
securities as branches leaving each node. See aso Huang and Litzenberger (1988, chap. 8).

"The relative bond price of a pure discount bond that matures on t =1is defined to be
Z(ml) © Bn(m)/A(m).'Ihereforr,bysubsUtuUon.Z(m, |) =2Z(m~ 1, )X, where X= B,(m)B,(m
;;ult)/B...(m- 1). Under this measure let £%(6.]0.-,) = 5% and var*(e.|Q..,) = v2. Given

X = exp{—[0A(n —1)o% + FA(n — l)’.v'_/Z] + O\(n ~ 1)e.},

then g% = ¢2. Under the martingale measure, it is necessary to adjust the mean of the underlying
distribution; the variance remains unchanged under the new measure. This is a demonstration of
a discrete time equivalent to Girsanov’s theorem [Elliott (1982, p. 162)].

*This result is obtained by rearranging the first-order condition. See Milne and Turnbull (1989).
*Applying this to (2) gives E**(e|R) = A(m — fHo? and var**(e|Q) =}, 1 < f<m.
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or in terms of the equivalent martingale measure
F.(q, m) = E*[B,(m)|Q/] )
[see Cox, Ingersoll, and Ross (1981) and Turnbull and Milne (1989)].

Lemma 1. The futures price at t =0 on a contract to purchase an
n-period pure discount bond at t = mis

F,(0, m) = b,(0, m)exp{-w\(n -1) i 0™ M\(m— f) — l]a}},

1=

©®

where h (0,m) is the n forward price defined by h (0,m) © B,(0)/
B.(O),°m+ n Att=qg<m,

F,(g, m) = F,(0, m)exp(¢, + x,), D
where
q9 62
ON(n — | 2 | 8™162 + ON(n — 1)02m _21
and

q
x,=O0\(n — 1) ), 0me,
/=1

Proof: See Appendix A.

Three points should be noted from (6). First, if g = 0, which from
(2) implies that the term structure is deterministic, then forward and
future prices are equal [see Cox, Ingersoll, and Ross (1981) or Turn-
bull and Milne (1989)]. If qis positive, the forward price is greater
than the futures price.”If q is negative, the forward price can be
greater or less than the futures price. Equation (7) describes the price
dynamics of the futures price. Given that the e are normally distrib-
uted, then the futures price follows a lognormal distribution.

. Pricing Interest-Rate Options

The' pricing of European options written on Treasury hills, interest-
rate forward and futures contracts, and Treasury bonds is considered.
Closed-form solutions are derived for these options and some of their

“If g=1 and s, =s, then F(0, m) = h(0, m)exp[-na’m(m—1)/2].
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properties are discussed. The section is concluded with the derivation
of a closed-form solution for the value of a call option on a cap.
Theorem 1. European Treasury bill options.

(a) The value of an m-period European call option that allows the
bolder to purchase an n-period Treasury hill is

¢(0) = B(O)N(d) — KB,(0)N(d — a,),
where K is the exercise price, | ©° m + n, B(0) is the value of a
T-period Treasury bill, and N(:) is the cumulative normal distribu-
tion function,
d= {ln[B,(O)/KB,,,(O)] + 0:2/2}/0,,

and
0 = 0AN(n — 1)2 D, §2m-1g3,

(b) The value of an m-period European put option written on the
same asset is

P(O) = KB, (0)N(—d + a;) — B(O)N(—4d).

Proof: Consider a call option that matures at t = m. The payoff of the
option is c¢c(m) = Max{&(m) — K, 0}. From (2), B,(m) ° B,(0)/
B, (0)exp(®,, + x), and B,(0) = B,(0) E**[B,(m) |DQ], which implies
exp(®,, + u** + 0,,/2) = 1, where

x=0(n—1) X 0mJe, p**= E**(x|9,),
=1
and

0 = OA(n — 1)? D, §2»=0g2,
=1

The option will be exercised if x = In[B,,(0)K/B,(0)] — ®,, = k. Thus,
substituting c(m) into (4) and using the lemma in Appendix B gives
¢(0) = B(0)N(d) — KB,(0)N(d — o,),

where
o, d= —k + p** + g, = In[B,(0)/KB,(0)] — 02./2,

using (2) and the definition of k. The proof for part (b) is very similar
s0 details are omitted. Q.ED.
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If = 1, implying no mean reversion, thene,, = n* Z %, ¢, and if
variances are constant, o, = n??m, so that for this case the results
given in Theorem 1 are identical to those derived by Heath, Jarrow,
and Morton (19894). As in Black-Scholes, the only term that cannot
be directly observed is the variance of the forward rate process. Thus,
the model provides a simple way of pricing interest-rate options,
taking the initia term structure as exogenous. The expression for the
option value is similar in form to Merton's (1973) stochastic interest-
rate option pricing model.” The bond price B (0) is analogous to the
“stock,” and B,(0) represents the bond. The replicating portfolio is
thus the bond B,(0) and the short-term bond B,(0). The returns on
al bonds are locally perfectly correlated.”It should be noted that
put-call parity holds:

p(0) = c(0) + KB, (0) — B(0).

Theorem 2. Options on interest-rate forward contract.

(@) Consider an m-period European call option to purchase an
n-period forward contract. The forward contract is to purchase a ¢-
period Treasury bill. The value of the call option is given by

c(0) = Bl+q(0)N(d) — KB(O)N(d — a;),
where k is the exercise price, | © m+ n, B(0) is the value of a
T-period Treasury bill;
d= {ln[BH-q(o)/KBl(o)] + 022/2}/0;
and :

0 = 02" +ON(g — 1)? 2 62m9g2,

J=1

*Given the approximation In[(B, .,( m+ 1)/B ,(m)] = DB/B,(m), where DB is the change in bond
price, we obtain, from (2),

DBBmM=r(m-[1-1(n-1)]s’,./2 + ql (n-2e, ..

