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T
he key insight of the fundamental

law of active portfolio management,

pioneered by Grinold [1989], is to

show h o w an active manager can

transform his alpha forecasts into valued-added

for his active portfolio. In particular, it states

that the information ratio (IR) is proportional

to the informat ion coefficient (IC) and the

square root of the market breadth (BR).
Because it addresses the critical issue of value
creation, the law has received enormous atten-
tion, and continues to be developed and
explored as a central research topic for port-
folio performance and evaluation. For
example, Clarke, de Silva, and Sapra [2004,
2006] analyzed the law under various con-
straints, Qian and Hua [2004] studied the
impact of variability in IC, and Chincarini and
Kim [2007] made a distinction between the
conditional and unconditional IR. Quantita-
tive portfolio management books, such as Gri-
nold and Kahn [2000], Chincarini and Kim
[2006], and Qian, Hua, and Sorensen [2007],
all devote major chapters to the law and its
applications in portfolio management.

The law provides a linear strategy with
active positions proportional to the forecasts.
This strategy is only conditionally optimal
because it is optimal each period, conditional
on the information variables at that time. In
practice, there can be too many conditional
variables so that it is impossible for clients and
third-party performance evaluators to know

all of them. In addition, forecasting models are
proprietary, and some of the conditional vari-
ables may come and go. Therefore, it is very
difficult to conditionally assess a managers per-
formance. Historical returns on an active port-
folio are, however, readily available, and their
sample average return and variance are com-
monly used to assess the long-term return and
risk of the active portfolio. Although returns
can be affected by conditional strategies, the
long-term return and risk measures are uncon-
ditional, because, intuitively, they are not
impacted too strongly by any particular real-
ization of the conditional variables. Put another
way, we have only a single number for the
expected return and a single number for the
risk, and we do not have multiple expected
returns and risks conditional on some vari-
ables being X, Y, and Z. Because the uncon-
ditional performance is often used by clients,
it is the unconditional value-added—the value-
added over the long haul or over multiple
periods—that the manager usually strives
earnestly for.

Because the law employs a trading
strategy that is optimal only conditionally, the
resulting value-added is not the unconditional
value-added. The question we address here is
that if our objective is the unconditional value-
added, not the conditional value-added implic-
itly assumed by the law, can we fmd a new
strategy for maximizing the unconditional
objective? The next question of practical
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importance is whether the linear strategy of the law has
good performance in terms of maximizing the uncondi-
tional value-added even though it is designed to maximize
the conditional value-added.

As it turns out, we can provide a simple analytical
solution to the optimal investment strategy as well as a
simple formula for computing the maximum uncondi-
tional value-added. Our results draw heavily on impor-
tant insights from Hansen and Richard [1987], and
especially from Ferson and Siegel [2001] as well as Chiang
[2008]. While Hansen and Richard were the first to ana-
lyze the problem of maximizing the unconditional objec-
tive with conditional information, Ferson and Siegel
elegantly solved such a problem in terms of a condition-
ally efficient mean-variance frontier, and Chiang made a
significant extension of Ferson and Siegel's work by adding
benchmarks and by allowing various constraints. In con-
trast to their studies, we fotus on the value-added, that
is, the risk-adjusted returnsjor the expected utilities, and
analyze the impact of the new strategy in the context of
the fundamental law of active portfolio management.

We find that our newj strategy smoothes the linear
trading strategy over time, and in so doing, maximizes the

unconditional value-added. This strategy makes substantial
economic differences in obtaining a higher unconditional
valued-added than what can be achieved based on the linear
strategy. In fact, the effectiveness of the linear strategy
depends crucially on the volatility—or more precisely, kur-
tosis—of the signals. If they are too volatile, say i-distrib-
uted with a high kurtosis, the unconditional valued-added
based on the linear strategy can be close to zero or even
negative, while the new smoothed strategy remains effec-
tive. For simplicity and for better illustration of these ideas,
we will first analyze an unconstrained problem, and then
discuss the usual problem, which has both a portfolio and
a zero-beta restriction on the active portfolio.

