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WHEN Is A COINSURANCE-TYPE INSURANCE PoLicy
INFERIOR OR EVEN GIFFEN?

Arthur Hau

ABSTRACT
This article derives the necessary and sufficient conditions for a coinsurance-
type insurance policy covering a particular risk to be inferior and to be Giffen.
Mossin’s decreasing absolute risk aversion assumption for insurance to be in-
ferior is avoided. The result generalizes Hoy and Robson and Briys, Dionne,
and Eeckhoudt’s results to the case with a continuum of states and relaxes
their assumption of constant relative risk aversion. It is shown that knowl-
edge about the distribution of risk can be used to relax assumptions on an

utility function for a coinsurance-type insurance policy to be inferior and to
be Giffen.

INTRODUCTION

Mossin’s (1968) seminal article suggests that decreasing absolute risk aversion
(DARA) implies that coinsurance-type insurance is inferior. His study has stimu-
lated investigations in many related aspects of insurance demand (Schlesinger, 1981;
Hoy and Robson, 1981; Dionne and Eeckhoudt, 1984; Borch, 1986; Briys, Dionne, and
Eeckhoudt, 1989; Cleeton and Zellner, 1993; Schlesinger, 2000). Particularly, using a
two-state model, Hoy and Robson (1981) show that DARA is insufficient for insurance
to be Giffen. They show that under constant relative risk aversion, the coefficient of
relative risk aversion must be greater than unity for coinsurance-type insurance to
be Giffen. Using Cheng, Magil, and Shafer (1987) methodology, Briys, Dionne, and
Eeckhoudt (1989) show that DARA is necessary and sufficient for insurance to be infe-
rior. They also derive the necessary and sufficient condition under which insurance is
non-Giffen. By reversing the condition and focusing on a two-state case, they confirm
Hoy and Robson’s (1987) result.

This article does not treat insurance as a generic good. Instead, it attempts to derive
the conditions under which a coinsurance-type insurance policy covering a particular
risk is inferior and under which it is Giffen. The analysis differs from that of Briys,
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Dionne, and Eeckhoudt (1989) in that in their proofs of necessity of their conditions
for coinsurance-type insurance to be non-Giffen and to be inferior, they are allowed
to choose a two-state distribution satisfying some specific restrictions for generating
counterexamples. This strategy is inapplicable in this article as the distribution of
the risk concerned is fixed a priori. Besides, it is shown that whereas Briys, Dionne,
and Eeckhoudt’s condition for insurance to be inferior can be reversed to yield the
condition for insurance to be normal, reversing their condition for insurance to be non-
Giffen to obtain that for insurance to be Giffen may encounter difficulties in general.
On the contrary, the conditions derived in this article for a particular insurance policy
to be Giffen can be reversed to obtain the corresponding conditions for the policy to
be non-Giffen.

The main propositions derived in this article turn out to have some useful implications.
For instance, they can be used to show that a condition weaker than DARA is sufficient
for insurance to be inferior. They can also be used to generalize Hoy and Robson (1981)
and Briys, Dionne, and Eeckhoudt’s (1989) result. In particular, these authors show
that under constant relative risk aversion, it is necessary for the coefficient of relative
risk aversion to exceed unity for insurance to be Giffen. Briys, Dionne, and Eeckhoudt’s
proof applies only to the case with two states of nature (or with a discrete state space
given extreme parameters) and relies exclusively on the reversibility of the condition
for insurance to be non-Giffen. It is shown that their result can be extended to the
case with a continuum of states and without the assumption of constant relative risk
aversion.

Finally, sufficient conditions taking account of the curvature of the distribution func-
tion of the risk for a particular insurance policy to be inferior and to be Giffen are
derived allowing restrictions on the utility function to be relaxed. Interpretations
of these results under some common asymmetric bell-shaped loss distributions are
discussed. These results are particularly useful because many recent empirical stud-
ies (e.g., Szpiro, 1983; Eisenhauer, 1997; Eisenhauer and Halek, 1999) reject the uni-
form DARA hypothesis. Other empirical studies (e.g., Skinner, 1988; Kuehlwein, 1991;
Guiso, Jappelli, and Terlizzese, 1992; Parker, 1999) on precautionary saving reject a
positive third-derivative of utility functions and, therefore, indirectly reject the uni-
form DARA hypothesis.

The rest of the article is organized as follows. The first section introduces the model.
The second section derives the necessary and sufficient conditions under which an
insurance policy covering a particular risk is inferior. The third section derives the
necessary and sufficient conditions under which an insurance policy covering a par-
ticular risk is Giffen. The fourth section relates the results to those of the literature
and derives some extensions. The fifth section investigates some implications and
applications of the results. The final section concludes.

THE MODEL

Consider a risk-averse individual with initial wealth W,. He faces random loss [ with
realization L, density function f > 0, distribution F, and support [0, L], where L < W.
In the presence of a coinsurance-type insurance policy, the individual’s realized final
wealth is given by

W(L) = W — L + (L — AE(L)),
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where o € [0, 1] is the coverage rate, A > 1 is the gross loading factor of insurance,
and AE(L) is the premium payment for full insurance with E being the expectation
operator.!

The individual chooses o to maximize his von Neumann-Morgenstern expected util-
ity given by

H(o; Wo, A) = E[lUWy — L + (L — AE(L)))], (1)

where utility U is a function of realized final wealth. The first-order condition for an
optimum is given by

Ho(e"; Wo, &) = E[U'(W(L))(L — AE(L))] =0, (2)
at o = o*, where o* is the optimal coverage rate. Integrating (2) by parts gives?
0= Ha((x*; W(), )\.)

