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| test a stronger version of the random walk hypothesis by examining the
hazard ratio of runs and find the directional movement of the CRSP index
return predictable. A run is defined as a sequence of returns of the same sign.
The persistence level of a run tends to abate in its length but enhance itself in
the magnitude of its components (historical return realizations). A positive run
lasts longer than a negative run. The impact of a run’s components on its
persistence level becomes more pronounced when the measuring frequency
increases. Size and book-to-market equity ratio have some limited impact on
the persistence level of a run. The market interest (T-bill) rate generally
decreases the persistence level of a positive run and increases the persistence
level of a negative run.

Introduction

Many academic studies in the past twenty years have demonstrated that certain
trading strategies, such as the momentum and/or contrarian strategies, generate
excess profits over various portfolio holding windows; see DeBondt and Thaler
(1985), Jegadeesh (1990), Grinblatt and Titman (1992), Jegadeesh and Titman
(1993, 1995), Conrad and Kaul (1998), Moskowitz and Grinblatt (1999), among
many others. These trading strategies cast some doubt on the efficient market
hypothesis.

These profits usually are driven by a positive or negative autocorrelation,
depending on the length of the portfolio holding windows, in time series returns. For
example, Fama and French (1988) find a large negative autocorrelation for return
horizon beyond a year (long-term); Lo and MacKinlay (1988), using the variance
ratio test, show that the weekly (short-term) autocorrelation for index return is
positive. Poterba and Summer (1988) find positive autocorrelation over short

" I thank Louis Chan, Ronald Oaxaca, Jaime Zender, and workshop participants at the 11™
Global Finance Conference for helpful comments. All errors are mine.
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intervals and negative autocorrelation over longer intervals. The positive/negative
return autocorrelation implies that certain momentum/contrarian strategies may be
profitable.

It is notable that most of the existing studies assume linearity in time-series
stock returns and thus are tests of the weakest form of the random walk hypothesis.
Some exceptions are Niederhoffer and Osborne (1966) and McQueen and Thorley
(1991), both of which examine the directional movement of stock returns using the
finite state Markov chain approach and find no support for the random walk
hypothesis. These two studies address non-linearity by allowing the transition
probabilities to vary depending on a given sequence of prior states. McQueen and
Thorley (1994) and Lo, Mamaysky, and Wang (2000) are also examples of non-
linear tests.

I propose a non-linear test by studying the hazard ratio of a run over its entire
historical path. A run is defined as a sequence of returns of the same sign and the
hazard ratio is defined as its probability of ending and reversing direction conditional
on its previous return realizations.' It is a test of a stronger version of the random
walk hypothesis. The purpose is to determine whether the directional movement of a
stock return is path-dependent and thus predictable. The method I use is the duration
model. One advantage of this method over the Markov chain approach is that I allow
the length of the return sequence to be flexible, while the Markov chain approach has
to specify its order, the exact length of the return sequence.

The results suggest that the directional movement of the CRSP index return is
predictable in the following manner. First, the persistence of a run tends to abate in
its length, suggesting some mean reversion tendency in returns. At the same time, the
persistence level of a run tends to enhance itself in the magnitude of its components
(historical return realizations). Second, a positive run lasts longer than a negative
run, implying a positive drift term in returns. Third, the impact of a run’s
components on its persistence level becomes more pronounced when the measuring
frequency increases from monthly to weekly and to daily. Fourth, the impact of
CRSP equal-weighted index return on the persistence level of a run is more
pronounced than that of CRSP value-weighted index return, suggesting that the
directional movement of small stocks is possibly more predictable. This may also be
true for high book-to-market equity stocks, though in a very limited sense. Fifth, the
market interest rate generally decreases the persistence level of a positive run and
increases the persistence level of a negative run.

