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ABSTRACT

This anicle develops a modified capital asset pricing model, CAPM. which integrates
the markets for financial assets, real assets, and insurance. !t is shown that the purchase
of insurance should not be ignored in determining the equilibrium rate of return on
assets, and that the equilibrium insurance premium should adjust for the sources of
systematic risk associated with financial assets, real assets, and the insurance market.
Consistent with some earlier studies, it was found that the insurer's equilibrium
underwriting return could be negative, rather than positive, under certain conditions.

The insurance pricing models based on financial theory differ widely in
terms of parameter specifications, computation methods, and underlying
assumptions. Models based on the Options Pricing Model (0PM) are based
on total variability but are very sensitive to taxation (see Doherty and
Garven. 1986). On the other hand, models based on the Capital Asset
Pricing Model (CAPM) focus on market risk and ignore other risk factors
(see Fairley. 1979). Indeed, unsystematic risk and underwriting risk are also
important in determining insurers* rate of return (see Cummins and
Harrington, 1988: and Witt and Urrutia, 1983). li has also been suggested
that the risk-free rate used to discount loss reserves may be excessive (see
D'Arcy. 1988). Insurance pricing models based on financial theory that have
gained some prominence as regulatory tools are discrete-time discounted
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cash flow. DCF, models (see Myers and Cohn, 1987: the National Council
on Compensation insurance, NCCL 1987; and Cummins. 1990).

The main objective of this anicle is the derivation of equilibrium
insurance prices and underwriting returns in a capital market setting. The
proposed models are based on the CAPM. Even though, the CAPM
literature has generall\' assumed away the importance of risk and return
effects of real assets and insurance contracts on an investor's optimal
portfolio. se\'eral extensions of the standard CAPM have been developed
that try to account for the missing assets and expand the concept of a
"market portfolio" (see Mayers. 1972: Roll. 1977: Brito. 1978: Breeden.
1979: and Mayers and Smith. 1983). More recently. Ang and Lai (1987) and
Turner (1987) have also developed insurance pricing formulas based on the
CAPM. The .Ang and Lai model is developed from the viewpoint of an
insurance firm and does not explicitly incorporate real assets into the
ratemaking formulas. The Turner model is derived from the household
viewpoint and takes into account real assets, insurance shares, insurance
policies and an individual's consumption.

The model proposed in this article differs from the Ang and Lai model
in that it is derived from the insured's point of view and explicitly
recognizes both real assets and insurance contracts in the pricing formulas.
The model presented in this article is similar to the Turner model. It differs
from the Turner model in its assumption that insurance is provided by
mutual rather than stock insurance companies. The present model was
developed independently of the Turner model and has pedagogical value
because it uses simpler notation and presents a more straightforward
derivation of the pricing formula. The two-fold purpose of this article is to
extend the traditional CAPM in order to recognize two important facts: first,
most investors invest in real assets as well as financial assets; and, second,
most investors also purchase insurance to protect themselves against real
asset losses, and, therefore, they are also insureds. It is shown that the
equilibrium insurance premium and the fair rate of return on an insurance
contract should adjust for three sources of systematic risk: that associated
with the markets for financial assets, real assets, and insurance. Even though
the magnitude of several covariance terms are unknown, the equilibrium
underwriting return for the insurer could be negative. If this were the case,
such a result would be consistent u ith what previous studies have suggested
and woulij imply a positive cost of capital for policyholder supplied funds.

The .Assumptions

In the derivation of the proposed model, ihe usual assumptions underlying
the mean-variance capital market theory will be utilized. In addition, the
following simplifying assumptions about the insurance market and real
assets are also made.

First, individuals are assumed to treat insurance contracts as financial
assets along with risky and risk-free assets in determining their ponfolios.
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That is, it is assumed that investors carry insurance on real assets in order
to protect themselves from contingent property or liability related losses.
This assumption implies that the insurance purchasing decision must be
explicitly considered in the investor's budget constraint.

Second, it is assumed that ail insurance contracts are sold by mutual
insurers, in order to limit the scope of the article and simplif>' the analysis.
This assumption implies that the investor's wealth constraint must show not
only the individual's position with respect to his/her own insurable loss, but
also the dividend or retroactive premium adjustment which would accrue to
the indi\ iduai should aggregate losses for the mutual insurer differ from the
expected value. This adjustment is incorporated in the model by assuming
that the price of insurance is a random variable that includes the premium
to the mutual and any retroactive dividend.'

