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Abstract Price volatility (variance) is a common measure of bond risk. Previous
analysis has shown price volatility to depend upon duration and the volatility of
interest rates. A more complete and accurate second-order model shows that price
volatility also depends on predicted changes in yield and convexity. Municipal bond
price volatility estimated by the more accurate second-order model can be much
larger (200 per cent) than estimated first-order volatility. Analysts using only a first-
order model can make large errors. Additionally, the effect of yield level on price
volatility can be very different in first and second-order models.
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INTRODUCTION
The US municipal bond market is huge
($2.34 trillion); indeed, according to
Hudson and Kim, it is practically half
the size of tiie US government bond
market. Banks and mutual funds hold a
large proportion of municipal debt. In
addition, a large proportion of this type
of debt has considerable credit risk and is
rated BBB and below. Every investor
owning a part of a municipal bond
portfolio should be aware of the risks of
their particular portfolio. The most
common and pervasive municipal bond
risk may well be the general interest rate

risk that occurs as municipal interest
rates naturally change over time. Models
of interest rate risk specific to municipal
bonds are needed as municipal bond
markets are different from other debt
markets. This paper briefly gives reasons
why yields in other debt markets may
change quite differently from municipal
yields.

First, consider US Treasury bonds.
These have no default risk; as such, their
yield changes will tiot necessarily be
strongly correlated with municipal
yields, which have significant default
risk. Secondly, coixsider corporate
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bonds. A major corporate bond default
can increase yields on all corporate
bonds but may leave municipal yields
relatively unaffected. In addition, foreign
investors can be major purchasers of
corporate bonds, as demonstrated by the
surge in foreign buying in the 1990s (eg
foreign investors acquired $79.2bn of
corporate debt in 1996"). As they cannot
enjoy the federal tax exemption,
however, foreign investors do not buy
significant quantities of municipal bonds.
If foreign investors purchase large
quantities of corporate bonds, corporate
bond yields will tend to decline relative
to other dcbt.'̂

Consistent with the above, municipal
bond research has shown the municipal
market has unique characteristics tbat
can affect yield changes. Stock and
Schrems fmd that the volatility of short
maturity Treasury yields is greater than
short municipal yields, but that long
maturity Treasury yield volatility is less
than long municipal volatility."^ They
suggest this is due to a pattern of bank
municipal purchases where banks buy
large quantities of short-term municipals
during economic expansions and buy
much less during recessions (this effect
may have weakened with changes in tax
codes and other factors; however, this
behaviour of municipal yields may still
be strong for bank-qualified municipal
bonds). Furthermore, Stock has found
that the relationship of Treasury and
municipal yields depends on maturity,
shape of the term structure and default

The purpose of this paper is to develop
improved estimates of time-varying
municipal bond price volatility where the
focus is on lower-grade (BBB) debt.
Because predictability in financial asset
pricing is becoming increasingly well

known, the price voiatihty model is one
that stresses predictability in both
expected changes in yields and
conditional yield volatihty. hi fact, the
major contribution of this work is to
illustrate how predictability in expected
yields and conditional volatility have
important implications for price volatihty
models. More specifically, if changes in
yields are dependent upon lagged levels
of yield, and also display an
autoregressive component, then the level
of yields has a much enhanced and
complex role in models of price
volatihty. In fact, volatihty may be 200
per cent greater than in a simple first-
order model. Recent advances in
modelling conditional distributions of
fmancial time series have greatly
improved models of expected yield
changes and conditional variance of yield
changes. Cochrane lists return
predictability as one of the new facts of
finance and maintains that bond yield and
returns are predictable.^'Jones, Lamont
and Lumsdainc/ and Baker, Greenwood
and Wurgler also find that yields are
predictable. Furthermore, Kirby, among
others, notes how common predictabihty
in mean equations has become in
empirical hnance. This paper also
develops improved models of how price
volatility is related to the level of yields in
complex ways.