This discrete time form for changes in the bond price is analogous to the continuous time form
used by Merton (1973).

“The cal option formula an be written in the form

¢ (9 = B,(Oh, (0 m N(d)-KN(d-s)],
where d ° [In[h (0, m)/K] + s ,,/2]/s,. If the @l option is deep in-the-money, then c(0) =

B (0)[h,(0, m) — K]. If the option could be exercised prematurely, its value would be B,(0) —
K. Thus, It may or may not be worthwhile to exercise such an option prematurely.
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(b) The value of an m-period put option written on the same
asset is
p(0) = KB(O)N(—d + a,) — B, ,(0)N(—d).
Proof. For parts (a) and (b), see Appendix C. Q.ED.

If it is assumed that q = 1, thene;, = ¢ 2%, 6, and if variances
are constant, then ez, = g*¢*m. The q-period forward price at t=0is
defined by £,(0, §) = B,,,(0)/B,(0) so that the value of the call option
can be written in the form

c(0) = B(0)[b,(0, DN(d) — KN(d — a5)],

whered = {In[b,(0, N)/K] + 0,,/2}/0,. Written in this form, the above
result is anaogous to the Black (1976) model for cal options on
forward contracts. However, the Black model assumes that interest
rates are constant.”

Theorem 3. Options on interest-rate futures contracts.

(@) Consider an m-period European call option to purchase a
futures contract that matures at t = m+ n° 1. The futures contract
is written on a g-period Treasury bill. The value of the call option is
given by

c(0) = Bm(o)[pq(oi Dexp(e,,)N(d) ~ KN(d — Uz)],
where K is the exercise price, F (0, I) is the futures price, B (0) is the
value of an m-period Treasury bill,

d = {In[F,(0, D/K] + 6y, + 022/2}/0,,
62 =0Ng—1) X 0¢"\(m—1— ok
Fad|

and
0, = 02\ (g — 1)? 2, 02¢~Pg2,
J=1

(b) The value of an m-period put, written on the same futures
contract, is

p(0) = B,(0)[KN(—d + a;) — F,(0, Dexp(o,) N(—d)].

“If the option is deep In-the-money, which for a call option Implies h,(0, 1) » K, then the value
of the option is ¢(0) » B,(0)[h,(0, I) — K]. If the option could be exercised Immediately, then its
value is ¢(0) = B,(0)[h,(0, I) — K]. Thus, it is not optimal to exercise an American forward rate
option prematurely, a result first derived (in a mote rigorous way) by Jarrow and Oldfield (1988).
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Proof. See Appendix D.

These expressions differ in structure from the expressions for options
on forward contracts because of the presence of the term s,,. This
term arises because of the covariance between the futures prices and
the short-term interest rates over the life of the option. For g = 1 and
constant variance (o2 = o2 for al f), 0., = go*m(m — 1)/2 and a,, =
g*o*m. The only term that cannot be directly observed is the variance
of the forward rate process. Note that for this case the forward price
b,(0, I) is greater than the futures price, and a European call option
on the forward contract will have greater value than the equivalent
option on the futures contract.”

2.1 Options on treasury bonds

Consider a European option that matures at time t = m. The option
is written on a default-free bond, which will be referred to as a Trea
sury bond. Such a bond can aways be viewed as a series of pure
discount bonds. At t = mthe value of the bond is

N
B(m) = %, X,B,(m),

=1
where X is the payment a time t=m + n, and B, (m) is the value
of a pure discount bond that matures at t = m+ n. Two points should
be noted. First, the payments {Xi}, which may be coupon and/or
principal, occur with certainty. Second, to determine the value of the
option, it is only necessary to consider the payments that occur after
the option matures. It is assumed that N such payments remain.

From (2),

B, (m) = B,(0)/B,(0)exp[®, + O\ (n, — 1)x],
where

L=m+ n,

&, =0 \N(m— N2 = A, ~ ﬁqui,

J=1

»
x= E 0mJe,
i

“If a call option is deep in-the-money, which implies that F,(0, i)» K, then the option value is
c(0) » B, (0)[F,(O, Iexp(s,,) — K1]. If the option could be exercised immediately, then its value
isc(0) = F,(0, 1) — K. Given that B,(0) £ 1. then it may be optimal to exercise an American
interest futures option prematurely, a result first derived by Jarrow and Oldfield (1988).
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Consider a call option with exercise price K Define X1to be that value
of x such that

B(m) — K=0. ¢))
A solution to this equation is assumed to exist. Thus, for q > 0,
B(m) - K=0 asxz=Xx

Theorem 4. European Treasury bond options.
(a) The value of an m-period European call option, exercise price
K is

c(0) = X X,B,(0) N(d) — KB,(0) M(d),
=1

where

od=—-%+ E 0 m=I\(m — o},

I=

od,=—%+ 2, 0N\, - fe?, L=m+n,

J=1

o? = D §¥~Pg?
I=-1
andx is defined by (8).
(b) The value of an m-period European put option written on
the same asset is

p(0) = KB, (0)N(—d) — 2} X,B(0)N(—d).

=1

Proof: Once % is defined, the proof is very similar to that for Theorem
1. See Appendix E.