Third, it is assumed that assets covered by the insurance contracts are real
assets subject to accidental property and liability related losses. Accidental
losses to real assets of an investor are assumed to be possible to happen at
least once. Insurable real assets are assumed to be risky assets and their
values are assumed to play a role in the investor's overall portfolio
diversification decision. Thus, the stochastic characteristics and correlations
of real assets with other financial assets are important parameters in
determining the in\estor's optimal asset portfolio in the model."

The Notation

The following notation, recognizing the markets for financial assets, real
assets, and insurance contracts, will be used in the derivation of the pricing
model.

The Financial Assei Market

9^ = the column vector (p^ p^ p^) represents price per unit, e.g.
per share prices of financial assets.

A = the column vector (a,, â  â ,) represents the number of units,
e.g., shares, of investment in thejth financial asset, for j=l,2,...,h, by the ith
investor.

F = the column vector (f,, f̂  f̂ ) of uncertain total dollar cash
flow or total return from investment in the jth financial as^et._The c_olumn

veci or of the expected cash flow or returns values is F = (f,, f-.
= the h*h variance-covariance matrix of financial asset returns. Its

elements are the covariance terms, cov(f|,f). This matrix measures the
riskiness and diversifiabilit) among financial assets.
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The Real Asset Marker

P^ = the column vector (p^. p?. ..., p^) represents per unit prices of
real assets.

B = the column vector (b,. b-, b,̂ ) represents the number of units
of investment in thejth real asset for j=1.2 k, by the ith investor.

S = the column vector (s,. §2 s ,̂) of uncertain dollar cash flou or
total return from investment in the jth real asset. The column vector for
expected values is S = (?,, I^ ?^). The column vector S contains the
end-of-period market values of real assets such as for a home, automobile,
and other real property. These market values capture any market apprecia-
tion or depreciation of the real asset during the period, as well as any loss
of value because of ph\sical or financial damage to the properties due to
perils such as fire, Iiabilit\. or collision. Thus, real asset insurable losses are
already reflected in the end-of-period market value of real assets. Any
recovery from an insurer for insured losses will compensate the investor for
the loss of market value of the real asset.

]̂ ĵ; = the k=̂ k variance-covariance matrix of real asset returns. Its
elements are the covariance terms. cov(S|,s.). This matrix measures the
riskiness and diversifiability among real assets.

The Insurance market

P' = the column vector (p[. pi pJ) represents insurance premiums
or prices of insurance policies for insured amounts of SX.

C = the column vector (c,. c^. ..., ĉ ,) represents the number of units
of the jth insurance policy type for j= 1.2 n. purchased by the ith investor.
Each insurance contract is assumed to have an insured amount of $X which
corresponds to the insurable value of the real asset covered or the amount
of liability insurance purchased.

L = the column \ector (f,, \ n̂) ^^ uncertain real asset losses
paid by the insurer at the end-of-period (insurance coverage) and arising
from the ith inv_estor̂ s uncerta_in claims from policy types j=l,2,...,n, with
expected value L = (f,. Ĉ- •••' n̂)-

^,1 = the n'̂ 'n variance-covariance matrix of real asset losses. Its
elements are the covariance terms. cov(C,.C,) between the ith and jth type
of insurance policies. From the insurer's viewpoint, this matrix provides a
measure of the riskiness and diversifiability among insurance contracts.

The Covariances

= the h*n variance-covariance matrix between the financial asset
returns and the insurance coverage. Its elements are the covariance terms.

= the k*n variance-covariance matrix between the real asset returns
and the insurance coverage. Its elements are the covariance terms, cov(S|,Cj).
This variance-covariance matrix incorporates in the model the fact that the
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investors hold insurance contracts that are negativel) correlated with returns
on real assets.

Zf̂  = the h*k variance-covariance matrix between the financial asset
returns and the real asset returns. Its elements are the covariance terms
cov(f,.s,).

Also define:
W = Initial wealth of the ith investor.
D = Units of net debt of the ith investor in a risk-free asset, whose

standardized price is assumed to be SI.
R, = The total rate of return on a risk-free asset.

