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Individual empirical tests conducted on cost of equity estimation methods 
increasingly have implied that sophisticated models are no more accurate than 
the simplest approaches. We test this implication by evaluating six commonly 
used methods for cost of equity estimation, contrasting them with a single fac-
tor model. Specifically, we explore whether adding risk factors to cost of equity 
models improves their predictive power both for individual firms and firm 
portfolios. When compared to the single factor model over horizons of one 
month to five years, we find mainstream models such as the CAPM and further 
evolved variants do not significantly reduce forecast error for portfolios. More 
importantly, the sophisticated models typically increase forecast error for indi-
vidual firms. Either estimation errors cause the mainstream models to be 
rejected or the models are not well-specified and their assumptions need revi-
sion. Absent better models, we conclude ex ante estimation for cost of equity 
should utilize a simple single factor model for individual firms.  

Introduction  
 The use of historical returns in estimating the cost of equity (KE) long has been a 
tradition [Dimson, 1979; Fama and French, 1993 (FF93)]. While some recent 
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authors, such as Claus and Thomas (2001), explore the use of analyst forecasts to 
compute a measure of expected returns or attempt other novel approaches, almost all 
of the widely used methods of estimating KE involve historical returns. This can be 
easily verified by looking at most any corporate finance textbook (Brigham and 
Ehrhardt, 2002; Smart, Megginson, and Gitman, 2003; Brealey, Myers and Allen, 
2006). 
 As determining KE is a firm-specific or decision-specific task, however, it is 
important to examine the impact of various estimation techniques on individual 
firms. Elton (1999) argues that considerable empirical evidence exists to question 
whether historical returns should be used to estimate expected returns imprimis. The 
underlying problem with basing KE estimates on historical returns seems to be the 
noise inherent to those returns. In fact, noise in mainstream models derived from 
historical returns has been sufficient in leading most studies to conclude that these 
models serve as poor estimators for KE. This problem, already shown to exist with 
portfolios (Fama and French, 1997), is likely to be exacerbated when individual 
securities are considered. Nevertheless, many applications require ex ante estimates 
for KE, and most estimation methods employ historical returns. 
 Ceteris paribus, gleaning the most accurate estimate possible remains the objec-
tive behind KE models. After all, it is in the best interest of corporate managers to 
know which model provides superior accuracy. Considerable debate over which 
method should be used to estimate KE, however, continues to dominate the literature 
on this topic. We seek to address this quagmire by examining the mainstream models 
for estimating KE. 
 Fama and French (FF97) indicate that the capital asset pricing model (CAPM) is 
the most common choice for estimating KE. Survey results reported by Bruner, 
Eades, Harris, and Higgins (1998) corroborate Fama and French’s (1997) assertion, 
and Graham and Harvey (2001) confirm this once more with their own survey. An 
unanswered question remains, however: Even if the CAPM is the most commonly 
employed KE model, could it be that other models offer superior forecasting? 
 We evaluate the forecasting ability of mainstream models, anticipating improve-
ments as model complexity increases. Specifically, we investigate the improvement 
in realized forecast error gained by including risk premia and factor loadings. The 
forecasting errors of six well-known models are compared to a more naïve model for 
KE, which assumes a fixed market risk premium and constrains beta to one. Lee, 
Myers, and Swaminathan (1999) (LMS) apply just such a model to large stocks (the 
Dow Thirty) as a part of their model for intrinsic firm valuation. In Lee, Myers, and 
Swaminathan (1999), KE is represented as the sum of the risk-free rate (one-month 
Treasury bill) plus a risk premium averaged over many years. We refer to this as the 
LMS model and it represents our base model upon which each of the more sophisti-
cated models successively are built. In their study of the Dow Thirty, Lee, Myers, 
and Swaminathan (1999) find that the mainstream CAPM and the FF93 three-factor 
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model do little to improve the ability to predict KE for individual stocks over the 
baseline model, where they assume beta equals one for all stocks. We further 
develop these findings for a broad range of securities (and portfolios) by testing 
whether additional risk factors and factor loadings significantly reduce forecast 
errors when compared to the base model, as might be expected. In our evaluation of 
KE models, it is important to clarify that our primary objective lies in finding the 
factors and factor loadings that provide statistically significant predictive power for 
estimating future returns. 
 The six mainstream models we investigate are: 

• The CAPM,  
• The Fama, and French (1993) three-factor model,  
• The Carhart (1997) four-factor model, which builds on the Fama and 

French (1993) three-factor model by adding a momentum factor,  
• A co-skewness model, which builds upon the CAPM model by adding a 

measure of risk associated with co-skewness,  
• A co-kurtosis model, which builds upon the co-skewness model by adding a 

measure of risk associated with co-kurtosis, and  
• A stock’s own historical mean return.  

 Our findings are enlightening. For individual firms, the additional risk factors 
and factor loadings used by mainstream models fail to significantly improve fore-
casting performance relative to the LMS model for each holding period investigated 
(one-month to five years); rather, the more sophisticated models typically increase 
forecasting error. Our results hold with rare exception whether estimation error is 
analyzed by year, size, or book-to-market decile from 1953 to 1996. Moreover, as 
the holding period increases from one month to five years, the forecasting ability of 
the more complex models worsens with individual firms. The LMS forecasting error 
is less than that of mainstream models a majority of the time for one-month holding 
periods, increasing to at least 80 percent of the time for three-year holding periods, 
(and more than 60 percent for five-year holding periods). Further, for portfolios 
based on size, book-to-market, and industry groups, the mainstream models tested do 
not significantly improve upon the LMS model over horizons greater than one 
month.  
 In summary, we find the simplest model has the best forecasting ability among 
commonly-used models for KE estimation. That is, the LMS model outperforms, 
generating the smallest forecast error. In the process, we show that the CAPM, the 
Fama and French (1993) three-factor model, the Carhart four-factor model, the co-
skewness model, and the co-kurtosis model all fail to supersede the LMS model in 
forecasting future stock returns. Although previous studies, such as Fama and French 
(1997), Ghysels (1998) and Lee, Myers, and Swaminathan (1999), have established 
the poor performance of the first three of these models, our study is the first to con-
sider individual firms. We also extend the literature by including (a) models that 
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have risk factors for co-skewness and co-kurtosis, (b) book-to-market and size 
groupings of stocks, (c) a momentum-based factor, and (d) returns from a variety of 
longer horizons. We thereby demonstrate the out-of-sample advantage of using a 
simple model to estimate KE and illustrate the difficulty of implementing sophisti-
cated asset pricing models based on historical returns due to underlying issues of 
estimation error. 

Related Literature 
 The weaknesses of these mainstream methods for KE estimation have not been 
left unquestioned in the financial literature. Empiricists routinely check these models 
for their ability to explain cross-sectional and time-series patterns in returns. For 
instance, Fama and French (1993) assert that the market return, size, and book-to-
market equity factors explain most of the cross section of returns over time for 
industry portfolios. Yet, Fama and French (1997) show that their three-factor model 
and the CAPM’s estimated forecasting standard error for portfolios of firms in the 
same industry is typically 3.0 percent per year. Both Fama and French (1997) and 
Pastor and Stambaugh (1999) find that uncertainty about factor premia and beta both 
contribute to weaknesses in models seeking an appropriate KE. In fact, Fama and 
French (1997) conclude that “estimates of the cost of equity are distressingly impre-
cise” for portfolios and presume they are less precise for individual securities. 
 Building on literature originating with Kraus and Litzenberger (1976), Harvey 
and Siddique (2000) propose that three factors (book-to-market, size, and momen-
tum) proxy for investors’ preference for right-skewed returns distribution. They 
show that the CAPM model, augmented with a conditional skewness term, explains 
many aspects of the cross section of returns previously attributed to these three fac-
tors. Dittmar (2002) augments the CAPM model with terms for both skewness and 
kurtosis. He concludes that these two non-linear terms cause linear multi-factor 
models to lose their importance in explaining the cross section of returns. These 
results suggest that a model incorporating skewness and kurtosis may improve 
forecasting power; however, some authors argue the opposite may be true. 
 Ghysels (1998) proposes that the error in estimating a time-varying beta might 
outweigh the advantage gained by including it in the model, when compared to a 
model that assumes a constant beta. Similarly, it is possible that errors in estimating 
risk loadings as well as expected risk premia outweigh the advantage gained by 
including them in a model for estimating KE. Baker and Wurgler (2000) even suggest 
that financing decisions may not be influenced so much by cost of capital estimation 
and traditionally viewed capital budgeting decision criteria. Rather, corporate 
financing decisions may be made as a function of market timing, with firms issuing 
relatively more equity than debt when the market is overvaluing firms as a whole 
(indicated by subsequent periods of significantly negative abnormal market returns) 
and vice-versa when the market may be undervaluing firms.  
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 It is also worth mentioning that Gebhardt, Lee, and Swaminathan (2001) have 
commenced research in estimating an implied cost of capital, but their work has not 
yet been sufficiently developed to apply their findings to the empirical testing we 
conduct here. The initiatives undertaken by Fama and French (1997) and Lee, Mar-
tin, and Swaminathan suggest a simple model works best for applied KE estimation 
in finance, yet several topics remain unexplored. Accordingly, we extend the basis of 
their work. 
 By directly comparing various KE estimation models, we aim to help guide 
researchers and corporate managers who must select the best choice among them. 
First, we determine the forecasting error for all individual firms and for size, book-
to-market, and industry portfolios. Size and book-to-market portfolio return predic-
tion is important because some portfolio managers emphasize these characteristics in 
addition to industry portfolios. Second, we consistently use information available at 
or before the time the forecast is made to estimate KE. This is also important in moti-
vating the paper because forecasts are made by corporate managers in this manner. 
Third, Dittmar (2002) and Harvey and Siddique (2000) do not test the forecasting 
power of models incorporating skewness and kurtosis; we do. Fourth, where Fama 
and French (1997) look only at one-month horizons for portfolios (one-month pre-
dicted at T0 compared to the one-month return three years later), we consider several 
horizons more common to firm investment, extending five years. Most importantly, 
where Fama and French (1997) analyze only industry portfolios, we also look at 
individual firms. This should be of interest to both practitioners and financial 
managers concerned with their own firm’s KE. 