E ~
— U(W()) f (L — xE(L) dE(L)
0
L L
~|—]; u”"(W(L))W'(L) {/L (t —AE(L))dF(t)} dL, ()

ata = a*, where W(L) = — (1 — a) < 0. For the problem to be interesting, assume that
a* € (0, 1), which holds when A > 1 but is not too large. A necessary condition is that
LE(L) < L. The second-order condition is given by

Hoo(; Wo, 1) = EQU"(W(D))(L — +E(L))*] <0,

which is always satisfied given U"” < 0.

Realizing that the concept of risk aversion alone does not guarantee that coinsurance-
type insurance is normal or even non-Giffen, Mossin (1968), Hoy and Robson (1981),
and Briys, Dionne, and Eeckhoudt (1989) investigate the relation between the degree
of absolute risk aversion and the effects of changes in income and loading on insurance
demand. Denote the Arrow—Pratt coefficient of absolute risk aversion by A(W) = —

u"(wy/u'(w).

! An insurance policy is said to be actuarially fair (unfavorable) if 1 = (>) 1.

2 The integration by parts is carried out from L to L instead of from 0 to L because some results
to be established later rely crucially on the signs of U’ and U”W’ in (3) being the same. One
can check that integrating by part from 0 to L gives

Ha (oW, ) = U'(W(L)) /0 (L - xE(L)dFL)

L L
—/ U”(W(L))W/(L){/ (t—AE(Z))dF(t)}dL.
0 0

Note that the signs of U’ and — U”W’ in the above equality are opposite.
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Throughout this article, it is assumed that utility function U satisfies the following
condition:

Condition (C): Ultility function U exhibits U’ > 0 and U"” < 0 with the coefficient of
absolute risk aversion, A, being bounded from above. Moreover, U is twice continu-
ously differentiable and thrice piecewise continuously differentiable.

Note that U is assumed to be thrice piecewise continuously differentiable so that A'(W)
is piecewise continuous and hence is defined for all W.

CHANGES IN INITIAL WEALTH

To see whether a coinsurance-type insurance policy is inferior, one needs to check the
sign of da* /d Wy = —Hyw,/Huq. Since Hyy < 0 due to the second-order condition, one
has da*/dWy < 0 if and only if

Hoy (et; Wo, 1) = E[U"(W(L))(L — AE(L))] < 0. (4)

Mossin (1968) shows that DARA (i.e., A’ < 0) implies that (4) holds, regardless of the
distribution of the risk concerned. Briys, Dionne, and Eeckhoudt (1989) have proved
that DARA is necessary and sufficient for (4) to hold such that coinsurance-type
insurance is inferior. This is restated with some rewording as follows:

Proposition 1 (Briys, Dionne, and Eeckhoudt’s, 1989, Proposition 1 and Corollary
1): Fixing Wo and A arbitrarily, for any U satisfying condition (C) and any F, da*/dWy <
0 if and only if

Aa) = A(Wy) > Ab), for alla,b) with a < Wy <b, )

where Wo = Wy — AE(L) if and only if A <0.3

Note that (5) can be interpreted as requiring A(W(L)) — A(W,) to have the single-
crossing property. In Athey’s (2002) terminology, this gives rise to the so-called “mono-
tone comparative statics” result. Note also that the main inequalities in (5) can be
reversed to yield the necessary and sufficient condition under which coinsurance-
type insurance is normal, that is, da*/dWj > 0 if and only if A" > 0.

Briys, Dionne, and Eeckhoudt’s (1989) result is an extension of Cheng, Magill, and
Shafer’s (1987) result on the case of a simple portfolio choice to the case of coinsurance-
type insurance. Following Cheng, Magill, and Shafer’s strategy, Briys, Dionne, and
Eeckhoudt have proved the necessity of their conditions (in particular, condition (5)
in this article) by showing that there exists a two-state distribution for L with arbitrary
realizations L, and L, having probabilities 1 — = and 7 such that

U'(a)(a + L, — Wo)

= ZU®) b+ Ly — Wo) + U(@)@ + L, — W)

(6)

% To see the equivalence of the latter two conditions, simply realize that for any distribution
with any two realizations a and b, E(L) (and hence W) is arbitrary as a and b are arbitrary.
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so that (4) is equivalent to (5).* This implies that a violation of (5) results in a violation
of (4). Here, a and b are assumed to be the realized final wealth levels corresponding
to L, and Ly, respectively.

Even though Briys, Dionne, and Eeckhoudt’s (1989) results are theoretically interest-
ing, it may not be relevant to a particular insurance company. A pertinent question
that an insurance company will ask is, given a particular risk with a particular dis-
tribution F, whether there are conditions under which an insurance policy covering
the risk is inferior. For example, a car insurance company is interested in knowing the
condition under which a rise in an insured’s initial wealth always raises his car insur-
ance coverage. Since F is fixed a priori for a particular risk concerned, Briys, Dionne,
and Eeckhoudt’s proof of necessity, which relies on the freedom of setting F to be a
two-state distribution satisfying (6), is no longer applicable. Therefore, the necessary
condition for the new problem should be different from that stated in Proposition 1.

The following proposition gives the necessary and sufficient condition under which
a coinsurance-type insurance policy covering a particular risk is inferior:

Proposition 1: Fixing Wy, &, and F arbitrarily, for any U satisfying condition (C), da*/
dWy < 0 if and only if there exists y € R such that
L

L
[L AW))(t — AE(L))dE(t) = J//L (t — AE(L))dE(t) (7)

forall L €10, L].