The next section describes
simultaneous econometric estimates of
changes in BBB municipal bond yields
and yield volatility. It is critical to
recognise that changes in yields are
shown to be autoregressive moving
average (ARMA) processes where the
first-order autoregressive coefficient
plays a critical role. Yield volatility is a
special type of generalised autoregressive
conditional heteroskedasticity
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(GARCH) process where the GARCH
process interacts with the yield level.
The ibllowing section then illustrates
how the above econometric estimations
can be inserted into a price variance
model to give a rime series estimate of
price volatility. A simple first-order
model of price variance is contrasted
with a more complex second-order
model where the dilïerence is much
larger than many market participants
would be likely to expect. Then, the
following section illustrates that the
relation between price volatility and the
level of yields is quite complex.
Dependent upon the model (first or
second-order), maturity and point in
time, price volatility may increase or
decrease as yields increase. In all cases,
the autoregressive aspect of yield
changes plays an important role.

EMPIRICAL ESTIMATION OF
CHANGES IN YIELD AND
YIELD VOLATILITY
1 he study borrows trom
Lakshmivarahan and Stock's estnuates ot
daily municipal bond yield changes and
yield volatility"* in which yield data from
the Bloomberg financial system (12th
February, 1992 to 10th September, 2002)
were used to estimate equations. Their
results can be summarised as follows (see
Table 1). Changes m BBB constant
maturity nuinicipiil bond yields of five,
15 and 30-ycar maturities follow an
ARMA process. More specifically, yield
changes evolve as given below where
^Yt.M is the yield change for a bond of
maturity M. The ÍJ| v/ value estimates
change in yield as dependent on the
lagged level of yields {y,-\) and ii2.Af is the
first-order autoregressive coefficient,
showing that the change in yield is related
to the change in yield for the prior period

]). Importantly, y,..^ is
clearly a function ofthe lagged level of
yields. The ÍÍ|_,V/ and ÍÍ2.;\/ estimates are
clearly significant (except in one case) and
play a major role in the price volatility
modelling given below. Finally, b\j^
reflects a moving average component, e,
is the error term, and of is the variance of
the error term.

With respect to volatility of yields, the
authors tested two basic theories — the
levels theory and the GARCH effect.
According to the levels theory, yield
volatility is dependent upon the yield
level. This expectation is very common
because ofthe scale effect — the greater
the level of yields, the greater the base for
yield changes. Thus, if the current level of
rates is 6 per cent, a proportionate change
in rates v̂ îll generate twice as much of a
change in yield than a current level of 3
per cent. According to the popular
GARCH effect, however, high volatility
tends to persist. The authors found the
best model represents yield volatility
sensitive to both the level of yields and a
GARCH process in a multiplicatively
interactive process called TVPL (time-
varying parameters, levels). For more
details, interested readers are referred to
the work of Brenner, Harjes and
Kroner, where the basic idea is that
conditional volatility ((77) of yield
changes for a particular maturity is given
by: ^

Here '^^ follows a GARCH process
given as:
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The TVPL process has proven quite
popular in modcÜiiig interest rate
volatihty.

In the study by Lakshmivarahan and
Stock, the TVPL process was not found
to be very applicable for AAA-grade
municipal yield volatility because the 7
coefficient was not significant."* One
suggested reason why yield volatility is
significantly related to the level of
yields for BBB bonds, but not AAA, is
that default risk rises with the level of
rates (debt service requirements rise),
hence bond yields with greater default
risk tend to be more volatile. Whatever
the underlying theory, there is strong
evidence that yield volatility increases
with the level of interest rates for BBB
yields, and this has important
implications for a price volatihty
model.

