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FLORIDA’Ss PENSION ELECTION: FROM DB
10 DC AND BACK

Moshe A. Milevsky
S. David Promislow

ABSTRACT

During the year 2002, the State of Florida’s 600,000 public employees were
given the choice of converting their traditional defined benefit (DB) pension
plan into an individual-account defined contribution (DC) plan with full
control over asset allocation and investment decisions. To mitigate some of
the risk and uncertainty in the decision, the State granted each employee
electing the DC plan an additional option to switch back (i.e., change their
mind once) at any point prior to retirement. This option has been labeled the
2nd election by the State and the cost of reentry is fixed at the accumulated
benefit obligation of their pension entitlement, which is the present value of
the life annuity. Our article presents some original analytic insights relating
to the optimal time and financial value of this unique 2nd election. Although
our model is deterministic in nature, we believe that it provides a number
of intuitive insights that are quite robust. Our results can be contrasted with
Lachance, Mitchell, and Smetters (2003). We estimate that the increase in
retirement wealth that arises from having the 2nd election is equivalent to
at most 30 percent in future value, and only when utilized optimally. Fur-
thermore, for most State employees above the age of 45, the 2nd election
has little economic value because the DB plan dominates the DC plan from
day one. Of course, it remains to be seen what percent of Florida’s 600,000
employees will elect to behave rationally with their newfound pension
autonomy.

THE FLORIDA PENSION ELECTION

During the year 2002, the State of Florida’s 600,000 public employees were given
the choice of converting their traditional defined benefit (DB) pension plan into an
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individual-account defined contribution (DC) plan with full control over asset al-
location and investment decisions. This new Public Employee Optional Retirement
Program (PEORP) has been the focus of intense scrutiny by local and national media
because it is the largest such pension conversion in the history of the United States
and is being viewed by some observers as a potential laboratory for Social Security
reform.

Interestingly, to mitigate some of the risk associated with this decision, the State
granted each employee electing the DC plan an option to switch back into the DB
plan at any point prior to retirement. This option has been called the 2nd election by
the State authorities and we will adopt this name. The cost of getting back into the DB
plan is the accumulated benefit obligation (ABO) of their pension entitlement under
the DB plan. The ABO is effectively the present value of that portion of the life annuity
(pension) to be received at retirement, based on the number of years of service and
salary at the time of computation.!

Our article presents some original analytic insights relating to the optimal time and
financial value of this unique 2nd election. Although our article is structured in de-
terministic terms, we believe this framework is sufficient to capture the economic
trade-offs. We will elaborate on this throughout the article. A follow-up paper by the
authors is examining a more robust general framework for pension decisions.

We are careful to distinguish between the value of the 2nd election, which is the focus
of this article, versus the more vague and controversial pension “funding cost” of
providing the 2nd election to the employee. While the former is related to portfolio
replication and dynamic hedging of guarantees, the latter depends on various actu-
arial standards of practice, assumptions, and cost methods that are beyond the scope
(and interest) of this analysis. We refer the interested reader to the work by Haberman
and Sung (1994) as well as O’Brien (1986) for stochastic models of pension plans that
are focused on actuarial funding methods.

Most importantly, the conclusions from our, albeit simple, analysis differ from the
results of Lachance, Mitchell, and Smetters (LMS) (2003) that were recently published
in this journal. In contrast to LMS (2003), which provides estimates up to 100 percent,
we argue that the value of the 2nd election is at most worth 30 percent of the DC
contribution rate and only when exercised at the optimal time. The DC contribution
rate is the amount the State contributes to each employee’s retirement account when
they are part of the DC plan. For example, 9 percent of current salary. Furthermore,
for most State employees above the age of 45, the 2nd election has little economic
value because the DB plan dominates the DC plan from day one. To be clear, we are
not saying that Floridian’s above the age of 45 should not be opting into the State’s
DC plan. Rather, for those who intend to retire (with 100 percent certainty) from the
State plan, the DB choice is optimal because they will accumulate greater retirement
wealth. “And, if these employees behave suboptimaly relative to our optimal exercise
rule, the State of Florida can only save money.”

! For future employees—i.e., those not in the plan at the time the PEORP was initiated—the buy-
back price will be the accumulated actuarial liability (AAL). Our article is focused primarily
on employees currently in the plan.
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On a conceptual level, our article goes beyond some of the recent academic literature
on pension choices and guarantees—for example Sherris (1995), Pennacchi (1999), and
Lachance, Mitchell, and Smetters (2003), as well as Childs et al. (2002)—by providing
simple analytic guidance on the optimal choice between DB and DC plans. We make
some innocuous and simplifying assumptions—that can be changed from liberal to
conservative depending on the need—in order to shed intuitive light on the decision.

Agenda for the Article

The next section develops a complete intuition for the deterministic case where interest
rates, investment returns, retirement dates, and employment horizons are known with
perfect certainty. The subsequent section provides some numerical examples and
actual data from the State of Florida. We refer the reader to the work by Bodie (1990)
as well as Bodie, Marcus, and Merton (1988) for a refresher on the basic differences
between DC and DB pension plans. Technical proofs are given in the Appendix.

THE MODEL

We start by assuming that all economic parameters are known with certainty. We let
C; denote the value of the DC account at time f, and let B; denote the value of the
ABO—or the AAL>—in the DB plan, at time t. While the ABO and AAL are distinct
quantities, most of our comments and model apply to either metric (buy-back price).

Our underlying framework revolves around a participant currently aged —y, with ¢
years of service, that has just been given the choice at time ¢t = 0, (upon launching
the PEORP) to move to the DC plan. The participant is also granted a 2nd election
to buy back into the DB plan—if they actually left the DB plan to begin with—at any
future switching time s, where s < T, which is the retirement horizon. Our main focus
of analysis is twofold. Should the participant make the first election to switch into the DB
plan? And if so, when should they elect, if ever, to switch back?

Figure 1 provides a graphical illustration of the various decision points. The partici-
pant starts in the DB plan when the PEORP is inaugurated and must decide whether
to switch into the DC plan (today). Assuming the participant does decide to elect the
DC plan, he or she has the opportunity to make the 2nd election and return to the DB
plan anytime prior to retirement. If, on the other hand, the participant decided not to
elect the DC plan at inception of the program, they have a second (and last) chance to
switch to the DC plan prior to retirement.

There is an alternative choice (that we do not explicitly address here) in which the
employeeis given the option to leave (or freeze) the vested benefits in the DB plan, and
direct new contributions only, into the DC plan. As we shall see later, this strategy
is implicitly dominated by one of the two alternatives. In other words, either it is
optimal to switch everything into the DC plan, or it is optimal to keep everything in
the DB plan.