The Model
The asset pricing formulas presented in this article can be seen as

extensions of earlier research on extending the concept of a "market
portfolio" of the CAPM. conducted by authors such as Mayers (1972), Roll
(1977), Brno (1978). and Breeden (1979). Turner's (1987) model is also an
extension of the work of Mayers (1972). Several assumptions of the Turner
model are also found in our model, mainly because they are assumptions
underlying the standard CAPM. Houever. we assume insurance policies are
sold by mutual insurance companies and not by stock insurance firms as
assumed under Turner's model. In order to incorporate stock insurers into
the model. Turner introduced insurance shares as well as insurance policies.
As might be expected, this added generality is achieved at the cost of more
complexit) in the notation and derivation of the model. The model presented
in this anicle has been developed independently of the Turner model with
simpler notation and shorter intuitive deri\ations. In fact, our mathematical
results can also be obtained by using the CAPM with missing assets
suggested b\ Mayers (1972)"\ The current model can also be viewed as a
special case of the k-fund portfolio separation theorem developed by
Ingersoll (1987).

Indeed, the algebraic derivation of the equilibrium price and rate of return
for insurance presented in this anicle follows more closely the approach of
Ang and Lai (1987). These authors have developed an insurance pricing
formula ba.'ied on capital market theory that allows for the explicit
recognition of the insurance market. Their model, however, is derived from
the viewpoint of the insurer and ignores the real asset market. The pricing
formulas in the current model, on the other hand, are derived from the
insured's \iewpoint and take into account both the insurance and the real
asset markets. Nevertheless, given the similarities between the derivation of
the current model and that of An2 and Lai. several intermediate steps are

•* This allcrnaiive derivation of our model is not presented here due to space constraints, bui
it available from the aulhors upon reque.si.
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skipped in order to concentrate on the presentation and discussion of the
main results."'

The model derived is for one-period. At the beginning of the period an
investor is characterized as holding a portfolio composed of financial and
real assets. To protect himself/herself against real asset losses, the investor
purchases insurance from a mutual insurer. The investor can also borrow or
lend at the rate of return on the risk-free asset. Both the returns or market
values at the end of the period for financial and real assets are uncertain.
The magnitude of real asset losses incurred during the period and the
corresponding payments by the insurer at the end of the period are also
subject to uncertainty. It is assumed that the insurer collects premiums at the
beginning of the period and pays losses at the end of the period.

Under this scenario, the investor's problem is to maximize the utility of
terminal wealth subject to a budget constraint. The problem is solved by
choosing the optimal mix of financial assets, real assets, and insurance
contracts in the investor's portfolio. The competitive and fair equilibrium
prices for financial assets, real assets, and insurance contracts are obtained
by aggregating among all investors and among all suppliers of assets and
insurance policies.

Based on the foregoing assumptions and notation, a budget constraint for
the ith investor can be specified as follows.

W + D = A'P''+ B'P*^ + C"P' (1)

At the end of the period, the terminal wealth of the ith investor is
uncertain with expected value E and variance V given by:

f (2)

V = ^ : ; :

The ith investor's portfolio problem is to maximize the utility of the
expected end-of-period wealth subject to a budget constraint: that is:

Max U(E,V) (3)
(A,B,C.D)

s.t. W + D = A'P^+ B'P^ -H C'P'

by using (3) and the assumption that all investors have homogeneous
expectations regarding expected returns and risks, the Lagrangian equation
for the ith investor can be formed:

L = U(E,V) -̂  0 1 W - A'P*" - B'P^ - C'P' + D ] (4)

•̂  A detailed derivation of the model is available from the authors upon request.
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Where 0 is the Lagrangian multiplier. By using (2) and differentiating (4)
with respect to A, B, C. and D. the optimal mix of financial assets, real
assets and insurance can be found. The first order conditions for the ith
investor can then be solved. Finally, by using U,/U-, = 3V/3E (the marginal
rate of substitution between risk and return for the ith investor), by
aggregating over all n investors, and by rearranging terms, the following
equilibrium prices are obtained for the jth financial asset. Pj". the jth real
asset, p*̂ . and the jth insurance policy, pj. from the investor's viewpoint:

=
1 + Rf

1 + R.

h

1 + Rf

k
s .= 5:s, and !

n
L^ = X 1

(5)

(6)

(7)

where:

are the uncertain, end of period, total market values of financial assets, real
assets, and insurance losses, respectively. F^ corresponds to the value of the
market portfolio as it is used in the traditional CAPM, and X corresponds
to the market price per unit of risk given by:

Note that the above pricing formulas allow for the explicit recognition of
the real asset and insurance markets, which are ignored under the standard
CAPM. It should also be noted that the equilibrium prices are functions of
three potential sources of systematic risk (the covariances of each asset or
insurance policy with each of the three market values).

