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ABSTRACT

Accuracy in forecasting expected loss costs may well be the most important determinant
of the ultitnate profitability of a cohort of property-liability insurance policies. The existing
literature on claim cost forecasting focuses on the selection of the "best" forecasting model
or meth(xl, discarding information provided by closely ranked alternatives. In this article.
we emphasize the selection of a "good" forecast rather than a forecasting model, where
goodness is defined using multiple criteria that may be vague or fu?.zy. Fuzzy set theory
is proposed as a mechanism for combining forecasts from alternative models using multiple
fuzzy criteria. The fuzzy approach is illustrated using forecasts of automobile bodily injury
liability pure premiums. We conclude that fuzzy set theory provides an effective method
for cotnbining statistical and judgmental criteria in actuarial decision making.

Introduction

The problem of forecasting expected loss costs for a prospective policy
period is one of the futidatnetital responsibilities of the property-casualty
actuary. Forecasting accuracy may well be the most important ingredient in
detemiining the ultimate profitability of the policy cohort (Derrig, 1987).
Despite its critical nature, the actuarial literature on forecasting is rudimentary
(Casualty Actuarial Society. 1990). and the more advanced research has
focused primarily on forecasting severity (Cummins and Powell. 1980;
Cummins and Harrington. 1985; and Cummins and Griepentrog. 1985).

The actuarial trending literature devotes little attention to the evaluation of
alternative methods. Actuaries typically choose a model from a limited set of
alternatives that has been assembled judgmentally. The model selection process
usually does not have a formal feedback loop; that is. the selected model or
models are almost never tested ex post to determitie whether they performed
well. The insurance economics literature (articles cited above) has focused on
the forecasting accuracy of alternative methods, including lime trend and
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econometric models. However, these studies have been oriented toward the
identification of a "best" forecasting method, whereas the true objective of the
process should be the selection of a forecast and not a method. Stated
differently, it i.s not necessarily true that a method that was in some sense
"best" in the past will provide the most accurate forecast of claim costs in the
future. The best-method approach not only focuses on the wrong objective but
also disregards the information provided by alternative trending methods. This
is inappropriate in view of the growing body of literature demonstrating that
forecast accuracy can be improved by combining forecasts (Zarnowitz and
Braun, 1992; Clemen. 1989) and that no one method can be expected to
perfonn best over time for different data series (McNees, 1992).

In our view, the presumption that there exists a single "best" model is
fundamentally flawed. Not only do alternative models provide additional
information, but models with more or less equal historical performance
rankings can provide vastly different ex ante forecasts. Moreover, many of the
criteria used in selecting a forecast are inherently vague; for example, actuaries
may seek forecasts that are "accurate," "adequate," or "reasonable." A
general setting or framework is needed within which the complexity and
inherent vagueness of the model/forecast selection problem can be highlighted
and accommodated.

The framework proposed here is fuzzy set theory (FST). a relatively new
branch of mathematics, which provides a mechanism for dealing with vague or
"fuzzy" data and decision criteria. FST can be used to model linguistic
variables such as "a tall person." "a good risk." and "accurate forecast." etc..
which are mostly beyond the realm of conventional mathematics. FST also
provides a way to systematize a decision process in the presence of multiple
criteria, some or all of which are fuzzy. It offers a framework for retaining
useful information provided by models that may not be "best" in the
conventional sense. It also facilitates the integration of judgmental information
with data that are more or less objective. Much more than a purely theoretical
construct, fuzzy logic has been used in a wide variety of practical applications
ranging from the design of video cameras and subway cars to medical
diagnoses and computer network design. FST has been applied to insurance by
Lemaire (1990).

The fundamental concept of FST is the alternative formalizaiion of
membership in a set to include the degree or strength of membership, ln
conventional set theory, membership in sets is dichotomous: an element either
is or is not a member of a given set. In FST. on the other hand, elements can
be definite members or non-members of a set. bul they also can be more-or-Iess
members of the set. The black and white membership of conventional set
theory is replaced by black, white, and all shades of gray.

The attractiveness of FST for the forecasting problem comes from an
exposition of what is meant by a "good" forecast or forecasting method. FST
can be used to address practical forecasting problems by viewing individual
forecasting methods as candidates for membership in the fuzzy set of "good"
methods and/or by viewing individual forecasts as candidates for membership
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in the fuzzy set of "good'" or "accurate" forecasts. FST provides a natural
framework for studying forecasting problems that combine statistics and
judgment to satisfy multiple decision criteria, some or all of which are
expressed verbally rather than quantitatively.

This article demonstrates the use of fuzzy set theory as a methodology for
the selection of insurance claim cost forecasts. The intent is to develop a
method for integrating judgmental and statistical information to evaluate or
grade a set of forecasts according to an appropriate set of criteria. The method
provides a natural framework for capturing the information from forecasts
produced by a wide range of methods in proportion to their degrees of
membership in the fuzzy set of "good" forecasts.' Contrary to the convention--^
al approach, the goal here is not to choose the "best" forecasting method. The
answer to the forecasting problem posed in this article is the fuzzy set of good
forecasts rather than any given forecast or forecast method. However, because
insurers must choose a single trend factor to include in the rates, we also
propose a method for producing a trend factor taking into account the
information provided by the fuzzy set.

We conduct forecast experiments similar to those presented in Cummins and
Powell (1980). Cummins and Harrington (1985). and Cummins and Griepentrog
(1985). But while they tested forecasts of severity, we focus on pure premiums,
because the ultimate effect of forecasting on profits is determined by the
accuracy of forecasts of pure premiums, not by severity alone. Massachusetts
private pas.senger automobile insurance data are used in the experiments. Fuzzy
set theory is then used to rank the forecasting methods in terms of their
membership values in the fuzzy set of "good" forecasts, and the membership
values are used to select a trend factor.

The section below outlines the claim cost forecasting problem, and the next
section discus.ses the results of the experiments. The results point to the
difficulty of choosing the best forecasting method because of multiple
"goodness" criteria and the diversity of forecasts generated by alternative
methods. Following an overview of fuzzy set theory and a discussion of its use
in decision problems, we illustrate the use of fuzzy set theory by evaluating the
alternative forecasts in the Massachusetts experiments.

The Forecasting Problem in Property-Liability Insurance

Importance of Claim Cost Forecasting

The important role of claim cost forecasting in property-liability insurance
ratemaking is apparent from a simple discounted cash flow ratemaking model.

' The objectives of this article are consistent with Actuarial Standards of Practice No. 13 (ASP
13). which deals with trending (Actuarial Standards Board, 1990). ASP 13 states that "the purpose
of trending prtKedures is to estimate future expected values by analyzing historical data and other
relevant information." Tha^ is. the objective is Ihe forecast and not the method. ASP 13 also
explicitly states that judgmental and statistical information should be recognized in .selecting a
forecast and that a range of methods should be considered rather than a single method.
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which gives the premium for a policy issued at titne t with a single loss
payment at time t+j:

1 +A
P, = L, ^ , (1)

where P, = the premium,
L, = expected loss payments at price levels prevailing at time t,

4+j = the predicted change in the price level between the issue date (time
t) and period t+j,
where current price level = 1.0,

r = the risk-adju.sted discount rate for losses = (l+rr)(l-n)-l,
rf = the risk-free rate, and
K = the risk premium {profit loading).

Anticipated changes in claim costs are reflected in the trend factor, (1+A,J.
If insurance claim cost inflation were identical to general (economy-wide)
inllation, it would not be necessary to devote much attention to estimating the
trend factor. Interest rates are highly correlated with anticipated economy-wide
inflation, and there is considerable evidence in support of the Fisher hypothesis,
which states that: (I+rj) = (l+i)(l+r^). where i = the expected rate of inflation!
and r, = the real rate of interest. If expected insurance and general inflation
were identical and the Fisher hypothesis were correct, no explicit trend factor
would be needed and claim costs would be discounted at (l+r,)(l-7t).

Insurance inflation usually is not equal to general inflation. For example,
during much of the 1980s, inflation in private passenger auto insurance on a
countrywide basis exceeded general inflation by a margin approaching three to
one (Cummins and Tennyson, 1992). Thus, it is important for the trend factor
to reflect anticipated insurance inflation. Claim cost forecasting is the method
used to estimate insurance (claim cost) inflation.