Hypothesis and Data 
 We employ six methods for KE estimation: (a) the CAPM model developed by 
Sharpe (1964) and Lintner (1965), (b) the Fama and French (1993) (FF93) three-fac-
tor model, (c) the Carhart (1997) four-factor momentum model, (d) a version of the 
Harvey and Siddique (2000) model that incorporates skewness, (e) a model that 
incorporates kurtosis as suggested by the work of Dittmar (2002), (f) the stock’s own 
historical average return and (g) a time-varying riskless rate plus the historical mar-
ket risk premium, or the LMS model. These common models are delineated in 
Appendix A. The LMS model is a restricted model of the CAPM; the CAPM is a 
restricted model of the FF93 three-factor model as well as the models having terms 
for skewness and kurtosis; and the FF93 three-factor model is a restricted version of 
the four-factor Carhart model. As it is standard practice to test the validity of addi-
tional terms as they are added to a model, we test whether successively adding terms 
and coefficients to the LMS model leads to its rejection in favor of a more complex 
model. Thus, our null hypothesis: 
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 H0: The mean square error for the geometric average equity premium 
(LMS model) is less than or equal to the mean square error of the 
six alternative KE forecast models. 

 The individual firm sample consists of all domestic non-financial common stock 
securities with prices greater than one dollar, as listed on the Center for Research in 
Security Prices (CRSP) monthly returns file from 19531 to 1996. Firm-specific 
CRSP stock return data are used to form estimates of KE for a given horizon, using 
delisting returns when necessary. Size and book-to-market (B/M) portfolios are 
formed from CRSP monthly returns spanning from June 1953 to December 2001, 
and from annual book equity data from 1953 to 2001. Firms with book equity less 
than zero are excluded. Value-weighted decile portfolios based on both size and B/M 
are obtained from Kenneth French’s website.2 These portfolios are constructed using 
NYSE breakpoints. We also obtain value-weighted portfolios that break the market 
into ten industries as defined by Ken French’s website.3 The portfolios are rebal-
anced annually and include all NYSE, AMEX, and Nasdaq stocks for which data are 
available. Kenneth French’s website also provides the values for all of the mimicking 
portfolios (Rm-Rf, SMB, HML, and UMD) and the one-month Treasury bill (required 
starting in April 1953 to proxy for the riskless security). For maturities of one year, 
three years, and five years, new-issue Treasury interest yields are obtained from the 
website of the Federal Reserve Bank of St. Louis,4 also starting in April 1953. 
 We recognize that a complication can arise from overlapping returns, which 
might lead to overlap bias in the test statistics. That is, if a one-year horizon starts in 
January, then 11 of its monthly returns would overlap with a one-year horizon start-
ing in February of the same year. We avoid this situation by commencing estimation 
of KE for a given horizon at a particular year and month and then forcing subsequent 
estimations to avoid overlap. For instance, we start the three-year horizon estimate of 
KE in January 1956. The next set of three-year horizon estimates for KE is thus begun 
in January 1959. As a consequence of avoiding overlap, analysis results from three-
year and five-year horizons are based on relatively fewer time periods and should 
thus be interpreted judiciously. Table 1 describes the annual sample size for horizons 
of one to five years. 

Empirical Approach 
 Estimates of both beta and the expected return on the market are required for our 
first mainstream model, the CAPM. Consistent with Fama and French (1997), we 

                                                           
1 We use data beginning in 1953 to avoid incorporating depression and World War II years, as 
many studies document different financial market characteristics in these years. 
2 http://mba.tuck.dartmouth.edu/pages/faculty/ken.french 
3 Industry portfolio four digit Standard Industry Codes are listed on Kenneth French’s website 
for each of the ten industry groups. 
4 The Federal Reserve Bank of St. Louis website is http://research.stlouisfed.org/index.html 
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define Rm,t as the CRSP value-weighted monthly return index and estimate beta by 
using ordinary least squares (OLS) in the following time series regression equation: 

 Ri,t – Rf,t = αi + βi[Rm,t – Rf,t] + εi,t (1) 

where iα  is the estimated intercept term, iβ  is the estimated slope, and t,iε  is a nor-
mally distributed mean-zero random error. Two samples are used for estimating the 
beta for firm i at time t. First, a five year rolling window of monthly data from month 
t-1 to month t-60 is used in a regression to find beta for firm i at time t. Second, a ten 
year rolling window from months t-1 to t-120 is used to estimate beta. 
 Once beta for firm i at time t is known, an estimate of the expected monthly 
equity  risk  premium,  E[Rm,t-Rf,t],  is  needed. As is commonly done, E[Rm,t – Rf,t] is  
 
Table 1–Individual Firm Sample Size and Lower Bounds on Cost of Equity (KE)  

Year 
Sample 

size 
1 Year 
horizon 

3 Year 
horizon 

5 Year 
horizon Year 

Sample 
size 

1 Year 
horizon 

3 Year 
horizon 

5 Year 
horizon 

1954 855 Y   1976 2056 Y   
1955 922 Y  Y 1977 1990 Y Y  
1956 874 Y Y  1978 1864 Y   
1957 851 Y   1979 1906 Y   
1958 856 Y   1980 1902 Y Y Y 
1959 910 Y Y  1981 1804 Y   
1960 922 Y  Y 1982 1779 Y   
1961 931 Y   1983 1831 Y Y  
1962 934 Y Y  1984 2227 Y   
1963 946 Y   1985 2325 Y  Y 
1964 970 Y   1986 2726 Y Y  
1965 1569 Y Y Y 1987 2751 Y   
1966 1639 Y   1988 2641 Y   
1967 1698 Y   1989 2738 Y Y  
1968 1699 Y Y  1990 2655 Y  Y 
1969 1696 Y   1991 2495 Y   
1970 1696 Y  Y 1992 2664 Y Y  
1971 1802 Y Y  1993 3114 Y   
1972 1905 Y   1994 3457 Y   
1973 1896 Y   1995 3495 Y Y Y 
1974 1839 Y Y  1996 3883 Y   
1975 1921 Y  Y      