If the bond makes only one payment (n = 1), then the results are
identical to those in Theorem 1. It should be noted that in Theorem
4 the present values of the individua payments that occur after the
option matures {X,B,(0)} appear in the option formula and not the
value of the bond B(0). Theorem 4 provides an aternative derivation
of a result given in Jamshidian (1989).”

*By repeated use of the result that relative prices follow a martingale, a binomia agorithm can be
constructed to price American options, taking the initia term structure as given. See Hesath, Jarrow,
and Morton (1989b). Black, Derman, and Toy (1987), and Turnbull and Milne (1989).
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2.2 Compound options

Many financial ingtitutions are now sdlling options on caps-captions.
In the absence of default risk, a cap can be viewed as a put option
written on a Treasury bill [see Boyle and Turnbull (1989)]. Consider
a put option written on a g-period Treasury bill. The option matures
att=1(° m+n). From Theorem 1 the value of this option at t =
mis given by

p(m) = KB,(m)N(—d + o) — B, (m)N(—d),

where K is the exercise price, B(m) is the value at t = m of aj -period
pure discount bond, and

od = In[B,, (m)/KB,(m)] + ¢*/2,

]
o? = 0\(qg — 1)* 2, 02U-Pg3,
J=m+1

Consider a call option written on this put option. If interest rates
increase, the underlying put option will increase in value and so will
a call option written on this put option. Let K denote the exercise
price of the cal option, which is assumed to mature a t = m. The
value of the call option a maturity is

c(m) = Max{p(m) — K, 0}.
Theorem 5. Captions. Consider an m-period European call option
to purchase a put option that matures at t = m+ n° |. The exercise
price of the call option is K.. The put option is written on a g-period

Treasury hill. The exercise price of the put option is K. The value of
the call option is given by

c(0) = KB(0)N,(ex,, By; p) — Bl+q(0)NZ(a2) B2 p)
- KeBm(O)N(a3)r

where N,(a, b; r) is the bivariate cumulative normal distribution
function with upper limits a and b, and correlation coefficient r,

a, E a, + 0*\(qg — 1)o,,

a, = %{x - /ilb"")\(l-f- q- j)af],
B, =B, + oy, '

B. = —{In[B,, ,(0)/KB(0)] + 0}/2}/0,,
ol = 6(qg — 1) Ié‘ 020942,

98



Interest-Rate Option Pricing

~
6iE 2 oz'(u—ﬁgf,
=1

a, = :lz[x - f) 0 ~P\(m — j)a}],

J=1

- 7 —171/2
(o)) T

Proof. See Appendix F.

The corrdation coefficient is positive, unlike the case considered
by Whaley (1981), who derives a closed-form solution for an equity
compound option, assuming interest rates are constant. The com-
pound option considered by Whaley is a cdl option written on a cal
option. A caption is a call option written on a put option. Note that
for = 1 and constant variances (¢ = ¢2), p = (m/D*, which, apart
from the sign, is identical to that derived by Whaley.

3. Equity Options

Up to the present point only interest-rate options have been consid-
ered. The analysis is now extended to the pricing of equity options.
Closed-form solutions are derived for the pricing of European stock
options and options on equity forward and futures contracts.

It is assumed that the one-period rate of return on equity can be
decomposed into two components. the one-period rate of interest
plus an equity risk premium. For simplicity it is assumed that the
stock does not pay dividends over the period considered. Given the
stock price S,,aat=m- 1, the price a t=mis

snl = sﬂ—lexp[r(m - 1) + f-.]» (9)

where z is the equity risk premium which is assumed to be normally
distributed. It is assumed that z_ is contemporaneoudy correlated
with e,. In terms of the stock price at t = 0,

S, = S, A(m)e i) i‘,]. (10)

If the relative stock price is defined to be z(m) ° S /A(m), then
z(m) = z(m — exp(.) Given that there exists an equivalent mar-
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tingale measure such that z(m) follows a martingale, then this implies®
E*[exp({)Q,-1] = 1. (11)

The condition is equivalent to the so-caled risk-neutral pricing con-
dition of Cox, Ross, and Rubinstein (1979), where the expected return
on the stock is set equa to the risk-free rate of interest, implying that
the expected equity premium is zero with respect to the risk-neutral
distribution. For the following theorem it is more convenient to define
the relative price to be z(m) °© Sm/a(m), so that, from (4),

z(0) = E**[2(m)|Q]. 12)

Theorem 6. European stock options.
(@) The value of an m-period European call option is
c(0) = S;N(d) — KB,(0)N(d — o),
where K is the exercise price, B,(0) is value of an m-period Treasury
bill,
d = {In[S,/KB,(0)] + 0;,/2}/a,,

6 = 2 o, ($* — 20 2 A(m — 1 — fcov(e, &)

=1 =1
m—1

+62 2 AMm— 1~ ol
=1

(b) The value of an m-period European put option is
p(0) = KB, (0)N(—d + 0;) — SeN(—d).

Proof. The value of a European cal option a maturity is c(m) =
Max{S,— K, 0}. From (10) the value of equity at t=minS =[S,/
B . (0)]exp(f , + x), where

¢,,502-))‘(m—1—j)6}+02z—:k(m—l—j)gzz,
1= . =

*Under the equivalent martingale measure, the expected eequity premium is zero. See Equation

(12). The equity is contemporaneoudly correlated with the short rate of interest. Thus, Equation
(11) an be written in the form

E*{E*lexp(§a) 1r(m)]10a_,} = 1,

where r(m) is the short-term rate of interest at t = m. By using a binomia distribution to represent
changes in the short-term interest and equity premium, an algorithm similar to that described by

Kishimoto (1989) can be constructed to price American equity options. See Turnbull and Milne
(1989) for details.
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and

x = 22,-;02A(m—1—j)e,.

j= /=

Substituting the above expression for S,into (12) implies exd¢, +
u** + ¢2/2) = 1, where u** = E**(x|Q,) and ¢ = var(x1Q,). At
maturity the option will be exercised if x = In{KB,(0)/S;] — ¢, =
k. Hence, substituting c(m) into (12) and using the results in Appen-

dix B give

wheree,d = —k + u** + ¢ = In[S,/KB,(0)] + 0;,/2.
The proof for a put option is similar, so details are omitted.
Q.E.D.