Errors in the trend factor have nearly a one-for-one effect on realized profit.
To illustrate, consider a policy with a single loss payment one period from the
policy issue date (t). Assuming that insurer assets are invested at r^ the
insurer's net income (Y) at the end of the period is

Y = P , ( l ^ r ^ ) - L ^ O ^ A J - L ~ - L , i \ ^ A j , ( 2 )
i JL

where A = the predicted change in the price level, and
A^ = the actual change in the price level during the period.

Suppose net income is normed to the correct (perfect foresight) premium
accumulated at interest, that is. to P,(I+rf) = L,(1+A,)/(1-7C). Then we have

where P, = L,(l+AJ/(I+r) = the perfect foresight premium.
The bracketed expression in equation (3) is the proportionate error in

predicting loss growth, which we call the total predicted change error (TPCE).
The TPCE is a direct offset again.st expected profit. Because n is usually small
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(less than 0.05), trending errors can drastically alter the insurer's profit position.
For example, if 7C = 0.025, A = 0.05, and A, = 0.08, the insurer will realize a
profit of -0.0028 rather than the expected profit of 0.025.

One of the principal reasons that insurers expect to make a profit by
underwriting insurance policies is that the ultimate cost associated with those
policies is uncertain at the time of sale. Doherty and Garven (1986) and
Cummins (1988) have shown through options pricing models that even
unsystematic loss cost uncertainty directly affects the fair price for the policy.
Thus, the risk of claim cost trending error will be reflected in insurance prices.
Insurers that are relatively unsuccessful at forecasting loss costs will not earn
an adequate retum on equity, reinforcing the need for the adoption of the best
available forecasting techniques.

The Actuarial Approach to Trending

Expected losses are determined by the following relationship:*

where E(,L) = expected losses per exposure unit (the pure premium),
E(F) = expected claim frequency per exposure unit, and
E(S) = expected claim severity (monetary loss per claim).

Thus, ratemaking could proceed by either developing separate trend factors for
frequency and severity and multiplying the results to obtain the pure premium
trend or developing a single trend factor for the pure premium. Under some
circumstances, disaggregation can create a pooling effect due to offsetting
errors, leading to improved forecasts (Armstrong, 1978, pp. 455-458). However,
this effect is not always present, and the value of disaggregation is ultimately
an empirical issue.

The standard actuarial approach to forecasting claim costs is to develop
separate trend factors for frequency and severity using simple linear or
exponential time trend models. The models are estimated using ordinary least
squares (OLS). The following equations and estimation period are typical:

) = «„ -H B. ( / - ( ) * £. (5)

(6)

where t-i = estimation period index, i = 0, 1,..., 11, and time t = the
present,

aj and [3̂  = coefficients to be estimated,
£ = is a random erTor term,

S,.i = the average paid claim cost in period t-i, and
F,_, = the average claim frequency per exposure unit in period t-i.

* The Relationship expressed in equation (4) makes the usual assumption thai the claim
occurrence and the size of the claim are independent (CAS, 1990). That assumption may not be
valid if, for example, organized claim fraud is present (Weisberg and Deriig. 1991). See also
Lemaire. 1985.



4 The Journal of Risk and Insurance

The trend factor is obtained as follows:

where b^ and hy = estimated values of the slope coefficients in equations (5)
and (6), and

j = the length of the forecast period (quarters).

The forecast period is the time between the midpoint of the data period used
in calculating the indicated rate level change and the average accident date for
the policies that will be written under the new rates. A seven- or eight-quarter
forecast period is typical.

Prior Research

The actuarial approach to forecasting is rudimentary, and it would not seem
difficult lo obtain better forecasts using more advanced methods. This line of
investigation has been pursued by Cummins and Powell (1980). Cummins and
Harrington (1985), and Cummins and Griepentrog (1985), who compare the
actuarial approach with econometric models and more sophisticated time
trending methods. The studies used severity data—that is, countrywide average
paid claim costs for private passenger automobile insurance^and produced the
following general findings:

1. Econometric models generally work better than the simple time trend
models.

2. Broad-based indices forecast claim costs better than specific sectorial
indices. The private sector wage rate performed well in predicting aggregate
claim costs.

3. Single-variable econometric models are better than multiple-variable
models. Adding another price or wage index as an explanatory variable does
not improve predictive accuracy.

4. Simple time trend models (i.e., linear or exponential trending) usually
perform better than complicated (ARIMA-type) trend models.

5. Forecasts can often be improved by estimating the forecasting equation
using a method that corrects for first-order autocorrelation of the residuals.

6. Complicated econometric estimation adjustments generally do not improve
forecast results.

7. A priori reasoning is a valuable guide for specifying models and selecting
variables, but the best methods can be Identified only by testing.
A comprehensive survey of forecasting by Armstrong (1978) suggests that most
of these conclusions apply in general lo the forecasting of many types of
economic and social science phenomena.

How to Identify a Good Forecast

The objective of this study is to explore the decision-making process for
identifying a good forecast. Conventionally, the forecast selection process is
based on theoretical arguments regarding the statistical properties of estimators
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and forecast errors or on empirical tests of predictive accuracy. The convention-
al approach aims to choose a single best forecasting method based on the
results of the empirical tests. There are two problems with this approach. First,
isolating a single method based on somewhat subjectively selected accuracy
criteria disregards the information contained in alternative forecasting methods
that perform nearly as well as the conventionally-selected best method. The
"nearby" methods could have performed "best" based on different accuracy
criteria or under different economic conditions. Second, the conventional
approach focuses on the choice of a method, even though the true objective of
the process is the selection of the trend factor and not the method itself.' By
way of analogy, consider the selection of a stock for investment purposes. The
investor's objective is to choose a stock that will perform well in the future, not
to develop methods that explain past performance in some optimal way.

This article proposes an alternative approach to the trend factor decision
problem, the use of fuzzy set theory. FST is the mathematical approach that
explicitly models the vagueness of linguistic variables such as "accurate,"
"better," or "reliable" (Lemaire, 1990). Because FST provides a mechanism
for simultaneously considering several forecasting methods and distinguishing
among them by means of an explicit grading or ranking process, it allows the
decision-maker to retain more of the information contained in the set of
alternative forecasts. Unlike conventional methods, our FST approach allows
for explicit consideration of the output of the forecasting tnethods—the trend
factor—as part of the dec is ion-making process. Thus, it potentially provides a
better model of the actual decision process than the conventional approach.

Actual forecasting processes typically combine judgmental and statistical
criteria and often involve a range of forecasting methods. Extensive support for
the multiple forecast approach has been provided in the macroeconometrics
literature (Clemen, 1989; Zamowitz and Braun). Support for using judgmental
criteria also is provided in the literature. For example, McNees (1990) observes
that the best forecasts are made not by abandoning models or judgment but by
blending both sources of information. He concludes that the forecast of a
model, adjusted judgmentally to take into account information not incorporated
in the model, tends to be more accurate than one generated mechanically. The
forecasting problem in property-liability insurance is to find the appropriate
blend of forecast technique and judgment. Below, technique and judgment are
blended within the context of fuzzy set theory.

' A recent Massachusetts private passenger automobile insurance rate decision posed as the
fundamental forecasting problem "to choose a methodology which will accurately predict loss
costs for the next rate year" (Opinion, Findings and Decision on 1990 Automobile Insurance
Rates. Ma.ssachuselts Division of Insurance, December 15, 1989, p. 37). This view of the
forecasting problem—that the decision-maker chooses the trend factor, not the method-was upheld
by the Massachusetts Supreme Judicial Court in Aetna Casualty and Surety Company vs.
Commissioner of Insurance, 408 MASS 363 (1990). This judgmental criterion or linguistic
variable, as Lemaire (1990) has dabbed such things, enlarges the problem beyond pure statistical
techniques.
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Our study conducts and then evaluates a set of 72 benchmark forecasting
methods using private passenger auto insurance data from Massachu.setts. The
methods are compared using conventional criteria to search for a good forecast.
Then, FST is used to consolidate the methods in terms of fuzzy criteria. The
output of the FST process is a fuzzy set of "good" trend factors for use in
setting prices beyond the sample period. Finally, for those who need a single
forecast, we relate the fuzzy set of forecasts to the conventional use of
weighted averages.