2 The AAL captures an average contribution rate on the part of the plan sponsor, and is therefore
only loosely tied to any one individual’s pension benefit.
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FIGURE 1
The Florida Decision Tree
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Formally, given the availability of the 2nd election (known as the buy-back option) at
retirement time T, the participant will accumulate a total wealth of

Wrls] = Br + (Cs — Bs)e"T™, 1)

where u denotes the instantaneous (deterministic) investment return or force of in-
terest in the DC account. The s within the square brackets is meant to emphasize
that retirement wealth at time T is a function of when exactly the switch from DC to
DB takes place (if ever). The retirement wealth Wr[s] is then converted into actual
income by computing Wr[s]/a,, where x is the retirement age and a, is the relevant
actuarial annuity factor, which provides the indexed DB pension. For example, if the
unisex price of a (3 percent or CPI indexed) $1 of income per year for life starting at
age x = 60 in an p = 8% (valuation) interest rate environment is a, = $14.75, then
a participant with $100,000 at time T in his or her retirement account would be en-
titled to a pension of 100,000/14.75 =$6,779 per annum in real terms. The 8 percent
valuation rate might seem high in today’s low interest rate environment, but it is
the actual rate being used, and we will discuss the implications of this later in the
analysis.

Without any loss of generality, we assume that an optimal s = 0 implies that either the
participant immediately switches back to the DB account, or, never bothers electing
the DC account (PEORP Plan) to begin with. Note also that, if the 2nd election is not
available, the participant’s wealth at retirement will simply be Wt = max[Cr, Br],
since in a world of perfect determinism the participant will select the plan with the
greatest value at retirement.

Thus, our metric for the value of the 2nd election—in a deterministic setting,
of course—is the proportional increase in retirement wealth that is obtained by
having access to the 2nd election. In this spirit, we define the percentage increase
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in time —T retirement wealth:

WT[S] — maX[CT/ BT] _ BT + (CS — BS)eM(T*S)
max[Cr, Br] - max|[Cr, Br]

L, )

orls] =

assuming the election is made at time s. Quite naturally, if s = T, the value of v7[T] =
0, since there is no gain from switching. We will return to the behavior of vr[s]—as a
function of the various underlying parameters—later in the analysis.

An alternative representation of the value of the 2nd election is to locate the contri-
bution rate in the DC plan that would have generated the same level of retirement
wealth, assuming the 2nd election were not available.

One point worth noting is that at retirement, which is at time T and age x, we do not
distinguish between accumulated wealth in the DC account and the value of the DB
account. In other words, throughout this analysis we are implicitly assuming that pure
economic valueis all that matters. This is regardless of whether the funds aressitting ina
DB or DC account. Of course participants with a very strong (psychological) preference
for a lump sum benefit will subjectively value a dollar in the DC account—which does
not force annuitization—much higher than a dollar in the DB account. The value of life
annuities versus systematic withdrawal plans has been the subject of intense research
in the academic literature, and we refer the interested reader to the recent article by
Brown and Poterba (2000) where they discuss the welfare gains from annuitization,
and how intrafamily risk sharing might influence the choice of particular pension
(annuity) benefits. We also recommend the related articles by Benartzi and Thaler
(2001, 2002) for a discussion of some of the behavioral aspects of pension choice.

Likewise, we abstract from group versus individual annuity pricing—uis-a-vis the
potential anti-selection issues—by treating the actuarial factor a,, independently of
whether it originates in the DC or DB plan. These assumptions were made by LMS
(2003) as well.

In the same spirit, we ignore mortality—during the employment years—as well as
possible termination probabilities, disability, etc. These assumptions are justified be-
cause we are focusing on the economic value of the 2nd election to the rational employee
who expects to work in the Florida Retirement System (FRS) for his or her entire life.
Indeed, for those with a shorter employment horizon the optimal policy will differ,
but the economic value of the 2nd election will be lower as well. In contrast, the
actuarial funding method would take account of retirement probabilities, mortality,
disability, and other employment decrements. We view the economic value, which
does not account for any termination probabilities, as an upper bound on the funding
cost. We repeat, once again, that our optimality criteria is predicated on a participant
who wants to maximize retirement wealth, as opposed to being concerned with early
termination and liquidity concerns. These real world, and risk-averse concerns, would only
serve to reduce the economic cost of providing the 2nd election to the employee.

The Dynamics and Account Value of Cs and B;

Both C; (the funds in the individual DC account) and B, (the present value of the
DB benefit) evolve at different rates over time. The AAL and the ABO will also have
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completely different dynamics, and thus the optimal time to switch will depend on
the relevant price to reenter. It is a fact that the B value (price) for the ABO will be
much lower than the B, value (price) for the AAL. Currently we will focus on the
ABO case that, as we mentioned earlier, would be applicable to all participants who
joined the Florida plan prior to the implementation date.

The Dynamics of Cs. First, we examine the DC individual account. Let Iy denote the
salary (income) at time ¢t = 0—i.e., the current point in time at which the analysis
is being conducted—and assume it grows at a (constant) rate of ¢ per annum. The
employer contributes to the DC account at a rate of ¢ percent of salary per annum,
which then translates into a nominal dollar contribution of

Cs i= éIoegS (3)

per annum. For example, if the (current) initial salary is Iy = $30,000, the growth
rate is g = 4.75%, and the contribution rate is ¢ = 9%, then in the tenth year, the
employer’s contribution would be approximately c19g = $4,342, in nominal dollars. If
the contributions are invested in an account earning u per annum, the accumulated
value of these contributions at time s would be

S S
Cs = Cge?® +/ ¢ e*C0dt = Cyet +/ eIy e8ter D
0 0

s CIp(e8s — et
= Cpe" +¢lye* / @ Mtdt = Cpe™ + Clo(e®” — ) ), (4)
0 g n

where the (constant) Cy denotes the funds that are already in the DC account—as a
result of past contributions and gains—at the current time ¢t = 0. In the special case
where u = g, Equation (4) converges to a limiting value of (Co + ¢Ips)e"*.

For example, if Cy = 5,000, (current market value of the DC account), ¢ = 0.09 (annual
contributions equal to 9 percent of salary), I, = 30,000 (current salary of $30,000 per
annum), ¢ = 0.0475 (nominal salary increase of 4.75 percent per annum), and p =
0.10 (a 10 percent growth rate of investments in the DC account), then in 10 years, the
(projected) value in the DC account is C19 = $70,691, and in 20 years the (projected)
value is Cyg = $283,974.

Finally, it is relatively easy to show—and will be of later use—that

Cl =cs + nCs, ©)

where the prime symbol denotes a derivative with respect to the variable s. The rate
of change in the value of the DC account is the sum of the contributions to the DC
account, ¢, and the instantaneous investment growth of the DC account, xCs.