Proof: The proof of necessity is tedious and is dedicated to the Appendix. To prove
sufficiency, it suffices to check from (4) that

Hay (et; Wo, 1) = E[= AW(L)U' (W)L — AE(L))]

L
:/0 —AW(L)YU'(W(L))(L — »E(L))dF(L)

L

L
. [U/(W(L))/L A(W())(t —KE(i))dF(t)]

0

_ f L U (W(L)W'(L) { / : AW®)(t — +E(L)) dF(t)} dL
0 L

L
—U’(W(O))/O AW(H))(t — AE(L)) dE(t)

_ f L U (W(L)W'(L) { / L AW®)(t — +E(L)) dF(t)} dL
0 L

IA

E -~
_U(WO)y /O (t — AE(L)) dF (1)

* See Briys, Dionne, and Eeckhoudt’s (1989) Proposition 1. Their Equation (8) is exactly Equation
(6) in this article.
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L L
—/ U”(W(L))W’(L){y/ (t—AE(E))dF(t)}dL
0 L
= —y Ha(o; Wo, 1) = 0. 8)

The third equality in (8) is obtained using integration by parts. The inequality is due
to (7) and W’ < 0. The last two equalities are due to first-order condition (3). O

By reversing the inequality in (7) of Proposition 1’, one immediately obtains the fol-
lowing necessary and sufficient conditions for an insurance policy to be a normal
good:

Proposition 1”: Fixing Wy, A, and F arbitrarily, for any U satisfying condition (C),
da*/dWo > 0 if and only if there exists y € R such that

/L AWt — LE(L))dF(t) < y /L(t — AE(L))dF(t)forall L € [0, L].
L L

Note that condition (7) seems even more complicated than condition (4). However, it
will be shown in the sections “Relating to and Extension of Existing Literature” and
”Some Important Implications” that Proposition 1" has some interesting implications.
Note also that Proposition 1’ is closely related to Gollier’s (1995) Proposition 1 that
deals with the comparative statics of changes in risk.> More explicitly, Gollier’s nec-
essary and sufficient condition for a change in the distribution of a risky prospect &
from F with density f to G with density g to reduce a risk-averse individual’s optimal
choice « is given by

[z adco= [ [%]z(x(x,a)dw)sy [ i,

where z is the payoff function with z, > 0, and x is a realization of X with support [x,

x1]. One can compare conditions (9) and (7). In particular, the term LL (t — AE(L))dF(t)
in (7) is closely related to the concept of “location-weighted probability mass function”
introduced by Gollier given by f;; z,dF(t) in (9). By replacing X by L, z(x, ) by W(L),
ze by L — LE(L), and g(x)/ f (x) by A(W(L)), and taking account of the difference in
the treatment between ¥ and L due to integration by parts as discussed in footnote
2, one can easily compare the similarities and differences between the two sets of
conditions.

% The proof of Gollier’s (1995) Proposition 1 is simpler because it allows U’ = 0 at the smallest
realized wealth. This, however, violates condition (C) of this article making A undefined at that
point. Moreover, the utility function constructed by Gollier has U" being a discontinuous step
function with U’ = 0 implying the special case of uniform increasing absolute risk aversion.
Finally, whereas the payoff rises with the random prospect in Gollier’s model, the payoff falls
with the random loss in this article.

® Note, however, that the proof of necessity of Proposition 1’ is more complicated than that of
Gollier’s (1995) Proposition 1 because of the additional restrictions imposed on A that contains
U’ <0and U > 0.
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CHANGES IN INSURANCE PREMIUM

To see whether a coinsurance-type insurance policy is a Giffen good, one simply check
the sign of da*/dx = — Hy; /Hge. Since Hyy < 0, one has da*/d2 < 0 if and only if

Ho (0" Wo, 4) = E[-U"(W(L))a*E(L)(L — AE(L)) = U'(W(L)E(L)] <0 (10)

if and only if
- 1 N -
E {[A(wm) - m} U (WL — xE(L))} <0, (11)
which is equivalent to
E {[A(wm) - m} (W) W) — W + i))} 0. (2

Briys, Dionne, and Eeckhoudt (1989) have derived the necessary and sufficient condi-
tions under which (12) holds and hence insurance is non-Giffen. Their result is stated
with some rewording as follows:

Proposition 2 (Briys, Dionne, and Eeckhoudt’s, 1989, Proposition 2): Fixing Wq and A
arbitrarily, for any U satisfying condition (C) and any F, do* /d X < 0 if and only if
1
Alb) — ——— > A@) — p

1
_— I 1
bW L > WO+Luforul(a,b), (13)

witha < Wy < b and where Wy = Wy — AE(L),b < Wy — Ly anda > Wy — L,.

Using exactly the same approach for proving Proposition 1, Briys, Dionne, and
Eeckhoudt (1989) prove the necessity of Proposition 2 by choosing a two-state distri-
bution with realizations a and b and by fixing their probabilities 1 — 7 and 7 such
that (6) is satisfied. They show that fixing the distribution this way, (10) is equivalent
to (13). Therefore, a violation of (13) leads to a violation of (10).

Close inspection again reveals that Briys, Dionne, and Eeckhoudt’s (1989) proof of
necessity of Proposition 2 relies exclusively on the assumption that F can be chosen
freely. When F is fixed for a particular risk a priori, their proof is no longer applicable.
Therefore, an insurance company cannot employ Proposition 2 to find the necessary
condition under which a fall in the price of a particular insurance policy on a particular
risk reduces demand.

Another limitation of Proposition 2 is that whereas it is legitimate to reverse condition
(5) in Proposition 1 to obtain the necessary and sufficient condition for insurance to be
normal, reversing (13) in Proposition 2 to obtain conditions for insurance to be Giffen
may be problematic in general. Unlike A(W(L)) in (5), the expressions in (13) having
the following form

1

AWL) — W(L)—Wo+L

are clearly divergent at W = W, (i.e., at L = AE(L)). The reason is that even though A
may be monotonic in L, when L is in the neighborhood of AE(L), the term —(W(L) —
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Wy 4+ L)' tends to negative infinity from the right and positive infinity from the left.
When the inequality in (13) is reversed, it will always be violated when b tends to W
or when a tends to Wj as A is bounded.

