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simultaneously the optimal exercise boundary and the value of Amer-
ican options on futures contracts.’

It would not be fruitful to tackle the complete American call func-
tion C(S, 7) directly. Instead, it is derived in two steps. First, we
examine the value of a lfve American call. Let us denote the value of

%’g&Amerkﬁn calloiven the nntimal exercice hanndarv 3(-) hy
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Analytic Valuation of American Options

where ¢(y) represents the step function, i.e., $(») = 0if y < 0 and
#(y) = 1 if y > 0. Equation (1a) specifies the payoff of calls at
expiration given that the calls have not been exercised early. It is
important to note that the maximum value of the /ive American call
at expiration is (G(0) — K), where G(0) represents the limit of G(7)
as 7 tends to zero. This is because it is impossible for the asset price
at expiration to be above G(0) without crossing the optimal exercise
boundary earlier. The American call being alive, together with the
asset price being above G(0) at expiration, implies violation of the
optimal exercise policy. The boundary condition (1b) specifies the
payoft of the call at the time of exercise. The boundary condition (1c)
reflects the fact that zero is an absorbing barrier for a lognormal
diffusion process. The condition (1d) is known as the “high-contact
condition” (Merton, 1973) or the “smooth-pasting condition” and
ensures the optimality of the exercise boundary. This specification
of the boundary conditions (1b) and (1c¢) and the optimality con-
dition (1d) is identical to that of Merton (1973, pp. 170-171). The
expiration condition (1a) differs from that of Merton (1973) to reflect
the optimal exercise policy for American calls. The partial differential
equation (1), subject to (1a)-(1c) as well as (1d), is known as a free-
boundary problem in mathematics. Once V(S, 1) is determined, the
unconditional American call function C(S, 7) would be defined by

57 =V(S1G6(0)), on{0<S<G(),0<7r=<T}, (2a)
s, =85-K, on{G(-) £8§=<00,0<7=T} (2b)

Note that, on part of the domain, C(S, 7) is defined to be § — K, which
does not satisfy the partial differential equation (1). Hence C(S, 1)
is not a solution to (1) regardless of boundary conditions. This is the
reason why our focus is on /fve American calls.

In order to solve this problem, we employ the risk-neutral valuation
approach of Cox and Ross (1976).® Under risk neutrality, the price
dynamics are given by

dS=(r—86)Sdt+ ¢S dz,

where dz is a standard Wiener process. Assume that the American
call can be exercised at a finite number of points in time denoted by
bek=n,n—1,...,1,and 0, where ¢, — t,,, = Atfor all & The call
expires at 4. Define ¥(S;, (i — /) At; S,) as the transition density
function of the asset price at ¢, given that the asset price at ¢ is S;
under the risk-neutral price process. With one period left to expira-

® See the Appendix for the solution to the partial differential equation (1) subject to the boundary
conditions (1a)-(1d).
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tion, the value of the live American call V(S,, At G,) would be iden-
tical to an equivalent European call value:

V(Sly At Go) = § e % x(dl(sl) At Go)) — Ke™™! N(dz(sn Af; Go));
where X(-) is the unit normal distribution function and
V(Slr At’ GO)
= Sle_m' R(dl(sly Ar, Go)) — Ke™— x(dz(sn Ay, Go))y
where X(-) is the unit normal distribution function and
In(S,/G,) + (r— 8 + 6¥)At

oV At '
a,(S,, At; G,) = d,(8,, At; G,) — eV AL

dl(Sly At: GO) =

Trivially, G,, the critical asset price at expiration, is equal to the
exercise price. If the value of the /ive American call is less than the
immediate exercise value (S, — K), it is optimal to exercise the call.
This implies that G,, the critical asset price at ¢, is defined implic-
itly by

G, — K= Ge X(4,(G,, At; G,)) — Ke ™ R(4,(G,, At; Gy)).

If the asset price at ¢ is above G, it is optimal to exercise the call.
Note that G, is greater than K Let us move one period back and
consider the live American call at ¢, Its value V(S,, 2At) consists of
two components. The first is the discounted expectation of the live
American call value at ¢, conditional on the call being alive at #,(S,
=< G,), expectations being taken with respect to the risk-neutral tran-
sition density function. The second part of the American call value
is the discounted expectation of the immediate exercise value at ¢,
conditional on the call being exercised (§, = G,)?