The Dynamics of B;. The evolution and economic value of the funds in the DB ac-
count at time B; depend on the pension accrual rate b, the number of years of service
(s + 1), the salary [(e®°, and the present discounted value of the annuity factor e Tg,.
The valuation discount rate is clearly not the risk-free rate of interest in the economy,
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and is the topic of some controversy in the pension literature. In the Florida State pen-
sion plan, p is currently 8 percent, which is much higher than the 5 percent risk-free
Treasury rate prevailing at the time of writing. It appears the pension plan discounts
(values) liabilities at the expected rate of return on assets, which obviously depends
on the equity /bonds asset mix held by the State. This approach is driven by the Gov-
ernmental Accounting Standards Board (GASB 25) and is somewhat alien to financial
economic valuation techniques. Nevertheless, it appears that a large fraction of public
and private pension plans in the United States are currently discounting their actuar-
ial liabilities at a flat 8 percent—and have been doing so for quite a while. We refrain
from debating this particular controversy in this article, and refer the interested reader
to the work by Gold (2002) for a discussion of the issues surrounding the valuation
of liabilities in publicly sponsored pension plans.

In either event, this valuation rate p is a critical input in the decision process, and the
actual formula relating DB values is specified by

By = b(s + ) (Ioe®*) (ax e "T)) = k(s + 1) [pes¢ ™), (6)

where [ is the current salary, and where the new variable k := ba,e=*T which roughly
captures the accrual rate of each pension dollar, for each year of service. It has similar
characteristics to the DC contribution rate parameter, ¢, which we will discuss later.
Technically, there is a 6-year vesting period during which the employee does not own
the funds in the DB account, but this does not affect the optimal behavior in any
meaningful way because we can define years of service 7, in terms of pensionable
years of service. Intuitively, the 6-year vesting period in the DB plan will induce
employees to select the DC plan if their employment horizon is less than 6 years.
However, once again, our representative agent is one who intends to remain within
the FRS throughout his or her entire career—which is the costliest for the State—and
thus provides an upper bound for the value of the 2nd election.

Also, we deliberately abstract from reality—in addition to the various deterministic
assumptions—by assuming that the DB pension is a function of the final year of pay,
as opposed to the average of the final 5 years of pay. This assumption was made in
order to gain intuition for the deterministic optimality criteria. In practice, however,
it could be trivially dealt with by letting I, represent the average salary as opposed to
the current salary in Equation (6).

For example, imagine a y = 40-year-old employee with 7 = 7 years of service, cur-
rently earning Iy = $30,000, which is expected to grow by ¢ = 4.75% per annum.
The employee earns b = 1.6% of salary for each year of service and plans to retire at
age x = 60, which is in T = 20 years. In a p = 8% valuation environment where the
annuity factor a¢y = 14.75, one obtains a current ABO of By = $10,005. The ABO upon
retirement—assuming, once again, that all relevant constants remain the same—will
be By = $494,284. This retirement value of the ABO can also be obtained by simply
multiplying the 27 years of service, time 1.6 percent times the final salary of $77,571
times the annuity factor of 14.75.

Upon introduction of the PEORP, the above-mentioned employee would be given
the choice to transfer the By = $10,005 into the DC plan, thus earning a rate of
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return of p on the initial transfer and all future contributions. The question then
becomes whether to move into the DC plan at all, as well as if and when to switch
back.

Now, similar to the model for the evolution of the DC account, we are interested in
expressing the value of the DB account in terms of an instantaneous employer con-
tribution and interest earnings. The value of the DB account at any time s should
be the sum of the two components. We stress the economic nature of the contri-
bution variable bs because the actual funding of the DB pension plan would de-
pend on a variety of actuarial assumptions and methods—for example, the entry
age cost method—and thus would not necessarily reflect the contribution of the
employer per se. Nevertheless, we define a new variable b, akin to the variable c,,
to be

1
bs = B, — pBs = klpe*$*?) + gk(s + 7)[pe*¢ ™) = (—S —+ g) B;. @)

For any given time s, the instantaneous contribution b, is an increasing function of the
service record 7, an increasing function of the salary growth rate g, and an increasing
function as one gets closer to retirement (i.e., as T decreases, since k will increase).
These observations are all consistent with basic intuition in the matter.

Finally, similar to the relationship between the DC contribution amount ¢; and the
value of the DC account C; in Equation (4), one can easily show that

S
By = Bye”™ + /0 | (8)

which means that the value of the DB account (or the ABO) is the sum of all the
contributions made on behalf of the participant (to date) accumulated at the valuation
rate of interest p.

Maximizing Wealth

The objective of a (rational) participant should be to locate the best time s to switch, in
order to maximize the value of wealth at retirement. In practice, of course, one might
gain substantial utility from the nonmonetary benefits of having a DC account over a
promised DB pension, but we ignore those for now.

From a purely mathematical point of view, the optimal time to switch is located by
differentiating Equation (1) with respect to s, and then using the first-order condition
of dWr[s]/9s =0, to isolate s*. The asterisk atop of the s distinguishes the general time
s, from the optimal time s*. In theory, we could do the same with Equation (2) and
locate the switching time that maximizes the value of the 2nd election. The algebra is
identical because the optimal time will be invariant to scaling.

In any event, elementary calculus leads to

dWr[s]
ds

= (CL = BT~ — u(C, — Ber T, ©)
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The optimal switching point—when it is interior to the region s € [0, T ]—is obtained
at the point in time of s*, for which

Wr[s = s* . .
% = (Cl. — BL) e"T=) — ji(Cyv — By)e" T = 0. (10)

This is the first-order condition for optimizing the value of wealth at retirement.

Now, dividing both sides by common factors, substituting from Equations (7) and (4),
we get that s* satisfies

bs —csr = (e — p)Bs:. (11)

For reasonable values of parameters there will be, at most, one solution to
Equation (11) and this will give a global maximum for Wr[s]. The precise conditions
for this are given in the Appendix, and we will assume that these hold throughout this
section. An easy-to-see special case is when u < p 4 g, which is satisfied in “Numerical
Examples.”

Note from Equation (11) that the optimal time to switch does not depend on the actual
value of the DC account C;. Some have erroneously suggested heuristic 2nd election
rules, based on the size of the account. For example, some have argued that a good
candidate for the switching time is when the ABO is about to overcome the money in
the DC account (see the FRS website http: // www.frs.state.fl.us, for example). But this
is a complete optical illusion because it is growth and investment returns (not size)
that matter. Instead, it depends on the “gap” between the contribution rate bs on the
DB account and the actual contribution ¢; on the DC account. Intuitively, the value
of b, starts out quite low, and then overtakes c,. Once the “gap” is large enough, it is
optimal to switch. Furthermore, when p = p, which means that the valuation rate is
equal to the rate of return in the DC investment account, the optimal time to make
the 2nd election is as soon as b, overtakes c;.

Interestingly, in the event that p > u, for example, when the valuation interest rate is
unnaturally high and the ABO price is artificially low, the optimal time to make the
2nd election is even earlier, which is when bg: > c;-.