UNCONSTRAINED STRATEGY

Following Grinold and Kahn [2000], we consider
a managed portfolio with return R in excess of the risk-
firee rate, which is assumed to be zero without loss of gen-
erality because we are working with excess returns. Let
Rg be the excess return on the benchmark portfolio, so
that we have
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(1)

where R. is the return on the active portfolio. Suppose
that the benchmark is a portfolio of N risky assets. We can
always decompose the excess return on the i-th asset into

(2)

where a.{z) is the i-th asset's alpha conditional on infor-
mation or on a vector of signals z; b. is the i-th asset's
unconditional beta; and £¡{z) is the residual with zero
mean conditional on z. The unconditional alphas are
assumed to be zero as in Grinold and Kahn.

Denote by a{z) the N-vector formed by the con-
ditional alphas of all the assets and by Z the conditional
covariance matrix of all the residuals. As in Grinold
and Kahn, we assume, for notational simplicity, that Z
is constant. For any given risk-aversion parameter g,
the law, as derived by Grinold and Kahn, is to find an
optimal investment strategy with portfolio weights u>{z)
to maximize the conditional valued-added, such that

(3)

(4)

are the conditional active portfolio expected return and
variance, respectively, because R^ = w{z)'R with R an N-
vector of the asset returns. For the preceding maximiza-
tion problem, Grinold and Kahn impose the standard
constraint that the weights are orthogonal to the betas
(i.e., no beta risk). For simplicity, we will analyze the
unconstrained problem first, leaving the constrained
problem to the next section. It is well known that Z is,
in general, a matrix of rank N-1, because w'gl.- 0 with
Wg as the benchmark portfolio weights. For iUustration in
this section, however, we assume that E is nonsingular.
This scenario can arise if an active manager is interested
in only part of the residual assets or if the benchmark
weights change over time. Nevertheless, the singularity
case will not impose any fundamental difficulties for our
analysis, as shown in the next section.

Under the above-simpHfying assumptions, the
optimal active portfolio weights, based on the first-order
condition of Equation (3), are well known as

-
7 (5)

and the conditional information ratio (IR), defined as the
ratio of the conditional expected active return to its con-
ditional standard deviation, is then given by

IR (z) = yla{z)"L-'a{z) (6)

The law, pioneered by Grinold [1989], states that
the value-added (i.e., the risk-adjusted extra return rel-
ative to the benchmark) is, apart from a scalar of risk
aversion, the expected IR squared.

(7)

where the expectation is taken over all possible realizations
o(z, which can be any variables or factors a manager uses
to forecast the alphas in practice. Grinold [1989] also intu-
itively explained this formula in terms of IR by relating
it to the ability to perform the alpha forecasts, and pro-
vided a simple formula.

(8)

where IC is the information coefficient (skill) measured
in terms of the correlation between the forecasts with the
future returns, which are assumed constant across assets
for purposes of the formula. The formula specifies that
IR is proportional to IC and the square root of N, which
here is the market breadth (BR). If the manager doubles
his forecasting accuracy (IC), then IR doubles. Applying
the same level of skill to a portfolio of 500 stocks will gen-
erate 10 times more value than applying it to 5 stocks. As
a result, one should play well and play often (increase IC
and increase BR), which is what derives the valued-added.

Let us make two remarks about the fundamental law for
our purposes in this article. First, the trading strategy pre-
scribed by Equation (5) is a linear function of the forecasts,
a(z). If we double our forecasts across the board for the alphas.
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we double our position. This is consistent with our intuition
that the better the odds, the more we bet. However, the
strategy does not handle outliers well. Imagine that if we have
10-times larger forecasts than the usual in 1% of the time, then
the linear strategy will suggest that we invest 10 times more
than the usual amount in thie 1% scenario. While this is rea-
sonable given the risk at that time, the resulting position
(win or lose) will look like an outlier when one assesses the
long-term risk and return. As a result, from a long-term per-
spective, the larger bet would be worse had we kept our
usual position. There is, fortunately, an optimal way to
increase our position, but not as high as 10 times. These
points will be clear from the analysis that follows.