! Mood’s (1940) general definition of run is: “A run is defined as a succession of similar
events preceded and succeeded by different events; the number of elements in a run will be
referred to as its length.” Fama (1965) is an empirical application of Mood’s distributional
theory of runs; no evidence of dependence is revealed through runs in his paper. My statistical
methodologies are different from those formulated in Mood (1940).
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Random Walk Hypothesis of Stock Returns
The simple iid (independently and identically distributed increments) version of
random walk hypothesis suggests that the stock price follows this process:

P =p+P +e, €, ~iid(0,0%), (D

where p is the drift. In this study, I focus on a binary process, that is, the probability
that P > P_, , which equals the following,

=12

prob[P, ~P., =p+¢, > 0]=proble, = —u]=1-F(-p), o)

where F(-) is the cdf of €. I obtain the above result because of the iid nature of &,.
Equation (2) implies that the directional movement of price depends only on its drift,
which is constant in this case. If I define return as R, = (P, — P.1)/P.;, Equation (2)
becomes

prob[R, > 0]=prob[e, > —p]=1-F(—pn). 3)

This means that the probability of observing a subsequent positive return does not
depend on the sequence of historical returns. I have

prob[R, , >20|R,R _,,..]=prob[R , =0]=1-F(—p). 4)

t+ T

In the case of a run (defined as a sequence of consecutive returns of the same sign),
Equation (4) becomes

prob[R, , 20|R,R _,,..,R,]J=prob[R , =0]=1-F(-), &)

t+H T t+ T

where T =1, 2, ..., t indexes each period since the beginning of a run. This suggests
that the probability of a subsequent up-tick does not depend on the current length
T =t of the run and the magnitude of its components R, R, ..., R (historical return
realizations). In other words, the random walk property suggests that the conditional
probability of a directional return movement is without structure or is constant
(equaling its unconditional probability). If the conditional probability is found to be
dependent on t and/or R;, Ry, ..., Ry, this should constitute a rejection of the random
walk hypothesis.

I define the hazard ratio as the conditional probability of a run ending and
reversing direction. This conditional probability also can be construed as a prediction
of the turning point of a run. Assume that the length of a run T has a pdf of f(t),
where t is a realization of T, its cdf is

E(t) = prob(T < t) = [ £(s)ds . (6)

This is the probability that a run does not survive t periods. The probability of the run
surviving at least t periods is S(t) = 1 — F(t). The hazard function A(t) is defined as
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the probability that a run fails to survive the subsequent period conditional on
surviving the previous t periods. In its generic form, the hazard function is
F[t<T<t+At|T>t]

A(t) =lim , 7
( ) At—0 At ( )

which is equivalent to

_f(t) _ dInS(y)

A(t) S0 " ®)
since f(t) = A(t)S(t). Note that Equation (8) is also equivalent to
S(t) = exp[—ik(s)ds} . 9)

Econometric Model for Analyzing the Hazard Function

In order to perform regression-like parametric analyses and facilitate hypothesis
testing, an underlying distribution needs to be specified for the hazard function.
Distributions commonly used are the exponential, log-normal, log-logistic, and
Weibull. The exponential distribution has a constant hazard rate of A, the log-normal
and log-logistic distributions allow the hazard rate to increase first and then decease.
The Weibull distribution may be ideal for the purpose of this study because of the
monotonicity property of its hazard function, which takes the following basic form,

() = e Ap(ht)™, (10)

where A and p are its parameters.” Note that in equation (10), I also let the Weibull
hazard be scaled by a vector of time-varying covariates x, which includes the
historical return realizations within a run. The first derivative of the hazard function
equation (10) with respect to time t is

d(t) _

xBAy 2 _ p-2
=R pO-D0" (11)

This means that when p > 1, the hazard rate is increasing in time t; when p = 1, the
hazard rate is constant (thus the Weibull distribution collapses into an exponential
distribution); when p < 1, the hazard rate is decreasing in time t.