This table presents the sample size used to evaluate each of the models at one, three, and five-year 
horizons. For one-month horizons, all available firms are chosen monthly. The sample size for one-month 
horizon KE estimates ranges from 859 firms on 1/1/1953 to 4,181 on 12/1/1996. All samples at one, three, 
and five-year horizons start in the month of January. For instance, one of the 15 three-year observation 
samples starts in January 1983. A “Y” (yes) indicates that a one-, three-, or five-year horizon analysis 
begins in January of the indicated year, with the stated number of data observations 
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estimated by the arithmetic average of the monthly risk premium from January 1945 
until the month prior to the prediction at time t. (See for instance Brealey, Myers and 
Allen, 2006 or D’Mello and Shroff, 2000.) We start the average in 1945 to avoid 
using war year data. Rf,t is set equal to the one-month Treasury bill rate observed at 
the beginning of month t. Then the expected value of the KE is calculated from the 
CAPM. The estimates of Rm,t – Rf,t, betai, and Rf,t described above are then substi-
tuted into CAPM in order to estimate the expected equity risk premium for firm i at 
time t. These approaches give a one-month expected return for firm i at time t. We 
obtain longer horizon forecasts by compounding the monthly expected return. 
 Our second model, the Fama and French (1993) three-factor model (FF3), states 
that a security’s expected return depends upon the sensitivity of its return to the mar-
ket risk premium, the SMB portfolio return, and the HML portfolio return. The 
slopes are estimated for firm i using: 

 t,ititit,ft,miit,ft,i HMLhSMBs]RR[RR ε+++−β+α=− . (2) 

 As with the CAPM, the coefficients are estimated with rolling windows of both 
five and ten years. Once the estimated regression coefficients are found for firm i at 
time t, estimates of the expected risk premia are needed. The two approaches 
described for the CAPM are used again, this time to find the expected risk premia for 
the three factors. Next, Rf,t is obtained using the same method as for the CAPM. The 
expected value for KE is then calculated from the FF3 model. 
 Our third model, the Carhart (1997) model (Car4M), adds to the FF3 model in 
that each security’s expected return depends not only upon the sensitivity of its 
return to the market return, the SMB portfolio return, and the HML portfolio return, 
but also on the UMD portfolio return as a measure of momentum. The slopes are 
estimated for firm i using: 

 t,itititit,ft,miit,ft,i UMDuHMLhSMBs]RR[RR ε++++−β+α=− .  (3) 

 As with the FF3 model, we estimate the coefficients with rolling windows of 
five and ten years. When the four estimated regression coefficients are known for 
firm i at time t, estimates of the expected risk premia are once again needed. The two 
previous approaches are again used to find the expected risk premia for the four fac-
tors, and Rf,t is again found in the same manner. The expected value of KE for firm i 
at time t can then be calculated from the Car4M using these values. 
 Our fourth model (SKEW) is the CAPM augmented with a term for skewness. 
In this model, investor preference for a right-skewed distribution of returns is cap-
tured by lambda in the following model: 

 [ ] [ ] t,i
2

t,ft,mit,ft,miit,ft,i RRRRRR ε+−λ+−β+α=− .  (4) 
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 We follow the same estimation procedures described for the CAPM to obtain 
forecasts of expected returns for various horizons using the SKEW model. 
 Our fifth model (KURTOSIS) is the CAPM augmented with terms for both 
skewness and kurtosis. In this model, investor preference for a non-linear distribution 
of returns is captured by lambda on the skewness term and gamma on the kurtosis 
term in the following model: 

 [ ] [ ] [ ] t,i
3

t,ft,mi
2

t,ft,mit,ft,miit,ft,i RRRRRRRR ε+−γ+−λ+−β+α=− .   (5) 

 We follow the estimation procedures described for the CAPM to obtain fore-
casts of expected returns for various horizons using the KURTOSIS model. 
 When we examined the sixth model, where the stock’s own historical average 
return spawns an estimate of expected return, the resulting forecast error was signifi-
cantly greater than that of any of the other models. This implies momentum may 
explain stock returns but cannot predict them. Accordingly, its further investigation 
was not warranted. We continue to use each of the remaining models, (CAPM, FF3, 
Car4M, SKEW, KURTOSIS, and LMS), to generate monthly estimates for each firm 
whenever data are available. 
 Finally, our base model, the LMS model, computes KE by adding a riskless rate 
to an equity risk premium. The LMS model for expected return less the risk-free rate 
at time t is therefore denoted as:  

 ( ) ( )
1tN/1

1tN

1k
k,fk,mt,ft,i RRRRE

−−

= ⎥⎦
⎤

⎢⎣
⎡∏ −=−  (6) 

where k is the index value of time (in months) starting January 1945, k,mR  is the 
return on the CRSP value weighted market portfolio at index time k, and 1tN − is the 
index value of time the month before an estimate of KE is desired. The risk-free rate, 
Rf,k is obtained in the same manner as with the CAPM. In this model the expected 
monthly equity risk premium is the geometric average excess return over the riskless 
rate for the value-weighted market portfolio from January 1945 to month t-1. We use 
the geometric, rather than arithmetic5, excess return for this model because its esti-
mate is compounded to compute expected returns over long horizons. Compounding 
the arithmetic average monthly return over long time periods, to obtain that period’s 
return, consistently would give a higher return than is realized during the period, 
possibly leading to erroneous conclusions. Spanning the range of timeframes com-
monly encountered in both practical and academic work, we consider forward-
looking investment horizons of one month, one year, three years, and five years. 
 We calculate a realized return for each investment horizon as the compounded 
monthly return over that horizon: 

                                                           
5 In robustness tests we use the arithmetic average rather than the geometric average excess 
return; Table 3 shows that conclusions do not change. 
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 Realized horizon returni,t = 1)1R(
tT

tk
k,i −⎥⎦

⎤
⎢⎣
⎡∏ +

+

=
 (7) 

where Ri,k is the CRSP return for stock i at time t, and T is the number of months 
over the investment horizon. Whenever a company delists, we use the delisting 
return from CRSP as the last return for that firm. After the delisting date, we assume 
that the remaining money, if any, is reinvested in the CRSP value-weighted market 
index. 

Significant Factors and Factor Loadings 
 The inclusion of additional terms in any model may lead to increased out-of-
sample prediction errors due to estimation error and parameter instability. Accord-
ingly, we cannot assume that factors with significant in-sample explanatory power 
also have out-of-sample predictive power. In our evaluation of KE models, it is 
important to clarify that our objective lies in finding the factors and factor loadings 
that provide statistically significant predictive power for estimating future returns, 
not in-sample explanatory power.6 
 For single time periods, the procedure we use to find statistically significant 
predictive terms is based on paired differences in squared forecasting errors.7 First, 
the squared forecasting error is computed for each horizon, model, and firm at time t. 
Then the following six differences are calculated: 

1. Squared error of the CAPM less the squared error of the LMS model 
2. Squared error of the FF3 model less the squared error of the LMS model 
3. Squared error of the Car4M less the squared error of the LMS model 
4. Squared error of the FF3 model less the squared error of the CAPM 
5. Squared error of the Car4M less the squared error of the CAPM 
6. Squared error of the Car4M less the squared error of the FF3. 

 In order, at each time t, the first three comparisons tell whether adding succes-
sive complexity to the LMS model significantly reduces forecasting error. If a 
significant reduction is not found in the first three comparisons (significant positive 
differences), then the factors and loadings captured by the CAPM, FF3, and the 
Car4M model are not significant, and LMS is shown to be the most parsimonious. If 

                                                           
6 To find factors having significant in-sample explanatory power, a traditional test would 
involve estimating the full model (the Car4M) on the full sample (1953 to 2001), applying 
constraints to the factors and factor loadings, and then running the reduced models on the full 
sample. Statistical tests based on the sum-of-squared errors for the full and reduced models 
would then identify which factors and factor loadings are significant. As additional factors 
should always reduce modeling error, those which failed to provide significant additional 
explanatory power would simply not be included in the model imprimis. 
7 The forecast error for stock i at time t is defined to be the predicted return over the horizon 
less the actual return over the horizon. The squared error is the square of the forecast error for 
stock i at time t for a given horizon. 
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one model alone significantly reduces error compared to LMS, then we say there is 
information in its term(s). If two of the three models significantly reduce error com-
pared to LMS, then we use either the fourth or fifth comparison to see whether the 
more complex model significantly reduces error compared to the less complex 
model. Either way, the more parsimonious model is identified. If all three models 
improve upon LMS, then we use the fourth and fifth comparison to see whether the 
FF3 or Car4M models improve upon the CAPM. If both improve upon the CAPM, 
then the sixth comparison is used to decide which model has significant terms. This 
logic identifies the factors and factor loadings that significantly improve out-of-sam-
ple forecasting ability at each time t. From these significance tests, we then compute 
the frequency with which each model is selected as the most parsimonious model at 
time t. 
 With multiple time periods, we use the same logic to identify the model that is 
most parsimonious for the full sample, not just for one time period. In this case, we 
find the averages of each of the six paired differences at each time t and determine 
the sign of these differences at each time t. Then a significance test is used to identify 
which model has significant terms and is the most parsimonious over time. 
 Our next step is determining significance. An analysis of the above six differ-
ence-distributions for single time periods shows, with probability exceeding 99.9 
percent, they are non-normally distributed. This indicates we can simply apply a 
nonparametric sign test to determine when the differences are not equal to zero, 
thereby detecting significant differences. Similarly, when averaging in the case of 
multiple timeframes, the distributions are also often non-normally distributed. So we 
again employ the sign test. When we use a t-test for robustness, our conclusions do 
not change.  
 The above procedure identifies which of the four models (a) LMS, (b) CAPM, 
(c) FF3, or (d) Car4M, is the most parsimonious. We follow the procedure8 just 
described to identify whether the LMS, CAPM, SKEW, or the KURTOSIS model is 
the most parsimonious in this group of models. If both procedures identify LMS as 
the most parsimonious, then LMS is the most parsimonious of the models.  
 An issue of highly-correlated returns potentially can arise in the test for multiple 
time periods. This may occur if overlapping samples are used, as mentioned earlier 
in the data section. There are two ways to address this issue. In testing for significant 
differences, if the correlation is estimated and used to correct the standard error esti-
mate, then all sample information may be included. The correlation would increase 
the standard error, but the increased sample size would reduce it. Alternatively, non-
overlapping samples could be used as described earlier. We apply the second 
approach to prevent error being introduced through estimates of correlation. 
 