Facing this difficulty, Briys, Dionne, and Eeckhoudt (1989) have only attempted to
reinvestigate Hoy and Robson’s (1981) result for insurance to be a Giffen good under
the special case of a two-state risk. When there are only two discrete states, as long
as a and b (being the wealth levels in the bad and the good states) do not converge
to W, the two-way divergence problem of —(W(L) — Wy + L)™' at W = W}, does not
arise. They then show by reversing the inequality in (13) that given constant relative
risk aversion, it is necessary for the coefficient of relative risk aversion to be greater
than unity for insurance to be Giffen. Note that for a discrete state space with many
states, a realized loss should not be too close to AE(L); otherwise, one may need very
extreme values for A’ in order to reverse (13).

The following proposition states the necessary and sufficient condition for a
coinsurance-type insurance policy covering a particular risk to be a Giffen good with-
out restricting the risk to have a discrete state space:

Proposition 2’: Fixing Wy, A, and F arbitrarily, for any U satisfying condition (C),
da*/d) = 0 if and only if there exists y € N such that

L L
fL [AW(®)e*(t — AE(L)) — 11dE(t) = V/L o (t — AE(L)) dE(t) (14)

forall L €[0,L].}

Proof: To prove sufficiency, it suffices to rewrite the left side of (11) using integration
by parts as

L
/0 [AW(LY)o (L — 2E(L)) — 11U/ (W(L)) dE(L)
E -~
— U(W(O) /0 [AW(L))o"(L — 1E(L)) — 1dE(L)
L L
+ / w(W(L))W/(L){ f [A(Mt))a*(t—AE(E))—l}dF(t)}dL
0 L
L -~
> U(W(0)) /O y(L — 2E(L))dF(L)

L L
+ / U’ (W(L)W'(L) - |:y/ (t —rE(L)) dF(t)j| dL
0 L
=y Hy(a; Wy, A) = 0. (15)

Therefore, da*/dx > 0. It should be noted that (15) is analogous to (8). The proof of
necessity follows straightforwardly that of Proposition 1" with — A(W(L))(L — AE(L))
replaced by A(W(L))a*(L — »E(L)) — 1 and is thus omitted. O
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Again, Proposition 2’ has some implications that will be discussed in the sections “Re-
lating to and Extension of Existing Literature” and “Some Important Implications.”
By reversing the inequality in (14), one can immediately obtain from Proposition 2’ the
necessary and sufficient condition for an insurance policy to be non-Giffen as follows:

Proposition 2" Fixing Wy, A, and F arbitrarily, for any U satisfying condition (C), da*/
dx < 0if and only if there exists y € R such that

/L[A(W(t))a*(t “AE(L)) — 1]dF(t) < y /L o*(t — AE(L))dF(t) forall L [0, L].
L L

RELATING TO AND EXTENSION OF THE EXISTING LITERATURE

This section attempts to relate the results developed in the previous sections to the
literature and to provide some extension. The following lemma states the relation
between condition (7) in Proposition 1’ and DARA.

Lemma 1: If A <O, then there exists y € R such that (7) holds.
Proof: Consider any L < AEL. One has W(L) > W(LE(L)), which implies that
AW(L)) < A(W(LE(L))) given A’ < 0 such that

AW(L)(L — 2EL) = AWGE(L)L — AEL). (16)

Next, consider any L > AEL. One has W(L) < W(AE(L)), which implies that
AW(L)) > AGW(LE(L))) as A" < 0 such that (16) again holds. Multiplying both sides
of (16) by f(L) and integrating give

L

/ " AWt — AE(L) dE() = / AWGED))(t — 1E(L)) dE().
L L
By setting y = A(W(AE(L))), one obtains (7). 0

Lemma 1 and Proposition 1’ give rise to the following well-known result:

Corollary 1 (Mossin, 1968): Fixing Wo and A arbitrarily, for any U satisfying condition (C)
and any F, if A' <0, then de* JdW, < 0.

The proof of Lemma 1 clearly suggests that the condition of DARA can be weakened
by requiring A(W) — A(Wp) to possess the single-crossing property. The following
corollary utilizes condition (5), which is weaker than DARA given a fixed distribution
F with a fixed value for AE(L):

Corollary 2: Fixing Wy, A, and F arbitrarily, for any U satisfying condition (C), da*/

A(a) > A(Wp) > A(b) for all (a,b) witha < Wy < b,

where Wy = Wy — AE(L).

Proof: It suffices to realize that (16) holds on [0, L] under the stated condition. Again
by setting y = A(W(AE(L))), one obtains (7). By Proposition 1’, da* /dW, < 0. O



352 THE JOURNAL OF RISK AND INSURANCE

Proposition 2’ also has some implications. Denote the coefficient of relative risk aver-
sion for utility function U by R(W) = — W U"(W)/U’(W).” A utility function is said
to exhibit constant relative risk aversion if R(W) = g8 for all W, where 8 is a con-
stant. Realizing that the coefficient of absolute risk aversion alone does not give rise
to unambiguous conditions under which insurance is Giffen, Hoy and Robson (1981)
and Briys, Dionne, and Eeckhoudt (1989) have turned to the concept of relative risk
aversion. They show that when a risk averse utility function exhibits constant relative
risk aversion, a necessary condition for insurance to be Giffen is that the coefficient of
relative risk aversion exceeds unity. As mentioned in the section “Changes in Insur-
ance Premium.” Briys, Dionne, and Eeckhoudt’s proof relies crucially on reversing
the inequalities in (13), which is valid only for the case with a discrete state space and
is inapplicable to the case with a continuum of states.

The following corollary of Proposition 2’ extends the results of Hoy and Robson (1981)
and Briys, Dionne, and Eeckhoudt (1989, Proposition 3) by relaxing the assumption
of constant relative risk aversion and by allowing for the case with a continuum of
states:

Corollary 3: Fixing Wy and A arbitrarily, for any U satisfying condition (C) and any F,
da*/d) > 0 only if R(W) > 1 for some W € [W(L), W(0)].