Two points should be noted. First, the option pricing equation has
the same structure as the Black-Scholes option model. This is to be
expected given Equation (12). Second, the variance term is the sum
of the variances of the period-by-period rates of return on equity. The
variance of the rate of return can be decomposed into three terms:
the variance of the equity premium, the variance from the short-term
interest rate, and the covariance between the equity premium and
the short-term interest rate. For g = 1 and constant variances, then
the above. result is identica to that derived by Heath, Jarrow, and
Morton (1989a).

3.1 Equity forwards

Let h(0, i) denote the forward price a t = 0 of a contract which
matures at t = i. At maturity the owner purchases one share of stock
a the forward price. The forward price is set such that the initia
value of the contract is zero. At time m £ i, the forward price (see
Cox, Ingersoll, and Ross (1981) and Jarrow and Oldfield (1981)] is
h(m,i) © Sm/B,,,(m). Using (10), the price dynamics of the forward
price are described by

b(m, 1) = b(0, exp(s,, + x), (13)
where

b= 2 MG - 7 - 1]521,

=1

k=0 DA~ 1- e+ D,

s=1 s
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Theorem 7. European options on equityforward contracts. Consider
options of maturity m written on an equity forward contract that
expiresatt=m+n°l,n3 0.
(@) The value of a call option is
c(0) = B, (0){5(0, Dexp(n)N(d) — KN(d — 03)],

where K is the exercise price; B, (0) is the value of an m-period
Treasury hill,

d = {In[b(0, !)/K] + n + 022/2}/0,,

Gy, E i UIG)z — 20 i X(l -1- j)COV(e/, "j)

J=1 =1

+ozix(1— 1 - e?,

/=1

ne0AN(n-—1) 2") 0=~A({l-1 - ai
s= _

—M(n—-1) i 6=-icov(e, §).
=1

(b) The value of a put option is

p(0) = B, (0)KN(d + s,) — h(0, )exp(n)N(-d)].
Proof. See Appendix G.

If interest rates are deterministic (g = 0)) then the above expressions
simplify to the Black (1976) model. In genera, the expressions differ
from the Black model because of the presence of the extra term n,
which is a measure of the covariance between the forward price and
short-term interest rates over the life of the option. Jarrow (1989), in
a continuous time model, has derived a similar result.

3.2 Equity futures

Consider a futures contract written on the stock. The futures contract
matures at t =i. From (10) the stock price at t =j can be written,
after substituting for A(m), in the form”

“The relationship

A()~ = B(0) }13[1—-)\(1-/)'1522+0§x(1—1-—j)a,}
=t

4=

is used. See Appendix C. Note that

TpU—-p— 1;?-0%)(1— 1 —/)a,ufmﬁx(:— 1 —/)*!21.
-t e ’.

I~
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s[5 bool3 - 92— 0
—027\(i—1—f)e,+z‘§‘,}. (14)

The futures price is given by F(0, i) = E*(S,|®), so that after Sim-
plification

= SO ] [ 2 S — — N2y2
F(0, [B,(o)_‘”‘" _a E)\(i 1~ /)32

—1

— 80 DA -1 - feovle, r,)]. 5)

=1

The term S,/B/0) represents the forward price. The other terms rep-
resent the variance of the short-term interest rates and the covariance
between short-term interest rates and the equity risk premium over
the life of the futures contract. Equation (15) is a specia case of a
result first derived by Cox, Ingersoll, and Ross (1981). The futures
price at some time m<i can be written

F(m, 9 = F(O, i)exp[¢,, — 8 f} AMi—1-— e+ 5) Q], 16)

e 1=

where

b= O ZNG= 1= Poi =@ DN~ 1= 2%

J=1 J=1

+0 2 A(f— 1 — fcov(e, §).

1=1

Note that the price dynamics for the futures price are endogenous to
the model. Given the approximation In[F(m + 1, i)/F(m, i)] = DF/
F(m, i), where DF is the change in the futures price, then

AF/F(m, §) = ON(i — m)o? — 6°N(¢ — m)%a3/2
+ OA(# — m)cov(eptrs $mer)
- ax(i —m)em+1 + g-u-f-l'

Changes in the futures price arise from contemporaneous changes in
the short-term interest rate and the equity price, and are serially
uncorrelated.
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Theorem 8. European options on equity futures contract.

(@) Consider an m-period European call option to purchase a
futures contract which matures at t = m+ n° |. The futures contract
allows the holder to purchase one share of stock. The value of the call
option is given by

¢(0) = B, (0)[F(0, Dexp(o,;) N(d) ~ KN(d — a,)},

where K is the exercise price, F(0O, I) is the futures price, B,(0) the
value of an m-period Treasury bill,

d={In[F (0, D/K] + 0,; + 6:2/2}/0,,

g, =0 ”2 A(m — 1 — fcov(e, $)

J=1
m—1
-6 NU-1-HNm— 1 — fa?,
=
and
o= 2 0 — A — 1 — fHcov(e, &) + AU — 1 — f)%3
=1

(b) The value of an m-period put option written on the same
contract is

p(0) = B, (0)[KN(—d + a;) — F(0, Dexp(a,,) N(—d)].