The second remark is more subtle. It is about what
VAQ really means. First, we need to distinguish between
conditional and unconditional risks. It is well known that
the U.S. stock market has a long-term average standard
deviation of about 20%. This is the unconditional risk of
the stock market, and we can measure it by using realiza-
tions of stock returns without conditioning on anything
else. Now suppose that one manager can use a variable, say
GDP, to predict 90% of the, stock market move. Then, to

this manager, the risk of the market is only 10% condi-
tional on his use of the GDP information. This is the con-
ditional risk. Its measurement obviously also requires the
realization of GDP. For each realization of GDP, the man-
ager has a corresponding value for risk, and hence must
have multiple values of risk for varying values of GDP. In
contrast, without information on GDP, another manager
can only assess the unconditional risk—^with a single value
of risk measured perhaps using the historical sample vari-
ance—and cannot estimate VAQ.

Is VAQ the unconditional value-added because it is
an unconditional number that is independent of z? The
answer is no. It is the result of integrating out z from the
conditional return adjusted by the conditional risk, as
shown exphcitly in Equation (4). If the linear investment
strategy is played over and over again, VA^ is the average
payoff of all those conditional bets. In contrast, the uncon-
ditional value-added is evaluated based on the uncondi-
tional active portfolio expected return and variance, which,
for an arbitrary portfoho strategy w{z), are given by
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(9)

and

-{E[w{zya{z)]f (10)

respectively, where the law of the iterated expectations
and the standard zero-correlation assumption between
the alphas and residuals are used to obtain the second
expression for s^, which will be useful later.

Another way to understand the difference between
the conditional and unconditional value-added is to assess
VAQ from the viewpoint of estimation. Suppose we have
time-series observations on returns of the active portfolio,
R^^, K^2' •••' ^AT where Tis the sample size. The sample
mean and variance are then easily computed, as are the
sample Sharpe ratio and the risk-adjusted return. The key
point is that the sample mean and variance will approxi-
mate jû  and s^, respectively. Hence, the risk-adjusted
return should approximate the unconditional value-added
function.

(11)

This differs from the conditional objective. Equa-
tion (3), in that it is the unconditional mean and variance
that are used to compute the risk-adjusted return.

In practice, the signals z and predictive models are
usually well guarded by managers and are likely unknown
to their clients and outsiders. The performance of man-
agers is often, and perhaps can only be, solely assessed
based on the returns of their portfolio (s). This is because
without z or a.{z), it is impossible for the clients and
third-party performance evaluators to assess the condi-
tional returns and conditional risks of the active port-
folio. As a result, the tradeoff between the unconditional
mean return and the unconditional risk is a decision that
most, if not all, active portfolio managers must make. The
strategy of the law, however, does not optimize this uncon-
ditional tradeoff, but optimizes the value-added conditional
on z by solving the associated maximization problem. Equa-
tion (3). Therefore, the value-added delivered by the law

is a performance measure of the conditional objective, not
the unconditional objective, which is the focus of this article.

An active manager can use information for both con-
ditional and unconditional objectives. A general trading
strategy is a function of the signals z, so the task of the
manager is to choose an investment strategy, such as port-
folio weights w{z), in order to maximize the unconditional
value-added given by Equation (11). Mathematically, the
maximization problem is variational because the manager
needs to find a function of the signals z rather than a set
of parameters. This is in general a challenging task.

Fortunately, Ferson and Siegel [2001] provided an
analytical solution to the conditional mean-variance effi-
cient frontier. The utility-maximizing solution we seek
must be on that frontier. Based on Ferson and Siegel's
analysis, we guess a solution

7'
where fe is a constant. Plugging this into Equation (11),
we immediately obtain the optimal k, that is.

= E-
1

(13)

The solution can alternatively be derived with Chi-
ang's [2008] general approach based on the calculus of
variations that can easily solve such an unconstrained
problem as well as problems with multiple constraints.'
Note that k is constant regardless of the signals and that
we need only the distributional assumption for z to com-
pute it. Once this is done, the same k can be applied each
time for all possible realizations of z. In contrast with the
earlier strategy w{z), and apart from k, we now add the
a{z)a{zy term into the E matrix, making the strategy
highly nonlinear in the alpha forecasts. But computa-
tionally a{z)a{zy + X is as easy to invert as the previous
Z. Hence, to maximize the unconditional risk-adjusted
return, w {z) can be easily implemented each time an
active manager has signals 2:.