                                                           
8 The procedure is identical except that SKEW replaces FF3 and KURTOSIS replaces Car4M 
in the discussion. 
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Table 2–Model Results for Individual Firms by Year 
Panel A: Test of Ho: MSEt of LMS ≤ That of the CAPM, FF3, and Car4M Models 
  

 
The Percentage of the Time that Each  

Model is not Rejected as the Most Parsimonious at Time t 
Horizon Sample Size Winner LMS CAPM FF3 Car4M 
One Month 528 LMS 53.8 27.3 8.3 10.6 
One Year 44 LMS 59.1 22.7 6.8 11.4 
Three Years 15 LMS 86.7 13.3 0.0 0.0 
Five Years 9 LMS 77.8 11.1 0.0 11.1 
       
Panel B: Test of Ho: MSEt of LMS ≤ That of the CAPM, SKEW, and KURTOSIS Models 
   The Percentage of the Time that Each  

Model is not Rejected as the Most Parsimonious at Time t 
Horizon Sample Size Winner LMS CAPM SKEW KURTOSIS 
One Month 528 LMS 58.1 23.7 5.3 12.9 
One Year 44 LMS 65.9 20.5 0.0 13.6 
Three Years 15 LMS 80.0 13.3 0.0 6.7 
Five Years 9 LMS 66.7 0.0 22.2 11.1 
       
Panel C       
 The Percentage of Times in the Sample That the  

Sign of the Average Paired Difference between Two Models’ MSE is Positive 
Horizon CAPM - LMS FF3 - LMS Car4M - LMS –SKEW - LMS –KURTOSIS - LMS 
One Month 51.7 54.2 55.7 50.9 54.4 
One Year 63.6 68.2 70.5 63.6 68.2 
Three Years 86.7 100.0 93.3 86.7 86.7 
Five Years 66.7 88.9 88.9 66.7 77.8 
      
Panel D       
  Model Mean Squared Error    

Horizon MSE of LMS 
MSE of 
CAPM MSE of FF3

MSE of 
Car4M MSE of SKEW

MSE of 
KURTOSIS 

One Month 0.01582 0.01582 0.01582 0.01586 0.01582 0.01584 
One Year 0.33053 0.33380 0.33605 0.34340 0.33453 0.33779 
Three Years 1.56058 1.62004 1.71558 1.87842 1.63184 1.72228 
Five Years 8.05533 8.37748 10.52320 17.02684 8.53397 13.10573 
In Panels A and B, a 5 percent significance level with a one sided hypothesis test is used to compare mod-
els at each time t in order to determine which is most parsimonious. The cost of equity (KE) is estimated 
using six models (LMS, CAPM, FF3, Car4M, SKEW, KURTOSIS) for all firms at horizons of one month, 
one year, three years, and five years. Each model is used to estimate KE for each firm monthly from 1953 
to 1996. Table 1 identifies the years and months chosen for evaluation of each model at each horizon; a 
minimum of 855 firms are evaluated at each time t. Horizon is the holding period over which KE is com-
pared to realized returns. Forecasting error is the difference between the estimated KE over the given 
horizon for firm i at time t and the realized return over the given horizon for firm i at time t. For each firm 
at a given date and horizon, the estimates of KE are computed. Then the mean square forecasting error for 
all firms at time t (MSEt) is found for each model. The average of MSEt across all time periods for each 
model generates its MSE for each given horizon. The percentage of times that each model is not rejected 
as the most parsimonious at time t tests the hypothesis, Ho: MSEt of LMS is less than or equal to the alter-
native model MSEt. The significance level is 5 percent. The hypothesis test statistics are found by 
computing the paired differences in squared error for the model combinations described in the text. This 
table shows:  (1) CAPM less LMS (2) FF3 less LMS, (3) Car4M less LMS, (4) SKEW less LMS, and (5) 
KURTOSIS less LMS. We apply the sign test to these differences, identifying the factors and factor load-
ings that significantly improve out-of-sample forecasting ability at each time t. From these significance 
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tests, we observe the frequency with which each model is selected as the most parsimonious model at time 
t based on statistical significance. The same logic is used to recognize the model that is most parsimonious 
for the full sample, over each given horizon; this is the reported as Winner. In this case, we find the aver-
ages of each of the paired differences at each time t and determine the sign of the difference at each time t. 
Then the sign test is used to identify which model has significant terms and is thus the most parsimonious 
over time. LMS is the one-month Treasury bill yield at time t plus the geometric average market risk 
premium from 1/1/1945 until the time, t, when an estimate of KE is made. The market risk premium is 
computed as the difference between the return on the value-weighted market return of all NYSE, AMEX, 
NASDAQ stocks at time t less the one month Treasury bill yield at time t, or Rm,t – Rf,t. The CAPM esti-
mate of the risk factor, beta, is found from the regression: [ ]

t,ft,miit,ft,i
RRaRR −β+=− . The beta is 

found by using a rolling regression from t-1 month to t-60 months. This estimate of beta is used to find the 
CAPM KE as ( )

t,i
RE  from ( ) ( )[ ]t,ft,mt,it,ft,i RRERRE −β+= , where ( )

t,i
RE is the expected return 

on stock i at time t, Rf,t is the risk-free interest rate set equal to the one month Treasury bill rate at time t, 
and ( )

t,m
RE – Rf,t is set equal to the  average value of Rm,t – Rf,t from 1/1/1945 to time t-1. The 

computations for the SKEW and KURTOSIS models are similar to the CAPM except that these models 
include  terms for skewness and kurtosis, as described in the Empirical Approach section. The FF3 risk 
factors in [ ]

t,ititit,ft,miit,ft,i
HMLhSMBsRRbaRR ε+++−+=−  arise from a rolling regression of this 

equation over time t-1 month to t-60 months. SMBt is the return on a portfolio that mimics the returns of a 
small stock portfolio minus the returns of a large stock portfolio. HMLt is the return on a portfolio that 
mimics the returns on a portfolio of low book-to-market equity stocks minus the returns on a portfolio of 
high book-to-market equity stocks. 

iii hand,s,b are the regression slopes on the market, size, and book-to-
market risk factors, respectively, for firm i. These risk loading estimates are used to find the FF3 KE as 
( )

t,i
RE  in ( ) ( )[ ] [ ]

tt,it,ft,mt,it,ft,i
SMBEsRREbRRE +−=−  [ ]

tt,i
HMLEh+ , where ( )

t
SMBE  and 

)HML(E
t

are set equal to the average of SMBt and HMLt, respectively, from 1/1/1945 until time t-1 
month. In [ ]

t,ft,miit,ft,i
RRbaRR −+=−  

t,itititi
UMDuHMLhSMBs ε++++  , (Car4M) the factor loadings 

come from using this equation in a rolling regression from time t-1 month to t-60 months. UMDt is the 
return of a portfolio that mimics the returns on a portfolio of low momentum stocks minus the returns on a 
portfolio of high momentum stocks at time t. ui,t is the regression slope on the momentum factor, UMDt , 
for firm i at time t. The factor loading estimates are used to find the Car4M KE as ( )

t,i
RE  in 

( ) ( )[ ] [ ]
tt,it,ft,mt,it,ft,i

SMBEsRREbRRE +−=−  [ ] [ ]
tt,itt,i

UMDEuHMLEh ++ . ( )
t

UMDE  is set equal to the 
average of UMDt from 1/1/1945 until time t-1 

Results for Individual Firms 
 Table 2 presents the results for individual firms by year. This table focuses on 
whether additional risk factors increase the explanatory power of models when com-
pared to a single-factor, fixed-beta (beta = 1) geometric average return model (or the 
LMS model). Factor loadings here were estimated over 60 months with risk premia 
averaged from 1945 through one month before making the KE estimate.9 The data 
show clearly that additional risk factors and factor loadings used by mainstream 
models degrade forecasting ability relative to the LMS model, for all horizons.10 
 Panels A and B reports the frequency where a model is not rejected as the most 
parsimonious at time t, using a nonparametric sign-test with a one-sided significance 