Proof. See Appendix H.

From the expression for options on forward contracts, the term n
can be written in the form

n = 6° i Al-1 —j)za} -0 i A(l-1 "/)COV(ep tj) + oy,

= 1=1

where s ,is defined in Theorem 8. If the covariance between the
short-term interest rate and the equity risk premium is negative, then
a call option on the futures will be worth more than a call option on
the forward. Jarrow (1989), in a continuous time model, has derived
a similar result.
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. Extensions

Two extensions are described. The first extension considers the pric-
ing of Eurodollar options. The risk of these options arise from changes
in the domestic term structure and changes in the so-called TED
spread.” A closed-form solution is derived. The second extension
considers the pricing of European foreign currency options. The two
examples have the same structure as the pricing of equity options.

4.1 Eurodollar options

Options on Eurodollar interest rates are now actively traded. To price
such options, the same approach used to price Treasury hill options
can be applied. It is necessary to describe the term structure of Euro-
dollar interest rates and its evolution. Eurodollar interest rates can
be decomposed into two components. the domestic dollar interest
rate plus a spread. This spread reflects the credit risk associated with
the financia ingtitutions issuing Eurodollar liabilities. Consequently,
there are two sources of risk which affect the pricing of Eurodollar
options: changes in domestic interest rates and changes in the credit
spread.

It is assumed that firms belong to different risk classes. For a par-
ticular risk class, the yields on zero coupon Eurodollar bonds issued
by firms within the risk class is taken as exogenous. Given this term
structure of risky yields and the term structure of default-free debt,
it is possible to define a set of risk premia {x(n, m)}, where x(n, m)
is the risk premium a t= mon an n-period zero coupon bond.
Ramaswamy and Sundaresan (1986) define a short-term risk premium
and assume a mean-reverting square root diffusion process. In their
model, the initial term structure of corporate debt is endogenous,
and thus they misspecify the initial prices of corporate bonds. They
aso assume a form of the local expectations hypothesis. Such an
assumption is not made in this article.

Let Z.,(m) denote the dollar value a time t = mof an n-period
zero coupon Eurodollar bond, with a face value of $1. The value of
thebondatt=0isLI(0), | ° m+ n, which is taken as exogenous.
Given the bond price at t=m— 1, it is assumed that the price at t
=mis given by

L,,(m) = Ln+l(m - l)exp[r(m - 1) + E(n: m)]’

where r(m— 1) is the default-free domestic one-period rate of inter-
estat=m- 1 and x(n, m) is the credit spread a t = mon an

18 The spread is sometimes called the TED spread. Normally, the TED spread is defined as a spread
established by the simultaneous purchase or sale of futures contracts on domestic Treasury bills
minus the opposite transaction in the Eurodollar futures contract.
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n-period zero coupon Eurodollar bond, and is assumed to be normally
distributed. It is assumed that x(n, m) is contemporaneously corre-
lated with e and thus r(m). Note that the credit spread is assumed
to depend upon the maturity of the bond. In terms of the initial bond
price

L(m) = LO)A(m)exp| 3} £ - 4, j)]. an

Equation (17) is isomorphic to Equation (10).

Theorem 9. European Eurodollar options.

(@) Consider a European call option, which matures at t =m, to
purchase an n-period Eurodollar zero coupon bond. The value of the
call option is given by

c(0) = L(O)N(d) — KB,,,(O)N(d - Uz)»

where K is the exercise price, B,(0) is the value of an m-period
Treasury hill,

d = [In[L(0)/KB.(0)] + 01,/2)0s;
and

O = i o, (5 — 20 2 A(m — 1 — fcovie, £ — 1, )]

/=1 - /=1

m—1
+0 2 AMm—1- Pl

=

(b) The value of an m-period European put option is
p(0) = KB, (0)N(—d + ¢y) — L(O)N(=d).
Proof: The proof is identical to that given for Theorem 6. Q.E.D.

Two points should be noted. First, the above result takes the initia
term structure of domestic and Eurodollar interest rates as given and
allows the variance of the spread to change (in a deterministic man-
ner) over the life of the option. Second, the approach can be extended
to price options on corporate bonds and swaps, given the presence
of default risk.”

*Independently, Robert Jarrow has used a similar approach for pricing options on corporate debt.
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4.2 European foreign currency options

Consider a foreign currency option written on sterling. Let S(m)
denote the exchange rate($/£) a timet=m, and X (m) the £ vaue
of an n-period default-free pure discount bond with face value of £1.
The dollar vaue of this bond is V, ° S(m)X  (m). Assuming interest
rate parity holds, then V_ = F (m) B,(m), where F (m) isthe forward
exchange rate at t = mfor an n-period contract. At maturity, the
forward exchange rate equals the spot exchange. For a European call
option, maturity | and exercise price K, the value at maturity is

c(y) = Max{V, — K, 0}.

Given that V_ = F(m)B (m), it is assumed that changes in the value
of the asset V, can be described by

Voo = Vp_iexp[r(m — 1) + &(n, m)), (18)

where x(n, m) is a premium, which is assumed to be normaly dis-
tributed. It is assumed that x(n m) is contemporaneously correlated
with e, and thus r(m). Equation (18) is isomorphic to Equation (10).

Thoerem 10. European foreign currency options.