Claim Cost Forecasting Experiments

This section presents the results of claim cost forecasting experiments using
Massachusetts private passenger automobile insurance data to develop
"accurate" forecasts of pure premiums. Experiments were conducted using
various time-trend and econometric techniques. The tests focus on both the
predictive accuracy and the bias of the methods, where bias is defined as the
tendency for a method to yield forecasts that are consistently higher or lower
than realized claim costs.

Measurement of Forecast Accuracy

Forecast accuracy is gauged by estimating and then applying the trend
factors over seven-quarter forecast periods to obtain predicted claim cost
inflation and then comparing predicted inflation with actual claim cost inflation
over the same forecast periods.' The principal measure of accuracy used here
is the total predicted change error (TPCE), where

Trend Factor = I + A, (^)

X

Actual claim cost index ^ 1 + A = _llZ., and (9)

TPCE = -LlA - 1 = .^_A, (10)
1 ^A 1 +A

a a

where x, = the value of the forecasted variable in quarter t. The TPCE provides
a direct indication of the impact of trending errors on profit (see above).

The forecasting experiments are designed to replicate as closely as possible
the results that would have been obtained under each forecasting method if that
method had been used consistently in the past. Thus, the experiments assume
that the only available data for each forecast period are those prior to the

' A seven-quarter forecast period most closely approximates the period typically used in
Ma.ssachusetts automobile insurance forecasting. The forecast period varies somewhat by state and
over time. However, the median is about seven or eight quaners.
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period. For example, forecasts for the seven-quarter forecast period 1981.1
through 1982.3 were based exclusively on data available prior to I98I.''

Forecasting experiments were conducted for automobile bodily injury
liability (BIL) coverage. The maximum number of forecast experiments was
conducted; that i.s, the number of experiments was limited only by the starting
point of the pure premium or economic series used in the forecasts.

The Forecasting Methods

The forecasting methods chosen for analysis represent a synthesis of current
actuarial time trending techniques and the econometric methods proposed by,
for example. Cummins and Griepentrog (1985). The goal is to span the set of
reasonably simple methods identified as "good" in terms of current actuarial
practice and prior performance. We have chosen not to follow the conventional
approach of judgmentally discarding methods from this set a priori. Instead, we
bring judgment into the process through the application of fuzzy methods to the
entire set.

The time trend models rely exclusively on claim cost data and are very
similar to the prevailing actuarial methods. Linear and exponential time
trending equations are used. The exponential equations are presented as
equations (5) and (6). The linear equation for frequency is:

F,_, = a^ -. ^,{t~i) ^ E^ , (11)

where i = 0, 1,.., , I-l, and I is the number of periods used in estimating the
equation. The severity equation is analogous.

The frequency and severity trend factor calculations are illustrated below for
the case of exponential trending:^

Frequency: 1 + A^

Seventy: 1 + Â . ^

Overall Pure Premium Trend: 1 + A = (1 + A_) + (1 + A,). (14)

""The notation 19xx.q, where xx = 77, 79 and q = 1, 2. 3, 4 stands for quarter q of year
19xx.

' Since the objective is to compare forecast methods, the forecasting begins at the earliest point
where all methods can be compared. Thus, the first forecast experiment begins in !98I. l . This
allows the comparison of forecasting equations estimated over eight- and twelve-quarter forecast
periixis. Beginning the forecasts earlier would not have allowed for the use of twelve-quarter
estimation periods in the earlier experiments, because the Massachusetts quarterly claim cost data
begin in 1978.1.

"The trend factor formulas (12) through (14) differ somewhat from the actuarial trend factor
formulas of equations (5) through (7) above. Equations (12) through (14) are used here because
they represent the time trending approach employed in Massachusetts.
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F, and S, represent frequency and severity in the last quarter of the estimation
period.

The econometric forecasts differ from the time trend methods in using the
external (economic) data series as the independent variable in the severity
equation. Linear and log-linear specifications are used, consistent with the prior
literature:

Linear Severiry: S, . = ot̂  + P, C,_, + e^ (15)

Log-linear Severity: log(5,.,) = a^ + p^ 'og(C,..) + Ê  , (16)

where C,., = the value of an economic variable in period t-i, and i = 0, 1 I-
1. The calculation of the severity trend factor for the log-linear econometric
case is illustrated below:

1 * A , =
5,

where ,̂̂ 7 = forecasted value of C^^^. The severity forecast factor is used in
equation (14), along with the frequency time trend factor, to obtain the overall
trend factor/ Econometric models were not used in frequency forecasting
because preliminary work suggested that the use of economic indices would not
improve forecast performance.

The severity forecast for the econometric case requires an estimate of the
external (economic) index for the last quarter of the forecast period (i.e., an
estimate of C,̂ )̂. As a benchmark, the forecasts were conducted using the
actual values of C^^-j. Forecasted values for the external economic index were
also obtained using time trending. Denoting the last quarter of the estimation
period for equations (15) and (16) as period t, the forecasting equations for C.̂ .,
were based on estimation periods ending in t+3, reflecting the more timely
availability of Ihe economic data series.**

Only one economic index was used in the experiments for each cover-
age—the Massachusetts composite auto insurance price index for the coverage
under consideration. These indices have been developed by the Massachusetts
State Rating Bureau and are supposed to represent the costs of goods and

'Examination of equaiion.'i (5) through (7) along with (12) through (14) reveal that the TPCE
depends upon the last actual observation x, only through its effect on the regression coefficients.
This is equivalent to assuming that the difference between actual and fitted x, is a random error
which conveys no information ihal is useful in forecasting. This may not always be true, and there
are various ways of bringing the regression errors into the forecast. One way is lo use a first-order
autoregre.ssive adjustment as we do below. Other possibilities could be explored in future research.

" Due to data collection and processing lags. Massachusetts claim cost data for any given quarter
are available three time periods later than the economic data.
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services covered by automobile insurance policies.^ The forecasts of the
economic series span periods t+4 through t+7.

A forecasting method is characterized by an estimation period, an estimation
technique, a frequency model, and a severity model. The forecast methods are
summarized in Table 1. Section A of Table 1 summarizes the combinations of
estimation periods, estimation techniques, and frequency models. Three
estimation periods were used to obtain the forecasting equations: I = eight
quarters, twelve quarters, and all available data prior to the forecast period.
Two estimation techniques were used: ordinary least squares (OLS) and least
squares adjusted for ftrst-order autocorrelation of the residuals (ARl).'" Linear
and exponential time trends (equations [U] and [6]) were used as frequency
models.

For each combination of estimation period, estimation technique, and
frequency model, eight severity forecasts were used. These are summarized in
section B of Table I. Thus, a total of 96 forecasts (twelve combinations from
section A of Table 1 times eight severity forecasts per combination) were
conducted for each forecast period. Twenty-four of these were benchmark
forecasts using actual rather than predicted values of the economic indices. The
forecast comparisons are based on the 72 experiments that do not assume
knowledge of any infonnation during the forecast period.

Comparison of Trending Methods Using Conventional Criteria

The annualized inflation rate in Massachusetts automobile (BIL) pure
premiums from 1978 through 1988 was 12.3 percent, whereas the inflation rate
in the Consutner Price Index (CPI) during this period was only 6.2 percent.
Thus, it would be erroneous to assume that Massachusetts BIL inflation is
equal to general inflation. Trend factors are needed to project claim costs."

To test the accuracy of alternative claim cost forecasting methodologies,
experiments were conducted using Massachusetts BIL claim cost data provided
by the Automobile Insurers Bureau of Massachusetts.'^ The results of the
experiments are reported below. Unless stated otherwise, all discussions of
forecast accuracy refer to the pure premium series.''

' The State Rating Bureau is a state agency responsible for representing the Commonwealth of
Massachusetts in automobile insurance rate hearings. The insurance industry is represented in
Massachusetts by the Automobile tnsurers Bureau. The automobile insurance price indicts are
obtained as weighted averages of price and wage indices. A list of the component indices and the
weights used in this study are available from the authors. The indices and weights are presented
in Automobile Insurers Bureau (1989).