Gl
V(S$,, 240 = f e~ V(S AN ¥(S,, Ar S;) dS,
0 .

+ f e~ (S, — K) ¥(S,, At; S,) dS,.
Gy

This equation defines the recursive relationship between the value

of the live American call at ¢, and the value of the /ive American call

at t,. By rearranging and evaluating terms, we get

® The value of the /ive American call at , depends on the critical stock prices at ¢, for i=1,2, ...,
k — 1. The critical asset prices are suppressed in the notation for the American call function.
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V(S,, 200D = c(S,, 24D

+ f e[S, — K — ¢(S,, AD] ¥(S,, AL S,) dS,.

G\

The first term, c(S,, 2A1), is the value of a European call, whereas the
second represents an early-exercise premium. This equation indicates
that an American call expiring in two periods is equivalent to a port-
folio of an equivalent European call and a European option expiring
in one period to exchange the two-period European call (expiring
at 4,) for a one-period European call (expiring at #,). The early-exer-
cise premium can be divided into two components:

f e (1 — e 98, — (1 — e®)K)yY(S,, At; S,)dS,

G

o K
+f e Y(S,; Sy At)dslf e (8, — K (S,, At S)) dS,.
0

G

The second term is of order higher than A¢, which we denote O(Af).1°
Intuitively, if the asset price at ¢, is above G,, which is higher than
K, the probability of the asset price falling below K within At time is
very small. Hence, the American call function can be expressed as

V(S,,2A0 = c(S,,2A1) + O(AD

+ L e (1= e )8, — (1 — e *)K|Y(S,, AL S,) dS,.
(3)

The integrand is the discounted value of the difference between the
present value at ¢, of the dividends receivable on the stock and the
interest payable on the exercise price. This is the gain from early
exercise, and this integration is performed over those states of which
early exercise is optimal. The critical asset price at ¢ is defined by

G,— K=c(G,,2A0 + O(AD

+f e~(1— e )8, — (1 — e ?)K)Y(S,, AL G,) dS,.

9]

This means that if the asset price at ¢, is above G,, the American call

1% See the Appendix for a proof.
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no longer exists. Otherwise, it survives one more period. By working
backward recursively, we derive the American call function at #,:

V(S,, nAt) = c(S,, nAt) + O(nAr)

n—1 (5]
+ E e—-(n—k)rmf [(1 - e‘“’)Sb — (1 — e—rAr)K]
k=1 [

x ¢(5k7 (n - k) At: Sn) dSlz) (4)

where O(nAt) represents terms that vanish as At tends to zero for a
fixed nAt, and G,, for k=1,2,...,n — 1, is defined by

G, — K= c(G,, kAt) + O(kAD)

k-1 00
+ E e—(k—i)rAtf [(1 _ e""A’)Si - - e—rAl)K]
Gj

i=1
x lp(S,, (k - i)At; Gk) as;.
The American call function given in (4) can be rewritten as
V(S,, nAt) = c(S,, nAt) + O(nAf)

n—1

+ D) em oAy f (8S,— rK)¥(S,, (n— k)AL S,) dS,.
Gk

k=1

By taking the limit as At tends to zero, setting nAt = 7 and defining
S = §,, we obtain the value of American calls that allow early exercise
at any point in continuous time:

v(s, 7, G(+)) =c(S,7)
+ f e "9 ds (6S,— rK)yY(S,; S,(r — 5)) dS..
0 G(s) (5)
By evaluating the inner integral in Equation (5), we obtain
V(s, 7 G(+)) = (S, 1)

+ fT [6S e70=9 R(d,(S, 7 — s, G(5)))
— rKe=" "9 R(d(S, 7 — 5, G()))) ds.  (6)

Equation (6) expresses the value of an American call as the sum of
the value of a European call value and the early-exercise premium.
The early-exercise premium can be viewed as the value of a contin-
gent claim that allows interest earned on the exercise price to be

1 See the Appendix for the derivation.
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exchanged for dividends paid by the asset whenever the asset price
is above the optimal exercise boundary. This is consistent with our
intuition that early exercise gives a holder of the call the right to
receive dividends at the expense of foregone interest on the exercise
price. The contingent claim is valuable because dividends from the
asset are always greater than interest on the exercise price, conditional
on the asset price being above the optimal exercise boundary. The
optimal exercise boundary G(-) is implicitly defined by the following
integral equation:

G(s) — K= c(G(s), s)

+ [ Bo e ka6, s - & 6
— rKe="=D R(d,(G(S), s — & GEN] dt. (7)

This equation reflects the fact that the value of an American call at
the time of optimal exercise is equal to immediate exercise value.
The value of American calls is computed in two steps. In the first
step, Equation (7) is solved for the function G(-). Given the optimal
exercise boundary, Equation (6) is solved next.