(a) Consider a European call option, which matures at t = m, to
purchase one unit offoreign currency. The value of the call option
is given by

<(0) = F,(0)B,(0)N(d) — KB,(0)N(d — o),
where K is the exercise price, B,(0) is the dollar value of an m-period

Treasury hill, F,(0) is the forward exchange rate for a contract that
matures at t = m,

d= {ln[F,,,(O)/K] + 0,./2}e,,

and
o= 3 0ny 2 — 20 3 N(m — 1 — fcovie, £(m ~ 4, ]
J=1 =1

m—1
+6 2 Nm— j— )i
= ‘

(b) The value of an m-period European put option is
p(0) = KB, (0)N(—d + ;) — F,(0)B,(0)N(—d).
Proof: See Theorem 6.
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A similar result in a continuous time framework has been derived
by Amin and Jarrow (1989).

. Multiple Sources of Risk

Up to the present point it has been assumed that there is only one
source of risk, which implies that al bond returns are locally perfectly
corrdlated. In a more general model the prices of state-contingent
claims will depend upon many factors. The precise description of
these factors will be left unspecified. It will be assumed that there
are two factors; the extension to an arbitrary number is straightforward.
The assumption of two factors implies that the evolution of the term
structure depends upon these two factors. The price of a T-period
pure discount bond is given by

B (0) = E[ﬁ exp(Y,, + Yz:)}

t=]

where Y, is the ith factor at timet,i = 1, 2. It is assumed that {Y, |,
Y,.} are multivariate normally distributed and that y,© Y,— m,follows
a first-order autoregressive process of the form

V™0,V + €4

where m,= E(Y,); q,is a constant, the e, are multivariate normally
distributed, E(e,) = O, var(e,) =¢% cov(e, €)=0,t* ], i=1, 2
and cov(e,,, e,) = 0. Note that it is assumed that the two factors are
independent. This assumption can easily be relaxed.

Equation (3), which describes the forward rate dynamics, now
becomes

SGm D = £0, 1)
=2 {JE PG+ 1= =N 1= 6, o;»—»e,,},

J-1

where A (m) = Z,8,. Heath, Jarrow, and Morton (1989a) and Bren-
ner and Jarrow (1989), as a specia case, assume that for a forward
rate f(m, 1) there are two sources of risk: a long-run factor with a
constant variance and a short-run factor with a variance of the form
o? exp[~—n(I/— m)], where n is a positive constant. Similar assumptions
can be imposed upon the variance specifications of the {e ; } .

The value at t = mof an n-period pure discount bond can be written
in the form

Bu(m) = [Bl(o)/Bu(o)]exp(¢m + x))
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where
b= 3 Mm =~ pr =AU =p
i g=1
and

x = 20,)\,(n -1) 2 6i™2e,.
1

J=1

The specification of x implies that bond returns will no longer be
perfectly correlated.

For deriving closed-form solutions for European options that mature
a a given time, say t = m, the martingale measure described by (4)
will be used. This implies E**(e,IQ,) = A (m — a2, with variances
remaining unchanged.

European Treasury bill options (Theorem 1 extended].

(a) The value of an m-period European call option, which allows
the bolder to purchase an n-period Treasury hill, is

¢(0) = B(0)N(d) — KB,.(0)N(d — a3),
where K is the exercise price, | © m+ n, B,(0) is the dollar value of
a T-period Treasury bill,
d = {In[B(0)/KB,(0) + 0;,/2};

and

02 = z A (n— 1)3 E o;(..-p,;f
‘

=

(b) The value of an m-period European put option written on the
same asset is

p(0) = KB, (0)N(—d + a;) — BLO)N(—d).
Proof. The proof involves a minor extension of that given in Theorem
1 so details are omitted. Q.E.D.
The analysis can readily be extended to equity options. From Sec-
tion 3, the value of equity at t = mis given by
Sw = [So/B.(0)]exp(®,, + x),
where
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&= 3 3 nim - - g Y

( =1
and
m—1
x= 28— 20,2 \Nm—1-Je,
.=t ¢ =1

Again the presence of a second factor will affect the specification of
the option variance. Note that e,, and e,, are contemporaneoudy cor-
related with x,.

European stock options (Theorem 6 extended).
(a) The value of an m-period European call option is
c(0) = S;N(d) — KB, (0)N(d — o,),
where K is the exercise price, B, (0) is the dollar value of an m-period
Treasury hill,
d = {In[S/KB,(0)] + 0,,/2}/0;
and

on = Z a,(§)? — 224, j A(m — 1~ jfcov(g, e,)

J=1 t =1

m—1

+ 2201 2 M(m -1~ il
4

J=1

(b) The value of an m-period European put option is
p(0) = KB (O)N(—d + ¢;) — SuN(—d).

Proof. The proof involves a minor extension of that given in Theorem
6, so details are omitted. Q.ED.

6. Summary

The purpose of this article has been to describe a simple approach
toward the pricing of interest-rate option pricing, taking the existing
term structure as given. Closed-form solutions are derived for Euro-
pean options written on Treasury bills, Treasury bonds, and interest-
rate forward and futures contracts. Closed form solutions are derived
for equity options, options on equity forward and futures contracts,
captions, Eurodollar options, and foreign currency options. Finaly,
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it is shown that the results can be extended in a direct way to incor-
porate the assumption that the term structure of interest rates depends
upon two or more factors. Such an assumption implies that bond
returns are not perfectly correlated. All of these formulas can be
empirically tested.