Proof: Rewrite (14) as

L
/L {o [A(W(t) — y1(t — AE(L)) — 1}dF(t) = 0. 17)

Rewrite the left-hand side of (17) as

L
/L {(ROV(t) — 1) — AW(E))(Wo — 1) — y(t — AE(L))}E(H). (18)

It can be checked that the integral in (18) is nonnegative for all L € [0, L], only if
R(W) > 1forsome W. To see this, it suffices to realize that — A(W(L)) (Wo — L) < Oforall

L €[0,L)asL < Wand thatthereexists L € [O,E]atwhich—fLL y(L — AE(L))dF(t) <

0 as fLL(t — AE(L))dF(t) alternates in sign on (0, L). Suppose by contradiction that
R(W) <1 for all W. Substituting these into (18) gives rise to a violation of (17) for some
L € [0, L]. By Proposition 2/, there exists utility function U satisfying condition (C)
such that the insurance policy is non-Giffen. A contradiction! Since F is arbitrary and
does not affect the specified condition, the result follows. O

Mann (1991) suggests that under a two-state model, when relative risk aversion is
not constant, it is necessary that R'(W) < 0 for insurance to be Giffen. Corollary 3
(particularly the expression in (18)) suggests that this result is an artifact of the two-
state formulation. Corollary 3 also gives rise to the following well-known result:

7 Menezes and Hanson (1970) have a detailed exposition of the relation between absolute risk
aversion and relative risk aversion. For some applications of the concept of relative risk
aversion to the problem of production under risk, see Sandmo (1971), Katz (1983), and Briys
and Eeckhoudt (1985).
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Corollary 4 (Robson and Hoy, 1981, and Briys, Dionne, and Eeckhoudt’s, 1989, Proposition
3): Fixing Wy and X arbitrarily, for any U satisfying condition (C) and exhibiting constant
relative risk aversion and any F, da* /d) > Q0 only if B > 1.

SOME IMPORTANT IMPLICATIONS

So far, the conditions for insurance to be inferior proposed in the literature only im-
pose restrictions on the curvature of a utility function. Particularly, the uniform DARA
assumption has often been invoked. Unfortunately, empirical findings on the validity
of the uniform DARA hypothesis have been mixed. Based on life insurance demand
data, Eisenhauer (1997) and Eisenhauer and Halek (1999) have found positive corre-
lations between life insurance demand and wealth (assets) and hence have rejected
the uniform DARA hypothesis, using Mossin’s (1968) proposition (Corollary 1 in this
article). Szpiro (1983) finds only limited support for the DARA hypothesis based on
nonlife insurance demand data. On the contrary, based on a survey of Italian house-
holds related to hypothetical investment opportunities, Eisenhauer and Ventura (2003)
have found evidence of DARA when households are divided into two wealth cate-
gories. Based on the data of bidding responses among Treasury bill dealers, Wolf and
Pohlman (1983) have found evidence of DARA.

In another branch of research, empirical studies (e.g., Skinner, 1988; Kuehlwein, 1991;
Guiso, Jappelli, and Terlizzese, 1992; Parker, 1999) have found no evidence of pre-
cautionary saving, meaning that absolute prudence P = — U"”’/U" is nonpositive,
and hence sgn (A’) = sgn (A — P) cannot be negative, indirectly rejecting the DARA
hypothesis.®

Propositions 1" and 2’ suggest that one can take advantage of the knowledge about the
interaction of utility U and distribution F specified in conditions (7) and (14) to obtain
new conditions for a particular insurance policy to be inferior. This is especially useful
in cases where the uniform DARA hypothesis is violated. The following lemma helps
prove the next corollary that utilizes one’s knowledge about the distribution of the
risk concerned:

Lemma 2: There exists y € N such that (7) holds if

/ L AW(L))L — »E(L))dF(L) > 0. (19)
0

Proof: Consider any L € (AE(L),L]. L —AE(L) > 0 implies that

/ : AWt — AE(L))dE(t) > 0.
L

8 The presence of precautionary saving under risk is known to be represented by a positive third
derivative of an individual’s utility function (e.g., Kimball, 1990). Simple differentiation shows
that A/A= A — P, where P = — U"’/U" is the coefficient of absolute prudence introduced
by Kimball (1990).
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Next, consider L € [0,AE(L)). L — AE(L) < 0 implies that

L
/L AW — RE(L))dF(?)

L L
> / AWt — AE(L)) dF(t) + / AWt — LE(L)) dF(t) > 0.
L 0

The first inequality is due to L — AE(L) < 0; the last inequality is due to (19). Clearly,
fLL AW()(t — AE(L))dF(t) > O forall L € (0, L).
Since foz(t — AE(L))dF(t) < 0 and L — AE(L) has the single-crossing property, there

exists L* € (0,L) such that fLE(t —AE(L)dF(t) >0 for all L € [L* L] and fLL(t -
2E(L))dE(t) < 0 for all L € (0, L*]. Set

L L
y = inf UL A(W(t))[t—kE(E)]dF(t)//L [t—AE(E)]dF(t):| > 0.

Le[L*,L]

It can be checked tha_t (7) holds on [L* L]. For any L € [0, L*), since fLi(t —
LE(L))dE(t) < 0, but fLL AW®)(L — AE(L))dF(t) > 0, one again obtains (7). O

The intuition of Lemma 2 as an application of Proposition 1’ is shown in Figure 1.
(19) is a sufficient condition under which condition (7) of Proposition 1’ holds.

FIGURE 1
Visualization of Lemma 2
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S AGW(L))[L — AE(L)JdF(L) > 0 guarantees that [\ A(W(t)[t — AE(L)JdF(t) is uni-
formly positive so that there exists y sufficiently small satisfying (7).