Two layers of tests of the random walk hypothesis can be performed here. First,
if either A or p is insignificantly different from zero, or p is insignificantly different
from 1, the random walk hypothesis is supported; if both A and p are significantly

2 A part from tractability, later in the analysis, I show why the monotonicity property of the
Weibull hazard is nice for this study. The nonparametric tests all indicate a hazard ratio that is
roughly increasing in time (length of the runs).
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different from zero and p is also significantly different from 1, the random walk
hypothesis is rejected. Second, if the random walk hypothesis is rejected, I also want
to know how the hazard ratio changes as a function of the length of a run. Positive
duration dependence is defined as dA(t)/dt > 0 while negative duration dependence is
defined as dA(t)/dt < 0. The Weibull distribution is tractable and parsimonious for the
purpose of this study in the sense that when p < 1, I can conclude that the longer the
length of a run, the less likely that it will end in the subsequent period—the existence
of negative duration dependence. When p > 1, I can conclude that the longer the
length of a run, the more likely that it will end in the next period—the existence of
positive duration dependence. When p = 1, the conditional probability that a run will
end in the next period is not path-dependent.

I also determine whether and how the magnitude of returns within a run and
some other factor, such as interest rates, affect its hazard and/or persistence level. To
deal with time-varying covariates, I follow Petersen (1986).” (See Appendix A.)

Table 1—Sample Statistics

Monthly, weekly and daily CRSP value-weighted returns (VWRET) and equal-weighted returns
(EWRET) are obtained from the Center for Research in Security Prices (CRSP) for the period between
July 1962 and December 1999. The length of a positive run is defined as the number of consecutive
positive monthly/weekly/daily returns and the length of a negative run is defined as the number of
consecutive negative monthly/weekly/daily returns

Panel A: Return Statistics

CRSP Value-Weighted Index

CRSP Equal-Weighted Index

Observations Mean Median Std. Mean Median Std.
Monthly 450 0.011019 0.013232 0.043557 0.018787 0.020922 0.055759
Weekly 1957 0.002488 0.004056 0.019530 0.004119 0.005657 0.019536
Daily 9442 0.000511 0.000702 0.008208 0.000838 0.001376 0.006820

Panel B: Run Statistics
CRSP Value-Weighted Index
Positive Runs

Negative Runs

Obs. Max Min  Mean Median Obs. Max Min Mean Median
Monthly 99 11 1 2.79 2 100 7 1 1.69 1
Weekly 455 16 1 2.49 2 455 8 1 1.80 1
Daily 2033 17 1 2.54 2 2034 12 1 2.10 2
CRSP Equal-Weighted Index

Positive Runs Negative Runs

Obs. Max Min  Mean Median Obs. Max Min Mean Median
Monthly 82 16 1 3.55 3 83 7 1 1.86 1
Weekly 327 21 1 3.86 2 327 10 1 2.09 1
Daily 1608 35 1 3.60 2 1609 15 1 2.27 2

? For more understanding of the duration model, refer to the following papers/books, among
others: Kaplan and Meier (1958), McGinnis (1968), Cox (1972, 1975), Lancaster (1979),
Kalbfleisch and Prentice (1980), Heckman and Singer (1982), Allison (1984), Kennan (1985),
Petersen (1986), Kiefer (1988), Han and Hausman (1990), etc.
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Data and Empirical Results

I perform tests on the market index. Monthly, weekly and daily CRSP value-
weighted returns (VWRET) and equal-weighted returns (EWRET) are obtained from
the Center for Research in Security Prices (CRSP) for the period between July 1962
and December 1999. See Table 1 for sample statistics of CRSP index returns. A
positive (negative) run is defined as a sequence of consecutive positive (negative)
returns with observed starting and ending points. By this definition, positive and
negative runs alternate within a time-series of CRSP index returns. I test the
persistence of positive and negative runs for monthly, weekly and daily CRSP value-
weighted and equal-weighted index returns. There are a total of 12 combinations.

Nonparametric Tests

I perform nonparametric tests first. The method used is the Life Table Product-
Limit (PL) approach formulated by Kaplan and Meier (1958). For detail, see
Appendix B.

Table 2 (Figure 1) shows the nonparametric test results for positive and negative
runs for the monthly, weekly and daily CRSP value-weighted index. All six
combinations show a hazard function that is generally increasing in the length of the
run. This result is qualitatively similar for both positive and negative runs, though the
length of an average negative run is considerably shorter than that of an average
positive run. This suggests that when the length of a run increases, its conditional
probability of reversing direction (hazard ratio) increases; thus, the CRSP index
return has some mean-reverting tendency. The other six combinations using CRSP
equal-weighted index yield qualitatively similar results. To conserve space, I do not
report them here. A hazard ratio that is increasing in the length of a run suggests that
the use of the Weibull hazard with its monotonicity property in the parametric
specifications is appropriate.