Appendix A: Futures Price

The futures contract is written on a g-period pure discount bond, so
that when the contract matures at t =i, the futures price is

F (4, §) = B,(¥) = [8/(0)/B(0)]exp(® + x),

where
I=i+gq
ngp(i—j)z—)\(l-ﬁ’]gz}'.
and
x=0\(g— 1) 2, 0+e,
From (5), j

F 0, ) = E¥F,(4, H19,)

!
= b,(0, i)exr{é + ON(g — 1) D) 0¢-Pg2 + g2A(q — 1)?

/=1

!
x aw—na}/z],

=1

where the h (0, i) is the q-period forward price. Substituting for F
and simplifying gives the required resullt:

F,(0, i) = b,(0, f)exp{—ox(q DL X 1]a;}.

=1

Att=m, F(m, i) = EX[F_(i,i) YW, ] and, from above,

F,(3, §) = b,(0, i)exp[lb +0(g—1) 2 f¢-re, + x],

1=
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where
{
x=0(g—-1) E 0¢-De,
J=m+1

Evaluating the conditional expectation, substituting the expression
for F (O, i), and smplifying give

F,(m, §) = F(0, i)exp{ﬂ}\(q -1) 2"; 0 e,— ON(g — 1)
=1

e 2
x | 2 042 + OM(qg — 1)§2¢-P L'ZJ.]}
=1

Appendix B: Lemma

Lemma. If x,and x,are bivariate normally distributed, E(x) = m
cov(x, x) =s,,i,j =1, 2, and c and k are constants, then

(@) E[exp(cx,) |x, = k] = exp(cm, + c%a,,/2)N(d),

b) 0,d= —k + m, + coy,.

E[exp(x, + x,)|x, = k] = exp[m, + m,
+ (0, + 20y, + “zz)/le(dx)»
o, dy = —k+ my, + gy, + 0,

Proof. See Huang and Litzenberger (1988, chap. 6).

Appendix C: Options on Forward Contracts

At time t = m, the g-period forward price applicable at t=m+nis
by definition h,(m, I) =B, (m)/B(m), | = m+ n. Using (2) gives
h,(m, I) = exp(g + x2), where

™

{ n[ (0)] g -1 3 6 - o

(/4
— — 1)2 20—+
Mg—1) 2 8 2}

/=1
and

x, = 0"\(g — 1) X, 0 Pe,
=1

so that
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m, = E*(x,|0) = 0+ (g — 1) 2, 87102

=

and

03, = 03+ON\(qg — 1)? 2 62~—Pg2.

1=1

The option will be exercised ifx, > InK— ¢ = &

When the option matures, the option holder can purchase a forward
contract with forward price K The value of this contract is [b(m, {)
~ K]B,(m), so that the value of the option is ¢(m) = Max{[b,(m, )
— K}B,(m), 0}, and, a t = 0,

c(0) = E*[c(m)/A(m)| Q]
=L, — KL,.

Now
Burdm) _ g (0)e 21—)\(1+ ) Ut x
A(m) +q Xp -1[ q fz]2 1{»
where
x,Eai)‘(l-i-q—l-j)e,
=1

and

0, =0"A(g~1) D 0~A(U+g—1— o2
J=1

Recognizing that Buve(m) = B, (m)b,(m, &) and By, ,(0) = E¥(B,, (m)/
A(m)), ithen

L, = B,, (0)N(4,),
where
0.d,= —k+ m, + 0,, = In[B,, (0)/KB(0)] + 0,,/2.
In a similar manner,

B, ol 2
A—((;—”)l = B{(0)exp Zl [1 =AU ~H7 ‘-'éi + xl},

where

xaaé)\(l—l—j)e,

1=t
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and

02 =0"*A(g— 1) X a™ A -1~ o2
j=1

Given that B{0) = E*{B,,(‘m)/A(m)], then L, = B,(0)N(d,), where
0.d, = —k + m; + 6, = In[B,, (0)/KB(0)] — 0,,/2.
The deriviation for the put option is similar, so details are omitted.

Appendix D: Options on Futures

The option contract, which matures at t = m, alows the option holder
to purchase a futures contract that matures at t=m+n—i The
futures contract is written on a g-period pure discount bond. From
Appendix A,

F(m, {) = F,0, Hexp(®. + x),
where
- ~ 2
o= —OMg~ 1) 3 04205 = ONg ~ 12 T o200
1= 7=
and
% =0\(g— 1) 2 0¢ e,
J=1
Now
F 0, §) = E*F,(m, §)|Q,},
which implies
exp(®, + m, + 0,,/2) =1,
where ‘
m, = E*(x,|Q)
and
022 = var(x,|) = 0A(g — 1)2 3} 926-2g2,

1=

The value of a call option at maturity isc(m) = Max{F,(m, {) — K,
0}. The option will be exercised ifx, = In K/F,(0, ) — &, = k. The
value of the option at t=0is
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c(0) = E*[c(m)/A(m)|%,]
= Ll - mz.
Now A(m)~* = B_(0)exp(® + x,), where® = Zn, [1 — A(m —
N¥e3/2, andx, = 6 273 M(m — 1 — fe,. Given that B,(0) =
E*A(m)'|Q,], then exp(® + m, + 0,,/2) = 1,where m, = E*(x,|Q,)
and 6,, = var(xilno)
Consider
L, = E¥F,(m, §)/A(m)|x, = k]
= B, (0)F, (0, ) E¥exp(®, + x, + ® + x,)|x;, = &].
Using the lemma in Appendix B and simplifying givesL, = B,,(0) F,(0,
fexp(o,2) N(d,), where
0, d, = —k+ m,+ 0, + 0y
= In[F 0, /K] + 0y, + 0,,/2,
and

m—1
01, = 0A(g — 1) D) 6 \(m ~ 1 — f)a2.
J=-

Consider
L, = E*A(m)~'|x;, = k] = B, (0) E*[exp(® + x,)|x, = &].