Equations (5). (6). and (7) can be rearranged to display the equilibrium
or fair rate of return for financial and real assets and insurance contracts. By
using the definition of return R = (P,-PO)/PQ, where PQ and P, are the asset's
initial and terminal prices, and after some algebraic manipulation, the
following results can be obtained:

R̂  = R, -f ?. I P^ cov(R^ , R )̂ -H P̂^ cov(R^ . R̂ )̂ + P^ cov(R^ , R )̂ ] (8)
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^ . R^) 4- P^ COV(R: , R«) ] (9)

R] = R, + X [ F : COV(R^ . R]) -H P^ COV(R: . RJ) + P^ cov(R^ , RJ) ] (10)

where R^. R^. and RJ = The expected one-period returns on the jth

financial asset, real asset, and insurance contract,
respectively.

Rj^, R^, and R^ = The uncertain one-period returns on the financial,
real, and insurance markets, respectively.

P^. P̂ T and P^ = The beginning of the period total market value of
the financial, real and insurance markets, respec-
tively.

The above formulas show that the required rate of return on an asset is
the return on the risk-free asset plus a risk premium. However, the risk
premium is a function of the covariance of the return on the asset u ith the
returns on each of the three markets for financial assets, real assets and
insurance contracts.

The Equilibrium Price and Return on Insurance

Equations (7) and (10) give the equilibrium price and rate of return for
the jth insurance contract, respectively. These pricing formulas differ from
other insurance pricing models in that they integrate the markets for
financial assets, real assets, and insurance. Authors such as Biger and
Kahane (1978), Hill (1979). Fairley (1979). Urrutia (1986). and Ang^and Lai
(1987) have also applied the CAPM to estimate the fair insurance premium.
However, these pricing models ignore the existence of the real asset market,
or the insurance market, or both. Thus, they tend to underestimate or
overestimate the fair insurance return because of the exclusion of the
covariance terms between the insurance market and the markets for financial
assets and real assets.

The equilibrium price for insurance established in equation (7) is a
negative function of three sources of risk: the covariances of the jth
insurance policy with the insurance market portfolio, the real asset market
portfolio, and the financial asset market portfolio, respectively. Real asset
losses to be paid by the insurer, like the end-of-period cash flows of
financial and real assets, are uncertain and investors require risk premiums
for investing in these markets. Thus, the equilibriurn prices for financial and
real assets and insurance policies must be reduced by their own market risk
and their association with other markets. For insurance contracts, however,
the equilibrium prices could obviously be increased if the sum of the
covariance terms in (7) were negative.

The equilibrium or fair rate of return for the jth insurance policy, given
by formula (10). corresponds to the return on the risk-free rate asset plus a
risk premium. That is, the ratemaking formula (10) treats the insurance
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purchasing decision as if it were an investment decision on financial assets.
The first covariance term for an individual insurance contract and the
insurance market return. COV(RJ, , RJ). may be positive, for the same reason
thai most financial assets are positively correlated. The other co\ariance
terms. cov(R^, . R|) and cov(R|^ , R|) . are expected to be negative because
the occurrence of losses tend to reduce the market values of real assets as
well as financial assets.

Summary and Conclusion

The asset pricing model presented in this article is based on the CAPM
and is developed from the insured's viewpoint and explicitly recognizes
both the insurance and real asset markets. In other words the proposed asset
pricing model recognizes that investors face not onh financial risk from
investments in risk)' assets, but also risk resulting from unpredictable losses
on the real assets they hold in their portfolios. The asset pricing formulas
can be seen as extensions of earlier work on extending the concept of
"Market portfolio" by Mayers (1972), Roll (1977). Brito (1978), and
Breeden (1979). The proposed model may also be viewed as a special case
of the k-fund portfolio separation theorem developed by Ingersoll (1987).
Also, our conclusions about holdings of insurance and pricing of insurance
coverages are extensions of work by Mayers and Smith (.1983) and Ang and
Lai (1987).

It is found that the equilibrium or fair return for insurance should adjust
for three sources of systematic risk: the systematic financial asset market
risk, the systematic insurance market risk, and the systematic real asset
market risk. Even though the sizes and effects of the se\eral covariances are
unclear, the fair insurance underwriting return is more likely to be negative
for insurers. The result is consistent with conclusions reached by several
earlier studies conducted by Biger and Kahane (1978). Fairley (1979). Hill
(1979). and Urrutia (1986). The integrative general asset pricing model
developed in this article demonstrates that the effect of losses on insurable
assets, and the purchase of insurance as a way of protecting investors from
real asset losses, cannot be ignored in determining the equilibrium prices of
capital assets.
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