Corollary 5: Fixing Wy, A, and F arbitrarily, for any U satisfying condition (C), do*/
AWy <0if

1—-a®A f
s (20)
and
L
/ (L —rE(L))dL > 0. (21)
0

Proof:? It can be checked that (20) is equivalent to d(A(W(L)) f(L))/d L > 0. The last
inequality implies that for any L € [AE(L), L],

AW(L))f(L) = AWG.E(L))) f (AE(L))
such that
AW(L)) f(L)L — 2E(L)) = AWME(L))) f(RE(L))(L — AE(L)). (22)
Also, for any L € [0, AE(L)],
AW(L))f(L) = AWG.E(L))) f (AE(L))

such that (22) again holds. Integrating both sides of (22) gives
L L
| AW@YE = AEDYFL) = AWGEENFGED) [ (L =AE@)dL=0.

The last inequality is due to A> 0, f > 0, and (21). By Lemma 2 and Proposition 1,
da*/dWy < 0. O

Mossin (1968) has explained the intuition of Corollary 1 in the section “Relating to and
Extension of the Exising Literature.” As absolute risk aversion decreases with wealth,
a higher level of endowed wealth raises the wealth level in every loss state reduces the
risk-aversion attitude of the individual and hence lowers the individual’s demand for
insurance coverage. Therefore, DARA renders insurance an inferior good regardless
of the distribution of the risk. Note that uniform DARA is equivalent to JA(W(L))/

? One can in fact prove Corollary 5 directly without utilizing Proposition 1" and Lemma 2.
Readers who are interested in comparing the direct proof of Corollary 5 to that of Mossin’s
(1968) result (Corollary 1 in this article) to gain addition intuition can obtain the proof from
the author.
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dL = (1 — a*) (dA/dW) > 0 on [0, L]. The proof of Corollary 5 suggests that by as-
suming a sufficiently small loading satisfying condition (21), one can apply Lemma 2.
This allows one to replace the dA/dL > 0 condition by the d(Af)/dL > 0 condition
(equivalently condition (20)).

The new condition allows some trade-off between absolute risk aversion and the
probability density weight attached to it. Now, absolute risk aversion weighted by
the probability density of loss falls either when absolute risk aversion is decreasing or
when the density weight is decreasing in wealth (or equivalently, when the density
weight is increasing in the realized loss, i.e., f’ > 0). The trade-off between the change
in absolute risk aversion and the change in probability density weight of loss as wealth
changes is given by condition (20).

Note that, just as one can replace the uniform DARA condition (i.e., dA/dL > 0) by
the single-crossing assumption on A, so one can replace condition (20) in Corollary
5 (i.e., d(Af)/dL > 0) by the single-crossing assumption on A- f. This can be checked
easily from the proof of Corollary 5. Note also that the term f'/f = F”/F’ used in
both Corollaries 5 and 6 represents the curvature of F and is known as the maximum
likelihood ratio in the statistics literature.'” It can be observed from condition (20) of
Corollary 5 that when f' is positive for some L, absolute risk aversion is allowed to
be increasing for the wealth levels corresponding to these L values.

The above suggests that one can take advantage of the knowledge about the distri-
bution function to make the assumption on the utility function less restrictive. As
an example, suppose the risk follows a beta distribution with parameters 6; and
6>, EL = 61/(01 + 6,), and L = 1.1 Since

(L —XxE(L))> (—rE(L))?
2 B 2

/L(L — AE(L))dL =
0

(21) is satisfied if gross loading A < (61 + 602)/26;. It is well known that with a beta
distribution, f is unimodal with f’ switching from positive to negative as L rises when
both 61 and 6, are greater than unity. This together with (20) in Corollary 5 implies
that for a coinsurance-type insurance policy to be inferior, U is allowed to exhibit
increasing absolute risk aversion with A’/ A subject to an upper bound at a relatively
small L. At a relatively large L, U may need to exhibit DARA. This also suggests
that the single-crossing property of A(W)— A(W) suggested in Corollary 2 is not
needed.

A similar argument applies to the case of a gamma distribution with parameters 3 and
04, and mean 65 64.12 Since L tends to infinity under a gamma distribution, Condition
(21) always holds. Besides, a gamma distribution is also unimodal when 3 > 1, giving

19 The concept of maximum likelihood ratio has been used extensively in solving the principal-
agent problem (Grossman and Hart, 1983; Rogerson, 1985; Jewitt, 1988).

I'e, + 6,
(6, + 62) LAY(1 — L)%, where I is

11 The density function of a beta distribution is given by —————=
Y BV Tonr @)

the gamma function.
12 A gamma distribution has density L®De~L/% (I (65)6,%) .



WHEN IS A COINSURANCE-TYPE INSURANCE POLICY INFERIOR OR EVEN GIFFENS 357

rise to f’ > 0 when L rises initially such that absolute risk aversion is allowed to rise
initially for (20) to hold.

A corollary similar to Corollary 5, stating sufficient conditions for a coinsurance-type
insurance policy to be Giffen, can be proved with the help of the following lemma:

Lemma 3: There exists y € RN — {0} such that (14) holds if (1 — a*) A /A< o* Aand

/L AW(L)) [L —AE(L) - } dF(L) > 0. (23)
0

a* A(W(L))
Proof: Observe that

/L AW(L)) |:L CAE(D) - — } dF(L) < /L AW(L))L — AE(L))dE(L)
0 a* Al 0

(W(L))

so that (23) implies that
[: ~
/ AWL))(L — AE(L))dF(L) > 0. (24)
0
By Lemma 2, there exists y* € 9 — {0} such that

/ " AW®NE - AED) R = f (¢ = RED)dEW) (25)
L L

for all L € [0, L]. Now, d[L — »AE(L) — (@* A(W(L)))~'1/dL > 0 if and only if (1 — a*)
AJA < a* A. Since both L —AE(L) and L — AE(L) — («* A(W(L)))~! are increasing
and become negative when L is sufficiently small, using arguments similar to that
presented in Lemma 2, one can show that (24) and (23) imply