'"The Prais-Winston ARl transformation method is used (see Kmenta, 1986, p. 304).
" The Massachusetts composite index for BIL is closer to premium inflation than the CPI but

still does not track claim cost inflation very well. Previous research has shown ihat the Masterson
indices, published by the A. M. Best Company for many years (e.g., see Masterson, 1990) also
are poor predictors of claim cost inflation (Cummins and Nye. 1981).

'^The claim cost series were adjusted for seasonality using the XI I technique.
' 'Past Massachusetts rate*making procedures incorporated modification factors applied to the

data series. The modifications were designed to correct for structural changes in the transportation
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Table 1
Summary of Forecasting Experiments

A. Pure Premium Experiments'

Method
Number

1
2
3
4
5
6
7
8
9

10
11
12

B. Severity

Method
Number

I
2
3
4
5
6
7
8

Estimation
Period

8 Quarters
8 Quarters

12 Quarters
12 Quarters

All Data
All Data
K Quarters
8 Quarters

12 Quaners
12 Quarters

All Data
AH Data

Forecasts

Severity
Model

S(t) = A -t- B*t
LN{S(1)) = A + B*t

S(t) = A + B*X{t)
LN(S(t)) = A + B*LN (X{t))

S(t) = A + B*X(t)
LN(S(t)) = A + B*LN(X(t))

S(t) = A + B*X(t)
LN(S(t)) = A + B*LN(X(t))

Estimation
Technique

OLS
OLS
OLS
OLS
OLS
OLS
ARl
ARl
ARl
ARl
ARl
ARl

Economic Index
Model

None
None

Actual X{t)
Actual X(t)
X{t) = a + b*i
X{t) = a + b*t

LN(X(t)) = a + b*t
LN(X(t)) = a -̂  b*t

Frequency
Model

Exponential
Linear

Exponenlial
Linear

Exponential
Linear

Exponential
Linear

Exponential
Linear

Exponenlial
Linear

Column in
Exhibil

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)

Note: S(l) = severiiy in period t, l = time, X(t) = value of economic index In period t. OLS = ordinary
leasi squares, ARl = least squares adjusted for first-order auttxrorrelalion in the residuals.
' Each forecast method is characterized by an estimation period (8 quarters, 12 quarters, or all data), an
estimation technique (OLS or ARl). and a freiiuency model (exponential or linear). Each of the 12
methods is combined with 8 severity estimates (see section B) to obtain pure premium trend factors.

As indicated above, the total predicted change error is the primary measure
of forecast performance used in this study. Both average absolute and average
TPCEs are reported. Earlier studies used absolute TPCEs as the principal
measure of overall forecast accuraey. In real-worid applications, average errors
are equally important. Eor example, insurers will experience problems if they
use methods with low absolute errors that consistently under-predict claim

environment such as seatbelt use. brake lights, important legal decisions, and anti-drunk driving
.statutes. The modifications are in the form of proportionate multipliers, generally slightly higher
or lower than 1.0. In rare instances (e.g., the Massachusetts Auto Insurance Reform Act of 198K),
the modification factors can deviate sharply from 1.0. The minor modifications were highly
subjective and rarely based on empirical evidence. Forecasting results incorporating minor
modification factors are not reported here because of the subjective nature of the modifications
and because preliminary work indicated that they do not consistently improve the forecasts.
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costs. However, average errors must be interpreted with caution because a low
average error can mask large offsetting positive and negative errors. As
explained below. FST provides a mathematically consistent way to capture
information provided by both perfomiance measures.

The BIL forecast errors are summarized in Tables 2 and 3. Table 2 presents
absolute average total predicted change erTors, while Table 3 presents average
TPCEs. The tables report the results of seven-quarter forecasts conducted
beginning in 1981.1 and in every subsequent quarter up to 1987.2. The last
forecast was for the last available data point, 1988.4. A total of 26 separate
forecasts was conducted for every method reported in Tables 2 and 3.'^ The
number presented in each cell of Table 2 (3) is the average of the absolute
(non-absolute) error for the 26 forecasts using the method combination reported
in the cell. The rows in Tables 2 and 3 correspond to the twelve combinations
of estimation techniques, estimation periods, and frequency models presented
in section A of Table 1, while the columns correspond to the severity models
specified in section B of Table I. Methods often are referred to by their row
and column numbers; for example, method 5(3) refers to the results reported
in row 5. column 3 of Table 2 or 3.

The forecast errors reported in Table 2 for bodily injury liability pure
premiums range from slightly less than 4 to about 8 percent. Most of the
methods have errors in the range from about 6 to 8 percent. The methods
which use all available data to fit the forecasting equations (the all-data
methods) clearly stand out as the most accurate in terms of the absolute
average TPCE criterion.'^ The average TPCEs for BIL are reported in Table
3. Most of the errors are quite low (the largest in absolute tenns is 4.3 percent),
but the majority tend to be biased toward under-predicting claim costs.
Considering both average (Table 3) and absolute average (Table 2) errors, the
best methods seem to be 6(7), 6(8), 11(7), and 11(8). The average absolute
TPCEs for these methods are among the lowest in Table 2, and their average
TPCEs are virtually indistinguishable from zero.

Additional information on forecast accuracy is presented in Table 4, which
provides average and absolute average errors for frequency, severity, and pure
premiums for two of the conventionally chosen "best" methods, 6(7) and 6(8).
The forecast results illustrate a phenomenon that might be termed "forecast
pooling." The methods summarized in the exhibit obtain relatively low overall
average errors even though they consistently over-predict severity and under-
predict frequency, because the frequency and severity errors tend to be

'••The first estimation period was based on data prior lo 1981.1. The first forecasl was for the
period 1981.1 through 1982.3, and ihe first TPCE was computed for the end of this forecast
period, 1982.3. The next estimation period was based on data prior to 1981.2, and the next
forecast covered the period 1981.2 though 1982.4. The TPCE for this experiment measured the
accuracy in predicritig the pure premium for 1982.4. The last forecast experiment used an
estimation period based on data prior to 1987.2 and a foreca.st period of 1987.2 through 1988.4.
The last TPCE was for 1988.4. This gives a total of 26 forecasts for each method.

'̂  These are methods 5, 6, 11. and 12. See Table 1 for definitions of the forecasting methods.
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Number of
Forecasts

26
26

26
26

Frequency Severity

Absolute Averages:
7.90 8.75
7.90 8.78

Averages:
-7.90 8.75
-7.90 8.78

Pure
Premiums

4.21
4.28

0.19
0.23
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Table 4
Total Predicted Change Errors (Percent)

"Best" Methods by Frequency, Severity, and Pure Premiums

Method

Best Methods 6(7) and 6(8):
With Linear Severity
With Log-Linear Severity

Best Method.s 6(7) and 6(8):
With Linear Severity
With Log-Linear Severity

Note: "Besi" method uses all available data, linear frequency, and an exponential time trend :o predict
the economic index.

offsetting. This suggests that relative forecast errors may be reduced by pooling
across forecasts (see Armstrong, 1978, and Granger and Newbold, 1986), a
technique that is worth exploring in future work. Table 4 provides additional
evidence that it is advisable to consider both average and absolute average
errors.

Trend Factors for 1989.1-1990.3

The forecasting models were used to estimate trend factors for the period
1989.1-1990.3 on the assumption that the last available data point is 1988.4.
The trend factors are presented in the Appendix. The average pure premium
factor for all benchmark methods is 13.7 percent. The 72 individual trend
factors, however, show wide variations, even among the '"best" methods.
Obviously, the wide range of trend factors produced by the alternative
forecasting methods creates uncertainty with regard to the choice of a forecast.
The next step in the traditional analysis would be to apply statistical methods
to eliminate inaccurate forecasts and combine the remaining forecasts to reduce
forecast error variance. Such methods are available in the statistics and
econometrics literature (e.g.. Granger and Newbold, 1986), and their application
represents a promising direction for future research. The following sections,
however, illustrate the evaluation of the forecasting methods using fuzzy set
theory.

Elements of Fuzzy Set Theory

In order to describe the fuzzy set theory context for the pure premium
forecasting problem, some basic definitions are needed. We follow Lemaire
(1990) in describing some fundamentals of FST. Examples and applications
focus on the forecasting problem. See also Kandel (1986) and Zimmerman
(1991).