                                                           
9 The same information is computed both for factor loadings estimated over 120 months and 
for a series of rolling 60-month estimates of the risk factors. As the conclusions fail to change 
for any of the analyses performed, we do not present these results. 
10 We also use the absolute deviation to evaluate models in place of the squared deviation. 
Conclusions remain the same for both individual firms and for portfolios, so again we do not 
present these results. 
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level of five percent. Among the six models independently competing, the LMS 
model wins outright more than half of the time for all horizons. Further, as horizon 
increases, the percentage of the time when the LMS model is not rejected increases. 
In fact, at a three-year horizon, not only does LMS win at least 80 percent of the 
time, but CAPM takes second place in almost all remaining instances, with the FF3, 
Car4M, and SKEW models failing to win even once. A sign test indicates that none 
of the more complex models are able to significantly reduce forecasting error com-
pared to the LMS model, for any horizon. 
 Panel C indicates the percentage of the time that a model has less forecasting 
error than its comparator model for a given stock. Here, when the average differ-
ences in mean squared error (MSE) for paired models are considered, the LMS 
model wins (the average difference between the paired models’ MSE is positive) 
more than 50 percent of the time against each of the mainstream models, for all hori-
zons.11 Moreover, the proportion of observations where the LMS model wins 
increases again with horizon. For example, in 294 months of 528 (55.7 percent), the 
average paired difference in MSE at a one-month horizon for Car4M versus LMS 
(Car4M-LMS) is positive, indicating superiority of the LMS model. At a five-year 
horizon, 88.9 percent are greater. 
 Finally, Panel D demonstrates that MSE consistently increases with model com-
plexity, at horizons of one to five years. Further, the MSE of the LMS model is less 
than that of the mainstream models for every horizon greater than one month. These 
results are consistent with the problem described by Ghysels (1998) who found that 
inaccurate estimation of conditional betas in a model negates their benefit. Overall 
then, the estimation of risk loadings and premia clearly introduces more error in the 
estimate of KE than would occur by omitting them. 
 One problem may be that the empirical implementation of the theory is inade-
quate due to imprecision in estimation of factor loadings and risk premia. Although 
intuitively, the cost of equity should not be less than the yield on a riskless security, 
we nonetheless find that roughly fifteen percent of the KE estimates fall short of their 
matched-horizon Treasury security. Investors obviously require higher returns for 
holding riskier equity assets; therefore, the U.S. Treasury security yield becomes a 
lower-bound on investor expectations. Yet, an upper-bound on KE may prove more 
beneficial in reducing forecast errors because the distribution of KE estimates is 
skewed with extreme positive values. These few extreme values likely contribute far 
more to forecasting error than a larger number of KE estimates falling slightly below 
the lower-bound risk-free rate. Therefore, we create an upper-bound on KE estimates 

                                                           
11As the more complex models fail to show a significant reduction in forecast error in the first 
three comparisons against the LMS model, the factors and loadings captured by the CAPM, 
FF3 and Car4M models are not significant, implying the last three of the six comparisons 
described in the previous section are unnecessary. 
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by winsorizing the top one percent of KE estimates for each model, over all estimates 
made.12 
 In addition to robustness tests (discussed later), we show in Table 3 that bound-
ing the KE estimates does not change any of the conclusions presented thus far. 
While incorporating bounds results in smaller prediction errors for all models except 
LMS (its estimates are never outside the bounds), the reductions are insufficient to 
modify the conclusion. The LMS model still continues to win overwhelmingly. 
Thus, we determine that additional risk factors and loadings beyond the LMS model 
should not be included.13 
 Finally, while our results for individual firms by size and book-to-market deciles 
do not delineate quite as strongly as our results by year, they still unequivocally sup-
port LMS. The LMS model continues to win consistently over all horizons, in nearly 
all decile breakdowns. (In the interest of concision however, these results are avail-
able only upon request from the authors.) As such, we fail to reject the LMS model 
and conclude that grouping firms by size or book-to-market does not identify 
instances in which inclusion of additional risk factors and factor loadings improves 
model performance.  

Results for Portfolios 
 Alternatives to the LMS model may provide superior predictive capabilities with 
portfolios because portfolio returns are expected to be more closely correlated with 
risk factors than are returns for individual firms. Further, averaging also may reduce 
security specific errors in model parameter estimates for portfolio returns. For these 
reasons, we analyze portfolio forecast errors using the same models as for individual 
firms, estimating model parameters in a manner similar to that used for individual 
securities. Though not as strong, our overall MSE results again lend the most support 
for the LMS model. That is, for all horizons greater than one month we fail to reject 
our null hypothesis. 
 Subsequent to the publication of Fama and French (1993), it became common 
protocol to examine portfolios grouped by size and book-to-market ratio, as well as 
by industry. Therefore, we first investigate whether alternative models capture more 
forecasting  information  than  the  LMS model, for portfolios grouped by size.14 The  

                                                           
12 When estimates for the cost of equity exceed the 99th percentile of all estimates, the 99th 
percentile value is substituted for the more extreme estimate. In this way, all observations are 
retained. 
13 As the bounds fail to change forecasting errors enough to reject the LMS model, we omit 
analysis of bounded KE estimates for the remainder of this study. 
14 Value-weighted decile portfolios based on size are provided by Kenneth French at his 
website. These portfolios are formed from CRSP monthly returns from June 1926 to 
December 2001 and annual book equity data from 1926 to 2001 and are constructed using 
NYSE breakpoints. All firms on the NYSE, AMEX, and Nasdaq are included in the portfolios, 
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Table 3–Robustness Tests for Individual Firms Using All Models By Year 
Panel A: Expected Return for the LMS Model is Computed Using the Arithmetic Average Equity 
Premium over the Treasury Bill Rate 
 The Percentage of Times in the Sample that the Sign of the Average Paired Difference 

between Two Models’ MSE is Positive 

Horizon Winner 
CAPM - 

LMS FF3 - LMS Car4M - LMS SKEW - LMS
KURTOSIS - 

LMS 
One Month LMS 49.1 51.9 57.0 51.3 54.4 
One Year LMS 61.4 61.4 65.9 61.4 65.9 
Three Years LMS 73.3 80.0 86.7 80.0 73.3 
Five Years LMS 55.6 88.9 88.9 55.6 66.7 
       

Panel B: Estimates of Expected Returns are Winsorized  
 The Percentage of Times in the Sample that the Sign of the Average Paired Difference 

between Two Models’ MSE is Positive 

Horizon Winner 
CAPM - 

LMS FF3 - LMS Car4M - LMS SKEW - LMS
KURTOSIS - 

LMS 
One Month LMS 51.7 53.8 54.9 50.8 54.0 
One Year LMS 63.6 65.9 70.5 63.6 65.9 
Three Years LMS 86.7 100.0 86.7 86.7 86.7 
Five Years LMS 55.6 88.9 88.9 66.7 77.8 
       

Panel C : Factor Loadings at Time “t” are Computed Using Information from the Prior Ten Years 
 The Percentage of Times in the Sample that the Sign of the Average Paired Difference 

between Two Models’ MSE is Positive 

Horizon Winner CAPM - LMS FF3 - LMS Car4M - LMS SKEW - LMS
KURTOSIS - 

LMS 
One Month LMS 51.5 52.3 52.5 50.9 50.6 
One Year LMS 63.6 63.6 65.9 63.6 65.9 
Three Years LMS 80.0 100.0 80.0 80.0 80.0 
Five Years LMS 55.6 88.9 88.9 66.7 66.7 
       