Parametric Tests with Time-Varying CRSP Index Returns

In this section, I perform a series of parametric tests. Parametric tests enable me
to test for the significance level of the path-dependency property of the hazard
function, if it exists. As discussed earlier, for the Weibull hazard, if p > 1, the hazard
is increasing in the length of a run; if p < 1, the hazard is decreasing in the length of
the run; if p = 1, the hazard is not path-dependent. I concentrate on testing whether
and how the estimated p is different from 1.

The results are shown in Table 3. For the twelve categories of runs (based on the
directions of return movement, index types and sampling frequencies), the estimates
for p range from a minimum of 1.1900 (weekly positive CRSP equal-weighted runs)
to a maximum of 1.7352 (monthly negative CRSP equal-weighted runs) and they are
all significantly greater than 1 at less than 1 percent level (one-tail test). This means
that when arun lengthens, its probability of discontinuing (hazard ratio) increases.
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Figure 1—Nonparametric Hazard and Survival Functions for Positive and Negative Runs

Monthly, weekly and daily CRSP value-weighted returns are obtained for the period from July 1, 1962 to
December 31, 1999. The length of a positive run is defined as the number of consecutive positive
monthly/weekly/daily returns and the length of a negative run is defined as the number of consecutive
negative monthly/weekly/daily returns. Positive and negative run alternates so that there are a total of 99
positive and 100 negative monthly runs; 455 positive and 455 negative weekly runs and 2033 positive and

2034 negative daily runs.
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This is evidence of positive duration dependence in runs. Thus, there is a high
pressure that a run will end and reverse direction when it lengthens. This suggests
that a stock return tends to move towards its permanent or trend level in a non-
random or a predictable way. This result is consistent with McQueen and Thorley
(1991) who show that excess returns exhibit nonrandom walk tendencies in the sense
that low (high) returns tend to follow runs of high (low) returns. In their tests, the
reversal of stock return movement is reflected in both the first-order and the second-
order Markov transition probability matrix. An earlier study by Niederhoffer and
Osborne (1966) produces similar results, but only for the first-order Markov
transition matrix, not for the second-order.* Bremer and Sweeney (1991) also find
reversal by showing that extremely large negative returns are followed on average by
larger than expected positive returns over the following dates. On the other hand,
McQueen and Thorley (1994), using a logit model in their study of bubbles, show a
negative relation between the probability of a run ending and its length.’

I also observe that the p estimates are all higher for negative runs than for
positive runs, suggesting that negative runs tend to end more quickly than positive
runs, a fact consistent with CRSP returns having a positive drift component. Another
general observation is that the p estimates are higher for the CRSP value-weighted
index than for the CRSP equal-weighted index, except for the monthly negative
runs.® This suggests that runs based on CRSP equal-weighted index in general last
longer than those based on CRSP value-weighted index.

Heckman and Singer (1982) point out that in a duration model, the hazard
function in general tends to have a downward bias in duration time—the length of a
run in my case. This is basically a heterogeneity issue. Individuals with higher
hazard ratios, due to their individual-specific characteristics, experience events early
and are eliminated form the risk set. As time goes on, this selection process yields
risk sets that contain individuals with predominantly low risk. Because of this, it is
extremely difficult to distinguish hazard ratios that are truly declining in time from
simple variation in hazard ratios across individuals. On the other hand, if one
observes an increasing hazard function, this always can be regarded as evidence that
the hazard ratio really increases in time (Allison, 1984). Based on this argument, |

* Niederhoffer and Osborne (1966) find that the probabilities of (+]-) and (—|+) are about three
times those of (—|-) and (++), but the probabilities of (+[++) and (—|—) are about two times
those of (+[+-) [(+|—1+)] and (—|+—) [-|-1+)]; where “+” and “—” represent a price rise and a
price decline, respectively.