Basics of FST

The fundamental concept of FST is the alternative formalization of
membership in a set to include the degree or strength of membership. Let X =
{x| be an ordinary set of objects. For example, X might be the set of all
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feasible trend factors, a subset of the real numbers. A fuzzy set A in X is a set
of ordered pairs

A = [ x,V^ (.v) K -v G X, (18)

where U^ maps X to the interval [0. \\. The value UA(X) is called the grade or
value of tnembership of x in the fuzzy set A with 0 and I representing,
respectively, the lowest and highest grades (values) of membership. When

only contains the two points 0 and 1, A is non-fuzzy.

EXAMPLE I: A " G O O D " B I FORECASTING METHOD. Let X be the set of 72

BIL forecasting methods whose average absolute TPCEs are shown in Table
2, that is, X is the set of models considered in this study.'^ Let us assume that
a "good" trend methodology is one that predicted well enough in the past
(according to the TPCE values shown in Table 2) to be "near" the "best"
method according to the Table 2 test results; namely, the method that uses
linear OLS time trends with all data for frequency and an exponential time
trend for severity. That method, denoted method 6(2) for row 6 column 2 in
Table 2, is chosen as the "best" method according to this criterion because it
has the lowest average absolute TPCE.

We define the membership function for X by

11 iX) -
TPCE[X]

(19)

where Ug|(X) = the membership function for the fuzzy set of forecasting
methods that are "good" in terms of historical forecast accuracy. Then, for
example. 1) ,̂16(2)1 = 1. Hence 6(2) is definitely a "good" method. On the
other hand, for two other methods we have

A. All Data, OLS, Exponential Frequency, Exponential Severity:
Ug|[ 5(2) ] = 3.96/4.24 = 0.934 and

B. Eight-Quarter, OLS. Linear Frequency, Exponential Severity:
Ug,| 2(2) 1 = 3.96/6.98 = 0.567.

Liberally interpreted. Method A is quite good, although not the best, while
Method B is little more than half as good as the best. Figure 1 illustrates the
membership function of the set of good BIL forecast methods from the best
6(2) to the "worst" 7(8), the latter with a membership value of only 0.508. In
this example, the fuzzy set is the entire set of objects (the 72 benchmark
methods). If we enlarged the set of objects considered to all forecast methods
in some suitable space, the membership function above would "fuzzify" the
benchmark forecasts by setting the membership function (19) for all other
methods equal to zero.

A fuzzy set is said to be normal if Sup x UA(X) = I- Subnormal fuzzy sets
can be normalized by dividing each U^(x) by Sup x U^(x)."

"•The forecast methods shown in columns 3 and 4 that use actual values of the independent
variable are not used in subsequent illustrations.

"Of course, the Sup operator is the supremum. or least upper bound, applied to the set of
membership values { U^Cx) | .
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The membership function for a fuzzy set A is used to define the complement
of A so that the grade of membership in A is formally related to the grade of
membership in the complement. Specifically, A, is said to be the complement
of A if and only if

^^(-^) - 1 - ^ > ' ) ' for all X. (20)

Unlike the ordinary set theoretic definition, the fuzzy set complement allows
objects X to be members, albeit gray-shaded members, of both A and its
complement A,. In our forecast example, the literal translation for membership
in the complenient of good methods might be: "This method is not so good but
it's not so bad either."

In many cases, it is useful to consider the membership of a set of objects in
more than one fuzzy set. Without loss of generality, consider the membership
of the ordinary set of objects X = Ix) in the fuzzy sets A and B. Several fuzzy
set concepts are needed to study membership in more than one set. For
example, a fuzzy set A is contained in or is a subset of fuzzy set B (A <= B)
if and only if

V^{x)<V,{x)Jorallx. ^ j 1 (21)

The union of A and B, denoted AUj/BT^'demied as the smallest fuzzy set
containing both A and B. Its membership function is given by

U^^g(x) = max [U^ix), U,ix)],x e X. (22)

The intersection of A and B, denoted A n B, is defined as the largest fuzzy
set contained in both A and B. Its membership function is given by

It can be shown that these definitions of fuzzy union and intersection are the
only ones that naturally extend the corresponding standard set theory notions
by satisfying all the usual requirements of associativity, commutativity,
idempotency, and distributivity (Lemaire, 1990). They are also the only
operators with other desirable properties such as that "membership in A n B
requires more, and membership in A u B requires less, than the membership
in one of A or B" (Dubois and Prade, 1980, p. 12).

Other Definitions of the Intersection

Other definitions of the intersection have been suggested; they correspond
to more flexible interpretations of common membership in two fuzzy sets. The
selection of a specific operator for intersection, other than the minimum
operator, will depend on its possibilities to allow for cumulative effects,
interactions, and compensations among criteria. These properties are desirable
for "softer" versions of intersection operators.

Property I {cumulative effects): Two infringements are worse than one.
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f-^AOs^x) < min [U^ix), U^ix)], if U^ix) < 1 and U ix) < 1. (24)

Property 2 (interactions between criteria}: Assume U^(x) < UB(X) < 1. Then
the effects of a decrease of UA(X) on UA^B(X) may depend on UB(X).

Property 3 (compensations between criteria): If U^(x) and UB(X) < I, the
effect of a decrease of U,^(x) on U^^B(X) can be reduced by an increase of
UB(X) (unless, of course. UB(X) reaches 1).

The reason for seeking alternative definitions of the intersection is that the
.standard FST intersection operator (the minimum operator, equation f23|) does
not allow for any of the three properties even though it is desirable to allow for
them in some applications. Lemaire lists four alternative definitions and
extensions of the standard fuzzy intersection definition (equation [231). Each
one provides for systematic ways to introduce linguistic decision variables into
FST. These are the algebraic product, the bounded difference, the Hamacher
operator, and the Yager operator

The algebraic product of A and B is denoted AB and is defined by

U = 1} ix^ I! (x\ -^ (251

The hounded difference of A and B is denoted 4 ^ B and is defined by

:) = max [0. UAx) + VAx) - 11. (26)

The Hamacher and Yager operators. H and Y, define the intersection of two
fuzzy sets A and B by

iiP>v\ ^A^^^ ^R(X) (27)

^^(^) = „ .„. ' , ..' . .. ^. - . 0 < p < 1 anr '
" P + O-l

lin [ 1,= 1 - min [ 1, [(1 -U^{x)r
(28)

p> I

Fuzzy intersection operators differ in the degree to which they satisfy
properties I through 3. The bounded difference satisfies only properties 1 and
3. thereby excluding interactions. The algebraic product satisfies all three and
provides for maximum interactions. The Hamacher and Yager operators allow
for all three properties but temper the effects somewhat in comparison with the
algebraic product. The degree of tempering is reflected by the parameter p. A
more complete discussion of operators and criteria for selecting among them
is presented in Zimmerman (1991).

The a-Cut Concept

Finally, we will find useful the notion of the a-cut. If A is a fuzzy subset
of X, its a-cut A^ is defined as the non-fuzzy subset such that

-^a = {^ I i / « U ) >a],for0^a<\. (29)
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EXAMPLE 2: REASONABLE TREND FACTORS. Traditional choices of "best"
forecasting methods have relied on choosing the method with the optimal value
under some pre-defined test criterion or criteria. In the claim cost forecasting
experiments discussed above, the minimum absolute TCPE criterion would
produce method 6(2) as the "best." The judgmental or "subjective intersec-
tion" of the absolute average and average TPCE criteria leads to the selection
of the four "good" methods 6(7), 6(8), 11(7), and 11(8), none of which was
the "best" by any single-criterion.

Other methods that were almost as good as the conventionally-selected
"best" choices would be discarded by optimizers, but not necessarily by
actuaries or intervalists. FST membership functions allow for "good" or
"rea.sonable'" methods, as well as the traditional best method; a-cut models
discard values that are extreme in some sense, that is, beyond the minimum
grade of a for membership.

The Appendix shows the 72 benchmark trend factors for the trending period
1989.1-1990.3. Let us assume that a fuzzy subset R of X, the set of "reason-
able" trend factors, is defined by the membership function:

l A l , //• IA. - Al < 2 a
(30)

0 , otherwise
where Â  = the trend factor produced by method x,

A = the average trend factor over all methods,
a = the standard deviation of the trend factors, and

UR(X) = the membership function of the fuzzy set of "reasonable" trend
factors.