Equations (6) and (7) can be solved explicitly for two special cases.
First, Equation (6) can be evaluated without solving Equation (7)
when both the interest rate and the dividend yield are zero: in this
case, the early-exercise premium is zero. Since the value of a Euro-
pean call on a non-dividend paying asset never equals immediate
exercise value for a finite asset price, the solution to Equation (7) is
G(+) = oo, which implies that no early exercise would occur. This is
a well-known result. In the second special case, an explicit solution
to Equations (6) and (7) can be found for perpetual American calls
by noting that the critical asset price for perpetual American calls is
a time-invariant constant.’? We solve Equation (7) to derive the critical
asset price for perpetual American calls G(00):13

BK

G(00) = F-1 ®

where

—(r—6—130% + V(r—20 — 3092 + 20r

a?

12 Although this problem was solved by Merton (1973), we present the result to demonstrate the
generality of Equations (6) and (7) as valuation formulas for American calls.

1 See the Appendix for the derivation.
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By substituting Equation (8) in Equation (6), the early-exercise pre-
mimum of perpetual American calls is reduced to'

-]
V(S; G(ao)) = = fﬁ((ﬁ — DS) ~ 9)

BK

Since G(s) is nondecreasing in s, as we will show in the next section,
G(0) represents the lower bound and G(o0) represents the upper
bound for the optimal exercise boundary G(-) for finitely lived Amer-
ican calls with otherwise similar terms.

2. The Optimal Exercise Boundary

Intuitively, early exercise occurs if the benefits outweigh the costs
associated with early exercise. By exercising the call and taking the
long position in the underlying asset now, one can receive dividends
from the asset. The cost associated with early exercise is that one has
to forgo interest to be earned on the exercise price and may regret
early exercise if the asset price decreases substantially later on. This
trade-off is reflected in Figure 1, which plots the critical asset price
for American calls with an exercise price of $100 as a function of time
to expiration.'” Figure 1 shows that the critical asset price is lower
for calls written on an asset with a lower volatility. As shown in Figure
1, an American call will be optimally exercised at a lower critical
asset price when the interest rate is lower. In order to improve our
understanding of the American call valuation, let us examine in detail
the behavior of the optimal exercise boundary. The optimal exercise
boundary G(-) for an American call has the following properties.

Proposition 1. If the asset price follows a stochastic process with
continuous sample patbs and the interest rate is a positive constant,
then G(v) is continuous and nondecreasing in 7.

Proof. Continuity of the optimal exercise boundary has been proved
in Van Morebeke (1976). The intuition behind continuity of G(-) is
straightforward. Continuity of the asset price’s sample paths and the
definition of the optimal exercise boundary imply continuity of
G(). If G(-) were discontinuous, it would be possible for the asset

" If the dividend yield is positive, the value of European calls approaches zero as time to expiration
increases without limit.

' This figure is constructed using the implicit finite-difference method. See Brennan and Schwartz
(1977) for the procedure to account for the optimal early exercise in the implicit finite-difference
method.
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r=0.1, §=0.08, o:o.a\

r=0.1, §=0.08, ¢=0.2

Critical Asset Price

\ r=0.08, §=0.08, ¢=0.2

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

Time to Expiration (Yrs.)