One can rewrite the critical first-order condition, using Equations (7) and (3), as

1 *
<s* I +8> By —lpes™ = (u— p)Bs, (12)

which, after dividing by Bg-, and some algebra, leads us to

1 ¢
s*+1  k(s*+ t)esr

=u—(p+g) (13)

Finally, collecting terms and invoking the result mentioned above that for suitable
w the second derivative is negative at the first critical point of Wr[s], the optimality
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FIGURE 2
Global Behavior for the First Order Condition: Evolution of the Phi Function
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condition can be stated as

¢
1— —ers
ke

P(s) := >pn—=(p+3) (14)

(s+71)

where, we remind the reader once again, that k = ba,e "7 = ba,e "=, which is the
accrual-rate scaled present value of the DB pension annuity.

Equation (14) contains the main ideas of this section, and possibly the article, so we
note the following observations:

1. For younger employees the ratio ¢/k > 1. In other words, the DC contribution
rate is much higher than the accrual-rate scaled present value of the DB pension
annuity. Thus, 1 —¢/k <0, and ¢(0) < 0. In this case, the global (qualitative)
behavior of the function ¢(s) is as follows. It starts in negative territory because
¢(0) < 0. It then increases and crosses zero once, before reaching a maximum
value in the positive quadrant. Then, it starts to decline and eventually converges
to zero in the limit. Figure 2 illustrates the behavior of this function.

2. Iftheaccrual-rate scaled present value of the DB pension annuity k is large relative
to the DC contribution rate c—which would be applicable to older employees with
more service credit—there is a possibility that ¢(s) > u — (o + g) for all values
of s, which would imply that s* = 0. The optimal policy is an immediate switch
to (or staying in) the DB plan. This, once again, should make sense given the fact
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FIGURE 3
Local Behavior for the First Order Condition: Evolution of the Phi Function
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that longer periods of service are associated with a higher ABO and thus a greater
incentive to remain in the DB plan.

3. See Figures 2 and 3 for a global and local picture of the behavior of ¢(s) for three
different examples. They are all based on an employee that has v = 3 years of
service, who plans to retire at age x = 60. In the first example, the employee is
y =45 years old, and is T = 15 years from retirement. In the second example, the
employee is y = 43 years old, and has T = 18 years to retirement; and in the third
example the employee is y = 40 years old, and has T = 20 years to retirement. The
valuation rate is p = 8%, the investment (expected) return within the DC plan is
w = 12%, the salary growth rate is ¢ = 4.75%, the DB rate is b = 1.6%, and the DC
contribution rate is ¢ = 9% of salary.

4. If, at some point over its employment domain s € [0, T], the function ¢(s) “hits”
the value of © — (p + g), we have an interior solution to our first-order con-
dition, and that is the optimal time s* to make the 2nd election. This is con-
sistent with our earlier observation in Equation (11) that, in most cases, the
bs (contributions to the DB plan) start at a lower value than ¢, (contributions
to the DC plan). The optimal switch (2nd election) point occurs if and when b, —
¢s > (1 — p)Bs.

5. We have completely moved away from expressing the optimal switching rule
as a function of either the balance in the DC account C;, or the actual value of
the ABO, denoted by B;. In fact, under our assumptions, the size or magnitude
of the account is irrelevant to the decision. As we shall see clearly in “Numer-
ical Examples,” the optimal switching time s*, occurs prior to the time when
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Cs = Bs. And, in some cases, by quite a number of years. Intuitively, the partic-
ipant makes the 2nd election—back into the DB plan—and keeps the difference
Cs« — Bs- invested and growing in the DC plan.

6. All else being equal, the accrual-rate scaled present value of the DB pension
annuity k = ba, e =T will increase, the closer the participant is to retirement, since
the implied value of T will be lower. Thus, a shorter time to retirement will have
the same impact at a longer service record t. They both act to increase that value
of the function ¢(s), and thus accelerate the point at which the 2nd election should
be made.

7. Itisrelatively easy to prove that ¢(s) 4 p is an increasing function of the valuation
interest rate p. Thus, the function ¢(s) will shift closer to u — (p + g), as p increases,
and thus the switching time will be earlier. This, once again, should be consistent
with intuition. As the valuation interest rate increases, there is a greater incentive
to be in the DB plan.

8. Finally, note from Equation (14) that, aslong as ¢(s) < . — (o + g), the participantis
better off staying in the DC plan. Thus, one can invert Equation (14) and express the
entire decision as a function of 1, as opposed to a function of s. Stated differently,
we can then locate the required rate of return needed to justify staying in the DC
plan. This can be formally represented as

n> ¢(s)+ (p+8). (15)

As long as the value of u is large enough, one should stay in the DC plan, but,
as soon as pu slips under ¢(s) + (o + &), it is optimal to switch. Recall that ¢(s)
starts at a negative value, and then moves into the positive region. At some point,
¢(s) + (p + g) might exceed w. If this occurs within the range s € [0, T], the 2nd
election is made. If, this occurs, mathematically, outside the range s € [0, T], or if
this never occurs, the participant should stay in the DC plan until retirement.

One can envision giving advice in the following manner. At each point in time, the
participant in the DC plan is given a threshold investment return u that is required
to justify staying in the DC plan. For example, he or she might be told that “you must
earn at least 6 percent in your DC account to justify staying in the DC plan for the next
month.” Table 1 provides some numerical estimates of this “threshold return” under
a variety of entry ages and initial service credit years.

In the same manner, the participant could be given a statistically (simulated) distribu-
tion for the (instantaneous) return in their DC account, from which they can observe
the probability of earning the threshold return. Thus, on a more sophisticated level,
one might be informed that “There is a 72 percent chance your portfolio will earn
enough to justify staying in the DC plan.”?

3 While most of the above analysis centers around employees currently in the FRS—for whom
the price of returning is based on the ABO—a similar analysis can be conducted for new
employees and the AAL. Without getting into the technical details, we can model the evolution
of the price of reentry into the DB plan, by modeling the (new) B, as an integral of the (new) b,.
Obviously, some of the subjectivity involved in the actuarial method of funding would reduce
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TABLE 1
The Threshold Investment Return (mu) Required to Justify Staying in the DC Plan

Age at Which the Second Election Is Being Contemplated

Entry Age  Initial Service 30 35 40 45 50 55
50 5 15.7% 17.1%
10 14.3% 15.6%
15 13.8% 14.9%
20 13.5% 14.5%
25 13.4% 14.2%
40 5 -5.0% 10.0%  13.8% 14.9%
10 39% 10.1%  13.5% 14.5%
15 6.8% 114% 13.3% 14.2%
30 5 -513% —5.4% 6.8% 11.4%  13.3% 14.2%
10 —19.3% 0.6% 83% 11.6%  132% 13.9%

Numerical Examples

We now present some actual numbers to get a practical sense of the optimal timing
and incremental value of Florida’s 2nd election. Our parameters are mostly based on
actual Florida State actuarial assumptions.