Panel D: The Risk Free Rate is Set Equal to a One-Month Yield that when Geometrically Compounded 
Equals the New Issue Ten Year Treasury Bond Yield  

 
The Percentage of Times in the Sample that the Sign of the Average Paired Difference 

between Two Models’ MSE is Positive 

Horizon Winner CAPM - LMS FF3 - LMS Car4M - LMS SKEW - LMS
KURTOSIS - 

LMS 
One Month LMS 49.1 51.9 57.0 50.9 54.4 
One Year LMS 61.4 61.4 65.9 63.6 68.2 
Three Years LMS 73.3 80.0 86.7 86.7 86.7 
Five Years LMS 55.6 88.9 88.9 66.7 77.8 
Expected returns are computed as described in Table 2, with the exception noted in the header of each 
panel. The model that is most parsimonious at the 5 percent significance level for the full sample is the 
reported Winner; the hypothesis test to establish the “Winner” is described in Table 2. In this table we also 
report the percentage of times at each horizon that the sign of the average paired difference between the 
following model’s mean squared error (MSE) is positive: (1) CAPM less LMS (2) FF3 less LMS, (3) 
Car4M less LMS, (4) SKEW less LMS, and (5) KURTOSIS less LMS 
 

                                                                                                                                         
except for the omission of firms with book equity less than zero. In all cases, the portfolios are 
rebalanced yearly at the end of June. We use these portfolio returns from 1953 to 2001. 
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results presented in Table 4 indicate that the most commonly used alternative models 
(CAPM, FF3, and Car4M) fail to provide statistically significant information over 
and above LMS for size-based portfolios, at all horizons exceeding one month. The 
winning model is identified in the eighth row of each panel. Panel A shows that at a 
one-month horizon, the null hypothesis of LMS winning is rejected consistently. Of 
the ten deciles, the FF3 model wins five, CAPM three, and Car4M two. Thus, no 
discernable winner emerges at the one-month horizon. At all other horizons, how-
ever, (shown by row eight in Panels B through D) LMS wins every decile. In 
Appendix A, we show the same type of results for the LMS, CAPM, SKEW, and 
KURTOSIS models; again there is no discernable winner at the one month horizon, 
and the LMS model wins at all longer horizons. Therefore, we focus the following 
discussion on the more commonly used models shown in Table 4.  
 Unlike with individual firms, the frequency in which LMS wins outright with 
portfolios (the percentage of times shown in the first three rows of each panel) does 
not rise noticeably with increased horizon.15 For LMS to win outright when com-
pared to the more complex models, this figure must exceed 50 percent. At the one-
month horizon (Panel A), LMS never wins outright, which may indicate the other 
models possess explanatory power. We investigate their MSEs accordingly.  
 While the eighth row of each panel presents the winning model (the most 
parsimonious model for the full sample), rows four through seven identify the MSE 
for each model. The last (tenth) row shows the difference found by subtracting the 
minimum MSE found among all four models from the winning model’s MSE. For 
one month horizons, this difference is frequently positive, indicating a lower MSE 
for the other KE models. Trading some bias in favor of very low variance, minimal 
MSEs are, of course, desirable when seeking to maximize the precision of a model’s 
prediction. Thus, this begs the question of whether any tangible benefit can be 
derived by increasing model complexity when predicting size-based portfolio returns 
for a one-month horizon. Still, alternative model performance does improve statisti-
cally when portfolios are used, leading us to surmise that an alternative model has 
the potential to significantly improve forecasting ability at a one-month horizon. 
Nonetheless, we are unable to ascertain which alternative model should be used. 
 Beyond horizons of one month, we fail to reject LMS for all deciles at the five 
percent significance level. As many of the percentages in the first three rows of pan-
els B through D fall below 50 percent however, LMS does not win outright with 
portfolios very often. The MSE of CAPM is frequently less than that of LMS, as 
shown in the first row of each panel. So, we again look to the MSEs. The MSE of the 
LMS model often exceeds the minimum MSE of the other models, especially for 
large firms (see the last row of Panels B, C, and D). For one year and longer horizons  
                                                           
15 In some cases, it even declines. For example, the percentage of the time that the tenth decile 
MSE for CAPM is greater than the MSE for LMS is 45.1 percent at a one-month horizon 
(Panel A), but it falls to 33.3 percent by three and five years out (Panels C and D). 
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then, the alternative models show better forecasting ability for portfolios than for 
individual firms, (notably for large firm portfolios), but the results are not statisti-
cally significant. 
 Finally, although our results for portfolios analyzed by book-to-market and by 
industry do not delineate quite as strongly as our results by size, (just as with the 
results for individual firms by size and book-to-market), they still support LMS, 
increasing with horizon. By five years, the LMS model wins unequivocally in every 
industry and every book-to-market decile, with similar results for the SKEW and 
KURTOSIS models. (These results are available upon request from the authors.) 
Overall, for horizons one year and greater, we fail to reject the LMS model and con-
clude that grouping portfolios by size, industry, or book-to-market does not identify 
instances in which inclusion of additional risk factors and factor loadings improves 
model performance.  

Robustness 
 Survey articles by Bruner, Eades, Harris, and Higgins (1998) and Graham and 
Harvey (2001) suggest that, in practice, a variety of proxies for the risk-free rate are 
used for the estimation of KE. Yet while the most common industry practice employs 
the ten-year Treasury bond yield, theory asserts that the one-month Treasury bill 
yield should be used. We investigate the most commonly used models (CAPM, FF3, 
and Car4M) with alternative proxies at either end of the spectrum. Table 5 shows 
that the most common industry practice of using the ten-year Treasury bond yield 
leads to the minimum forecast MSE when compared to the other estimation proce-
dures. Further, whereas Lee, Myers, and Swaminathan compute the risk premium 
from the arithmetic average, Ritter and Warr (2002) use the geometric average. 
Table 5 also shows that this change in estimation procedure does not affect our 
conclusions. 
 Additional robustness tests on all six models also are run in order to determine 
sensitivity to various inputs used. Table 3 shows that our conclusions are robust to 
(a) the use of the arithmetic average or geometric average version of the LMS model, 
(b) winsorizing unlikely estimates of expected returns as described in the results for 
individual firms section, (c) the time period (five or ten years) used to estimate factor 
loadings, and (d) estimating the risk free rate by using the one month Treasury bill 
rate or the ten year Treasury bond rate. All robustness checks demonstrate that each 
input change in the procedure fails to affect our conclusions. 
 It is also important to note that forecasting errors from the various models could 
cluster in time. Thus, conditions might exist under which a particular mainstream 
model (CAPM, FF3, Car4M, SKEW, or KURTOSIS) performs well in estimating a 
firm’s KE. To test for such clustering, we first compute the difference in forecast 
error between each mainstream model and the LMS model, each year, at a one-year 
horizon. We  then  apply  the  Kolmogorov-Smirnov one-sample test. No evidence of  



Quarterly Journal of Business & Economics, Vol. 46, No. 1 81 

 

Ta
bl

e 
5–

R
ob

us
tn

es
s 

Te
st

s 
fo

r I
nd

iv
id

ua
l F

irm
s 

by
 Y

ea
r U

si
ng

 D
iff

er
en

t R
is

k-
Fr

ee
 R

at
es

 
 

 
R

f1
m

th
, 

R
f1

0T
, 

R
f1

0T
, 

R
f1

0T
, 

R
f1

0T
,  

 
 

LM
S 

T-
bi

ll 
ge

o 
LM

S 
T-

bi
ll 

ar
ith

m
et

ic
 

LM
S 

T-
bi

ll 
ge

o 
LM

S 
10

T 
ar

ith
m

et
ic

 
LM

S 
10

T 
ge

o 
Sa

m
pl

e 
Si

ze
 

H
or

iz
on

 
%

 L
M

S 
no

t R
ej

ec
t  

 
%

 L
M

S 
no

t R
ej

ec
t  

 
%

 L
M

S 
no

t R
ej

ec
t  

 
%

 L
M

S 
no

t R
ej

ec
t  

 
%

 L
M

S 
no

t R
ej

ec
t 

52
8 

0 
53

.8
 

52
.5

  
52

.1
  

53
.4

  
53

.0
 

44
 

1 
59

.1
  

59
.1

  
56

.8
  

54
.5

  
63

.6
 

15
 

3 
86

.7
  

60
.0

  
80

.0
  

73
.3

  
66

.7
 

9 
5 

77
.8

  
44

.4
  

66
.7

  
55

.6
  

55
.6

 
 

 
 

 
 

 
 

 
H

or
iz

on
 

M
SE

 L
M

S 
M

SE
 L

M
S 

M
SE

 L
M

S 
M

SE
 L

M
S 

M
SE

 L
M

S 
 

0 
0.