5 McQueen and Thorley (1994) define duration dependence opposite to mine. They consider
the negative relation between the probability of a run ending and its length as evidence of
bubbles (p. 379).

% The p estimate (1.6993) for the monthly negative CRSP value-weighted runs is lower than
that (1.7352) for the monthly negative CRSP equal-weighted runs.
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have some confidence in claiming that the hazard ratio of a run increases in its
length; that is, a prolonged run has a high tendency of reversing direction.

As for the time-varying CRSP value-weighted index return that covaries with
the hazard function, it does not have a significant impact on the hazard function for
the monthly and weekly positive CRSP value-weighted runs. But when I increase the
measuring frequency to daily, it starts to impact the hazard function. The coefficient
on daily return is -7.1039 at less than 5 percent significance level. As for positive
CRSP equal-weighted runs, the coefficients on the equal-weighted index are -7.1036,
-24.9980, and -72.6748 at less than 5 percent, 1 percent, and 1 percent significance
levels for monthly, weekly, and daily runs, respectively. A negative coefficient on
the index return for the positive runs suggests that the time-varying index return
contributes negatively to the hazard ratio of a run. This means that even though the
persistence level of a positive run tends to abate in its length, it tends to strengthen
itself in the magnitude of its components.

The time-varying index return does not appear to impact significantly the hazard
ratio of the monthly negative CRSP value-weighted runs. But when the measuring
frequency increases from monthly to weekly and to daily, the significance level of
the impact of the time-varying index return increases (to less than 5 percent for the
weekly runs to less than 1 percent for the daily runs). This is also true for negative
CRSP equal-weighted runs. The coefficients on the CRSP value-weighted and equal-
weighted index returns are all positive for negative runs. This means that the more
negative the components of a negative run, the lower the hazard ratio and thus the
more persistent the run.

The above results suggest that even though the persistence level of a run tends to
abate in its length, the magnitude of its components tends to enhance it. See Figure 2
for an illustration based on daily runs. This means that there may be at least two
components of stock returns. First, longitudinally, stock return is cyclical and there is
a reversal tendency, as in DeBondt and Thaler (1985) and Bremer and Sweeney
(1991); second, with the length of a run controlled, there is a positive autocorrelation
in stock returns, as in Lo and MacKinlay (1988). This finding may have the potential
of explaining why over different holding windows, sometimes momentum trading is
profitable and sometimes contrarian trading is profitable.” The question is which

" Momentum trading usually is found to be profitable at intermediate terms, such as holding
periods from three months to 12 months; while contrarian trading is usually found to be profit-
able at very short terms (holding periods of less than three months) or long terms (holding
period beyond 12 months). For example, Jegadeesh (1990) finds that contrarian trading based
on monthly ranking of stocks generates a monthly profit of 2.49 percent. Jegadeesh and Tit-
man (1993, 2001), Conrad and Kaul (1998), Moskowitz and Grinblatt (1999), among many
others, find positive three to 12-month momentum profit. Longer term contrarian profit is
documented in De Bondt and Thaler (1985) and also in Jegadeesh and Titman (1993), etc.
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Figure 2—Hazard as a Function of CRSP Index Return and Length of a Run

Based on daily runs, the hazard ratio is plotted for value-weighted and equal-weighted positive and
negative runs. The estimates for A and p are taken from Table IV. The hazard is computed as A(t) =
ePAp(At)", where x includes a constant term and CRSP index return, t is the length of a run

Daily Value-Weighted Positive Run Daily Value-Weighted Negative Run

h= e(»].0054-7.10391‘)X0.3522X 1 .4996X(0‘3522t)(1'49%-1) h= e(-0.7809+14.3197r)x0.4232>< 1 .61ZOX(0.4232t)“'6120-”

Daily Equal-Weighted Positive Run Daily Equal-Weighted Negative Run

h= e(-l.0654-72.67481’)><0'2662>< 1.21 88X(0.2662t)“'2188-1) h= e('U'7470+4]'2' l‘)r)><0.3999>< 1.5071 X(0.3999t)“'5071-l)
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component dominates the other. For short holding windows, the positive
autocorrelation component may dominate mean-reversion component; for long
holding windows, the mean-reversion component may dominate the positive
autocorrelation component.