We constructed equation (30) to reflect our lack of confidence in extreme
forecasts, and our objective of choosing a "good" trend factor rather than the
historically "best" method(s). Accordingly, equation (30) is independent of the
historical accuracy of the methods under consideration. It has been our
experience that real-world actuaries and regulators invariably give less
credibility to extreme results when confronted with a range of alternatives.
Empirical support for this approach is provided by the forecasting literature,
which shows that average forecasts tend to outperform individual foreca.sts and
that past performance is not an infallible guide to future accuracy (e.g.,
Zamowitz and Braun, 1992; McNees, 1992).

The a-cuts defined by equation (30) correspond to discarding those trend
factors that are "extreme" in the sense that the trend factors not in the a-cut
are beyond the grand mean by some multiple of the standard deviation. For
instance, based on equation (30), we have
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a a-cut
0.75 within '/̂  o
0.50 within I CT
0.25 within 1'/: a

0 within 2 q

We now use these FST concepts to reinforce Lemaire's expectation that FST
has a wide range of application to actuarial problems by exploring FST as a
decision-making method for forecasting.

Evaluation of Trends Using Fuzzy Set Theory

Fuzzy set theoretic concepts can be u.sed to reformulate the forecasting
decision process. For example, the decision-maker may specify one or more
goals {gl to be attained. Provided that fuzzy membership functions can be
created to measure the degree to which each goal is met, the decision problem
can be recast within FST.'"

Straightforward intersection of the goal fuzzy sets will yield a fuzzy solution
set. More importantly, however, the calculation of the fuzzy intersection ranks
the alternatives with a degree of membership in the final fuzzy .set of
alternatives. Other fuzzy intersection operators also can be used to reformulate
the problem using alternative criteria. Each intersection operation yields a fuzzy
set of alternatives. The "answer" to the decision problem is the fuzzy
intersection-set rather than a specific forecast or method. However, this fuzzy
set can be used to select a forecast, as shown below.

The FST decision-making procedure can be illustrated using the BIL trend
factors and historical measures of accuracy presented above. In order to keep
the arithmetic simple, we initially use only the two "best" methods shown in
Table 4 plus the method with the lowest absolute average TPCE. Our decision
criteria are based on the following goals:

Goal 1: Historical Accuracy—The forecasting method should be reasonably
good for past predictions as measured by the average absolute total percentage
change error.

Goal 2: Vnhiasedness—The forecasting method should be reasonably
unbiased as measured by the average total percentage charge error in the
historical forecasts.'*^

'"Fuzzy oplimizalion can involve constraints as well as goals. The distinction is somewhat
semantic because they can be treated identically in the decision process (.see Lemaire. 1990. and
Dubois and Prade, 1980, pp. 242-244).

'"Although actuaries and economists take as given that the forecast methods used in estimating
trends in claim costs should be unbiased in the statistical sense, that is not always the case in a
regulated environment. For example. Derrig's (1993) review of Mas.sachusetts automobile
profitability demonstrates that regulatory decisions in that state have consistently underestimated
claim cost inflation.
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Goal 3: Reasonableness—The trend factor selected should be reasonably
close to the average benchmark forecasts; that is, extreme choices should be
avoided.

The goal 1 concept of "reasonably good for past predictions" can be made
operational using the Table 2 test results and the membership function Ug,(X),
defined in equation (19). Application of equation (19) yields the fuzzy set of
historically good forecast methods illustrated in Figure 1.

The goal 2 concept can be made operational in an analogous manner by
formulating a membership function. Strictly unbiased forecast methods as
demonstrated by past performance are the "best" under goal 2. The following
membership function operationalizes this goal:

V (jc) = f"' 1™^'""^''^''^^.'!^ (31)
Si

where Average (TPCE,) = the average TPCE for method x. and U^,(x) = the
membership function of the fuzzy set of forecasts that are "good" according
to the historical unbiasedness criterion (goal 2). Equation (31) also would be
an appropriate membership function if the average eiror were used as an
altemative measure of accuracy rather than an indicator of bias.

Finally, the goal 3 concept of a reasonable (or "moderate," "not too
extreme," "realistic," etc.) method can be made operational by applying
equation (30) using the mean and standard deviation of the 72 trend factors
shown in the Appendix. The use of deviations from the mean forecast to define
"reasonableness" is justified by the growing evidence that average forecasts
outperform individual forecasts (Zamowitz and Braun, 1992). An altemative
would be to use deviations from the mean of some a-cut of the intersection-set
of goals 1 and 2}^

As an example of the FST decision-making process, we use two of the
conventionally-chosen "best" methods and, for contrast, the method with the
lowest TPCE in Table 2:

Method A: All data, OLS, linear frequency, exponential economic index,
linear severity: 6(7).

Method B: All data, OLS, linear frequency, exponential economic index,
log-linear severity: 6(8).

Method C: All data, OLS, linear frequency, exponential time trend severity:
6(2).

Applying the EST defmitions associated with our three goals, we have the
following decision array.

•"An interesting avenue for future research would be lo test the accuracy of trend factors
derived using various defmitions of reasonableness. This would be an advance over existing
research on combining forecasts, which uses straight averages.
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Grade of Membership

Fuzzy Set Method A Method B Method C

Goal I 0.941 0.925 1.000
Goal 2 0.827 0.795 0.237
Goal 3 0.634 0.503 0.577

An examination of the membership grades for all 72 methods led to a
reevaluation of goal 2. This goal turned out to be much more rigorous than the
other Iwo decision criteria. For example, the average membership grade among
the 72 methods according to goal 2 is only 0.43, whereas the average for goal
1 is 0.70. In addition, methods with relatively small average errors (e.g., less
than 2 percent) were given very low scores by the goal 2 membership function
(equation 1311). For example, method C had an average error of 1.44 percent
and a membership function value of 0.237 for goal 2. Using goal 2 in its
unmodified form would give much more weight to bias than to the other
criteria.

Fortunately, fuzzy set theory provides methods for dealing with situations
such as the assigning of unusually high or low weights by a membership
function. One obvious approach would be to change the function. However, in
some instances, the nature of the problem dictates the choice of a particular
function. Although this is not the case in our application, we will take
advantage of the relative stringency of goal 2 to illustrate two additional
operations permitted by fuzzy set theory.

The operations are part of a class "that have no counterparts in ordinary set
theory; they are uniquely fuzzy" (Lemaire, 1990. p. 44). One operation used
here, dilation, is defined as

V'^-ix) = [U(x)r, a < \. (32)

Dilation stretches the fuzzy set by increasing the grade of membership of all
elements in the set with membership function values greater than 0 and less
than I. The parameter a is called the power of the operation. A related
operation is concentration, defined as

f/coA'(,) ^ [UU)r , fl > 1. (33)

To align the stringency of goals I and 2 and illustrate dilation and
concentration, the membership function for goal 1 was concentrated by raising
equation (19) to the power +2, while goal 2 was dilated by raising equation
(31) to the power 0.75. The concentration operation lowered the average
membership function value for goal 1 from 0.696 to 0.504. while dilation
increased the average goal 2 membership values for the 72 forecast methods
from 0.432 to 0.506. The goal I membership values for methods A. B, and C
change from 0.941, 0.925. and 1 to 0.885, 0.856, and 1; the goal 2 membership
function values change from 0.827, 0.795. and 0.237 to 0.867, 0.842, and
0.340. respectively. More detailed comparisons reveal that the revised
membership functions for goals I and 2 are much more consistent in terms of
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stringency than the original membership functions. Consequently, the revised
membership functions were adopted for the remainder of the analysis.

The selected membership functions illustrate the solution of the decision
problem. First, consider the three methods A, B, and C. The problem is solved
by taking the intersection of the three membership functions. Applying the
ordinary intersection operator of equation (23) plus the other four intersection
operators from the previous section yields the results presented in Table 5.
Methods A and B are clearly better than method C, the best method under
criterion 1. Conventional decision-makers might be inclined to decide that A
is dominant and to discard the other two methods. In fuzzy decision making,
however, the "answer" for any given intersection operator is the fuzzy set
consisting of A, B, and C and their membership function values. We would like
to retain the information provided by methods A. B. and C in proportion to
their degrees of membership in the fuzzy set of "good" forecasts. A method
for doing this is proposed below.