01
58

 
0.

01
58

 
0.

01
58

 
0.

01
58

 
0.

01
58

 
 

1 
0.

33
05

 
0.

33
00

 
0.

33
05

 
0.

32
93

 
0.

33
00

 
 

3 
1.

56
06

 
1.

55
82

 
1.

56
06

 
1.

55
58

 
1.

55
82

 
 

5 
8.

05
53

 
8.

04
31

 
8.

05
53

 
8.

02
83

 
8.

04
31

 
 %

 L
M

S 
no

t R
ej

ec
t i

s 
th

e 
pe

rc
en

ta
ge

 o
f t

im
es

 th
at

 L
M

S 
is

 n
ot

 re
je

ct
ed

 a
s 

th
e 

m
os

t p
ar

si
m

on
io

us
 a

t t
im

e 
t. 

Sa
m

pl
e 

si
ze

, H
or

iz
on

, M
SE

, L
M

S,
 %

 L
M

S 
no

t R
ej

ec
t, 

an
d 

W
in

ne
r a

re
 e

xp
la

in
ed

 in
 T

ab
le

 2
. R

f1
m

th
, L

M
S 

T-
bi

ll 
ge

o 
in

di
ca

te
s t

ha
t t

he
 th

re
e 

m
od

el
s (

C
A

PM
, F

F3
, a

nd
 C

ar
4M

 d
es

cr
ib

ed
 in

 T
ab

le
 2

) a
re

 c
om

pu
te

d 
us

in
g 

th
e 

on
e-

m
on

th
 T

re
as

ur
y 

bi
ll 

yi
el

d 
as

 th
e 

ris
k-

fr
ee

 ra
te

. T
he

 L
M

S 
m

od
el

 (d
es

cr
ib

ed
 in

 T
ab

le
 2

) r
is

k 
pr

em
iu

m
 is

 c
om

pu
te

d 
us

in
g 

th
e 

on
e-

m
on

th
 T

re
as

ur
y 

bi
ll 

yi
el

d 
as

 th
e 

ris
k-

fr
ee

 r
at

e.
 T

he
 r

is
k 

pr
em

iu
m

 is
 c

om
pu

te
d 

as
 th

e 
ge

om
et

ric
 a

ve
ra

ge
 m

on
th

ly
 r

is
k 

pr
em

iu
m

. R
f1

0T
, L

M
S,

 T
-b

ill
, a

nd
 a

rit
hm

et
ic

 in
di

ca
te

 th
at

 th
e 

th
re

e 
m

od
el

s 
ar

e 
co

m
pu

te
d 

us
in

g 
th

e 
on

e-
m

on
th

 y
ie

ld
 th

at
 w

he
n 

ge
om

et
ric

al
ly

 c
om

po
un

de
d 

eq
ua

ls
 th

e 
ne

w
 is

su
e 

te
n 

ye
ar

 T
re

as
ur

y 
bo

nd
 y

ie
ld

 a
s 

th
e 

ris
k-

fr
ee

 r
at

e.
 T

he
 L

M
S 

ris
k 

pr
em

iu
m

 is
 c

om
pu

te
d 

us
in

g 
th

e 
on

e-
m

on
th

 T
re

as
ur

y 
bi

ll 
yi

el
d 

as
 th

e 
ris

k-
fr

ee
 ra

te
. T

he
 ri

sk
 p

re
m

iu
m

 is
 c

om
pu

te
d 

as
 th

e 
ar

ith
m

et
ic

 a
ve

ra
ge

 m
on

th
ly

 ri
sk

 p
re

m
iu

m
. 

R
f1

0T
, L

M
S 

T-
bi

ll 
ge

o 
in

di
ca

te
s 

th
at

 th
e 

th
re

e 
m

od
el

s 
ar

e 
co

m
pu

te
d 

us
in

g 
th

e 
on

e-
m

on
th

 y
ie

ld
 th

at
 w

he
n 

ge
om

et
ric

al
ly

 c
om

po
un

de
d 

eq
ua

ls
 th

e 
ne

w
 is

su
e 

te
n 

ye
ar

 
Tr

ea
su

ry
 b

on
d 

yi
el

d 
as

 th
e 

ris
k-

fr
ee

 r
at

e.
 T

he
 L

M
S 

ris
k 

pr
em

iu
m

 is
 c

om
pu

te
d 

us
in

g 
th

e 
on

e-
m

on
th

 T
re

as
ur

y 
bi

ll 
yi

el
d 

as
 th

e 
ris

k-
fr

ee
 r

at
e.

 T
he

 r
is

k 
pr

em
iu

m
 is

 
co

m
pu

te
d 

as
 th

e 
ge

om
et

ric
 a

ve
ra

ge
 m

on
th

ly
 ri

sk
 p

re
m

iu
m

. R
f1

0T
, L

M
S 

10
T 

ar
ith

m
et

ic
 in

di
ca

te
s t

ha
t a

ll 
of

 th
e 

m
od

el
s d

es
cr

ib
ed

 in
 T

ab
le

 2
 u

se
 a

 ri
sk

-f
re

e 
ra

te
 th

at
 is

 
eq

ua
l t

o 
th

e 
on

e 
m

on
th

 y
ie

ld
 th

at
 w

he
n 

ge
om

et
ric

al
ly

 c
om

po
un

de
d 

eq
ua

ls
 th

e 
ne

w
 is

su
e 

10
 y

ea
r 

Tr
ea

su
ry

 b
on

d 
yi

el
d.

 T
he

 L
M

S 
ris

k 
pr

em
iu

m
 is

 c
om

pu
te

d 
as

 th
e 

ar
ith

m
et

ic
 a

ve
ra

ge
 m

on
th

ly
 ri

sk
 p

re
m

iu
m

. R
f1

0T
, L

M
S 

10
T 

ge
o 

in
di

ca
te

s t
ha

t a
ll 

of
 th

e 
m

od
el

s d
es

cr
ib

ed
 in

 T
ab

le
 2

 u
se

 a
 ri

sk
-f

re
e 

ra
te

 th
at

 is
 e

qu
al

 to
 th

e 
on

e 
m

on
th

 
yi

el
d 

th
at

 w
he

n 
ge

om
et

ric
al

ly
 c

om
po

un
de

d 
eq

ua
ls

 th
e 

ne
w

 is
su

e 
te

n 
ye

ar
 T

re
as

ur
y 

bo
nd

 y
ie

ld
. T

he
 L

M
S 

ris
k 

pr
em

iu
m

 is
 c

om
pu

te
d 

as
 th

e 
ge

om
et

ric
 a

ve
ra

ge
 m

on
th

ly
 

ris
k 

pr
em

iu
m

 



82 Nagel, Peterson, and Prati 

clustering over time appears, even when the significance level is relaxed to 20 per-
cent. 
 Going one step further, we also examine how the LMS model performs against 
the mainstream models at the troughs and peaks of the seven business cycles that 
have occurred since 1953. During the seven peak years, LMS cannot be rejected as 
the most parsimonious model (winning three of seven). During the seven trough 
years, LMS wins outright (winning four of seven) and is less biased on average than 
any of the other models. 