Impact of Size and the Book-to-Market Equity Ratio

The impact of the CRSP equal-weighted index return on the hazard function is
different from that of the CRSP value-weighted index return. First, start from the
lowest measuring frequency, monthly runs, the effect of CRSP equal-weighted index
return is significant at less than 5 percent level for positive runs and at less than 10
percent level for negative runs, while that of CRSP value-weighted returns is not
significant. When the measuring frequency increases to weekly and daily runs, the
impact of the CRSP equal-weighted returns is more significant (with t-statistics at
4.4098 and 12.0217, respectively) than that for the CRSP value-weighted return
(with t-statistics at 1.8837 and 6.2778, respectively). Second, the coefficients on
CRSP equal-weighted index return (EWRET) are all of greater magnitude than those
on the CRSP value-weighted index return (VWRET). Because CRSP equal-weighted
return overweighs small capitalization stocks, the above results suggest that the
directional movement of small stocks may be more predictable than that of large
stocks.

To determine whether this might be the case, I compare the persistence level of
runs for large capitalization stocks and small capitalization stocks. If the directional
movement of small stocks is more predictable than that of large stocks, then the
impact of index return on the hazard function of small stocks should be more
significant and perhaps larger in magnitude than that of large stocks. To maximize
the effect, I pick only the runs based on the largest quintile (top 20 percent) and
smallest quintile (bottom 20 percent) of market capitalization.® Panel A, Table 4
shows the results. For both positive and negative runs, the magnitude and
significance level of p are comparable to the results based on the whole universe of
CRSP stocks (Table 3). For positive runs, the impact of value-weighted return
(VWRET) is significant at less than 10 percent level for small stocks while it is
insignificant for large stocks. It is also of greater magnitude for small stocks than for
large stocks. I do not observe this difference for negative runs. For the whole
universe of CRSP stocks, the impact of monthly VWRET is insignificant for both
positive and negative runs. The results based on top and bottom size quintiles offer
some limited evidence that the directional movement of small stocks may be more

¥ Size-based monthly portfolio returns are obtained from Professor Kenneth French. All CRSP
stocks are sorted based on their size (market capitalization) for each month during the period
from July 1962 to December 1999. Then these stocks are divided into size-based quintiles.
Within each quintile, its value-weighted return (VWRET) is computed.
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predictable than that of large stocks, consistent with the existing literature (such as
Fama and French, 1988).

Apart from firm size, the book-to-market equity ratio frequently is found to
explain part of the return anomaly in many empirical studies (Fama and French,
1992, 1993, 1995, and 1996). Here, I check whether it has any impact on the
directional movement of index return. In the test, low book-to-market equity stocks
refer to the bottom 20 percent of stocks, and high book-to-market equity stocks refer
to the top 20 percent of stocks.” The results are shown in Panel B, Table 4. The
estimates for A and p are of similar magnitudes as in earlier tests. The impact of
value-weighted index return (VWRET) on the hazard function is only significant (at
10 percent level) for negative runs of high book-to-market equity stocks. The role
played by book-to-market equity, while consistent with my conjecture, appears to be
relatively limited.

Impact of Interest Rate

The interest rate affects stock price. When interest rate goes down (up), stock
price goes up (down). It is possible that the interest rate can impact the persistence of
a run directly and/or through affecting the impact of its components. Because interest
rate is negatively related to stock price, it should have a positive (negative) impact on
the hazard ratio of a positive (negative) run. That is, an increase in interest rate
should cause a positive run to end sooner and a negative run to last longer. To
determine whether this is the case, I include interest rate as an exogenous variable. |
obtain three-month T-bill rates from Federal Reserve publications for the period
from July 1, 1962 to December 31, 1999 and match them with the run data. I perform
tests on monthly and weekly runs.