MODELS FOR VARIANCE OF
PRICE CHANGES

The first-order model
As in Pappii, Lakshmivarahan and
Stock, the paper utilises first and second-
order models of variance.'" It is well
known that the first-order
approximation to change in bond price
(P,) is

where â,-\ is the modified duration. The
bonds initially sell at par (Pf_i = 1,000)
consistent with the use of constant
maturity yields in this time series
analysis. Let Ay, = f̂_i + £, be the
stochastic dynamic model that describes
the evolution of the yield change where
expected yield change is

and F, is the set ot'all information
available up to time f. Of course, a more
specific model for E I Ay,] is given as an
ARMA model above. The expected
error and conditional variance of yield
changes are, respectively, H[Ê:f|F,_)] = 0

[and f_i] = tr;. The conditional
variance of price changes in the first-
order model is thus:

Note that first-order conditional
variance, Vp\, does not depend on the
conditional mean, ^f_i, from an ARMA
model, but only depends on the
duration and the conditional variance
(of) of Ay,.

The second-order model
The above first-order model for price
variance is appealing because it is
compact and quite simple. However, it
ignores convexity and any predictability
of yields. This is critical because, for
example, Burghardt, Flores and Johnson
stress the importance of convexity in
valuing municipal bonds and bond
futures. " They maintain that market
participants need to pay attention to both
size and direction of yield changes. More
specifically, they emphasise that the
value of a basis point change in yield
depends on both the size of the yield
change and the direction of the yield
change. Thus, for a futures contract with
a face value of S10(),000, small errors in
a model for variance can lead to
expensive errors in hedging and
speculation.

The well-known second-order
approximation to the change in bond
price is given by
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, = {-(/,_, Ay, +iQ_,(Ay,)'} /ViAP,

The paper now reports a more accurate
(second order) model of conditional
price variance. Substituting and
simplifying, one gets

V¡>2 -

,-\£,j P,_

where C,_i is the convexity of the bond

Following Pappu, Lakshmivarahan
and Stock, " the more accurate
expression for the second-order
conditional variance of AP, is

Note that ^^3 depends on ^f_i, ii,_],
Cf_i, 177 and íT̂ , whereas V¡>] depends
only upon i/,_i and fTy. Very
importantly, z,--i, expected change in
yield, depends on the level of yields
(y,_.i) in the ARMA model.

Difference in first and second-
order models of price variance
Municipal bond portfolio managers,
nnmieipal bond issuers and those
managing futures positions should be
compelled to ask whether the extra
eftbrt needed to compute the more
accurate K/J2 measure is worthwhile.
The answer depends on how tar Vp]
differs from Vp2- If the difference is
trivial, it is not worth the trouble to
estimate the additional parameters
needed for V¡>2. However, the larger the
difference, the more compelled a
manager should be to make the effort to
compute Vp2-

Solving for the percentage difference in
the first and second-order eases results in

where r,-\ is C,-\/d,-[.
If there is no predictability in yield

changes, z,-\ — 0 and Q is merely rf.,
Q.5 of. However, in cases where the
models of expected changes in yield
have predictive power {z,-\ ^ 0) the
difference between the first and second-
order model IS complex and potentially
very large. The mean equation above
gives strong evidenee of predictability
for the ARMA mean equation. In the
above definition of Q, r̂ _] (0.5
07 + ^j^\) is always positive, but the
sign of — r,_i(22'i_]) is dependent on the
sign of ^ , -1 .

If yields are expected to decline.
z,^] < 0, this last term always increases a
positive difference, especially for long
maturities. If yields are expected to
increase, Zt-\ > 0, a positive difference is
reduced. In fact, a large positive value of
z,-\ can make Q negative, ie K^ is less
tban Vp\. The sign and precise size of
the differences in variance are left to
empirical examination as is tbe impact ot
z,-]. However, upon analysing the
expression for Q, one can develop the
expectations of expected sensitivity of Q
to r,-\, crj and z,-\ given below.

First consider r,^\. Given that z,-\
values are small compared with r,-\, one
expects Q to increase with f,_i (see
Appendix A for details). Also, note tbat
convexity is roughly a measure of
squared timing of cash flows, whereas
duration merely measures the timing.
Therefore, one expects rt-\ to increase
fairly dramatically with maturity and
z~_^ to increase even more rapidly as
maturity increases. Empirical analysis
confirms this expectation. Even though
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— r,_] (2^,-1) can sometimes be negative,
one expects the largest absolute Q values
to be positive as /f., (0.5Í77 + z¡_^) is
always positive.