Summary and Conclusions 
 The models most widely used in forming KE estimates are based on historical 
returns. When making direct comparisons of these models, we find the best ex ante 
estimation method available to financial managers is essentially the CAPM with beta 
restricted to one; that is, a naïve model where KE equals the risk-premium added to 
the risk-free rate. Our results prove robust to different constructs of both the risk-free 
rate and the equity risk-premium. The more theoretically advanced models we reject 
consist of the CAPM, the Fama-French three-factor model, the Carhart four-factor 
model, and the CAPM augmented with both a skewness and a kurtosis term. Each of 
these models is a more sophisticated version of the naïve LMS model, yet none sig-
nificantly improves upon the forecasting ability of the base LMS model. We 
conclude that forecast error caused by estimating factor loadings and expected risk 
premia in the more complex models exceeds the precision gained by including the 
risk factors. In other words, both parametric and nonparametric statistical tests show 
that increasing model complexity fails to significantly reduce forecast error. 
 The LMS model makes the trivial assumption that the same KE is applicable to 
all stocks, at any one point in time, by assigning all stocks a beta of one. When factor 
loadings and risk premia are added to the base-model (the LMS model) to arrive at 
more sophisticated models, mean square forecasting errors increase for all holding 
periods we investigate (one month to five years) for individual firms. LMS generates 
the least forecast error followed in order by the CAPM, the CAPM augmented with a 
skewness term, the three-factor linear model, the CAPM augmented with both a 
skewness and a kurtosis term, and the four-factor linear model. With individual secu-
rities, therefore, forecast error most often increases with model complexity. These 
individual firm results also hold when firms are grouped by size or book-to-market. 
 With portfolios formed by size, industry, and book-to-market, we also find the 
more sophisticated models fail to provide significant improvements in forecasting 
accuracy over LMS, except marginally at one-month horizons. Further, while it is 
possible that the alternative models capture some information at a one-month horizon 
that LMS does not, no discernable pattern emerges to identify which model consis-
tently offers the most improvement. Moreover, for all horizons beyond a month, the 
alternative models fail to show a significant improvement over LMS when applied to 
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portfolios of securities. This again suggests the theoretically more advanced models 
inherently possess either assumption (misspecification) or estimation errors. 
 The underlying problem of the mainstream KE estimates may lie in the 
approaches used to find estimates for the risk factors and risk loadings that capture 
future expectations, but addressing those approaches goes beyond the scope of our 
work. While we certainly are not contending that all stocks are equivalently risky 
and should be assigned a beta of one, our overall results clearly demonstrate that 
either estimation errors cause the more sophisticated models to be rejected or the 
assumptions of the models need revision, both for individual securities and portfo-
lios, at various horizons commonly considered in practice. We conclude that ex ante 
KE estimation should utilize the simplest model for individual firms, until better 
models are developed. 
 As a main goal in financial modeling is helping managers to accurately estimate 
their expected KE, the implications of this work are widespread. First, regardless of 
its simplicity, the LMS model outperforms more theoretically sophisticated models. 
This result underscores the inescapable fact that KE estimates based on historical 
returns tend to be very noisy. This excessive noise remains present irrespective of the 
asset-pricing model employed. Our results indicate that the addition of risk factors to 
the most basic KE estimation model increases noise sufficiently for the simple model 
to outperform the theoretically superior models. For individual firms, forecast error 
often increases, on average; and mainstream models do not significantly improve 
upon the simple model for portfolios either. This all serves to support the contention 
that the most widely-used models serve as poor estimators for KE. 
 A second implication is the clear conclusion that managers and researchers 
should estimate the expected cost of equity capital for both individual firms and port-
folios with a plainly trivial model, as opposed to a rigorous mainstream model. 
Despite the minimalism of the LMS model, our findings suggest that managers will 
simply achieve better results when using it or one similar. 
 Finally, our research indirectly supports Elton (1999), who argues that improved 
methods of estimating KE are necessary, and any further statistical testing and devel-
opment of models that rely on realized returns in order to estimate expected returns 
is unlikely to yield fruitful results. Decades of work refining econometric tests and 
developing conditional versions of asset pricing models has made little progress 
toward the ultimate goal of finding and presenting knowledge that improves financial 
management. Recent promising alternative approaches toward obtaining useful esti-
mates such as forward-looking equity premiums and models incorporating 
behavioral aspects may one day provide a better solution, but the common use of 
additional risk factors today certainly does not seem to help. From the perspective of 
forecasting accuracy, financial managers should be indifferent among the various 
mainstream models, as none stand out as superior. A simple model works as well or 
better than the more advanced models, and in the end, may prove the best choice. 
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Appendix 
Development of Models 
 The CAPM implies that the expected cost of equity less the risk-free rate for 
firm i at time t is given by: 

 ]R)R(E[R)R(E t,ft,mt,it,ft,i −β=−  (A1) 

where ( )t,iRE  is the expected return on stock i at time t, Rf,t is the risk-free interest 
rate16 at time t, ( )t,mRE  is the expected return on the value-weighted market portfolio 
at time t, and t,iβ is the systematic risk of stock i  at time t. 
 For the Fama and French (1993) three-factor time series model, the expected 
return less the risk-free rate at time t is: 

 ]HML[Eh]SMB[Es]R)R(E[R)R(E tt,itt,it,ft,mt,it,ft,i ++−β=−  (A2) 

where ( )tSMBE  is the expected return of a portfolio that mimics the returns on a 
portfolio of small stocks minus the returns on a portfolio of large stocks, ( )tHMLE  is 
the expected return of a portfolio that mimics the returns on a portfolio of high book-
to-market equity stocks minus the returns on a portfolio of low book to market equity 
stocks, and t,it,it,i hand,s,β are the factor loadings on the market, size, and book-to-
market risk factors, respectively, for firm i at time t. The Fama and French (1993) 
model captures much of the cross-sectional spread of returns.  
 Attempting to explain more of the return spread, Jegadeesh and Titman (1993) 
define momentum as an additional risk factor. To capture momentum, they create a 
four-factor model employing a UMD (up-minus-down) factor as the fourth factor. 
The UMD factor is a mimicking portfolio that captures one-year momentum in 
returns. Carhart (1997) details the construction of these factors.17 The expected 
return less the risk-free rate at time t is:  

 ( ) =− t,ft,i RRE ]SMB[Es]R)R(E[ tt,it,ft,mt,i +−β  

 [ ] [ ]tt,itt,i UMDEuHMLEh ++  (A3) 

where ( )tUMDE  is the expected return of a portfolio that mimics the returns on a 
portfolio of low momentum stocks minus the returns on a portfolio of high 

                                                           
16 Although Bruner, Eades, Harris, and Higgins (1998) find that the vast majority of corporate 
managers use a maturity of at least ten years for the riskless security, an abundance of 
theoretical literature indicates the one-month Treasury bill rate should be used to proxy for 
riskless asset returns. 
17 UMD is available on the Kenneth French website. According to Carhart (1997), UMD “is 
constructed as the equal-weight average of firms with the highest 30 percent eleven-month 
returns lagged one month minus the equal weight average of firms with the lowest 30 percent 
eleven–month returns lagged one month.”  The UMD portfolio includes all NYSE, AMEX, 
and NASDAQ stocks; it is reformed monthly. 
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momentum stocks at time t, and ui,t is the regression slope on the momentum factor, 
UMDt, for firm i at time t. 
 The SKEW model is the CAPM augmented with a second order moment term. 
The SKEW model implies that the expected cost of equity less the risk-free rate for 
firm i at time t is given by: 

 ( ) ( )[ ] ( )[ ]2t,ft,mt,it,ft,mt,it,ft,i RRERRERRE −λ+−β=−  (A4) 

where ( )t,iRE  is the expected return on stock i at time t, Rf,t is the risk-free interest 
rate at time t, ( )t,mRE  is the expected return on the value-weighted market portfolio at 
time t, and t,iβ is the systematic risk of stock i  at time t. 
 The KURTOSIS model is the SKEW model augmented with a third order 
moment term. The KURTOSIS model implies that the expected cost of equity less 
the risk-free rate for firm i at time t is given by: 

 ( ) ( )[ ] ( )[ ]2t,ft,mt,it,ft,mt,it,ft,i RRERRERRE −λ+−β=−  

 ( )[ ]3t,ft,mt,i RRE −γ+  (A5) 

 Ritter and Warr (2002) point out that the Fama and French (1993) estimates of 
KE tend to be much more variable than the market risk premium; however, they find 
their results are not sensitive to the method of estimating KE.18 Therefore they, like 
Lee, Myers, and Swaminathan (1999), estimate KE for all firms in their study, the 
Dow Thirty, as a time-varying riskless rate plus an historical market risk premium; in 
other words, every firm is assigned the same cost of equity at time t. The riskless rate 
used is the monthly Treasury bill rate. The equity risk premium is the geometric 
average excess return of the market portfolio over the one-month Treasury bill rate. 
The LMS model for expected return less the risk-free rate at time t is therefore 
denoted as:  

 ( ) ( )
1t

1t
N/1N

1k
k,fk,mt,ft,i RRRRE

−
−

⎥
⎦

⎤
⎢
⎣

⎡
∏ −=−
=

 (A6) 

where k is the index value of time (in months) starting January 1945, k,mR  is the 
return on the market portfolio at index time k, and 1tN − is the index value of time the 
month before an estimate of KE is desired. The LMS model implicitly assumes all 
stocks have a beta of one; thus, every stock has the same ex ante estimate of KE, at 
any given time. 
 

                                                           
18 Penman and Sougiannis (1998) find a similar insensitivity of their results to various 
estimates of the cost of equity. 