The results are shown in Table 5. First, based on the significant estimates for A
and p, the presence of positive duration dependence still is unchanged when market
interest rate is taken into account. Second, market interest rate has a positive effect
on the hazard ratio of a positive run and a negative effect on the hazard ratio of a
negative run, consistent with my conjecture; in three occasions (positive weekly
value-weighted runs, positive weekly equal-weighted runs, and negative monthly
value-weighted runs) the effect is significant. The market interest rate decreases the
persistence level of a positive run and increases the persistence level of a negative
run. Third, the inclusion of the market interest rate somewhat reduces the impact of
the components of runs. In two occasions (negative weekly value-weighted runs and
negative monthly equal-weighted runs) the components of runs lose their signifi-

% Book-to-market equity based monthly portfolio returns are obtained from Professor Kenneth
French. Every month for the period from July 1962 to December 1999, all CRSP stocks are
ranked based on their book-to-market equity ratio. These stocks then are dividend into quin-
tiles according to this ratio. Within each quintile, its value-weighted return (VWRET) is com-
puted.
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cance. So, in general, the market interest rate plays a role that is in the expected
direction.

Trading Strategies and Economic Significance

The above analyses suggest that when the length of a run increases, it tends to
reverse and change direction. Based on this result, it is possible to devise some
trading strategies to exploit this empirical regularity and make trading profits. Some
simple and intuitive strategies would be the following: When a positive run is
observed to have lasted n periods, an investor should short the CRSP index and long
the one-month T-bills at the beginning of period n + 1; when a negative run is
observed to have lasted n periods, an investor should long the CRSP index and short
the one-month T-bills at the beginning of period n + 1. Note that these two strategies
are both hedged strategies because the net investment outlay at the beginning of
period n + 1 is always zero.

I examine whether the above simple strategies can be profitable using out-of-
sample post-examination daily run data from January 1, 2000 to September 30, 2004.
Because this post-examination period is relatively short, I do not use low frequency
monthly and weekly runs. If 1 use monthly and weekly runs, the number of
observations may be too low to offer reasonable statistical tests for economic
significance. I try run length up to five days for positive and negative CRSP value-
weighted and equal-weighted daily runs. I find one strategy that is significantly
profitable. If a CRSP value-weighted negative run has lasted for five days, an
investor longing the CRSP value-weighted index and shorting one-month T-bills at
the beginning of the sixth day will make a significant profit of 1.11 percent on that
day (t-value = 2.36) because a negative five-day CRSP value-weighted run tends to
reverse direction on the sixth day. There are only 13 negative daily runs that last at
least five days during the 1,192-trading-day period between January 1, 2000 and
September 30, 2004, however. Assume that there are 252 trading days during a year,
annual return based on this strategy is (1.11 percent x 13 / 1192) x 252 = 3.05
percent. This hedged annual profit is moderately economically significant.

The main purpose of this paper is to test the random walk hypothesis. I provide
evidence that CRSP index returns are path-dependent and reject the random walk
hypothesis. It is not my main intention to show how the observed path-dependency
can be translated into profitable trading strategies. While the above analysis suggests
such possibilities, a great deal of caution should be used in applying such strategies.

Summary and Conclusion

I test the random walk hypothesis of stock returns by studying the hazard ratio
of runs based on CRSP index returns. A run is defined as a sequence of consecutive
returns of the same sign with observed starting and ending points. If the stock price
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follows a random walk process, then the hazard ratio or the conditional probability of
a run ending and reversing direction should not be path-dependent.

The results reject the random walk hypothesis and suggest that the directional
movement of the market index return is predictable (path-dependent) in the
following manners. First, the persistence of a run tends to abate in its length,
suggesting some mean reversion tendency in returns. This is evidence of positive
duration dependence in runs. At the same time, the persistence of a run tends to
enhance itself in the magnitude of its components (historical return realizations).
This suggests that there may be two components of stock returns. Longitudinally,
stock return is cyclical and there is a reversal tendency; with the length of the run
controlled, there is a positive autocorrelation in stock return. This finding may have
the potential of explaining why over different holding windows momentum trading is
profitable sometimes while sometimes contrarian trading is profitable. The question
is which component dominates the other.