Secondly, consider o^. It is clear that
Q increases with conditional variance
estimated from the empirical estimation
of yield volatility. High yield volatility
is attributed to persistence m past
volatility (GARCH) and a high level of
yields (7).

Thirdly, consider the impact oí Zj^\.
Greater negative Zt^\ values always serve
to increase Q as ~r,^\{2Z(-{) is then
positive. On the other hand, \iz¡-\ is
positive, Q increases (decreases) with
Zt-\ iiz,-\ is greater (less) than l/r,_|.
(Appendix B provides the details behind

the derivation of l/r,-! as the critical
value of ^,_].) Of course. Q is a function
of the ARMA mean equation
coefficients a\M and ÍI2.A/ because these
coefficients determine z,^\. However,
the relation between Q and these
coefficients is very complex given the
above. As a simplified example, consider
only cases where absolute Zt^\ is large so
that increases in absolute z,-\ increase Q.
Then, larger absolute values of ii|, ÍÍO,
y,_i and A^f^i all tend to increase Q as
they tend to increase absolute z,_\.

Figures la, lb and lc depict the Q
values for five, 15 and 3()-year maturities
where Q is usually positive but
sometimes negative. For the five-year
maturity, Figure la, the maximum and

Table 1: Results of regressing the change in yield on explanatory variables using the ARMA mean
equation for different maturity BBB municipal bonds

3 1,M

32. M

to

«1

ß

y

L
SBC

Ö(i-12)

0(^12)

Maturity
5-year

0.0003
(0.889)

-0.0001
(0.753)
0.7122

(0.000)
-0.5284
(0.000)
1.09E-05

(0.000)
0.0578

(0.000)
0.9302

(0.000)
0.2409

(0.005)
6,093.841

-4.5393
17.208
(0,142)
11.77T
(0.464)

15-year

0.006
(0.034)
-0,00 n
(0.026)
0.6648

(0.000)
-0.4557
(0.000)
1.01E-05

(0.001)
0.067

(0.000)
0.9474

(0.000)
0.4044

(0 002)
6,300.286

-4.6939
8.479

(0.747)
6.2571

(0.903)

30-year

0.0066
(0.023)
-0.0012
(0.018)
0M591

(0.000)
-0.4493
(0.000)
1.20E~05

(0.002)
00837

(0.000)
0.9433

(0.000)
0.3158

(0.002)
6.279.302

-4.6782
5.8222

(0,925)
11.171
(0.514)

Yield data coDecied ttom ihe Bloomberg financial system, 12th February, 1992 to 10th September. 2002; regressions iakon (rom
Ukshmivarahan and Stock.'" Volaliiiiy is estimated simultaneously as a TVPL process,
L. likelihood; SBC, Schwafz-Baves intormalion crrrerfa. Ostatisiics represent the Ljung-Box tests tor serial correlatwn aï lag 12. Numbors m
parenthases are significance ptobabiltiies {(^values): 5 per cent significance shown in italics.
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-0.4

1992 1997 2002

Figure la: Percentage difference (Q) between the first and second-order variance, 12th February, 1992 to 10th
September. 2002: (a) Five-year maturity

1997 2002

Figure 1b: Percentage difference (Q) between the first and second-order variance. 12th February, 1992 to 10th
September. 2002; (b) 15-year maturity

326 Journal of Risk Management in Financial Institutions Vol. 1, 3 320-336 i Henry Stewart Publications 1752-8887 (2008)



Lower-grade municipal bond price risk and sensitivity of price volatility to level of yields

1992 1997 2002

Figure Ic: Percentage difference (Q| between the first and second-order variance, 12th February. 1992 lo 10th
September, 2002; (c) 30-year maturity

minimum values are quite large and are
fairly similar in magnitude (0.500 and
-0.424. respectively). Positive values for
the 15 and 3()-year cases tend to be much
larger magnitudes than the negative Q
values. Additionally, the positive Q
values are sometimes very striking,
indicating that it is well worth taking the
extra trouble to estimate a second-order
model. At one point, the second-order
model is practically 200 per cent
(Q^ 1.998) greater than the first-order
model for the 30-year maturity. An
analyst using the first-order model would
grossly underestimate the conditional
price volatility using a first-order model.
Further analysis reveals that the pattern
for Q is very similar to that of (77 as given
in Figure 2. Generally speaking, Q has the
same pattern as a^ where Q is oy strongly
affected by rji, and also affected by other
factors to varying degrees.