Using the lemma in Appendix B and simplifying gives L, = B,(0)
N(dl - 62).
The proof for the put option is similar, so details are omitted.

Appendix E: European Treasury Bond Options

For a call option the vaue a maturity isc(m) = Max{B(m) — K, 0}.
This option will be exercised if x > X, for 8 > 0. [From (4), the value
of the option at t =0 is

c(0) = BL(0)E**[c(m)|9) = é B(0)X,L, — KB,(0)L,

where

m= E**(x|Q,) = 2 0=-\(m — fo?

=1
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and

o? = var(x|Q,) = i §3m-Ng?,

J=

Using the lemma in Appendix B and simplifying, one obtains

L, = E**{exp[®, + OA(n, — 1)x]|x > X}
= N(d),

where od, = —% + m + 0\(n, — 1)o2. !Subgtituting for mand s’gives
od,= —x + 2 0 ~=P\(}, — foi.
1=
In a similar manner L = N(d), where
o’d==‘—:!' +m=-%+ ::.2 6 ==I\(m — fai.
=

The proof for put options is very similar, so details are omitted.

Appendix F: Captions
From the definitions of B.(m) and d,

-~ 2
ad= 0B O] + 3 MU~ ~ AU+ g p1 D+ 2
+ 0N\ (g - Dx,
where
I

o2 = 62A(g — 1) D, §3¢-9g?

. J=m+1
and

»
x= D e,
s=1

Let—d+ o = a, + byxand —d = a, + b,xThe value of the caption
at=0is c(0) = B,(0)E**[c(m)|fR]. Substituting for c(m) gives

¢(0) = KB,(0) E**{exp[¢, + OA(n — 1)x]N(a, + b,x)|x < X}
— B, (0)E**{exp[¢,., + ON(n + q — 1)x]
X N(a, + b,x)}x < %} — B, (0)E**(K.|x < X),
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where

b= 3 m — 7 — A = 7 L

2
1= 2

and

brre= S Om = 7 =AU+ g = p7 L.

1~

Using the results given in Geske (1979) and Whaley (1981), and
after much simplification,

c(0) = KBJ(O)Nz(an By p) — BH-q(O)A’z(aZ) B p)
— K.Bn(0)N(ay).

Appendix G: Options on Equity Forward Contracts
A call option will be exercised ifx, = 1n[K/b(0, D)) — ¢,, = k, Where

xzszg—oz)‘(l—l—]’)eﬁ

J=1 =1

m= E* 100 = — 3 2L g S at- 1 pos

/™= 2 =1

02 = 2 6,8)* — 200 = 1 — f)cov(e, §) + 6A( — 1 — )%,
7=
From Appendix D, A(m)™ = B,(0)exp(® + x,) and & + m, +
0../2 = 0, where '

m—1

x =0 E'A(m —1-— e,
1=1

m—1

my = E¥(x|Q0), 0, =6 2 AN(m — 1 - )3,

/=1
and

m—1

72 =0 2, A(m — 1 — Nceov(e, )

b o)

m—1

~ @ 2 ANU- 1~ pPA(m—1 ~ ot

J=1
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The value of the option at t = 0 is given by

c(0) = E*[c(m)/A(m)|Qy)
= [, — KL,

Consider first
L, = E*[b(0, Dexp(D., + x,)/A(m)|x, = k).
Using the lemma in Appendix B and simplifying gives
L, = b(0, ) B, (0)exp(n) N(d),
where

ad=—k+ m, + 0, + 6, = In[b(0, /K] + n + 6,,/2,

and

1=0\(n—-1) X 0~A(U -1~ f?
™

— 0\(n — 1) 2, 8~scov(e, ).
J=1
Next consider L, = E*1/A(m)|x, = k} = B,,(0)N(d,), whereo.d,
= —k+ m, + g, implying that &, = d, — o,.
The proof for the put options is very similar, so details are omitted.

Appendix H: Options on Equity Futures

From (15), the futures price F(m, §) = F(0, )exp(®. + x) and, from
(16), F(0, ) = E*[F(m, 9)|9Q), which implies®,, + m, + 0,,/2 =0,
where

L= XL-03NI- 1~ fle, my = E*(x|0),

C =1 J=1
and
0z =2 o) — 20A({ — 1 — cov(e, £) + NG — 1 — f)%l.
J=1
From Appendix D, A(m)~* = B,(0)exp(® + x;) and® + m, +
d.,/2 = 0,where

m—1

%=0 X ANm—1-fe, m = E*(x]|Q),

i=t
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m—1
oy =6 0 ANm — 1 — p?,
=

and

6.,=10 "2-: A(m — 1 — fcov(e, &)

=1

-y '2_ AG = 1= PMm—1 - a2,

1=

A call option will be exercised ifif x, = In K/F(0, {) — &, = k. The
value of the cal option a t = 0 is given by

c(0) = E*c(m)/A(m) |}
= I, — KL,.
Consider first
L, = F(0, ) B, (0)E*exp(®, + x, + & + x,)|x, = k).
Using the lemma in Appendix B and simplifying gives
L, = K0, §)B,(0)exp(o,,) N(d,),
where
0,d, = —k+ m, + 0, + 0, = In[F0, /K] + 0, + 02/2.
Next consider
L, = E*1/A(m)|x, = k] = B,(0)N(d4,),

where o,d, = —k + m, + a,,, implying that &, = d, — a,.
The proof for put options is similar, so details are omitted.
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