Case 1. We start with a y = 40-year-old employee with v =7 years of service, currently
earning Iy = $30,000, which is expected to grow by ¢ = 4.75% per annum. The em-
ployee accrues b = 1.6% of salary for each year of service and plans to retire at age
x =60, whichisin T =20 years. Ina p = 8% valuation environment, where the annuity
factor is agg = 14.75, one obtains a current ABO of By = $10,005.

This employee rationally makes the initial election to switch into the DC plan and
rightfully transfers the ABO of $10,005 into the DC plan, so that Co = $10,005, as
per the discussion in the earlier section. Accordingly, if we assume a ¢ = 9% of pay
contribution rate and a subjective assumed investment return of u = 8% (same as
the valuation rate) in the DC account, the retirement value of the DC account will
be Cyy = $246,225, assuming a 2nd election is not made. If, however, an employee
were to remain in the DB plan, the retirement value of the ABO would be $494,284,
as we calculated earlier.

Thus, without the availability of the 2nd election, it would be suboptimal—under
these parameter values—to ever elect the DC plan, since $246,225 is clearly less than
$494,284. However, with ability to make a 2nd election, it initially becomes optimal to

the precision by which we could project B. In any event, we would then locate the optimal
time s, that maximizes Equation (1), using the new definition of B, and b,. In fact, this would
lead to a first-order condition that is identical to Equation (11). Our numerical results indicate
the given the high cost of the AAL, for somebody in the DC plan, the optimal time to make the
2nd election, if at all, is right before retirement. We deliberately refrain from pursuing this line
of research because our objective is to analyze the value for the current 600,000 employees,
and because the AAL is highly dependent on (subjective) actuarial assumptions.
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move into the DC plan, and then return at time s* = 3.06 years. This number comes
directly from Equation (14). The participant will then rightfully spend the last 17 years
of his or her working life in the DB plan. Note that at time s* = 3.06, the value of the
ABO will be B3 = $21,242, while the money in the DC account will have grown
to C306 = $22,827. The remaining $1,585 in the DC account upon the 2nd election,
will grow during the remaining 17 years, to $6,146. The retirement wealth will consist
of the DB account $494,284, plus the left over money in the DC plan; all of which
accumulates to Wyo[3.06] = $500,430.

Note once again that the optimal time to switch is not when the value of the ABO is
about to exceed the value of the DC account. In fact, that would not occur untils = 6
years. Indeed, if the participant were to wait until s = 6 to make the 2nd election, he
or she would be no better off than staying in the DB plan to begin with because B =
Ce = $40,000. Indeed, the value of the 2nd election comes from being able to buy into
the ABO, and keep some leftovers. The greater the leftovers and the longer the period
over which it accumulates, the higher the value of the 2nd election.

To be more precise and consistent with our definition in Equation (2), the incremental
value of having the 2nd election is

$500,430
'020[3.06] = m —1=1.24%. (16)

This captures the relative gain from being able to move into, and then out of, the DC
plan. Notice that the 2nd election value is relatively small at 1.24 percent of final DB
retirement wealth.

We emphasize once again that, were it not for the ability to make the 2nd election, it
would be suboptimal for this employee to participate in the DC plan to begin with.
The reason is that with t = 7 years of service, and a relatively low . = 8% (subjective
estimate for the) rate of return in the DC plan, there is no reason to leave the DB plan.

Case 2. We continue with the same employee set-up, except that in this case the em-
ployees subjectively assumes the DC account balance will grow at u = 12%, instead
of 8 percent. Thus, while the retirement value of the ABO remains at Byy = $494,284,
the retirement value of the DC account, assuming the initial ABO of $10,006—and all
future contribution—are invested in the plan, is Cyy = $424,520. Once again, in the
absence of the 2nd election, it would be suboptimal to ever move into the DC plan.
Once the 2nd election is granted, however, the optimal time to switch back is (later)
in s* = 6.725 years. In this case, retirement wealth will be W[6.725] = $535,542, and
the incremental value from the 2nd election is a more substantial:

535,542

02006-7251 = 451581 ~

1 = 8.3%. 17)

Upon the 2nd election, the value of the DC account is C47 = 54,630, while the value
of the ABO in the DB account is Bgy = 46,244.

Case 3. We assume an employee age y = 36, with t = 1 year of service and an expected
retirement age of x = 60, or in T = 24 years. The employee is currently earning
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Iy = $30,000, which is expected to grow by g = 4.75% per annum. The employee
accrues b = 1.6% of salary for each year of service. Ina p = 8% valuation environment,
when the annuity factor a¢) = 14.75, one obtains a current ABO of By = $1,038. If this
employee stays in the DB plan until retirement, his or her ABO will be By4 = $553,438.
If this employee decides to participate in the PEORP and move his ABO to the DC
plan, his retirement wealth will be Cy4 = $565,474, in a i = 12% environment.

This employee should therefore switch into the DC plan, and then return at s* = 10.88.
His total retirement wealth will be W»4[10.88] = $695,555, which leads to a value of

$695,555
U24[1088] = m —1=23%. (18)

One way to put this value in context, is that to create the same level of wealth at
retirement—without the buy-back ability—the employer would have to increase the
contribution rate by 23 percent, i.e., from 9 percent of current salary to 11.1 percent of
current salary.

The Hurdle Rate Approach for the Optimal Switching Time. Consistent with the earlier
idea inverting our optimality condition and expressing the optimal (2nd election)
switching time as a function of i, we present results in Table 1. The assumptions are
identical to the earlier cases.

For example, a 35-year-old employee that joined the DC plan at age 30—who had 5
years of service at that time—would have to earn atleast 6.8 percent tojustify staying in
the DC plan. However, once this same employee reaches age 50, the required threshold
increases to 13.3 percent, which is more difficult to achieve and will have a higher
probability of failure. Notice that at young enough ages, the threshold investment
return is negative! This is because the 9 percent contributions of the employer to the
DC plan are so high, relative to the contributions to the DB plan, that a participant
would be able to lose money in the DC account, and still come out ahead.

We must reiterate once again that, in the simplified model of this section, we are
not taking into account the extra risk that may be incurred in the DC portfolio. As a
practical matter, the employee would have to consider any additional risk taken to
earn the higher threshold investment return in addition to their capacity for borrowing
outside of the DC plan. Thus, for example, even if the employee were confident that
they could earn the threshold return described above, it is by no means clear that
they should continue in the DC plan. They may be better off switching into the DB
plan and transferring other investments or borrowed funds into the riskier assets
with the higher (subjective) expected returns. And, for an employee who is liquidity
constrained and cannot borrow, they too might be better off switching to avoid the
excessive risk which is present in the DC plan.