These results for Q may be contrasted
with those of Lakshmivarahan and
Stock's analysis of US and UK
government bond price volatility.'"
They only use 30-year maturities,
assume no predictability in yield
changes, and use a much less
sophisticated estimate of yield volatility.
The highest Q value for any of 12 time
periods is only 0.37 and Q is generally
much lower. The lowest is 0.06. Q is
thus shown to be dramatically higher for
municipal bonds of maturities as short as
five years. This is largely due to
predictability in the mean equation and
strong values of ^f_].

THE RELATION OF Vp^ AND
Vp2 AS DEPENDENT ON YIELD
LEVEL (n_i )
The paper now turns to the sensitivity of
the variance of price changes to the level

r Henry Stewart Publications 1752-8887 (2008) Vol. 1, 3 320-336 Journal of Risk Management in Financial Institutions 327



Lakshmivarahan and Stock

O 500 1,000 1,500 2,000 2,500 3,000

1997 20021992

Figure 2: Daily conditional variance of yield changes for the 30-vear maturity model, 12th February. 1992
to 10th September, 2002

of yields {YS-X). In the first-order model,
the impact of yield on Vp\ is complex
and maturity-dependent in that it can be
positive throughout the time period
(five-year), change sign at different times
(15-year) or be negative throughout (30-
year). The more accurate second-order
model is complex.

Relation of VVi to yield level
The variance of price change in the first-
order model is (^„i^r; P̂ _] where both
yield volatihty and duration are
dependent upon yields. The partial
derivatives ofay and tnodified duration
with respect to yield are given below.
The derivative of yield volatility with
respect to level of yield is theoretically
positive and numerous empirical results
where 7 is positive for short rates
support the theory.

da;

14

dy,-\
= ^-^>0

Following Brooks and Livingston, a
par bond duration is described as:

1
1 -

1

Thus, the derivative of par bond
duration with respect to yield is:

< 0

It is well known that duration declines
with yield where the intuition is that the
present value (weights) of later cash
fiows declines more than earlier cash
fiows when yield increases. Thus, the
sign and absolute magnitude of the
impact of the level of yields upon
variance of price changes depend on the
comparative strength of these two
effects.

The partial derivative of variance witli
respect to yield is thus:
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d[V,P\

Part A Par! B

One refers to the first term on the right
side as Part A, where Part A is dearly
positive. Similarly, one refers to the second
term as Part B, which is clearly negative.

Figures 3a, 4a and 5a plot the tirst-
order empirical restilts for the three
different maturities of BBB municipal
bonds. Part A (yield volatility
sensitivity) of Vp\ dominates Part B
(duration sensitivity) for the five-year
maturity so that price variance always
increases with level of yield throughout
the time period. In other words, the
impact of duration declining with yields
is always strong enough for Part A to
dominate.

The results for the 15-year maturity are

quite different in that Part A does not
dominate Part B for the whole time
period. That is. Part B has greater
magnitude at some times so that the
relationship is sometimes negative. In
other words, the impact of duration
declining with yields is strong enough to
generate a negative relation. In general.
Parts A and B are roughly offsetting such
that net impact of level of yield upon price
variance is relatively small throughout.

The results for the 3()-year maturity
are distinctly different from both the
five and 15-year case. Here Part H
dominates throughout the time-span so
the relation between price volatility and
yields is always strongly negative. Table
2 summarises the behaviour of Parts A
and B (Model 1 relation, first order) and
their simi.

