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This article presents a log-transformed trinomial approach to option pric-
ing and finds that various numerical procedures in the option pricing liter-
ature are embedded in this approach with choices of different parameters.
The unified view also facilitates comparisons of computational efficiency
among numerous lattice approaches and explicit finite difference
methods. We use the root-mean-squared relative error and the minimum
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convergence step to evaluate the accuracy and efficiency for alternative
option pricing approaches. The numerical results show that the equal-
probability trinomial specification of He (1990) and Tian (1993) and the
sharpened trinomial specification of Omberg (1988) outperform other
lattice approaches and explicit finite difference methods. © 2002 Wiley
Periodicals, Inc. Jrl Fut Mark 22:557-577, 2002

1. INTRODUCTION

Two well-known numerical procedures for valuing derivative securities
are the lattice approach and the finite difference approach. The bino-
mial lattice approach developed by Cox, Ross, and Rubinstein (CRR;
1979) and Rendleman and Bartter (RB; 1979) has been extended by
various authors. With different parameter choices,’” CRR and RB
showed that the binomial model converges to the Black—Scholes (1973)
model. Hull and White (1988) provided a slightly modified version of
the binomial lattice approach. Trigeorgis (1991) designed a log-
transformed version of the binomial method for valuing complex invest-
ments with multiple interacting options. More recently, Jabbour,
Kramin, and Young (2001) revisited the binomial models developed by
CRR, RB, and Trigeorgis and proposed two alternative binomial models
based on the continuous-time and discrete-time geometric Brownian
motion processes.

A natural extension of the binomial lattice approach in the option
pricing literature is the trinomial lattice approach. Parkinson (1977)
employed a trinomial pricing method as a numerical integration proce-
dure to value American puts. Boyle (1988) developed a trinomial lattice
approach with different parameter choices and extended it to value
options on two underlying assets. Cho and Lee (1995) extended Boyle'’s
trinomial lattice model by incorporating the information contained
in the skewness as well as the mean and the variance of the log-normal
distribution to uniquely determine the parameters within the trinomial
model. Applying Gauss—Hermite quadrature to the recursive integration
problem proposed by a compound option model, Omberg (1988) derived
a family of discrete-time jump processes in option pricing. Tian (1993)
introduced a modified approach to the selection of lattice parameters
including probabilities and jumps in the binomial and trinomial models.

Comparing the trinomial process to the binomial process, the bino-
mial process enables the hedging argument to be made in discrete time,
whereas the trinomial process is otherwise much more natural. It has

'See Ombert (1987) for more details.
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considerable pedagogical value to assume that over a small period of
time, an asset price can go up, remain the same, or go down. The hedg-
ing argument aside, it is quite unnatural to assume that an asset price
only can go up or go down, as a binomial process does.”

The finite difference approach was examined by Brennan and
Schwartz (1978) and extended by Courtadon (1982) and Hull and White
(1990). Brennan and Schwartz showed that the explicit finite difference
method with logarithmic transformation is equivalent to a trinomial lat-
tice approach. The trinomial lattice approach may also be regarded as a
form of numerical integration where the probabilities are taken from a
three-jump process. However, the variance of their approximating trino-
mial process is a downward biased estimate of the variance of the trans-
formed diffusion process.

Geske and Shastri (1985) made an interesting comparison of sev-
eral finite difference methods and the binomial pricing method and
concluded that the explicit finite difference method with logarithmic
transformation is more efficient than the implicit method, since it
does not require the inversion of matrices. The binomial technique has
a strong intuitive appeal and is more readily implemented than the
finite difference methods. Rubinstein (2000) explored the connection
between the binomial lattice approach and the explicit finite difference

method. He showed that both methods are equivalent if two steps of

the binomial tree are examined each time, which in turn generate a
trinomial tree.

The purpose of this article is to present a log-transformed trino-
mial approach to option pricing and provide various numerical proce-
dures in the large literature with this unified view.” We also recognize
the conditions for this approach to converge to the Black-Scholes
partial differential equation. Finally, we conduct numerical simulation
in this unified framework to investigate the computational accuracy and
efficiency for several specifications in the literature. The equal-proba-
bility trinomial specification of He (1990) and Tian (1993), and the
sharpened trinomial specification of Omberg (1988), are shown to out-
perform other lattice approaches and explicit finite difference methods.
Though the downward-biased estimate of the variance arising from the

*As pointed out by the referee, comparing the trinomial process to higher-order processes, making
higher-order processes recombining may restrict the parameters more. For example, Omberg (1988)
has proved that for higher-order processes (n > 3), the nodes constructed from the Gauss—Hermite
method are not recombined. This fact highlights an advantage of the trinomial process.