Figure 1
Critical asset price as a function of time to expiration
The critical asset price for American calls with an exercise price of $100 as a function of time to

expiration obtained from the implicit finite-difference method. r, interest rate; 8, dividend yield;
g, volatility.

price to be strictly above G(-) without crossing it, contradicting the
definition of the optimal exercise boundary. To prove the second
property, consider two American calls written on the same asset with
the same exercise price. Let 7, and 7, be the times to expiration of
the two calls, where 7, < 1,. Cox and Rubinstein (1985, p. 140) have
shown that if it is optimal to exercise the long-term call, it is never
optimal to leave unexercised the short-term call. This implies that
the critical asset price for the long-term call is higher than or equal
to that for the short-term call, i.e., G(r,) = G(r,) at a given point in
time. The optimal exercise boundary is a function of time to expiration
only, given the parameters associated with the underlying asset, the
interest rate, and the exercise price. This means that the critical asset
price for the long-term call should change from G(r,) to G(r,) over
time. Since this must hold for any 7, and 7,, the critical asset price
should be nonincreasing as time to expiration decreases. B

We now examine the behavior of the optimal exercise boundary
near expiration.
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Proposition 2. [f the asset price follows a lognormal diffusion process
and the interest rate is a positive constant, then

lim G(s) = G(0) = K, ifé=r,
5=0
lim G(s) = G(0) = (r/0)K, ifd < r
s=—0

Proof. In order to investigate the behavior of G(-) near expiration,
we rearrange Equation (7) into

G(s) _
e

(e"‘ R(d,(G(s), s; K)) — 1
+ f re=¢=0 R(d,(G(s), s — & G(€)) ) dE)

X (e“’s N(d,(G(s), s; K)) — 1

s ~1
+ f 6e72=0 R(d,(G(s), s — & G(©))) dé) . (10)
0
If 8 < 7, the limit of the right-hand side of Equation (10) as s tends
to zero can be evaluated using I'Hopital’s rule:s

. G(s) r
lim —— = -
5—0 K 6

If § = r, the right-hand side of Equation (10) can be evaluated directly:

. G(s)
lim =
w0 K

1.m

Propositions 1 and 2 imply the following restriction on the value
of live American calls at expiration.

Proposition 3. If the interest rate is less than or equal to the dividend
yield, an American call which is optimally held to expiration will
bave a value of zero at T.

Proof Given the continuity of sample paths of both the asset price
and the optimal exercise boundary, it is not possible for the asset
price to end up above Kat Twithout crossing G(+) at an earlier time.
In other words, the fact that investors have not exercised the American

6 Van Morebeke (1976) proved that G(s) behaves like G(0) + ¢V/sforasmall s, where ¢ is a constant.
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calls implies that the price of the underlying asset has stayed below
G(-). This means that S < G(0) = Kat T. Therefore, the live American
calls will have a value of zeroat 7' m

Since the implicit dividend yield is equal to the interest rate for
American calls on the futures contracts, it is suboptimal to wait till
expiration to exercise American calls on futures contracts. They must
be exercised before expiration if they are to be exercised at all.

It is interesting to note that Equation (6) is reduced to the Black
and Scholes European call formula if the dividend yield is zero. As
the dividend yield approaches zero, G(0) increases without a limit.
Since G(s) is nondecreasing in s, this means that G(-) = oo. In this
case, it is easy to see that the early-exercise privilege is worthless.
This is consistent with the well-known fact that American calls would
not be exercised early if the underlying asset does not pay any divi-
dends during the life of the calls. Note that if the dividend yield is
positive, the early-exercise premium would be positive even when
the interest rate is zero.

. A Valuation Formula for American Puts

The valuation of American put options proceeds in the same way as
the valuation of American calls. Consider an American put that has
an exercise price of Kand that expires at time 7" The underlying asset
is assumed to pay continuous proportional dividends at a rate of é.
As with American calls, we formulate the American put valuation
problem as a free-boundary problem. Let us denote the value of a live
American put for the optimal exercise boundary B(:) by W(S, 1;
B(+)) that is differentiable with respect to 7 and twice-differentiable
with respect to S, defined on domain {(S, 7); B(:) < §< 00,0 < 7
< T}. The optimal exercise boundary B(-) is defined as the asset
price below which it is optimal to exercise the American puts. The
value of the /ive American put satisfies the partial differential equation
(1), subject to the expiration condition and the boundary conditions:

lim W(S, r; B(+)) = max[0, (K — $)¢(S — B(0))], (11a)

-0

lim wW(S, r; B(-)) = K — B(7), (11b)

S— B(r)

lim W(S, =; B(*)) =0, (11c)

$—0

lim W, = —1. (11d)

§=B(1)
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Equation (11a) specifies the payoff of puts at expiration, given that
the puts have not been exercised early. The boundary condition (11b)
specifies the payoff of the put at the time of exercise. The boundary
condition (11c¢) reflects the fact that if the asset price increases with-
out limit, it will never fall back within a finite time period. The
boundary condition (11d) ensures the optimality of the exercise
boundary.