L
/ AW(t)(t — AE(L))dE(t) > 0
L
and
L
/ AW()[E — LE(L) — (a* AW(t)) ' 1dE(t) > 0
L
forall L € [0, L]. Choosing é > 0 sufficiently small gives
L L
/L AWt — AE(L) — (a* A(W(t)) 1 dE(t) > 8/L AW(t)(t — AE(L))dF(t) > 0

forall L € [0, L]. Setting y = y* § and using (25) gives
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L L
/L A(W(f))[t—kE(i)—(a*A(W(t)))_lldF(t)ZV/L (t — AE(L))dF()

forall L € [0,L]. O

Corollary 6: Fixing Wy, A, and F arbitrarily, for any U satisfying condition (C), da*/dA >
0if

(1_71‘;‘*)‘4/ < min {?,a*A} (26)
and
L 5 1
/O [L —AE() - m} dL > 0. 7)

Proof: Let L* be the smallest L satisfying L* = AE(L) + («* AW(L*)))7!. It can
be checked that (26) implies that d(A(W(L))f(L))/dL > 0 and that d(L — AE(L) —
(a* A(W(L)))~Y)/dL > 0. These imply that for any L € [L* L],}

AW(L) f(L) = AW(L") f (L)

and hence
AW(L))f(L) [L —AE(L) - m}
. 1
> AW(LH) f (L% [L — AE(L) — m} ) (28)

Also, forany L € [0, L),
AW(L))f(L) < AW(L") f(L")

such that (28) again holds. Integrating both sides of (28) gives
L
/0 AW(L)L = AE(L) — (" AW(L))) ™) dF(L)
L
> A(W(L#))f(L#)f (L = AE(L) = (@ AW(L))HdL > 0.
0

The last inequality is due to A> 0, f > 0, and (27). By Lemma 3 and Proposition 2’,
da*/dr > 0. O

Corollary 6 has similar implications as Corollary 5, except that (26) is more restric-
tive than (20). Unlike L — AE(L) that crosses zero once, there is no guarantee that
L —AE(L) — (e* A(W(L)))~! crosses zero only once. The second part of (26) serves to
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guarantee the single-crossing at zero of the latter expression. The first part of (26) is
identical to (20) of Corollary 5, which assures that d(Af)/dL > 0. Lastly, (27) is more
restrictive than (21) for a coinsurance policy to be Giffen.

As an example of how Corollary 6 can be applied, assume for simplicity that U has a
constant coefficient of absolute risk aversion ¢ and L has a beta distribution. Expres-
sion (27) requires A < 2a* ¢ 01)7! (¥ ¢ — 2)(01 + 62). Since A > 1, the coefficient of
absolute risk aversion must be sufficiently large such that ¢ > 2(61 + 62)[e*(02 — 61)] .
Given a beta distribution (26) and (27) may hold even when absolute risk aversion
increases at a relatively small L as long as A(W(L)) is relatively large, although (27)
is more restrictive and hence more difficult to be satisfied than (21). In the case of a
gamma distribution, (27) always holds as L tends to infinity (unless A tends to zero).
Since f is unimodal when parameter 63 > 1, absolute risk aversion is allowed to rise
initially for (26) to hold as long as A is sufficiently small.

Before leaving this section, note that an asymmetric bell-shaped density function
seems suitable for the case of health risk because an insured often incurs some small
to medium-sized medical expenses every year. On the other hand, it seems reason-
able that with a large realized loss, a rise in medical cost leading to a further reduc-
tion in wealth is likely to make an insured more risk averse, which is in favor of
DARA. The same reasoning, however, may not be appealing when the realized loss
is small, meaning that DARA is possibly violated. Corollaries 5 and 6 are thus impor-
tant, especially because many commonly encountered distribution functions, such as
Weibull distribution and truncated normal with positive mean prior to truncation,
have asymmetric-bell-shaped density functions. Other distributions, such as beta,
gamma, lognormal, and chi-square distributions are asymmetric bell-shaped under
some reasonable parameter values. Moreover, all the above-mentioned distributions,
except for beta distribution, always satisfy condition (21) as L tends to infinity.

CONCLUSION

This article has derived the necessary and sufficient conditions under which a
coinsurance-type insurance policy covering a particular risk is inferior and under
which it is Giffen. Although these conditions are complicated, they do have some im-
portant implications. For instance, the necessary condition for insurance to be Giffen
can be made less restrictive than that proposed by Hoy and Robson (1981) and Briys,
Dionne, and Eeckhoudt (1989). More importantly, it is possible to take advantage of
one’s knowledge about the distribution of a particular risk to loosen the requirements
on an insured’s utility function for a coinsurance-type insurance policy to be inferior
or to be Giffen.

The knowledge about loss distributions allows one to explain at least some seemingly
controversial empirical findings on the uniform DARA hypothesis. Particularly, it may
be consistent for an individual to treat a particular insurance policy as inferior and
another policy as normal, and yet the same individual may not show uniform DARA
under some hypothetical gambling or investment situations. Using one’s knowledge
about the distribution of a risk to derive weaker conditions on an individual’s utility
function for different types of insurance policies (such as deductible insurance and
upper limit insurance) to be inferior or to be Giffen is a research agenda that is worth-
pursuing in the future.
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APPENDIX

Proof of Proposition 1' (necessity): The necessity is proved by construction and
contradiction. The proof proceeds by first constructing utility function U satisfying
condition (C). Then it will be checked that such a U allows first-order condition (3)
to be satisfied at some parameter values. Finally, it will be shown that with all these
conditions satisfied, a violation of (7) gives rise to a violation of (4).