YBrennan and Schwartz (1978) and Trigeorgis (1991) also apply logarithmic transformations to the
finite difference method and the binomial model, respectively.
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explicit finite difference method is corrected in our framework, pricing
errors are slightly improved. Overall, we find that trinomial methods
are superior to the explicit finite difference methods and the binomial
models in terms of the accuracy and efficiency. Corrections to higher
moments do not necessarily improve the pricing errors for each cate-
gory of methodology.

The remainder of the paper is organized as follows: Section 2 pres-
ents the log-transformed trinomial approach and discusses the conver-
gence of this approach. Section 3 contains several examples that appear
in the literature. Section 4 compares the numerical accuracy and the
convergence property among numerous lattice approaches and the
explicit finite difference method using the log-transformed trinomial
framework. Section 5 concludes the paper.

2. DESIGN OF THE LOG-TRANSFORMED
TRINOMIAL APPROACH

We assume that the risk-neutral valuation argument is valid and regard
the option pricing problem as a problem in numerical analysis. Under
risk neutrality, the stock price S can be assumed to follow a stochastic
process

ds

=rdt + odz

where r is the risk-free interest rate, o is the constant instantaneous
standard deviation of the stock return, and dz is a standard Wiener
process.

Define G = InS. From Ito’s lemma, the process followed by G is

1
dG = (r — )0—3>dt + odz

where dG is normally distributed with mean (r — %) dt and variance
a?dt. For convenience of notation, we let Var(dG) = u and E(dG) = eu,
where u = g*dt ande = 5 — 1.

We can develop a log-transformed trinomial process G to approxi-
mate the above continuous stochastic process G as follows. The time to
maturity, T, of the stock option is divided into n equal time steps with each
duration h = T/n. Thus, v = o*h can be used to approximate 1. Within
each small time interval, G! follows a trinomial process (a three-jump
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process). It can move upward by an amount H, with risk-neutral probabil-
ity P,, downward by an amount H, with probability P, or take a middle
jump by an amount H, with probability P,. That is,

3%+ H,  (up state with probability P )
G, = G}’ + H, (middle state with probability P,)

! G’ + H; (down state with probability P)
|
|

where H, > H, > H,.
Because the trinomial process G is used to approximate the contin-
‘ uous stochastic process G, some restrictions on the first two moments
are imposed. First, the sum of risk-neutral probabilities equals to 1.
Second, the mean of the proposed trinomial distribution is equal to the
mean of the normal distribution. Furthermore, the variance of the pro-
posed trinomial distribution is equal to the variance of the normal distri-
bution. These restrictions will be

P,+P,+P;=1 (1)
P,H, + P,H, + P;H, = ev (2)
P,H} + P,H: + P,H; = v + ¢** (3)

These restrictions are also enough to guarantee the convergence
to the Black—Scholes partial differential equation. To see this, the risk-
neutral valuation approach gives us the value of an option at time t
V(S,, t), and we have

| V(S, t) = e ™[P,V(Se!, t + h) + P,V(S,e', t + h)
+ P,V(S,et, t + h)] (4)

On the other hand, the Tavlor series expansion gives

V(Se" t + h)

1% 1 9°V
:vs,t+—i + (e = 1)8, +———(e™ — 1)282 + -
(Sn t) ! as,(‘ S 2(9,—( )’
av AV H? 1 92V
= V(S, t) +—11+%(11i+4)s, ——H282 + -

ot (Lr 2. 2(”’3
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Therefore,

3
e"V(S, t) = 2 V(Se, t + h)

)V av[ & H?
(f ) ‘[EP-(*“—')]**
=1 dt BS, = 2

|
+
-

Substituting equations (1) to (3) into the above equation gives

av. oV | |
V(S,, = — + + —
V(5. t) = T g [ z(r 20 ) h]

l ').3"‘/ ’ l B 2
== - |:U" + (r — —a") h|S2+-
2()5," 2
0P

aVv LoV 1
— o — e
ot as, 2 aS;

Ash—0

rV(S,t) =

This is the well-known Black—Scholes partial differential equation
(PDE).* Hence we could interpret the log-transformed trinomial
model as a numerical method to solve the Black-Scholes PDE given the
validity of the risk-neutral valuation approach.