The free-boundary problem given by (1) and (11a)-(11d) can be
solved in the same way as the American call valuation problem. By
applying the results of the previous section, we can express the value
of a live American put as the sum of an early-exercise premium and
the value of an equivalent European put:

w(s, 7; B(:)) = p(S, 7)
+ f [rKe=7=9 R(—=d,(S,  — s, B(s)))

— 8Se™¥ =9 R(—d,(S, 7 — s; B(5)))] ds,
: (12)
where p(S, 1) represents the Black and Scholes/Merton European
put pricing formula given by
p(S, ) = Ke=™ X(—d, (S, 7; K)) — Se ¥ R(—~d,(S, 7; K)).
The optimal exercise boundary B(-) is implicitly defined by

K — B(s) = p(B(s), s)

+ f [rKe™"=9 R(=d,(B(s), s — & B(£)))

— 8B(s)e~*=» R(—d,(B(s), s — & B(§)))] dt.
(13)

The optimal exercise boundary at expiration is given by
lim B(s) = B(0) = K, ifo <r,

s—0

lim B(s) = B(0) = (r/8)K, it > r

s—0
As with American calls, we present explicit solutions to Equations
(12) and (13) for two special cases. Equation (12) can be evaluated
without solving Equation (13) when the interest is zero; in that case,
B(0) = 0. Since B(s) is nonincreasing in s, the optimal exercise
boundary is zero for any s, which implies that no early exercise would
occur, The American put value given by (12) is reduced to the Euro-
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pean put value as the interest rate tends to zero. This is a well-known
result. The second special case involves perpetual American puts.
The critical asset price for perpetual American puts B(o0) is obtained
by solving Equation (13):

B(c0) = 0—9_5-1 (14)

where

—(r—=6—3%%—V(r—26—-3°2+ 20%r

2

0

o

With this definition of the optimal exercise boundary, Equation (12)
is reduced to

W(s; B(a0) = 0(“’ ;K”S> . 15)

The critical asset price for perpetual American puts B(c0) represents
the lower bound for the optimal exercise boundary B(-) for finitely
lived American puts with otherwise similar terms.

. Implementation of the Valuation Formulas

Once the integral equations (7) and (13), defining the optimal exer-
cise boundary, are solved, computation of the American option value
is a simple task that involves straightforward numerical integration.
Unfortunately, it is not possible to solve the integral equations explic-
itly except for special cases. However, as Kolodner (1956) pointed
out, the integral equations are of Volterra type and of the second
kind, so that they are amenable to numerical techniques. The valu-
ation formulas derived in this paper offer an alternative numerical
method to compute the American option value.

Since sappears in the integrand as well as the upper integral limit,
for each s, Equation (7) represents a separate integral equation. Let
us divide r into » subintervals s, for i=1, 2, ..., n, where s, = 7.
Then, to determine the optimal exercise boundary, we need to solve
numerically » integral equations:

G(s) — K= c(G(s), 5) + f Cas, ) d,

0

fori=1,2,...,n, (16)
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where

&(s, £) = 8G(s) e =9 R(d,(G(s), 5, — & G(©))
— rKe~"5=0 R(4,(G(s), s, — & G(§)).

These integral equations are solved recursively. Note that it is nec-
essary to evaluate the integral equation over the entire range up to
si+, in order to determine the optimal exercise boundary between s;
and s, ,. Since the numerical method requires solving as many integral
equations as the number of time intervals, it does not necessarily help
us improve computational efficiency over the implicit finite-difference
method.

We solve Equation (7) numerically to obtain a solution for the
optimal exercise boundary G(s). Then, using that numerical solution,
Equation (6) is numerically integrated to compute the theoretical
value of American calls. As expected, the values computed from Equa-
tions (6) and (7) are almost identical to those from the implicit finite-
difference method for short-term as well as for long-term American
calls. For the finite-difference methods, discretization errors occur
in both the asset price and time to expiration. While discretization
errors are introduced in time to expiration only for the numerical
integration of Equation (6), they also occur in determining the opti-
mal exercise boundary. We leave the task of determining the relative
accuracy of the two numerical methods to future work.