Relation of Vp2 to yield level
The Vp2 relation is more complex and it
is divided into parts A, B and C. As per

mo. )oo

300. )00

Part A: Model 1

-30C 000 ) f M VI-

-60C ,000

Part B: Model 1

1992 1997 2002
da- d:

Model 1 sensitivity = P.irt A Part Ii

Figure 3a: FivG-year maturity model: (a) In the first-order model. Part A (yield votatility sensitivity) dominates Part B (duration sensitivity) and price
variance increases with level of yields
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Pan A

+ %

Pan B

Part A +
Pan C

PartModel 2 sensitivity =

B + Part C
Figuro 3b: Five-year maturity model: (b) The sign of the total relation changes over time. In contrast, the sign is always
positive in the first order model

Brooks and Livingston,'"^ convexity for Appendix C provides details on pieces of
a par coupon bond is the derivative.

Part A Pan Ii
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^ ^ Part A: Model 1

, Vpl: Modell

\\ \

('

' ^ ^ ' ^ Part B: Model 1

1992 1997 2002

Model 1 sensitivity = Pürt A

Figure 4a: Fifieen-year maturity model; (a) For this maturity, neither Pan A nor Part B dominates throughout. The sign of the relation changes over
time. Parts A and B largely neutralise each other so that the net effect is small

( -1

PartC

Parts A and B are very similar to K/.j
where ,̂_-i replaces the role of duration
(rff-i) in the second-order derivative.
Like Kpi, Part A is always positive. The
complexity of part B is partially due to
the dependence of both^,_i and the
derivative of̂ 7̂,_i upon ;r,_| where z,^]
can, of course, be positive or negative.
Empirical analysis finds that Part B is
always negative, although it has a wide-
range. The derivative of z¡^\ with
respect to yield, part of the derivative of
^f_i, depends upon the coefficients iJi_,v/
and iJ2,M as shown in Appendix C.

Part C represents nonlinear interactive
aspects that have no counterpart in the
Vp\ derivative. As others have shown,
consistent with the present calculations,
the derivative of convexity with respect
to yield is negative. Therefore, the first
part of the bracketed term of Part C is
always negative, while the second term
in brackets is always positive. Thus the
sign of Part C may be maturity and
time-specific.

Figures 3b, 4b and 5b illustrate the
estimated second-order empirical
relationship. (The figures are best
viewed in colour where the total
relation for the second-order case is in
red.) For all maturities, as in the first-
order model. Part A is always positive
and Part B is always negative. Part C is
always negative for all maturities. Table
2 summarises the behaviour of the totaí
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Part A: Model 2

Model 1

Model 2 sensitivity =

+

Part A

Pan C

Part B +
Figure 4b: Fifteen-year maturity model: (b) For the second order model, the total relation is always negative.
clearly different from the first order model where Ihe sign varies

Parte
This is

relation (Model 2 relation, second order)
to level of yields.

With regard to the total relation, first
consider five-year (Figure 3b) and 15-
year (Figure 4b) maturities. The figures
show very different patterns compared
with the first order. In fact, the sign of
the relation may be different. In the last
column of Table 2, the Model 2 entry
( + /-) is different from the five-year
entry of Model 1 ( + ). For the 15-year

case, the Model 2 total relation entry (-)
is also different from Model 1 ( + /-) .
Additionally, the more accurate 15-year
Model 2 result shows the magnitude of
the total relation to be much greater
than Model 1.

In the 3()-year case, the sign of the
total relation is negative for both first
and second-order models, but the
magnitudes for Model 2 average
approximately 2.5-fold more (see Figure
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Part A: Model 1

Vpl: Model 1

Part B: Model 1

1992 1997 2002
¿kr

Model 1 sensitivity = Part A + Part I i

Figure 5a: Thirty-year maturity model: (a) Part B dominates the relation for this maturity such that the relation is always negative

Pan A Pan B

Model 2 :