Table 5
Comparison of Forecast Methods Using Alternative Intersection Operators

Intersection

Ordinary
Algebraic Product
Bounded Difference
Hamacher (p = 0.5)
Yager (p = 2)

Method A: 6(7)

0.634
0.486
0.386
0.511
0.594

Grade of Membership

Method B: 6(8)

0.503
0.363
0.201
0.393
0.459

Method C: 6r2>

0.340
0.200
0.000
0.228
0.216

Returning to the set of 72 forecast methods, Figure 2 shows the fuzzy
membership values for all 72 forecasts according to goals 1 and 2. In general,
the historically best methods are among the least unbiased and, conversely, the
most unbiased methods are the least accurate historically. This illustrates the
importance of looking at multiple criteria. An insurer choosing a forecast
method with the lowest TPCE wili not be successful if this method consistently
underestimates claim costs. In ordinary decision making, it is difficult lo
combine information on the "goodness" of forecasts when multiple criteria are
used. The intersection operators of FST provide a natural way to solve this
problem. This well-established procedure is known as fuzzy averaging
(Zimmerman, 1991).

Figure 3 shows the ordinary intersection of goal 1 and goal 2 fuzzy sets for
the entire sample of 72 forecast methods. Notice that the fourth, sixth, eleventh,
and twelfth best criteria 1 methods are shown in Figure 3 to be the better
methods using both criteria simultaneously. Those four methods are 6(7), 6(8),
11(7), and 11(8), respectively. These methods also would be identified by
conventional methods as the best of the group. However, unlike FST,
conventional methods would not provide information on how "good" these
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methods are relative to the other methods, especially when more than one
goodness criterion is used.

The next step is to perform all three intersection operations. This is done
sequentially, that is, the fuzzy intersection set for goals 1 and 2 is itself
intersected with the fuzzy set produced by goal 3. We perform the intersection
using membership function values from equation (19) for goal 1, concentrated
to the power +2, equation (31) for goal 2, dilated to the power 0.75, and
equation (30) for goal 3. The membership function values are shown in
columns F, G, and H of Table 6. Columns I through M of Table 6 present ihe
results obtained by applying the five intersection operators (equations 123] and
[251 through [(28|) to the 72 forecast methods.

The numbers in each intersection-operator column of Table 6 can be viewed
as a fuzzy set. For example, column I represents the fuzzy set obtained by
applying the ordinary intersection operator to the membership function values
for goals 1. 2, and 3.

To choose a trend factor, one must first select an intersection operator. The
choice of an operator depends upon how rigorously the decision-maker wants
to assign membership function values and on how important il is to allow for
cumulative effects, compensations, and interactions. The bounded difference
operator is the most stringent (i.e.. assigns the lowest membership values),
while the ordinary operator is the least stringent. Since the choice is context
dependent, we do not select an operator but proceed to consider all five.

One possibility for choosing a trend factor would be to adopt the method
with the highest membership function value. The highest membership function
values for all operators are obtained using methods 11(7) and 11(8). The
superiority of these two methods in the fuzzy optimization problem is due to
their having relatively high, but not necessarily the best, scores on all three
rating criteria.

Choosing 11(7) or 11(8) as the solution to the decision problem, however,
would disregard the information provided by closely ranked forecasting
methods. Another solution is to use the membership function scores for each
intersection operator as weights to compute weighted average trend factors over
the entire set of methods. This approach has the advantage of retaining
information provided by the set of methods under consideration in proportion
to the membership function scores. The weighted average trend factors are
computed as follows:

" m
Weighted Trend Factor: 1 + A = S L (I + A ). (34)

where m, = the membership function score for method i. and
Aj = the projected inflation factor produced by method i.

The weighted trend factors are presented in the last row of Table 6. They
range from 13.3 percent for the bounded difference operator to 14.6 percent for
the ordinary operator. These are quite close to the trend factors produced by
methods 11(7) and 11(8), 14.5 and 13.5 percent, respectively. Except for the
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bounded difference operator, the trend factors produced by the fuzzy intersec-
tion operators cluster around 14.5 percent. Thus, a trend factor in the
neighborhood of 14.5 percent would seem to be a good choice. It is noteworthy
that this trend factor is about 0.75 percentage points higher than the average
trend factor, reflecting the predictive information of the membership functions.
Except for the bounded difference operator, the weighted trend factor is not
very sensitive to the choice of an intersection operator.

The traditional actuarial approach would be to select a few (e.g.. two or
three) methods based on judgment and/or prior forecast performance and to
obtain the trend factor as a simple average of the factors produced by the
selected methods. In fuzzy terms, this would be analogous to taking an " a -
cut" from the set of available methods based on implicit "membership
function" scores and then averaging the trend factors produced by the resulting
methods. In true fuzzy decision making, the membership values are assigned
explicitly by functions rather than implicitly by the decision-maker; that is, the
fuzzy decision-maker is required to express his or her judgment in mathemati-
cal terms. In our weighted average approach (equation [341), the information
provided by the membership function values is explicitly incorporated in the
trend factor rather than giving equal weight to the methods in the traditional-
ist's choice set. While multiple criteria are applied subjectively by the
traditional actuary, the fuzzy decision-maker uses mathematical operators with
well-defined properties. Thus, the fuzzy approach imposes an important
measure of rigor in areas where it is lacking in the traditional approach.-'

Because of its subjective elements, FST is controversial among mathemati-
cians and scientists. We view the subjective nature of FST to be an advantage
rather than a disadvantage. The choice of a forecasting method and trend factor
is inevitably a subjective decision involving multiple criteria. The value of FST
in such a decision context is that it provides a way to organize and systematize
the objective and subjective infonnation at the decision-maker's disposal. It
requires the decision-maker to quantify the judgmental criteria, thus ensuring
consistency in applying the criteria across methods. The decision-maker's
judgment is reflected in the choice of membership functions and an intersection
operator. Thus, FST provides a set of mathematical rules through which
judgment is introduced into the decision process. The involvement of decision-
makers in the specification of goals, constraints, and membership functions is
vital to the success of FST.

Although the selection of membership functions is of necessity somewhat
arbitrary, a more systematic approach could be taken in practice. For example,
an analysis of the relative costs to the insurer of various types of ratemaking
erTors could be used to formulate goals, specify membership functions, etc.

-' Of course, more rigorous "classical" approaches also are available, such as utility theory and
statistical decision theory. Although these methods have not heen used very much by practicing
actuaries, comparisons with the FST approach offer an interesting avenue for future research.



460 The Journal of Risk and Insurance

In some respects, FST optimization is similar to utility theory, although
utility theory always has been difficult to apply in practical decision-making
situations because of the need to decide whose preference function is relevant
and then estimate the functional form or degree of risk aversion. Fuzzy set
theory provides a potentially superior method for quantifying preferences in a
way that is easily understood by decision-makers and easily ope rationalized in
a group decision-making environment. It is not surprising that Japanese
manufacturers, with their emphasis on consensus management, have found FST
to be a useful tool.

Conclusions

We have explored the use of fuzzy set theory as a decision-making
technique in insurance loss cost forecasting. The decision process involves the
evaluation of alternative forecasting methods using multiple criteria, where the
degree to which a given element satisfies a criterion is vague or fuzzy.
Although the historical performance of various methods provides valuable
information, methods that performed well historically will not necessarily give
the best forecast in the future. The ultimate objective is the choice of a "good"
forecast rather than a forecasting method.

Massachusetts private passenger automobile quarterly pure premium data for
bodily injury liability were used lo test empirically 72 benchmark forecasting
methods for the standard seven-quarter ahead ratemaking problem. The results
illustrate the difficulty in selecting the best method using conventional methods
when many alternatives are available and multiple "goodness" criteria are
employed. The decision problem is especially acute when methods thai perform
equally well in historical tests give widely divergent forecasts for the future
rating period.