. Summary

This paper presents an analytic solution to the valuation problem of
American options on assets that pay continuous dividends. To account
for the possibility of early exercise in the valuation of American options,
it is important to understand the implication of the optimal exercise
policy on the specification of the valuation problem. Derivation of
the valuation formula is possible by focusing on the value of live
American options. We consider American options that allow exercise
atdiscrete points in time, and take the limit as the time interval shrinks
to zero, to obtain the valuation formulas. This approach helps us to
improve our economic intuition for the valuation formulas. When we
solve the valuation formulas numerically, as expected, they generate
option values that are as accurate as those obtained using the finite-
difference methods.

The focus of this paper has been on American options. However,
by presenting an economically and mathematically meaningful way
to analyze premature exercise of American options, this study sheds
additional light on the valuation of American-type contingent claims
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in general. For example, corporate securities with American option
features can be analyzed using the framework developed in this paper.
This is left for future research.

Appendix

Solution to the partial differential equation (1) subject to the
boundary conditions (1a)-(1d)

Instead of solving this problem directly, we transform it to a problem
that can be solved using the results of Kolodner (1956) and McKean
(1965). We divide the American call function into two components:

V(S, ) = R(S, 1) + F(S, 7).

The function R(S, 7) satisfies the partial differential equation (1),
subject to the following boundary conditions:

lim R(S, ) =0, (Ala)
=0
lim R(S, 7) = G(r) — K, (A1b)
§-G(r)
lim R(S, ) = 0, (Alc)
5=0
lim R;=1. (a1d)

§-G(1)

The function F(S, 7) is also the solution to the partial differential
equation (1). The boundary conditions for F(S, 7) are given by

lim F(S, ) = max[0, (S — K) ¢(G(0) — 8)], = (A2a)
lim F(S, 7) = 0. (A2b)

The free-boundary problem given by the partial differential equation
(1) subject to (Ala)-(A1d) has been analyzed by Kolodner (1956)
and McKean (1965). By applying their results to our problem, we
obtain the following solution:"’

T e—[x—H(s)]z/Z(r—s)
R(S, .,-) = e rT=S) —
[}

V2r(r — )
G(s)o oy L X~ H(s) _
X [ . + (H (s) 26 -9 )(G(S) K):‘ ds,

7 The function R(S, 7) is analytic in § and 7. See Kolodner (1956).
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where

H(s) =[In G(s) + (r — & — 30%)s]/0,
x=[ln S+ (r — § — 302) 7]/0.

The prime denotes the derivative of a function with respect to its
argument. By rearranging terms, we get

R(S, 1) = e G(S) ——T——

o \V2n(r — 3)
x — H(s) ds
2(r — %)

i o~ H2/2(r—~9)
- K e—r(r—s) -
0

XE+W®—

V2r(r — s)
’ _ X H(S)
X [H (s) 20 =9 s)] ds. (A3)
Note that
RSN il L AN Sl ;(©)
e==9 G(5) e e— [2 + H'(s) Yo s)]
= —g-tt=9 § ﬁx x— H(s) + a(r = )
ds r — s '
el H(OPR/2(r=9) x — H(s)
— (T —8) ’ —
¢ V2r(r — s) [H () 2(r — S)]
d x — H(s)
= p—rlr—s) — i
¢ asx( Vi )

We integrate by parts to evaluate Equation (A3):

= ’ —5(r—5) x — H(s) + o(r — s)>
R(S, 1) 55]; e R( — ds

’ x — H(s)
— K —r(r—s) x e d
r J; e¢ ( — s) s

In($/G(0)) + (r — 8 + 3097
+ Se~ ¥ N( )

oV
In(§/G(0)) + (r — 6 — %02)1'>

— Ke=™ N

oV
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It is straightforward to solve for the second part of the American call
function F(S, 1), which satisfies the partial differential equation (1)
subject to (A2a) and (A2b):

In(S/K) + (r— 8 + 3097

F(S, 1) = Se ™ R Ry
In(S/K) + (r — & — 3097
— Ke ™ R o
In($/G(0)) + (r — & + 3097
- Se ¥ KR ~
In($/G(0)) + (r =& — 3077
+ Ke=" R ~

Byladding R(S, 7) and F(S, 1), we obtain Equation (6).