In addition, from Lindeberg's Central Limit Theorem,’ the dis-
crete distribution converges to the appropriate normal distribution.
Under the assumption of the risk-neutral valuation approach, the value
of a European option is the discounted value of the expected terminal
payoff. He (1990) and Nelson and Ramaswamy (1990) have addressed
the convergence of the contingent claim price.

3. CASES OF THE LOG-TRANSFORMED
TRINOMIAL MODEL

Note that we have six parameters P, P,, P, H,, H,, and H , but restrictions
(1) to (3) have determined the convergence of the discrete valuation equa-
tion (4). This implies that we have infinitely many choices of six parameters

*See Cox et al. (1979, p. 254).
See Feller (1971, p. 262) or Billingsley (1986, p. 369).
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to obtain the convergent value of an option using the log-transformed
trinomial model. It is possible to make a unique choice from six parameters
if we are willing to add more interesting restrictions. Under this point of
view, many numerical methods correspond to the proper choice of the six
parameters in the log-transformed trinomial model, while there seems to
be a lot of different discrete-time approaches at first glance.

For efficiency of computation, one has to reduce the number of
nodes in the valuation algorithm. A simple method for reducing the
number of nodes is to impose the recombined condition, that is,

H, + Hy = 2H, (5)

The recombined condition means that an up state followed by a down
state is the same as a down state followed by an up state. Also, the loca-
tion of G7 after up-down jumps or down-up jumps is the same as that
after middle-middle jumps.

If two more proper conditions are imposed, the choice of six param-
eters can be determined uniquely. To illustrate the unified view for
discrete-time numerical methods, we present several examples discussed
in the literature.

=0 (6)

P,=0 (7)

The choice of these parameters corresponds to the binomial model
appearing in Trigeorgis (1991). Solutions to equations (1)—(3) and
(3)—(7) are

Without considering the logarithmic transformation, Hull and White
(1988) provided one binomial specification which corresponds to this
case. As n — 0 we have

H,=»Vv= aVh
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and the limits of H, and P, are exactly the parameters log u and g that
show up in Cox et al. (1979).°

Case 2
P,=0 (8)
P,H} + P,H; + P,H} = 3er? + &%° (9)

The choice of the parameters generates an alternative binomial
model where the third moment of the discrete time process is the same
as that of the corresponding continuous time process.” The third
moment condition is imposed by equation (9). Solving equations (1)—(3),
(5), (8), and (9) gives

H =ev+ Vv, H,=ev, H,=ev— Vv

Rendleman and Bartter (1979), Jarrow and Rudd (1983), and Omberg
(1988) discussed this binomial model. For the binomial specification
without taking the logarithmic transformation into account, see the
result in Tian (1993). Using spread-sheet simulation, we find that the up
and down probabilities in the BIN model of Tian (1993) are close to 0.5
when the number of time steps is large.

Case 3
H,=0 (10)
P,H} + P,H; + P;H3 = 3er? + %} (11)

This case considers that stock prices are able to remain unchanged
and the third moment condition is imposed. Solutions to equations
(1)—=(3), (5), (10), and (11) are

ev v 2v 1 ev v
+— - —,
2H, H:

H =V3v+e), H,=0, H;=-V3p+e?

“See Cox et al. (1979, p- 249).

If the random variable X is normally distributed with N(g, o?), then E(X — ) =0 and
E(X — u)* = 3¢, The arrangement of these equations shows that E(X)* = u* + 3po? and E(X)* =
wt+ eutat + 30,

P, =

Mo | =
-
[\
o
oL
—
s
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This case is similar to that of Boyle (1988). Cho and Lee (1995) pro-
posed one equivalent trinomial specification without making the loga-
rithmic transformation.

Case 4

If we treat VP, (VP;) in equation (12) as the probability of up
(down) movement in the binomial process and examine equations (1)
and (12), it is natural to interpret the trinomial tree as the combination
of a two-step binomial tree. Equation (13) means that the stock price
remains unchanged in the middle state. From equations (1), (2), (3), (5),
(12), and (13), we obtain

1 ev \’ v 1 ev \’
P. ==+ , Pis==—7, PBy=|—=-— -
: (2 2H,) = HF 7 (2 21!.)