The Impact of u on the Incremental Value of the 2nd Election. Interestingly, when we raise
the investment return in Case 3, to = 14%, we obtain that although C,4 = $778,948,
s* = 14.67 years, and Wy4[14.67] = $817,514, the actual value, or increase in final
wealth from having access to the 2nd election, is only v[14.67] = 4.9%, which is much
lower than for the case ;1 = 12%. At first it might seem puzzling that if the return
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from the DC account is greater then how the can the incremental value of the 2nd
election to switch back be lower? However, this apparent paradox is resolved by
realizing that although the final value of Wr is much higher, compared to when
w = 12%, the incentive to ever leave the DC plan is reduced as well. In fact, when
w = 16%, which is unrealistically high, of course, it is never optimal to make the 2nd
election. Rather, the employee stays in the DC plan until retirement. This is a direct
result of Equation (14). When, u — (o + g) is large enough, the function ¢(s) will never
reach 1 — (p + g) in the time interval s € [0, T'].

Indeed, on a global level, there is a relatively narrow range of returns for which the
2nd election has value. If u1 is large enough, the participant switches to the DC plan,
and remains there until retirement. In Case 3, the threshold u for never switching back
would be 15.3 percent.

In the extreme case, an employee with t = 1 year of service, who is currently aged
y = 31 and who expects to retire at age x = 60, would make the 2nd election at time
s* = 13.43 (which is age 43) and would derive a value of v[13.43] = 30.8%. In other
words, his final retirement wealth would increase 30.8 percent by electing to switch at
the optimal time. Once again, this translates into an equivalent DC contribution rate
of ¢ = 10.75%.

In sum, we are hard pressed to find realistic cases in which the incremental value is
worth more than 30 percent, or a case for which the equivalent DC rate is much higher
than ¢ = 11%.

From the State’s Point of View. Wenow shift perspectives and examine the problem from
the point of view of the State. Even if we can not predict exactly when employees will
switch from the DB plan to the DC plan and back—since this depends on rationality,
personal attitudes toward risk, as well as preferences for annuity payments over
cash—we can provide a financial upper bound on the cost of providing the 2nd election.
The upper bound comes from assuming the employee behaves in a game theoretic
manner that maximizes the cost of the 2nd election to the State. We now show how
this upper bound actually collapses the above-mentioned deterministic case so that
our previous discussion and estimates are equally valid.

Following our earlier notation for ¢; and b;, we introduce Vr[s], which captures the
financial cost to the State of providing the DB and DC pension together with the 2nd
election. Note that

s T
Vrl[s] = f crePT=Ddt 4+ / N (19)
0 s

which is the future value of the State’s total DC and then DB pension contributions,
assuming the employee switches from DC back to DB at time s. The future value is
computed based on the valuation rate p. Note from Equations (4) and (8) that the cost
to the State can be expressed as

Vr[s] = Cse?T=9) 4 By — By e”T=) = By + (Cy — By)e”T—), (20)

which is precisely equal to Equation (1), but with u replaced by p.
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TABLE 2
Number (Panel A) and Percent (Panel B) of Florida State Employees in Various Age
Buckets

Current Age
SvC 62 57 52 47 42 37 32 27 22
Panel A
42 127
37 352 230

32 955 2,458 2,602
27 3,611 7431 13,852 8,407
22 4,056 7,664 11,444 14,581 6,860
17 4,640 8,235 12,320 14,099 15,040 6,897
12 7,743 10,613 16,505 19,395 19,425 19,796 8,321
7 9,645 9473 14,429 18,076 18,751 19,139 20,685 9,457
2 8216 8737 13,450 17,304 21,548 23,278 24,921 33,312 14,654

Panel B
42 0.02%
37  0.07%  0.04%
32 0.18% 0.46% 0.49%
27 0.68% 1.39% 2.60% 1.58%
22 0.76% 1.44% 2.15% 2.74% 1.29%
17 0.87% 1.55% 2.31% 2.65% 2.82% 1.29%
12 1.45% 1.99% 3.10% 3.64% 3.65% 3.72% 1.56%
7 1.81% 1.78% 2.71% 3.39% 3.52% 3.59% 3.88% 1.78%
2 1.54% 1.64% 2.52% 3.25% 4.04% 4.37% 4.68% 6.25% 2.75%

Source: Florida State Board of Administration (2001).

In other words, the switching time that maximizes the cost to the State is precisely
the switching time that maximizes the benefit to the employee, provided the DC
account is assumed to earn u = p, which is the valuation rate. Therefore, according to
Equation (11) the switching time s that maximizes the cost to the State is precise when
bs = cs. Furthermore, given the concavity of the function Vr[s] with respect to s, if the
employee switches at any other time the cost to the State will be lower.

Analysis Using Employee Data. Tables 2 and 3 provide a snapshot of the FRS in late 2001.
The matrix displays the number of employees in various “age bucket” as a function of
their years of service. For example, 2.75 percent of the labor force is less than 22 years
old and have less than 2 years of service. In contrast, 1.78 percent labor are between
the ages of 22 and 27, and have 2 to 7 years of service. In the upper corner we observe
that only 0.02 percent of the Florida public labor force are between the ages of 57 and
62 and have 37 to 42 years of service. Table 3 displays the average (current) salaries in
each of these 5-year buckets. Quite intuitively, the older employees (with more service
credit years) have higher salaries.

Finally, Table 4 provides 2nd election values—as per Equation (2)—for the employees
at the upper corner of the various buckets. Once again, these values represent the
increase in equivalent retirement wealth that is attributable to the 2nd election. Thus,
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TABLE 3
Average Salary of Florida State Employees in Various Age Buckets

Current Age

SvC 62 57 52 47 42 37 32 27 22

42 $52,756

37 $50,000 $45,652

32 $44,712  $48,779  $46,925

27 $40,072 $43,736 $46,650 $38,670

22 $35,528 $38,570 $41,227 $42,171 $36,633

17 $31,853 $34,608 $36,583 $37,230 $36,769 $32,840

12 $27,496 $30,934 $32,002 $32,075 $31,619 $32,158 $28,686

7 $22,385 $26,243 $27,362 $27,086 $26,340 $27,076 $28,040 $24,923

2 $14,922  $19,629 $20,914 $20,828 $19,626 $19,473 $21,287 $22,595 $15,504

Source: Florida State Board of Administration (2001).