To gain further economic understanding of the new
solution, we rewrite w^{z), using a standard inverse for-
mula for patterned matrices as
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where

n(^)=

-
y (14)

^ '

This says that w^i^z) is as diversified as ŵ (ar) because
it is proportional to wi^z). It differs, however, from
in an important way by the scale function Yi{z). There are
two important and intuitive explanations. First, the expec-
tation of n(z) is one, which means that the new strategy,
on average, takes approximately the same positions as
before. The second explanation, which drives the real
difference, is that the ^-dependent scalar is relatively smaU
when a(^) is large and relatively large when B.{z) is small.
If it is larger than one, we bet more aggressively than the
traditional linear strategy, and if it is less than one, we bet
less aggressively. By definition, the denominator of n(2').

or k, is a measure of the variability in the alpha forecasts.

Hence, the new strategy suggests that we should bet more
aggressively if the current alpha forecasts are less variable
than their long-term average. In contrast, the linear
strategy does not consider the current alpha values rela-
tive to its long-term values, and simply bets linearly with
them. In short, w^j^z) essentially suggests that we smooth
our bets over time to have better risk and return profiles
in the long term.

The valued-added with the new optimal investment
strategy can also be written as a function oiXi{z) such that

VA* = — (16)

This explicit formula for VA' has an interesting economic
interpretation. Previously, the value-added was a sum of
the conditional value-added across the states of nature or
the realization of the signals, but now, is a weighted sum
of the conditional value-added with weighting function
n(2'). The weighting comes into play because the strategy
itself is now weighted. Because VA* is equal to the uncon-
ditional IR squared (apart from the risk-aversion con-
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stant), the same interpretation for VQ also applies to the
maximum of the unconditional IR.

For easy computation, we can write

VA* = —{k - 1)
27

(17)

the q, the greater the k, and so the greater the VA*.
To determine the value-added of the traditional

strategy, w (2), we need to plug it into the unconditional
utility function. Equation (11), and then we obtain

V A : = ^ ( , ^ - (20)

so the key is to determine k. In practice, our forecasts
are usually linear functions of signals or risk factors.
In this case, as in Grinold and Kahn [2000], we can
assume a(2r) — Az, where ^ is an N x m matrix of load-
ings on z, and z is an m-vector of signals standardized to
have zero mean and unit standard deviation. Using the
common normality assumption on z, one can show that
VA* is an increasing function of BR. Moreover, using an
asymptotic expansion, it is easy to see that the earlier intu-
ition "play well and play often" also holds true. The exact
value of/e can be computed based on the following integral:

-dt (18)

where X,j > À,2 ... > ?l„, > O are the eigenvalues of ̂ ' X M.
Alternatively, k can be computed from its defmition via
Monte Carlo simulation. Once the value of k is deter-
mined, the strategy can be implemented each period, and
then the unconditional value-added is computed from
Equation (17). It is of interest to note that the maximum
value-added depends only on the eigenvalues of ̂ ' X~'A.
In other words, no matter how different the factor load-
ings and risk matrices are in two different applications,
they yield the same value-added as long as the eigenvalues
of their respective quadratic products are the same.

The important economic question of practical
interest is whether the new VA* is substantially higher
than what can be achieved based on the traditional linear
strategy w{z).'^ To answer this question, consider a spe-
cial case in which we have a single signal z each period
(m = 1). In this case, letting q^ = A'Z'^A, we can write

' - I l 2 2
1 + Z q

(19)

which can be analytically evaluated as (í>{-\/q){qSil/q))
with use of the distribution flinction, O, and density func-
tion, Í of the standard normal random variable.^ Thus,
it is clear that VA' is a function of q alone. The greater

which is the unconditional valued-added achieved by
using wjiz). It is evident that VA* is a quadratic function
of q^ and obtains its maximum at q^ - 25%. This value
seems high in practice since it implies a valued-added of
25/(2 * g ) = 4.17% when g takes a typical value of 3.
We are mainly interested in comparing VA* and VA* in a
smaller range of values for q^, say q^ - 6% to 14%, which
are more likely to occur. Such a comparison is difficult
to do analytically, but easy numerically.