The nature of the loss cost forecasting problem suggests the use of fuzzy set
theory as a decision-making technique. Fuzzy set theory is appropriate for the
following reasons: First, some or all of the criteria used in evaluating forecasts
are inherently vague and most are expressed verbally rather than quantitatively.
For example, the decision-maker seeks a forecast that is "accurate," "ade-
quate," "reasonable," etc. Second, multiple criteria are present. For example,
the forecaster is concerned not only about absolute accuracy but also about the
bias of the methods under consideration. Of course, FST is not the only
approach to multiple criteria decision making, but it is a particularly natural
way to handle this type of problem in the presence of fuzzy information and
fuzzy criteria. In such situations, conventional or "crisp" decision methods are
likely to be tess successful. Third, there is growing evidence that forecast
accuracy can be improved by combining forecasts rather than relying on a
single forecast or forecasting method. Conventionally, forecasters either choose
a forecast based on a single method, apply judgment to an otherwise deter-
mined forecast, or combine forecasts using straight averages. All of these
approaches are implicitly based on ordinary set theory, that is, a method is
either a full member or not a member of the set of methods used in generating
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a forecast. FST has the potential for combining forecasts in a more meaningful
way using information provided by their degree of membership in the fuzzy set

of "good" forecasts.
Fuzzy set theory provides an effective method for mixing statistical and

judgmental criteria in the selection of forecasting methods and trend factors.
Judgment is important in actuarial trending because past performance may not
be an accurate guide to the future. In conclusion, we pose the following trend
factor meta theorem:

1. The pursuit of a single forecasting method is futile.
2. All actuarial forecasting problems involve fuzzy sets and fuzzy operations.

Solutions can be fuzzy or non-fuzzy sets of options.
Actuarial science has always involved the mixture of statistics and judgment,
and FST provides a mechanism for doing this in a logical and systematic way.
FST should become one tool in the standard repertoire of techniques in
actuarial decision making.
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APPENDIX
Massachusetts Automobile Insurance Pure Premium Trend Factors

Bodily Injury Liability Coverage
Forecast Period: 1989.1-1990.3

Method Frequency Severity' Percent

1(1)
1(2)
1(5)
1(6)
1(7)
1(8)
2(1)
2(2)
2(5)
2(6)
2(7)
2(8)

3(1)
3(2)
3(5)
3(6)
3(7)
3(8)
4(1)
4(2)
4(5)
4(6)
4(7)
4(8)

5(1)
5(2)
5(5)
5(6)
5(7)
5(8)
6(1)
6(2)
6(5)
6(6)
6(7)
6(8)

OLS
OLS
OLS
OLS
OLS
OLS
OLS
OLS
OLS
OLS
OLS
OLS

OLS
OLS
OLS
OLS
OLS
OLS
OLS
OLS
OLS
OLS
OLS
OLS

OLS
OLS
OLS
OLS
OLS
OLS
OLS
OLS
OLS
OLS
OLS
OLS

8Q
8Q
8Q
8Q
8Q
8Q
8Q

8Q
8Q
8Q
8Q
8Q

12Q
12Q
12Q
12Q
I2Q
12Q
12Q
12Q
12Q
12Q
i2Q
12Q

LONG
LONG
LONG
LONG
LONG
LONG
LONG
LONG
LONG
LONG
LONG
LONG

TIME-EXP
TIME-EXP
TIME-EXP
TIME-EXP
TIME-EXP
TIME-EXP
TIME-LIN
TIME-LIN
TIME-LIN
TIME-LIN
TIME-LIN
TIME-LIN

TIME-EXP
TIME-EXP
TIME-EXP
TIME-EXP
TIME-EXP
TIME-EXP
TIME-LIN
TIME-LIN
TIME-LIN
TIME-LIN
TIME-LIN
TIME-LIN

TIME-EXP
TIMEEXP
TIME-EXP
TIME-EXP
TIME-EXP
TIME-EXP
TIME-LIN
TIME-LIN
TIME-LIN
TIME-LIN
TIME-LIN
TIME-LIN

TIME-LIN
TIME-EXP
ECON-LIN

LOG(ECON-LIN)
ECON-EXP

LOG(ECON-EXP)
TIME-LIN
TIME-EXP
ECON-LIN

LOG(ECON-LIN)
ECON-EXP

LOG(ECON-EXP)

TIME-LIN
TIME-EXP
ECON-LIN

LOG(ECON-LIN)
ECON-EXP

LOG(ECON-EXP)
TIME-LIN
TIME-EXP
ECON-LIN

LOG(ECON-LIN)
ECON-EXP

LOG(ECON-EXP)

TIME-LIN
TIME-EXP
ECON-LIN

LOG(ECON-LIN)
ECON-EXP

LOG(ECON-EXP)
TIME-LIN
TIME-EXP
ECON-LIN

LOG(ECON-LIN)
ECON-EXP

LOG(ECON-EXP)

15.18
17.21
15.55
15.64
16.37
16.49
14.84
16.87
15.21
15.31
16.03
16.15

15.98
16.79
17.22
16.40
18.15
17.27
13.53
14.32
14.75
13.94
15.66
14.80

8.51
15.17
8.97
8.48

15.58
14.66
4.41

10.83
4.86
4.38

11.22
10.33
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7(1)
7(2)
7(5)
7(6)
7(7)
7(8)
8(1)
8(2)
8(5)
8(6)
8(7)
8(8)

9(1)
9(2)
9(5)
9(6)
9(7)
9(8)

10(1)
10(2)
10(5)
10(6)
10(7)
10(8)

11(1)
11(2)
11(5)
11(6)
11(7)
11(8)
12(0
12(2)
12(5)
12(6)
12(7)
12(8)
Mean
Standard

ARl
ARl
ARl
ARl
ARl
ARl
ARl
ARl
ARl
ARl
ARl
ARl

ARl
ARl
ARl
ARl
ARl
ARl
ARl
ARl
ARl
ARl
ARl
ARl

ARl
ARl
ARl
ARl
ARl
ARl
ARl
ARl
ARl
ARl
ARl
ARl

Deviation

8Q
8Q
8Q
8Q
80
8Q
8Q
8Q
8Q
8Q
8Q
8Q

12Q
12Q
12Q
12Q
12Q
I2Q
12Q
12Q
12Q
12Q
I2Q
12Q

LONG
LONG
LONG
LONG
LONG
LONG
LONG
LONG
LONG
LONG
LONG
LONG

TIME-EXP
TIME-EXP
TIMEEXP
TIME-EXP
TIME-EXP
TIME-EXP
TIME-LIN
TIME-LIN
TIME-LIN
TIME-LIN
TIME-LIN
TIME-LIN

TIME-EXP
TIME-EXP
TIME-EXP
TIME-EXP
TIME-EXP
TIME-EXP
TIME-LTN
TIME-LIN
TIME-LIN
TIME-LIN
TIME-LIN
TIME-LIN

TIME-EXP
TIME-EXP
TIME-EXP
TIME-EXP
TIME-EXP
TIME-EXP
TIME-LIN •
TIME-LIN
TIME-LIN
TIME-LIN
TIME-LIN
TIME-LIN

TIME-LIN
TIME-EXP
ECON-LIN

LOG(ECON-LIN)
ECON-EXP

LOG(ECON-EXP)
TIME-LIN
TIME-EXP
ECON-LIN

LOG(ECON-LIN)
ECON-EXP

LOG(ECON-EXP)

TIME-LIN
TIME-EXP
ECON-LIN

LOG(ECON-LIN)
ECON-EXP

LOG(ECON-EXP)
TIME-LIN
TIME-EXP
ECON-LIN

LOG(ECON-LIN)
ECON-EXP

LOG(ECON-EXP)

TIME-LIN
TIME-EXP
ECON-LIN

LOG(ECON-LIN)
ECON-EXP

LOG(ECON-EXP)
TIME-LIN
TIME-EXP
ECON-LIN

LOG( ECON-LIN)
ECON-EXP

LOG(ECON-EXP)

13.74
15.72
14.25
14.32
15.04
15.13
13.49
15.47
14.01
14.07
14.79
14.88

16.00
16.78
17.27
16.35
18.22
17.24
13.57
14.33
14.81
13.91
15.74
14.78

9.65
17.25
10.76
10.01
14.50
13.50
5.70

13.02
6.77
6.04

10.38
9.41

13.72
3.42
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