TABLE 4
Theoretical 2nd Election Value for Florida State Employees

Current Age
SvVC 62 57 52 47 42 37 32 27 22
42 0.0%
37 0.0% 0.0%
32 0.0% 0.0% 0.0%
27 0.0% 0.0% 0.0% 0.0%
22 0.0% 0.0% 0.0% 0.0% 0.0%
17 0.0% 0.0% 0.0% 0.0% 0.0% 0.5%
12 0.0% 0.0% 0.0% 0.0% 0.0% 1.3% 4.6%
7 0.0% 0.0% 0.0% 0.0% 0.3% 2.8% 7.0% 12.3%
2 0.0% 0.0% 0.0% 0.0% 1.6% 5.5% 10.6% 16.6% 23.4%

Assumptions: 4.75% salary growth rate, and 8% actuarial valuation rate.

for example, an employee who is 22 years of age, and who has 2 years of service or
credited service, would gain 23.4 percent from having the 2nd election. In contrast,
employees who are 47 years of age, or older, would assign zero value to the 2nd
election because they would be better off staying in the DB plan, or never electing the
DC plan to begin with. Once again we stress that a zero value does not imply that it
is irrational to elect the DC plan at advanced ages. If the participant decides to stay in
the DC plan or defer the 2nd election, the State will save money.

Comparison With LMS (2003). In a related article that appeared in this journal, LMS
(2003) analyzed the same Florida 2nd election using Monte Carlo simulation tech-
niques. They pointed out similarities with the classical Magrabe (1978) “option to
exchange” and derived a variety of employer cost estimates using a range of ages and
employment termination probabilities. They concluded that “the market value of this
option could represent up to 100 percent of the DC contributions over the worklife.”
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While the current article differs in methodology, we are hard pressed to find cases
in which the value of this so-called option exceeds 30 percent of the DC contribution
rate. Furthermore, the value of the 2nd election is actually the highest for younger
employees, but they are the ones that are most likely to terminate employment prior
to retirement. Thus, from an actuarial funding perspective, the cost of providing this
2nd election to a large group of young employees—for which the law of large numbers
would apply—would be much smaller than 30 percent.

We believe the LMS (2003) study overestimates the incremental liability created
by the 2nd election. We believe the crux of the problem can be traced to their
equation (4). That equation contains the sum of two terms for the expected cost of
the buy-back option at the inception of the DC plan. Their first term in that equation
is meant to capture the State’s gain/loss due to the difference between the DB and
DC benefits, and the second term captures the difference between the State’s past
contributions and the DB buy-back price. However, their first term should not be part
of the equation because this cost would been incurred even in the absence of the 2nd
election. The additional cost of the 2nd election should only consider cash flows that
would have not existed otherwise. Indeed, the State would have been obligated to
pay the same DB pension had the employee never been granted the 2nd election.

Furthermore, while the LMS (2003) article randomized the risk-free rate, the salary
growth rate, the investment returns in the DC and DB plan, as well as the contribution
rate to the DB plan, our analytic model can be used on any given (extreme) range of
parameter values.

What Buy-Back Price Will Create Zero Incremental Value? Instead of charging the ABO to
an employee wishing to switch from the DC plan to the DB plan, there is an alternative
scheme that would effectively reduce the incremental value of the 2nd election to
zero. This alternative is to demand a payment of (or set the strike price to be) all the
contributions that had been made to the DC plan, accumulated with interest, at the
valuation rate p. In other words, the employer would restore the employee to the DB
plan, assuming they return all the funds received, but accumulated at the employer’s
valuation rate.

Of course, if the employee managed to earn a rate of return that is higher than the
valuation rate in the DB plan, the employee will retain the excess earnings. The pos-
sibility of extra earnings was, after all, the incentive to participate in the DC plan in
the first place. On the other hand, if the employee has earned less than the valuation
rate, they will have to pay back more than what they have in their fund, which should
make intuitive sense.

Looking at the mathematics of the situation, the cost to the employee wishing to switch
from DC to DB at time s would be

s
B, = Bye” +f cre?CDdt.
0

Note that this is the same as B; defined in Equation (8) except with c; replacing b;.
Following the derivation as above leads to a revised Equation (11), where the left-hand
side is zero. We therefore see, as was intuitively clear, that when u =r, the equation is
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satisfied by all s*. In other words, the final wealth at retirement is constant regardless
of the time of switching. This statement is echoed in LMS (2003) as well.

CONCLUSION

This article has analyzed an intriguing pension choice that has been offered to all
600,000 employees in the State of Florida’s newly privatized pension system. The
so-called buy-back option allows the employee to initially switch from a DB pension
plan to a DC plan, and then back again at any point prior to retirement, by paying the
ABO. The ABO is essentially the present value of their pension benefit based on years
of credited service.

The Florida pension reforms are being viewed by many observers as a precursor
to Social Security reform in the United States, which elevates this problem to more
than just a quirk in a particular pension plan. And, while it is currently not known
how exactly such a partially privatized program would be structured—and whether
individuals would be given a 2nd election—we believe our results indicate that it
would not be that costly on a relative basis.

Our simple, yet robust model provides us with the following economic insights:

¢ The optimal time to make the 2nd election is a function of the rate of change in the
ABO—compared to the growth rate of the DC account—and is not a function of
the size of the account per se.

* We concur with LMS (2003) that the 2nd election is valuable—especially to young
employees—and is likely to be exercised by most participants who initially elect
the DC plan. In fact, in our basic model that (deliberately) ignores mortality and
early termination probabilities, nobody retires from the DC plan; rather, they all
eventually return to the DB plan.

® We are hard pressed to find realistic combinations of parameter values that induce
a 2nd election value that is greater than 30 percent. When translated into DC terms,
one would have to raise the contribution rate from 9 percent to at the absolute
most 12 percent—for those who elect the DC plan—in order to create a final wealth
profile that is equivalent to the absence of the 2nd election.

* When one factors in the probabilities associated with reaching the optimal switch-
ing time—and the rationality involved in making this decision—we believe that
the actuarial funding cost of the buy-back option is much lower than 30 percent
of the DC plan contribution rate. Indeed, according to State of Florida estimates,
a 34-year-old male with 2 years of service has less than a 25 percent probability of
making it to normal retirement age.