Ignoring the risk-aversion dependent scalar, 1 /2g,
Panel A of Exhibit 1 reports both VA* and VA*, as well
as their percentage differences, when q^ = 6%-14% at 2%
increments. When q^ = 6%, VA* and VA*̂  are 5.4% and
4.6%, respectively, with a percentage difference of 19.2%.
As q^ increases, so does the difference. When q^ = 14%,
VA* and VA* are 11.5% and 6.2%, respectively Their dif-
ference is more than 5%, which is clearly significant. The
percentage difference now is also impressive with a value
of 87.1%. Note that VA* and VA* are unconditional
expected risk-adjusted returns per period. If the strategies
are played 12 times a year, the effects wiU be compounded
12 times. Therefore, the differences will have an even
greater impact when considered on an annual basis.

The next comparison is more striking and examines
the impact of kurtosis. Intuitively, the greater the
smoothing, the greater the gains of the unconditional
optimal strategy over the conditional strategy. Moreover,
the more outliers of the signals, the more important the
smoothing. This intuition can be further explained ana-
lytically. Suppose that z has an arbitrary distribution with
excess kurtosis K. Plugging the linear strategy w^{z) into
the unconditional utility function, we obtain

(21)

To be specific, assume the signal z is i-distributed
with six degrees of freedom (df), which fits many returns.
If K = 3, it implies that z has many outliers relative to the
normally distributed signal and so does the associated linear
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strategy w^{z). Panel B of Exhibit 1 provides the same com-
parison as Panel A except the signal distribution is replaced
by Í, When q^ is 6% or 8%, the results are not much dif-
ferent. However, when qr - 12%, the percentage gain
jumps to 91,4%, and when q^ - 14%, it rises to 149.4%.
Quantitatively, the higher the q^ the greater the decrease
in VA*, as indicated by Equation (21). In fact, when q^ goes
higher than 20%, the problem is severe. For example, at a
value o(q^ = 20%, VA* is exactly zero, and the percentage
gain is infmity; that is, th'ere is no value whatsoever in
using the conditional strategy when the unconditional
risk-adjusted return is concerned. When q^ > 20%, VA* is
negative, implying that there is unconditional value
destruction in using VA*. In other words, the manager is
better off holding the risk-free asset. This fmding is quite
robust as VA' depends only |on the level of kurtosis, regard-
less of any distributional assumptions. Note that VA*, com-
puted by the same formula used in the preceding example,
is also affected by K via itŝ  impact on the valuation of k
(computed now by simulation), but the effects are small.

Clearly, the greater the kurtosis, the smaller the q^
that is needed to make VA* zero. In practice, many, per-
haps most, useful factors! do have high kurtosis. For
example. Tu and Zhou [20O4] showed that many small
size portfolios and even well-diversified portfolios can pos-
sess an excess kurtosis of 3 or greater, and some factors
have kurtosis close to 50! Hence, the implication of the
kurtosis problem is highlyl relevant and is of significant
practical importance. In suiiimary, our results suggest that
extreme care must be taken when using volatile alpha
forecasts or highly kurtotic' signals.

In short, we find that the Hnear strategy does not
maximize the unconditional value-added. When the fore-
casts or signals have a high kurtosis, the problem worsens
significantly. In performance evaluation, it is theoretically
debatable whether the conditional value-added or uncon-
ditional value-added should be used to judge managers.
However, due to its easy computation, the unconditional
value-added is widely used in practice. Given the uncon-
ditional measure, we show that there can be significant
underperformance with the use of the conditionally
optimal strategy. Conditional information can, however,
be used to maximize the unconditional value-added, and
we provide the optimal strategy to do so,

CONSTRAINED STRATEGY

After understanding the strategy in the simpler,
unconstrained problem, we are now ready to analyze the
exact problem posed by Grinold and Kahn [2000] with
two extra constraints. As mentioned previously, the first
constraint is that all the assets in the benchmark index are
used to form the active portfolio, which implies both
w'ga{z) - 0 and û gZ = 0 with Wg as the benchmark port-
folio weights. The second constraint is 1̂ (2:) 'b = 0 so that
the active portfoUo does not have any benchmark risk.
Interestingly, following Appendix 2A of Chincarini and
Kim [2006], we can transform the constrained problem
into an unconstrained problem in this context, so that
both the solution and insights from the unconstrained
problem can be readily appHed to the constrained problem.
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Let Wg, and w^ be the first N - 1 and N-th com-
ponents of u/g , respectively, and define bj and h^ simi-
larly. Without loss of generality, we assume both Wg2 and
bj are nonzero, and then c = ^B-[^^B2 ^^^ ^ ~ '-*/ß2 ^^^
well defined N - 1 vectors. Then, we can show that