H = V2r+e?, H,=0, Hy=-V2r+eW?

Note that Case 1 is a degenerated trinomial tree or a binomial tree, and
the previous interpretation links the relationship between probabilities
in this case and those of Case 1. The choice of these parameters is
shown in Parkinson (1977, p. 28).

Case 5
P,=P,=p (14)
P .H} + P,H3 + P;H3 = 3ev* + e’ (15)
From equation (14), it follows that the risk-neutral probability of an

up movement is the same as that of a down movement. Also, the third
moment is matched using equation (15). Equations (1)—(3), (5), (14),

and (15) imply
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There are several cases with the symmetric choice of risk-neutral proba-
bilities and the match of the third moment.

(a)

(b)
(c)

Case 6

If p = 5, the equal-probability case shows up in He (1990). Tian
(1993) also developed an equal-probability trinomial specification
without making the logarithmic transformation.

If p = 3, this case degenerates to the binomial case or Case 2.

If p = ¢, the case appears in Omberg (1988) and Figlewski and Gao
(1999). Omberg derived it as the trinomial process corresponding to
Gauss—Hermite integration. Figlewski and Gao derived it directly by
imposing the restriction of matching the fourth moment. To see this,
we obtain

P,H} + P,H} + P,H? = ¢%* + 6e%® + 312
Ll 2 _

The right-hand side of the above equation is exactly the fourth
moment of a normal random variable. In the same manner, Tian
(1993) considered the fourth-moment-matching trinomial specifica-

tion without using the logarithmic transformation.

If p = 7, it is the sharpened trinomial process proposed in Omberg

=
(1988). It should be noted that the Omberg sharpened-trinomial
process has close-to-equal, though not exactly equal, probabilities.
Also, Boyle (1988) optimized a trinomial process by trial and error
to determine the jump probabilities and jump amplitudes. Boyle
found that best results are obtained when the probabilities are
roughly equal, as is the case of the sharpened trinomial process.
Omberg (1988) compared these two model specifications in more

detail.

We briefly discuss the explicit finite difference approximation of the log-

transformation of the Black-Scholes equation:

aVv v 1 a9°V
—+ 18—+~ — = r¥ 16
a# @8 2 - @@ T 18]

Define y = InS. Equation (16) can be transformed to®

av 1 ,\oV 1 ,8*°V
—+|lr——o° | —+ —0"—5 =1V (17)
ot 2 dy 2 dy”

"See Brennan and Schwartz (1978, pp. 462—465).
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Before replacing the partial derivatives by finite differences, we consider
Viy,t) = Vlik, jh) =V,

where k and h are the discrete increments in the stock price dimension
and the time dimension, respectively.
To approximate equation (17), at node (1, j), define

vV  Vieja — Vica
ay 2k

a*Vv Vii Lj+1 Zvi.j-l +V, 1,j+1

r'J)'3 k?
av Vi — Vi
ot h

Substituting the above equations into (17) and rearranging terms, we

obtain
(1+rh)V,; =P Vi jm t PyVije1 T PsViyjui (18)
where
v ev
P|: )14_,+)—}0 (19)
v
P.=1—-— 20
2 12 (20)
v ev
P;:)k_,—_)k (21)

We have P, + P, + P, = I; therefore equation (18) can be viewed as a
risk-neutral valuation model. Moreover, the explicit finite difference
approximation corresponds to a log-transformed trinomial process.

Case 6(a)

In the usual explicit finite difference method, the upward and downward
jumps are k and —k, respectively. And the middle jump is 0. Under this
choice of parameters, the first moment is

Pi'k+P,:0+P;-(—k)=ev
which satisfies equation (2). The second moment is

P,k +P,:0+ Py (<k)2=v»
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which is less than the right-hand side of equation (3). Consequently, the
variance of the corresponding trinomial process is downward biased.”
Furthermore, when we introduce a stretch parameter A so thatk = AV,
we naturally identify the “trinomial” specification of Kamrad and
Ritchken (1991, pp. 1642-1643) as Rubinstein (2000) did.