Pan A Part B

Pan C

Table 2: Signs

Maturity

5-year
15-year
30-year

for parts of

Model
Part A

+
+
+

model sensitivity

1 relation (first order)
Part B Total relation

+
+/-

Model 2
Part A

+
+
+

relation
Part B

-

(second
Part

-

order)
C Total relation

+/-

5b). Deeper analysis reveals that the
much greater sensitivity for Model 2 is
due to dgt-\/dy,-\ being much larger
than its Model 1 counterpart,
dd,-.\ldyt-\. In turn, this is due to the
large value of C,_i x dzt-\ /dy,-\,

where dz[-]/dy,-\ is largely determined
by the strong autoregressive nature {a2)
of yield changes. The difference between
Models 1 and 2 would usually be
relatively small if not for this
autoregressive nature of yield changes.
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Part A; Model 2

o
o
o
ö
o
o
o
CM

O
O
o

o
o

o
o
o
o'
o
o
o"
CD

o
o
o
o'
o
o
Ö
co

* i ^ ^ * ^ i ^ • ^ ^ " • • ' y^

Part C: Model 2

f^MyWi AÄ\.^'^

Model 1

Part B: Model 2

Model 2

1992 1997 2002

Airí A

Model 2 sensitivity =̂ Part A +

Parí C

Part B + Pan C

Figure 5b: Thirty-year maturity model: {b) Tbe second order total relation is alv>iays negative, as in the first order model;
however the magnitude is mucb larger in the second order

Again, the reader is referred to
Appendix C for details of the
mathematics.

These results may be contrasted with
those of Lakshmivarahan and Stock,
where they analyse three-month, six-
month, onc-ycar and three-year US
Treasury bonds using a more simplistic
model of yield volatility based
exclusively upon the level of yields.

They show that the total relation (total
derivative) turns from positive for the
shorter maturities to clearly negative at
the three-year maturity. The total
relation can still be positive at a five-year
maturity for a municipal bond.

In summary, analysts can make very
large errors in estimating the relation of
price variance to yields if only a simple
first-order model is used. For tlie five-
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year example, an analyst using the first-
order model expects a positive relation
where the more accurate second-order
model reports that the relation can be
either positive or negative. For the 30-
year case, the negative relation between
price variance and yield will be greatly
underestimated if the first-order model is
used.

CONCLUSION
The municipal bond market is a major
part of the US financial system. Many
portfolio managers and issuers arc
responsible for multi-billion dollar
positions. Fundamental bond analysis
shows that interest rate risk is
proportional to duration and volatility
of yields. However, more sophisticated
analysts should be aware that estimates
of conditional variance of prices can be
much improved by modelling
predictability in both yield changes and
conditional volatility of interest rates.
The autoregressive nature of yield
changes can have a dramatic effect on
price volatihty. The paper shows that
price volatihty of the more accurate
second-order model reveals volatility
that can be as much as 200 per cent
greater than the simpler first-order
model. Those using a first-order model
may well be grossly underestimating
price volatility of their portfolio.
Furthermore, the relation of price
volatility to the level of yields is much
different for the more accurate second-
order model. For example, the first-
order model may suggest a positive
relation where the more accurate
second-order model reveals a negative.
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APPENDIX A

dQ .

Given that r,.] values tend to be
relatively large compared with z,-\., this
derivative is positive for most practical
purposes so that Q increases with r,_|.

APPENDIX B
Taking the derivative ot R with respect
to z,- I,

dQ ^ r

dQ dQ

and X ) .

Q as a function of ^,-l is U-shaped. The
difference in variance is minimised and
the derivative is zero at z¡-\ = \/r,-\.
Thus z,^\ reduces (increases) Q when
^,_] is less (more) than 1//•,_].

Taking the derivative of Q with
respect to the A[í.(l) term, ao.

= 2r,-\{r,-\z,-\ -

The sign of the impact of «2 on the
percentage difference in variance will be
the same as j ! ^ if Ay,_i is positive.

APPENDIX C
Details on the second-order relation of
price variance arc as follows:

where

dy,-\

+ 2

Computations show the derivative of a
par coupon convexity is negative for
realistic parameters. Finally.
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