To simplify the exposition, let p =1 — a* and W = Wy — o*AE (L) such that the support

of the individual’s random wealth equals [W — pL, W]. Construct utility function U
as follows:

1 Ws n N _ N
Uy +EW— EH(W— V\/)2 —i—/ d(k)dk + @(W)Y(W - W), We[W-pL W],
W
1 W n
u= uo+sW—§n<W—W)2+/ (k) dk, W e (W, W),
w
1 _
Uo +EW — Sn(W — W)?, [W., W1,

where W —pL < W < W, < W; 0 < Uy < 0o and 0 < £ < oo are sufficiently large
positive constants such that U > 0 and U’ > 0; 5 is a constant to be defined later;
W, =W — pL, and W= W — pL where L, and L are constants to be defined later;
and ® satisfies the following;:

(=
S5 -(5)])

where s > 0 is a constant to be chosen later, or equivalently,

2 3

o= f(555Y -2 (552)]
such that

f-r.\ - \T

e CO N )|

as dL/dW = — p~'. By differentiation,

=
|
g>
~—
N
=
> |
2)
N—
-
N
=
B
E)
~—,

W -
N
~

o
o
\—/
W
[ ——
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E+n(W—W)+d(W), Wel[W-pL W]
U ={&+n(W-W)+dW), We (W W)
E+n(W-W), W e [W;, W]

U’ is certainly differentiable on [0, L]. A second differentiation yields

0 —n+ (W), We (W W)
B -, otherwise

It can be checked that U is continuous. Also, ® is continuous on (W, W) and ®(W) = 0
so that U’ is continuous on [W — L, W]. Now, &’ is continuous on [W — L, W;) and
®'(W;) = 0 = &'(W), implying that U"” is continuous on [W — L, W]. In addition,
@' < 0on (W, W,) implies U” < 0 on [W — L, W]. Next, ®’ is differentiable on (W, W;)
with ®” = —2p72s[L — (L + Ls)/2] on (W, W;) such that U" is piecewise differentiable.
Finally, it can be checked that

n
£+ (W — W) + (W)’
n— ®'(W)
£+ n(W — W) + (W)’
n
£+ n(W—-W)

We [W-—pL, W]

AW) = W e (W, W)

W e [W, W]

is bounded regardless of the actual value of s to be chosen for .

To save space, let

E ~
T(L):/L (t — AE(L))dE(t).

Substituting the above into first-order condition (3) gives

L L
0=&T(0)+ /0 n(1 — )T (L)dL — /L WL —a"T(L)dL. (A1)

To simplify the exposition, let

L
@' (W(L))T(L)dL.

s

L
Vo= —£(1— ) T(0); Wy = /O T(LydL; W, = /
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Assume for the moment that W1 # 0. The case with ¥; =0 given the above specification
of U will be handled later. Collecting terms with 7 in (A1) suggests that one must set

¥y + ¥,
]’]:4

v (A2)

in order for first-order condition (3) to hold. This finalizes the construction of the
utility function.

The remaining task is to show that given the constructed utility function, a violation
of (7) gives rise to a violation of (4). Denote

L
TAL) = /L AWO)(E — 2E(L)) dE(E)
and

L L
Ui = —£(1 — o)1 TA0); xy{‘:/o TAL)dL; w;‘:f @' (W(L)TA(L)dL.

Under this notation, using (A2) gives

\I’A
Sgn Hy, (a; Wo, ) = Sgn (W3 — Wit + ¥3') = Sgn [——1(% + o) + (W3 + xpzA)}

Wy
(A3)

Assume by contradiction that (7) does not hold. Then for each o € %, there exists
L € [0, L] such that

TAL) <oT(L) (A4)
Since T4 and T are both continuous, the inequality in (A4) holds for a nontrivial

interval I(o0) C (0, L). For a particular o to be chosen later, choose L and L, such that
(Ls, L) € I(0) together with (A4) and ®'(W) < 0 on (W, W;) gives

L L
Wi = f ®'(W(L)THXL)AL > o f ®'(W(L)T(L)dL = o W,. (A5)

s s

Since T(L) and T4(L) are bounded, one can choose s sufficiently large such that ¥,
dominates ¥ and ¥4 dominates W' so that (A5) gives rise to

Ui+ v > o(W + 0y), Yo e . (A6)

The last inequality in (A6) implies that

vt AL ga vy
—gr (Yot W) + (¥g +W5) > (0 = - ) (Wo + W), (A7)
1 1
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Since ¥, # 0 and the expression Wi — o W is linear in o, there exist nonempty sets

S‘:{al‘l’lA—a\Il1<O, aefﬁ}
and ST ={o | V! =oW; >0, o €R}.

It can be checked that one can always choose o to make sure that

A
(U — \\I;—ll) (Vo + ¥y) > 0. (A8)

The following are four possible cases to be considered:

If Uy > 0and ¥y + ¥, > 0, then choose o € S~ such that o — (¥{!/W4) > 0.
If ¥; > 0and ¥y + ¥, <0, then choose o € St such that o — (\Ilf/\lll) <0.
If ¥ <0and ¥ + ¥, > 0, then choose o € ST such that o — (\If{‘/\lﬁ) >0.
If W; <0and ¥y + ¥, <0, then choose o € S~ such that o — (W{}/¥;) < 0.

L

Choosing o in the above cases accordingly gives rise to (A8). Substituting (A8) into
(A7) and then (A3) gives Hyw,(o; Wo, A) > 0. A contradiction!

Finally, suppose W1 = 0 under the constructed utility U. Then simply replace the
—1n(W — W)? term in U by —1n(W — W — k)?, where k # 0. Now, (A1) becomes

L
0=—&T0)+n«T0)+ / ' (W(L)(1 — a™)T(L)dL. (A9)
Ls
It suffices to set U1 = k T(0) such that (A2) still holds. Next, set W#! = « T4(0). The proof
goes through exactly as before. a
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