Case 6(b)

To correct the variance deficiency, we select P, P, and P, in equa-
tion (18), and impose conditions in equations (2), (3), and (5). These
restrictions simultaneously give

ev(l *,il,)+ %k (22)
1 —ev 1 — e“v
/ 1
H, eu(] - ,) (23)
- 1 —ev
1 1
Ih—ev(l — N )— f———Fk (24)
| —ev 1 —e“v

Therefore, if we make some adjustments in the magnitude of jumps, the

H,

problem of downward biased variance is eliminated. This log-transformed
trinomial process still has the characteristics of the explicit finite differ-
ence method and reduces the number of nodes for calculation to improve
efficiency.'” Geske and Shastri (1985) concluded:

In addition, when transformed logarithmically, the explicit method is
more efficient than the implicit method because it does not require the
solution of a set of simultaneous equations. The binomial technique is
more intuitive and also may be more readily implemented than the finite
difference methods. Thus, it is pedagogically superior.

The log-transformed trinomial process specified by equations (19)
through (24) is then more efficient, intuitive, and easily implemented
than the grid of the explicit finite difference method. The degree of free-
dom k allows us to impose one more restriction. When the requirement
of the third moment is imposed using equation (9), this implies

k= V(3 — 2%) (25)

“See Brennan and Schwartz (1978, pp. 464-465).
""See Geske and Shastri (1985, p. 51).
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To keep equations (19) through (24) meaningful, some restrictions are
imposed on e and v. If e = 0, to assure the positive risk-neutral probabil-
ity P,, we have

ev
0 < s = 26
2k* 2k (26)
Restrictions (25) and (26) imply
) I -
G L — (27)
2

Inequality (27) not only assures that the three movements in equa-
tions (22) to (24) are well defined but also implies

k > \2v (28)

Furthermore, it is straightforward to check

0<P=—s+o0 <]
b2k 2k
p =Y L
o2k 2k
and
12
0<P,=1- i < 1, respectively
2

If ¢ < 0, the same argument also implies inequality (27). This restriction
is similar to the stability conditions of the explicit finite difference
method."!

Interestingly, if e’ — 0, this implies

»

W | o
o | —
R

|
k — 3|V ill’ld (I)“ ’)_)1 ’)7{) = (F
D

The limiting case is exactly Case 5(c).

4. NUMERICAL EVALUATIONS

The unified approach proposed in this paper allows us to run a horse
race to compare the numerical performances among numerous lattice
approaches and explicit finite difference methods. The numerical per-
formances are measured in terms of the numerical accuracy and the

""See Brennan and Schwartz (1978, p. 464).
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convergence property. We follow the procedure in Broadie and Detemple
(1996) to investigate the numerical accuracy of each method. We first
choose a large set of European options (625 options) with practical
parameters: S/X = 0.8, 0.9,..., 1.2, r = 0.02, 0.04, ..., 0.1, q =0,
0.015,...,0.06,0 =0.2,0.3,...,0.6,and T = 1.0, where g is the div-
idend yield. Then for each method we price the test set of options and
compute the error measures. Both European calls and puts are being
evaluated. The root-mean-squared (RMS) relative error is used as the
error measure and is defined by:

l m
RMS = [— > ¢}
m -
i=1
. A . (Pr-P) . .
where m is the number of options considered, ¢, = ~——5—- is the relative

error, P, is the true option price (Black—Scholes), and Pf‘ is the estimated
option price.

Tables 1 and Il report the RMS relative errors of the consid-
ered methods for pricing European call options and put options, respec-
tively. Many findings can be drawn from Tables I and II. First of all,

TABLE |
Root-Mean-Squared (RMS) Relative Errors of Methods Considered for
Pricing European Call Options
Method

I 2 3 4 Sa 5¢ 5d ba 6h

1.07E-02
9.31E-03
5.17E-03
4.97E-03
3.21E-03
2.71E-03
3.57E-03
2.19E-03
1.75E-03
1.03E-03
6.48E-04
5.58E—-04
3.74E-04

9.51E-03
6.18E-03
4.73E-03
3.82E-03
3.03E-03
2.68E-03
2.45E-03
2.06E-03
1.85E—-03
9.66E - 04
6.03E-04
4.41E-04
3.81E-04

7.99E-03
5.12E—-03
4.43E—-03
3.39e-03
3.43E-03
2.16E—-03
1.68E—-03
2.05E-03
1.70E-03
8.36E - 04
4.86E—-04
4.17E-04
2.85E-04