(22)

where

(23)

and both aj and Ê ^ are the first N - 1 component of a and
the first N - 1 submatrix of E, respectively. We can also verify
that w{zya{z) = u'*(z)'a,(z). Note that the active portfolio
expected return and variance. Equations (9) and (10), are
always true regardless of any constraints. Because of our sim-
plifications, they are determined solely by the variables from
the first N - 1 assets."* Therefore, all of our formulas in the
previous section follow except that now a^{z) plays the role
of the previous a{z), a^{z)a^{zy+ Ejj plays the role of the
previous a{z)a{zy + E, and so forth. In particular, we obtain
the maximum unconditional valued-added

(24)

with

(25)

Because there are no more redundant assets, the rank
of X), is N - 1, and so it must be invertible. This avoids
the earlier nonsingularity assumption. Moreover, the for-
mula for the optimal new strategy, w'{z), still takes the
same form, which is based on backing out w^{z) from
Equation (23). For the traditional linear trading strategy,
an expression similar to that for wj^z) holds because of
Chincarini and Kim's [2006] result. Therefore, all of our
conclusions in the previous section must carry through to
the constrained problem.

CONCLUSION

The fundamental law of active portfolio manage-
ment pioneered by Grinold [1989] tells an active manager
how to transform his alpha forecasts into valued-added
for his active portfolio by using a linear strategy with active
positions proportional to the forecasts. This linear strategy
is conditionally optimal because it is optimal each period,
conditional on the forecasts at that time. However, the
unconditional value-added (the valued-added over the long
haul or over multiple periods) is usually what the man-
ager strives earnestly for. Under this unconditional objec-
tive, the linear strategy can generate zero unconditional
value-added or even a negative value if the forecasts or
signals have a high kurtosis. To overcome this problem,
we provide an investment strategy that maximizes the
unconditional value-added with the optimal use of con-
ditional information, with the help of important insights
from Hansen and Richard [1987], and especially from
Ferson and Siegel [2001], as well as Chiang [2008]. Our
strategy is nonlinear in the forecasts, but has a simple eco-
nomic interpretation. When the alpha forecasts are high,
we invest less aggressively than the linear strategy, and
when the forecasts are low, we invest more aggressively.
In this way, we tend to smooth our value-added over time
and, hence, on a risk-adjusted basis, our long-term uncon-
ditional value-added will in most cases be substantially
higher than that based on the linear strategy, particularly
when the alpha forecasts experience high kurtosis.^

ENDNOTES

The author is grateful to I-Hsuan (Ethan) Chiang, Ludwig
Chincarini, Wayne Ferson, Campbell Harvey, Daehwan Kim,
Hong Liu, Edward Qian, Farris Shuggi,Jack Strauss, and espe-
cially Raymond Kan for helpful discussions and comments.

'It should be noted that Ferson and Siegel [2001] also
discuss utility maximization, but their utility contains only the
second moments (not the variance), and hence their utility
solution (in their appendix) differs from ours. But our solution
is on their explicitly solved frontier, which is the focus of their
article. One can verify that our solution does maximize the
unconditional expected utüity either mathematically hy Ferson
and Siegel's novel method or hy Monte Carlo simulations.

^Chiang [2008] is the first to apply Ferson and Siegel's [2001]
methodology to the benchmark case. In the context of tracking
error, Chiang provides via simulation an interesting comparison
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between conditionally efficient tracking error and unconditional.
'The author is grateful to Raymond Kan for this and

Equation (18).
••This result can be extended to allow K< Nlinear con-

straints and can be alternatively proven with the use of the gen-
eralized inverse of a matrix,

^The optimal use of conditional information for uncon-
ditional utility gains has a number of applications. In partic-
ular, the metric is useful for assessing the value of market timing
strategies, predictive variables, and conditional models. Our
studies here, however, like most others, ignore parameter esti-
mation errors and the related robust portfolio constructions
that are getting increasing attention (see Fabozzi, Kolm,
Pachamanova, and Focardi [2007]), While the impact of esti-
mation errors on the law is well understood for the linear strategy
based on Zhou [2008], little'is known about the more chal-
lenging nonlinear strategy. These are interesting issues for future
studies and are beyond the scope of this article.
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