Second, a positive run generally lasts longer than a negative run, implying a
positive drift term in returns. Third, the impact of CRSP index return on the
persistence of a run becomes more pronounced when the measuring frequency
increases. Fourth, the impact of CRSP equal-weighted index return on the
persistence of a run is more pronounced than that of CRSP value-weighted index
return, suggesting that the directional movement of small stocks is possibly more
predictable. This also may be true for high book-to-market equity stocks, though in a
very limited sense. Fifth, the market interest rate decreases the persistence level of a
positive run and increases the persistence level of a negative run. While my
additional analysis suggests that there might be some moderately profitable trading
strategies based on the empirical regularities presented in this paper, a great deal of
caution should be used in applying these strategies.
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Appendix A—Dealing with Time-Varying Covariates

Following Petersen (1986) whose procedure is more general, I use a special case
of his methodology. Because I use equal-interval return data, the length of a run is an
integer (in months, weeks, or days) and its increment is exactly one period (a month,
a week or a day, depending on the measuring frequency). Suppose the length of a run
is t periods (months, weeks, or days), let j =1, ..., k index these periods, I have t; = 1
(starting point), t, = t (ending point), and t; — t;.; = 1 (unit increment for j > 1). From
equation (10), the conditional survival function (for surviving between t;.; and t;) is

slt; Ix(tp]=F[T = ¢ T2t x(1)]= exp{— tfx[s | x(tj)]ds} @A
tiy

Because tj — ti.; = 1 and x(t;) is constant between t;.; and t; (period-end return data),
the integration sign can be taken away, the conditional survival function (A.1)
becomes

S[t; | x(t)]=FT2 ;| T2 t;_,x(t;)] = exp{- ALt; | x(t))]f. (A.2)

So, the survival function (for surviving beyond t periods) is
k k
S[t ] x(t))serex(t)] = j1jlexp{—x[tj |x(t)]} = exp{ - zlx[tj xtp]. A3)
- iz

From equation (9), the Weibull distribution can be written as
£t [t x (0] = [t xSl [ XD x ()] (A

The maximum likelihood function is thus

ML = il;lnlfi [t | X(t)es X ()] = ilill[x(tik |%(ty))S[ti [ X ()X ()], (ALS)

where i = 1, ..., n indexes runs (positive or negative) in the sample. Substitute (A.3)
into (A.5), the logarithm of the maximum likelihood function is

n n k
In(ML) = aln[k(tik | x(ty)]- )3 Z}"[tij | Xi(tij)]- (A.6)

i=1j=1

Maximize the above logarithm of the maximum likelihood function with respect to
A, p, and f; their estimated values then can be obtained."

1% For more understanding of the duration model, refer to Kaplan and Meier (1958), McGinnis
(1968), Cox (1972, 1975), Lancaster (1979), Kalbfleisch and Prentice (1980), Heckman and
Singer (1982), Allison (1984), Kennan (1985), Petersen (1986), Kiefer (1988), Han and
Hausman (1990), etc.
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Appendix B—Life Table Product-Limit (PL) Approach (Kaplan
and Meier, 1958)

I first categorize runs according to their length and use j to index each category
based on length of runs [j = 1, ..., max(length of runs)]. The size of the risk set
(sequences of equal-signed index returns that have not reversed their original
directions) of length j is denoted rj and the number of sequences that actually exit the
risk set j (those sequences that reverse directions) in the subsequent period is denoted
m;. The proportion of sequences in the risk set that exits (runs that end and reverse
direction) is

q=—. (B.1)

The survival function (the cumulative proportion of observations surviving to the
beginning of the interval j) is

pj=1-q;-)pj> (B.2)
where p; = 1. The hazard rate is
2q.
— (B.3)
2—-q;

J

The variance for the survival function at time interval j is

j q;
Var(p;) =p} ¥ ———, (B.4)
U En0-qy)
where i = 1, ..., j indexes time from 1 to j. The variance for the hazard function at
time interval j is
1-2%/4
Var(h;) =23 —J/ ) (B.5)

1;q;
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