Derivation of Equation (3)
Let us denote the second term of the early-exercise premium by L;:

oo K
L= f e~ (S, AL S,) dS, f e (K= S,)
0

G
X Y(S,, At S)) dS,. (A4)

This term represents the discounted expectations at ¢, of a European
put value at ¢, conditional on the asset price at ¢, being above G,.
Note that the European put value at ¢, is a decreasing function of §,.
Hence, we can write an upper bound of L, as

Ll < e“rA’R(d2(527 At’ Gl)) p(Gl) At)y

where p(G,, AD) represents the value of the European put evaluated
at G;:

p(Gn At) = Ke % x(_dZ(GIy At; K)) - Gle_rm N(_dl(GI) At; K))

We first show that X(d,(S,, A¢; G,)) is of order At or higher. Note that
as the time interval between ¢ and f, tends to zero, G, approaches
G,. Since S, is strictly less than G,, we have

lim R(d,(S,, At; G)) = 0.

At=0
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Taylor series expansion of R(d,(S,, At; G,)) in terms of At produces
terms that are of order At or higher. Next, we show that p(G,, A¢) is
of order At or higher. Since G, = K, there are two possibilities with
respect to the limiting behavior of G;:

lim In(K/G) = —o or lim

810 VAt a0 VAt

In both cases, p(G,, Af) approaches zero as At tends to zero. Hence,
Taylor series expansion of p(G,, Af) in terms of At produces terms
that are of order At or higher. In fact, we can evaluate the limit of G,
as At tends to zero. The implicit equation defining G, can be
rewritten as

In(K/G,) _

G, _ e R(4,(G, AL K) — 1
K e R(d(G, A K) — 1

(A5)

Suppose In(K/G,)/\/At decreases without limit as At tends to zero.
This means that either the limit of G, as At tends to zero is strictly
higher than K or the limit is equal to K, but the speed of its conver-
gence to K is slower than \/At. Then, the limit of the right-hand side
of (A5) can be evaluated using I’'Hopital’s rule:

.G
lim — =-.
a0 K 6
This holds when é < r. We rely on the following property in evaluating
the limit:

1
lim = e"/*=0, for & > 0.
x-+0 X

Suppose In(K/G,)/\/At approaches zero as At tends to zero. In this
case, G, approaches K as At tends to zero and the speed of its con-
vergence to K is faster than or equal to \/A¢. This holds when § = r.

Derivation of Equation (4).
We have shown that Equation (4) holds for m = 1 and 2. Suppose
the American call function at ¢,, is given by

V(S,,, mAt)
m—1 (=]
= 2 e—(m-—k)rAtf [(1 — e—sm) Sk — (1 — e—rAr)K]
k=1 Gk

x Y(S,, (m — k) At; S,) dS, + c(S,,, mAt; G,) + O(mAD).
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Then, the critical stock price G,, is implicitly defined by
G,— K

m—

1 oo
= E e—(m—-k)rmf [(1 — e—aAl) Sk — (1 _ e—rAt)K]
Gk

k=1
x Y(S,, (m — k) At; G,) dS, + (G, mAt; G,) + O(mAfL).
This equation can be rewritten as
G,— K
m—1 o0
— 2 e—(m—lz+1)rAlf (Sb—l _ K)
k=1 Gi-1
X ‘p(sb—li (m - k + 1) At; Gm) dSk—l
m—1 o2]
— 2 e—(m—k)rAtf (e%S, — e~™K)
G

k=1
X \I/(Sb) (m - k) At: Gm) dSk + e—rA.’f (Sm—l - K)
Gm-~t

X ¢(sm—ly At, Gm) dSm—] + O(mAt)

We now move back one period and consider the American call func-
tion at £,,.,:

V(S,pui, (m + 1) AD)

Gm
= f e—’A,V(Smy mAt)‘p(Smy At’ Sm+1) dSm
0

+ f e—rAl(Sm o K)#/(S'm Sm+l? At) dSm

Gm

Evaluating terms and rearranging them, we obtain

V(S i1, (m + 1) AP

= 2 e—(m—k+l)rAtf [(1 — e—am) Sk — (1 —_ e—rAl)K]
G

=1
X (S, (m— k+ 1) At; S,..,) dS,

+ (S, (m+ 1) AL, G)) + O(mAD

oo Gm-1
+ f e—rAl‘,/(Sm’ At; Sm+l) dSm f e—rA,
0

Gm
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X (Sm—l - K)w(sm—ly Atv Sm) dSm—l

m—1 e
— E e_(m_k+2)rAtf w(smy At; Sm+1) dS’"
k=1 Gm

X fw (Se=r — KWW (S5 Sy (m-k+ 1) At) dS,—,

Ge—1

m—1 oo o0
+ X em(mern f V(S S, AD) dS,, f (e7'S, = e~™K)
k=1 Gm Gk

X Y(Ss, (m — k) AL; S,) dS,

We now show that the absolute value of the last three terms, which
is denoted by L,, is of order higher than At. The definition of G,
implies that, if S,, is greater than G, the following inequality holds:

S, — K

m—1 0
> E e—(m—k+1)rA:f (Sk_l — K)

=1 Ge—1

X Y(Sp—y, (m— k+ 1) At S,,) dS._,

m—1 -]
— E e—(m—k)rAlf CR S, —e~™ K)
=1 Gk

X \b(sk’ (m — k) At; S,,) aS,

Gm=-1
_ e_,mf (S, — KY(S,-,, At S,) dS,._,
0

+ e—rAtf (Sm—l - K)¢<Sm—17 At’ Sm) dSm—l + O(mAt)
0
This inequality allows us to obtain an upper bound for L,

L, < f e (1 — e2)S,, — (1 — e*)KWW(S,, AL Spii) dS,.
_ G

The right-hand side can be rewritten as

Lm < (1 - e_aA')Sm-f-le—aA,x(dl(SnH-l) Atv Gm))
— (1 = e)Ke ' R(&(Spr1, AL G,)).

It is straightforward to see that (1 — e%") and (1 — e~ are of order
At. In order to prove that L, is of order higher than A¢, we need to
show that R(4,(S,,.., At; G.)) and N(&,(S,..., AL, G,)) are of order
At¢, which requires the following conditions:
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lim N(dl(5m+h At; G,)) =0

At=0

lim R(&,(S,.1, AL, G,)) = 0.

At—0

These conditions are ensured by G,,,, converging to G, as the time
interval between t,,,, and ¢, shrinks to zero, and by S,,,, being strictly
less than G, ,.

Derivation of Equations (8) and (9)
For perpetual American calls, G(-) = G(c0). Let u = s — £. Then the
right-hand side of Equation (7) can be rewritten as

r—6+%02

f 0G(co0) et R Vu ) du

e r— 6 — 0%
—f rKe—™ N —20\/; du.
0 g

Let p = r — & — 302 Integrating by parts, we get

G(0) — K foo p+ o 232242
- G(00) et ————= g7 le+sD/2%u gy
2 0 ( 20V2mu

e=#/2Mu gy

_ f"’ Kemri — P
0 20V 2nu

We use the following identity to evaluate the integrals:

T, \fv— | e

Then, the optimal exercise boundary is defined by

G(o0) — K= 1 (p + ¢®) G(c0) — pK
2 V? + 20%r 2 '
Rearranging terms and simplifying, we obtain Equation (8):
K
6(e0) = 22,
where
o+ VP T 20
= .
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Expressing Equation (6) in terms of # = 7 — s and taking the limit
as T — co, we get

v(s) = J;m [6Se* R(d,(S, u; G(0)))
—rKe ™ R(d,(S, u; G(00)) )] du.

Integrating by parts and rearranging terms, we get

G(o0) — Kfm —(In(S /G(00)) +pu |2/20%u
V(is) =——7— In(S/G(c0)) g™ du
() o ). In(s/G() ——
(p + ¢?)G(0) — pK (7 e~ In(s/G(00)) +pu Y/202u
+ i
0

2 oVaru

du.

The first integral is the Laplace transform of the first-passage-time
density function for the risk-neutral price process to reach G(c0):

G(o0) — K( S )”

2 G(c0)

This is half of the perpetual American call value. The second integral
is evaluated using the following identity:

( s )ﬂix<ln(S/G(oo)) - au)
G(0)) du Vu
_ (S 2 y(In(s/G()) + au
G(0)/ du Vu
o

= e_[ln(S/G(oo))+Pl‘ ]2/20211 e~ ru’
oV2aru

—p — Vp?* + 20%r

2

a=\Vp?*+ 2%, 0=

g
Then, the second integral becomes

0+ )G —pk1( s Y
2 20 \G(0)/

Using the definition of G(c0), we obtain the other half of the perpetual
American call value.
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