517E-03
3.21E-03
3.57E-03
1.78k=08
1.81E-03
1.38E-03
1.52E-03
1.34E-03
1.083E-03
5.583E-04
3.39E-04
2.60E- 04
1.76E-04

3.81E-03
2.71E-03
1.88E-03
1.53E-03
1.33E-03
1.13E-03
9.40E-04
8.68E-04
7.72E-04
3.73E-04
2.73E-04
1.93E-04
1.57E-04

6.74E-03
4.53E-03
3.32E-03
2.66E-03
2.34E-03
1.99E-03
1.64E-03
1.47E-03
1.33E-03
6.67E—04
4.29E-04
3.33E-04
2.68E—-04

4.01E-03
261E-03
1.93E-03
1.67E-03
1.29E-03
1.12E-03
1.00E- 03
8.80E-04
7.69E-04
4.22E-04
2.48E-04
2.04E-04
1.53E—-04

8.92E-03
5.26E—-03
4.79E-03
3.56E-03
3.73E-03
2.34E-03
1.99E-03
2.36E-03
1.87E-03
9.23E-04
517E-04
4.64E-04
3.06E—-04

7.97E-03
5.11E-03
4.43E-03
3.38E-03
3.42E-03
2.16E-03
1.68E-03
2.05E-03
1.70E-03
8.36E- 04
4.86E-04
4.17E-04
2.85E-04

The methods correspond to the cases described in the text. The root-mean-squared relative errors are defined as

follows:

AMS = V/1xm e?

where e = (P, — P)/P, is the relative error, P, is the true option price (Black—-Scholes), and P’ is the estimated option
price. To conduct a comprehensive analysis, we consider 625 options whose parameters cover a wide range: §/X = 0.8,

09,..., 1.2, r=0.02,0.04,...,01,9=0,0015,...,0.06,0 =02,0.3,...,0.6;and T= 1.0.
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TABLE 11
Root-Mean-Squared (RMS) Relative Errors of Methods Considered for
Pricing European Put Options

Method

" ! 2 3 4 Sa S¢ 5d Ga 6h

20 1.39E-02 1.10E-02 864E-03 6.15E-03 486E-03 7.71E-03 4.92E-03 B8.71E-03 8.62E-03
30 9.00E-03 7.24E-03 6.67E-03 4.07E-03 3.27E-03 4.98E-03 3.31E-03 6.91E-03 6.66E—03
40 6.15E-03 538E-03 B3.98E-03 299E-03 245E-03 3.69E-03 247E-03 4.01E-03 3.97E-03
50 4.23E-03 4.34E-03 3.68E-03 262E-03 1.99E-03 3.04E-03 201E-03 3.77E-03 3.68E—03
60 4.07E-03 3.66E-03 3.35E-03 246E-03 161E-03 254E-03 1.65E-03 3.51E-03 3.35E-03
70 3.52E-03 3.08E-03 257E-03 164E-03 1.41E-03 2.16E-03 1.38E-03 2.58E-03 2.57E-03
80 299E-03 2.74E-03 2.20E-03 140E-03 1.23E-03 1.91E-03 1.21E-08 2.21E-03 2.20E-03
90 241E-03 234E-03 266E-03 121E-03 1.09E-03 166E-03 1.10E-03 2.78E-03 2.65E-03
100 262E-03 2.22E-03 1.70E-03 1.25E-03 9.74E-04 1.54E-03 9.87E-04 1.75E-03 1.70E-03
200 1.25E-03 1.07E-03 1.05E-03 5.69E-04 4.91E-04 7.46E-04 4.94E-04 1.06E-03 1.05E-03
300 6.92E-04 7.18E-04 6.19E-04 3.77E-04 328BE-04 514E-04 3.39E-04 6.48E-04 6.19E-04
400 569E-04 543E-04 504E-04 3.09E-04 242E-04 3.79E-04 249E-04 501E-04 5.04E 04
500 4.21E-04 431E-04 3.32E-04 263E-04 201E-04 3.13E-04 198E-04 348E-04 3.32E-04

Note. The methods correspond to the cases described in the text. The root-mean-squared relative errors are defined as
follows:

AMS = Vism g2

where e = (P, — P)/P, is the relative error, P, is the true option price (Black-Scholes), and P" is the estimated option
price. To conduct a comprehensive analysis, we consider 625 options whose parameters cover a wide range: S/X = 0.8,
09,...,1.2;r=0.02 0.04,..., 0.1,4=0,0.015,...,006; ¢ =02,0.3,...,06;and T=1.0.

the equal-probability trinomial specification of He (1990) and Tian (1993)
(Method 5(a)) and the sharpened trinomial specification of Omberg
(1988) (Methods 5(d)) are more accurate than other methods with the
same number of time steps. For example, with 500 time steps to price
European calls, the RMS relative errors of both Methods 5(a) and 5(d)
(0.0157% and 0.0153%, respectively) are about two-fifths of the errors of
binomial methods (1) and (2) (0.0374% and 0.0381%, respectively).

One possible reason for the above results is as follows.'* Comparing
with the other methods in this paper, He and Tian use the specification of
equal probabilities, whereas the Omberg sharpened-trinomial process has
close-to-equal probabilities. Furthermore, since the Omberg sharpened-
trinomial process is optimally designed to account for the non-smooth
nature of the option payoff function, this suggests that this is the funda-
mental reason for superior performance, with the specification of equal
probabilities being ad hoc approximations to Omberg.

Second, the convergence speed of each method is roughly at the rate
of O(1/n), that is, doubling the number of time steps will half the errors.
For example, using the sharpened trinomial process (Method 5(d)) with

"“We thank the referee for offering this explanation.

571



572

Chen, Chen, and Chung

20, 40, and 80 time steps to price European calls, the RMS relative
errors are 0.4%, 0.2%, and 0.1%, respectively. In contrast, Heston and
Zhou (2000) showed that the rate of convergence of the trinomial model
is of O(1/n?) if the payoff functions are smooth enough.

Finally, on the contrary, corrections to higher moments (mainly to
the third moment) do not necessarily improve the RMS relative errors in
the lattice approaches. For example, the RMS relative errors of method 4
(a trinomial process matching the first two moments) are actually
smaller than those of method 3 (a trinomial process matching the first
three moments).

We also use the minimum convergence step (MCS) proposed by Alan
White in Tian (1993) to examine the convergence property of each
method. The minimum convergence step for an acceptable error, &, is
defined as follows:

. ¥
N(e) = min{!\’: ‘P(ni'%

= S,Vn::N}

where P¥ is the accurate price of an option, and P(n) is the price of the
option obtained from an n-step lattice. This definition highlights the
importance of the convergence stability. It identifies the minimum num-
ber of steps that are needed to ensure that the relative error be less than
the desired accuracy for all subsequent number of steps.'

We first compute the value of an option for each method using
time steps ranging from 4, 5, ... up to 800. By comparing these option
values with the accurate value, the MCS for a given precision level is
then obtained. Tables 111 and IV report the MCS of each method for
pricing European call options and put options, respectively. The results
are similar to those of Tables I and 11, for example, Methods 5(a) and
5(d) are better choices of parameters. For European calls, if the accept-
able error is 1% of the true price, the average MCSs of Methods 5(a)
and 5(d) are about 9 steps while the average MCSs of the other trino-
mial processes [Methods (3), (4), and 5(¢)| are more than 12 steps. In
general we can conclude that trinomial methods are superior to the
explicit finite difference methods and the binomial methods, and that
corrections to higher moments do not necessarily improve the pricing
errors for each method.

BAg suggested by the referee, the evaluation by MCS may be more important than that by RMS to
option traders because they would like to be sure of accuracy for all options in a sample or within a

range of parameters.



N(e)

Method 1
average
min
max

Method 2
average
min
max

Method 3
average
min
max

Method 4
average
min
max

| Method 5a
| average
| min

max

Method 5¢
! average
| min
| max
| Method 5d
| average
min
max

Method 6a
average
min
max

Method 6b
average
min
max

Trinomial Option Pricing

TABLE 11l
Minimum Convergence Step of European Call Options

e= 1% &= 0.5% e=0.25%
26.27 53.93 108.15
4 4 8
102 210 440
23.80 50.52 © 105.65
4 5 15
131 282 559
18.94 40.12 90.57
4 4 10
91 178 362
12.38 24.62 50.13
4 4 4
51 105 220
9.00 18.10 38.52
4 4 4
56 106 252
15.55 33.06 72.87
4 4 6
86 175 392
9.04 18.34 39.19
4 4 4
50 11 234
19.42 41,03 94.40
4 4 6
130 232 520
18.90 40.07 90.41
4 4 10
91 178 362