This article has dealt with a strictly deterministic model in which all parameters are
fixed with certainty. This has enabled us to focus on the basic principles underlying
the decisions and the effect on the various parties of the 2nd election, without the
complications induced by random varying quantities. Certainly, however, a more
refined model should take into account such randomness and will be the subject of
a forthcoming work in progress. One of the most uncertain parameters is the return
on the DC account, for by its very nature this will normally consist of funds that
are invested in risky assets. We wish to argue, however, that this will not normally
effect the basic conclusions reached in our deterministic model. There are of course
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two points of view to consider here, that of the employee and that of the employer.
As we stressed above, in estimating the maximum impact of the 2nd election option,
the employer cannot reasonably take this randomness into account and should rather
assume that the DC account earns the valuation rate. The employer, of course, does not
benefit from increasing earnings in this fund, nor will they share in the losses. These
accrue only to the employee. It is true that some employees may decide to delay the
switching time, as given by such an assumption in the hopes of a greater return in the
DC plan. This however can only improve the employer’s position. Even if an employer
wished to make a very realistic estimate of the cost of the 2nd election, and take into
account the effect of such delays it is difficult to see how they could do so. It would
require knowing all the employees preferences for risk; and moreover, postulating
that all employees will act in a rational utility-maximizing fashion, in an attempt
to optimize such preferences. The best the employer can reasonably do is estimate
the maximum impact, and this will be accomplished by the methods presented here.
From the employee’s point of view, there are some interesting mathematical problems
dealing with optimal switching times under certain constrained conditions and these
will be dealt with in our forthcoming work on the stochastic model. However we argue
that in many cases, employees should switch at the time given in the deterministic
model despite the earnings rate on the DC plan. Indeed if the employee has other
investments, or can borrow freely at a rate lower than the valuation rate, then they
should switch at the given time regardless of the earnings on the DC plan. They can
always keep the DC plan intact, and switch to the DB plan by using the funds from
alternate sources. In other words, for such employees, the decision should be viewed
not as one of switching, but rather when to buy back into the DB plan. The answer
is they should buy back into the DB plan precisely at the point where the implied
contribution to such plan is greater than the contribution to the DC plan, which is
what we have advocated above. One might argue that there are tax implications, due
to the favorable tax treatment of pension funds. However, since the employee will
always be in one such favorably treated plan or the other, these differences should
largely offset each other.

In summary, ongoing research by Milevsky and Promislow (2004) is examining the
impact of randomizing the quantities that we held fixed throughout this article, such
the investment rate of return u, the interest rates r, salary growth rates g, discount
rates p, and retirement dates T on the optimal utility-maximizing policy of the employee.
However, we believe that greater uncertainty does little to add value to the “2nd
election,” which is mainly due to the linearity of the payoff profile.

Finally, given the abundance of empirical evidence (see, e.g., Benartzi and Thaler,
2001, 2002) that many employees are not making fully rational and utility-maximizing
choices within their pension plan, it will be fascinating to observe what fraction of
Floridians will behave rationally with their 2nd election. Indeed, according to recent
estimates by the State, less than 10 percent of the in-force employees elected to convert
their DB into a DC plan.

APPENDIX

In this appendix we provide the (deterministic) conditions under which the value of
wealth at retirement in maximized by the s* defined by

bs* — Cgx = ([,L — ,O)Bs*, (A21)
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which s the first-order condition listed in this article. Specifically, we now demonstrate
that for a suitably restricted range of values for . and the ratio ¢/ k, the point s* will in
fact result in a global maximum for Wr. First, let us define the quantity § :=p — p — g,
which is the expected return from the DC individual-account net of the valuation rate
and the growth rate of salary. We consider the function Wr[s] defined on the interval
[0, T].

Theorem 1: There are either zero, one, or two solutions to the first-order condition given in
Equation (A21).

(a) Let us suppose that ¢/k > 1 — 8t. If there are no solutions to Equation (A21), the maxi-
mum of Wr[s] will occur at s = T. This will always be the case if § > p. In the case that
one or two solutions exist the following holds. Let s* denotes the smallest solution.

(@) If § <p/(1+ p(T + 7)) the maximum of Wr[s] occurs at s*.

(i) If p/(1 4+ p(T + 7)) < 8 < p then Wr[s] will either have an inflection point at s* in
which case the maximum will occur at s = T, or a local maximum at s* in which case
the maximum will occur at either s =s* orats =T.

(b) Suppose that ¢/k <1 — t. The maximum of Wr[s] will occur at eithers =0o0rs =T.
The former always holds if § < p/(1 + p(T + 1)).

Proof: Going back to the definition of B; and C; and then taking derivatives leads to
Wr[s] = K(s) [%e‘ps —(1-(6+ 1)8)] (A22)

for some positive quantity K(s), and
Wi [s] = Iok [;(—(p +8))e (s _ (5%(s 4+ 1) — 23)1355] ) (A23)

From Equation (A22) solutions of Equation (A21) can only occur for those points s
where the straight line 1 — §(s + t) meets the convex curve (¢/k)e~°. This can occur
in at most two places if the line begins above the curve at s = 0 or in at most one if the
line begins below the curve. At any such intersection point s we can substitute into
Equation (A23) to get (assuming that § # 0) that

Wi [s] = Iok e *5(=8) |:p (% —(s+ r)) — 1] . (A24)

(a) In this case, the line begins below the curve at s = 0 so that Wr[s] starts off
positive. Suppose that a second intersection point s** exists. (In the case that the
line is tangent to the curve, we consider this as a double point and take s** = 5*.)
It is clear that Wr[s] has an inflection point at s** in the case of tangency, or a local
minimum if not. This completes the proof of (ii). To show (i) we note first that
since Wr[s**] > 0 we necessarily have § > 0 from Equation (A23), implying that
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the term in square brackets in Equation (A24) is less than or equal to 0 for s**,
which means that

S** 2 _

—T. (A25)

| =
|~

The upper bound on § in (i), however, shows that the right-hand side of Equation
(A25) is greater than or equal to T so that in this case the second intersection point
cannot occur in the interval [0, T]. Finally, we demonstrate the statement at the
beginning of (a). If § > p, then fors > 0

@/k)e >0 —-=68t)(1—ps)=(1—-8t)(1—6s)>1—8(s+71)

and there is no solution to Equation (A21).

(b) If (¢/k) < (1 — 7) the line lies above the curve and there is at most one intersection
points*. The derivative starts out negative and Wr[s] will have alocal minimum at
s* if it exists. When § has the given upper bound we argue as in part (a) to rule out
occurrence of this point in the interval [0, T] so that Wr[s] is decreasing. With this
bound, the derivative is also necessarily negative in the case that ¢/k = (1 — 74)
since the slope of the line =—§ > —p, the slope of the curve ats =0, and the curve
will start below the line. Q.E.D.

The above theorem shows that the rule given by

1— e

¢
k

A E

>pu—(p+g) (A26)

for the switching time can only lead us astray in the case of (a ii) of the theorem when
€/k)>1—48rand p/(1 + p(1 + T)) <8 < p, where we may possibly identify a local
maximum which is less than the value of the function at s = T. The rule as stated
will work vacuously in the case where Wr[s] is monotone since the left-hand side of
Equation (A26) will either be always less than the right-hand side or never less than
the right-hand side.

For a numerical example of the problem that might arise, suppose that (¢ /k) = 0.75¢%4
and that p = 0.8, g = 0.0475, u = 0.1775 (granted, an unreasonably high value), T =
0, and T = 20. Then, Wy[s] has a local maximum at s = 5. However, the individual
should not switch at this point but instead stay in the DC fund. The resulting wealth
at time s = 20 is almost 2.5 times as much as from switching at time s = 5.
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