Note. The methods correspond to the cases described in the text. The minimum convergence step for

Pin) - P*
N:f

an acceptable error, ¢, is defined as follows: N(e) = Min{N:~"5"~ <, ¥n= N}. To make sure the
convergence in the definition for all n = N, we check n = 4, 5, . . . up to 800. To conduct a comprehensive analy-
sis, we consider 625 options whose parameters cover a wide range: S/X = 0.8, 0.9,..., 1.2; r=0.02,
0.04,...,0.1;,g=0,0.015,...,0.06; ¢ =0.2,0.3,...,0.6;and T= 1.0,
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TABLE IV
Minimum Convergence Step of European Put Options

N(e) e= 1% e=05% e=0.25%
Method 1

average 24.88 52.03 106.10

min 4 4 7

max 97 206 425
Method 2

average 22.96 49.42 103.81

min 4 4 8

max 162 311 646
Method 3

average 16.26 35.41 79.12

min 4 4 4

max 87 155 347
Method 4

average 11.16 23.59 46.16

min 4 4 4

max 41 103 195
Method 5a

average 8.27 16.84 36.04

min 4 4 4

max it} 147 299
Method 5¢

average 14.60 31.49 68.14

min 4 4 6

max 85 181 337
Method 5d

average B.57 17.42 37.26

min 4 4 4

max 64 133 283
Method 6a

average 17.05 39.15 86.21

min 4 4 6

max 88 196 408
Method 6b

average 16.25 35.56 79.09

min E) 4 4

max 87 155 347

Note. The methods correspond to the cases described in the text. The minimum convergence step for an
acceptable error, &, is defined as follows: N(s) = Min{N: P‘",’,. Ee &, ¥Yn = N}. To make sure the convergence
in the definition for all n = N, we check n=4, 5, . .. up to 800. To conduct a comprehensive analysis, we con-
sider 625 options whose parameters cover a wide range: S/X = 0.8, 0.9, ..., 1.2; r=0.02, 0.04, ..., 0.1;

g=0,0.015,..., 0.06; 0 =02,03,...,06;and T=1.0.
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5. CONCLUSION

In this paper, we have designed a log-transformed trinomial approach to
unify various numerical procedures appearing in the option pricing liter-
ature. In fact, these procedures correspond to the proper choice of six
parameters in the trinomial framework. For the explicit finite difference
method, we also correct the downward biased estimate of the variance of
the transformed diffusion process and discuss its limiting case.
Interestingly, Omberg (1988) derived the limiting case as the trinomial
process corresponding to Gauss—Hermite integration. Figlewski and Gao
(1999) derived the limiting case directly by imposing the restriction of
matching the fourth moment.

The log-transformed trinomial approach has an intuitive and peda-
gogical appeal for researchers and is easily implemented by practitioners.
In addition to Geske and Shastri (1985), we make a comparison of
numerous lattice approaches and explicit finite difference approaches
under our unified framework. The performance is measured in terms of
the numerical accuracy and the convergence property. We use the root-
mean-squared (RMS) relative error as the error measure. The results
show that corrections to higher moments (mainly to the third moment)
do not necessarily improve the RMS relative errors in the lattice
approaches. In particular, the equal-probability trinomial specification of
He (1990) and Tian (1993) and the sharpened trinomial specification of
Omberg (1988) are more accurate than other methods with the same
number of time steps. We also use the minimum convergence step
(MCS) to examine the convergence property of each method. It identi-
fies the minimum number of steps that are needed to ensure that the rel-
ative error be less than the desired accuracy for all subsequent number
of steps. The results show that the equal-probability trinomial specifica-
tion and the sharpened trinomial specification have superior conver-
gence performance. Consequently, consistent results are observed across
the two methods of evaluation.

In conclusion, within the log-transformed trinomial framework, we
find that the equal-probability trinomial specification of He (1990) and
Tian (1993) and the sharpened trinomial specification of Omberg (1988)
outperform other lattice approaches and explicit finite difference methods.
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