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In the 24-hr foreign exchange market, Andersen and Bollerslev measure
and forecast volatility using intraday returns rather than daily returns.
Trading in equity markets only occurs during part of the day, and volatility
during nontrading hours may differ from the volatility during trading
hours. This paper compares various measures and forecasts of volatility in
equity markets. In the absence of overnight trading it is shown that the
daily volatility is best measured by the sum of intraday squared 5-min
returns, excluding the overnight return. In the absence of overnight trad-
ing, the best daily forecast of volatility is produced by modeling overnight
volatility differently from intraday volatility. © 2002 Wiley Periodicals, Inc.
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INTRODUCTION

Forecasting financial market volatility is important in the short and the
long run. For example, Riskmetrics™ uses short-term volatility forecasts
to produce Value-at-Risk (VaR) measures while longer term volatility
forecasts are needed for option pricing and asset allocation. Many stud-
ies, however, report disappointing out-of-sample forecast performances
using standard volatility models (see, e.g., Figlewski, 1997, and refer-
ences herein). Recent work by Andersen and Bollerslev (1998) addressed
the problem. Andersen and Bollerslev argued that standard volatility
models provide good forecasts, but the ex-post volatility measures used
to evaluate the forecasts need to be improved. For the 24-hr foreign
exchange market, Andersen and Bollerslev showed that although the
daily squared return is an unbiased estimator of the true volatility, it is
also an extremely noisy estimator. Both theoretically and empirically the
sum of the intraday squared returns' provides the best measure of real-
ized volatility. Using this improved volatility measure it is shown that
standard volatility models provide good volatility forecasts. Andersen,
Bollerslev, and Lange (1999) and Martens (2001) showed that intraday
returns can be used to improve not only the measuring of volatility, but
also the forecasting of volatility.

The objective of this study is to improve the measuring and fore-
casting of stock market volatility. Andersen and Bollerslev’s results apply
to the 24-hr foreign exchange market. Stock markets do not trade on a
24-hr basis and this implies that the observation frequency can only be
increased during trading hours.? Furthermore, stock prices potentially
have different dynamics during daytime trading hours compared
to overnight nontrading hours. International news replaces domestic
news during nontrading hours. This differs from foreign exchange mar-
kets where most news is released during the business hours of two coun-
tries and there is substantial trading activity even outside those business
hours.

Various measures of stock market volatility are considered that
combine the “overnight” (close-to-open) return and the intraday returns
that make up the open-to-close return. The best measure of daily stock
market volatility is given by a rescaled sum of squared intraday returns,
which is better than the sum of the squared “overnight” return and the

'"The highest intraday frequency Andersen and Bollerslev used is a 5-min interval, and this fre-
quency provides the best measure for realized volatility.

*Although some international markets (e.g., United States, France, and Australia) have overnight
futures trading, many do not.




S&P 500 Index-Futures Volatility

499

/

squared intraday returns. If overnight futures trading is available,’ the
best measure of stock market volatility is given by the sum of squared
“intranight” and intraday returns. The relative usefulness of the various
measures of stock market volatility is demonstrated by comparison with
the daily volatility forecasts that are provided by a Generalized
Autoregressive Conditional Heteroskedasticity (GARCH) model for S&P
500 index futures returns. Regressing the commonly used daily squared
return on the daily GARCH forecasts provides an R? of 0.035. However,
when regressing the sum of squared intranight and intraday returns on
the daily forecasts the R? is 0.150. This implies that using the sum of
squared intranight and intraday returns is better than using the daily
squared return to measure stock market volatility.

Three forecasting models are proposed that use intraday returns. An
intraday GARCH model that explicitly models the volatility of overnight
and intraday returns provides the best daily volatility forecasts. The
regression R rises from 0.150 for the daily GARCH(1,1) model to 0.420
for the intraday GARCH model. A longer (weekly or monthly) forecast
horizon reduces the importance of explicitly modeling the overnight
return volatility. For the weekly and monthly horizon it is sufficient to
expand the daily GARCH(1,1) model with the lagged sum of intraday
squared returns.

* The results show the importance of using intraday returns to the
measuring and forecasting of volatility. The outcomes and conclusions of
existing studies of volatility forecasting should be reviewed using the meas-
urement of volatility that is based on intraday returns. In addition, the
improved GARCH-type forecasts may change the outcome between the
competing approaches of using either the historical or the implied volatili-
ty. For example, Day and Lewis (1992), studying S&P 100 index returns
and options on the S&P 100 index from 1983 to 1989, reported a regres-
sion R? of only 0.039 for weekly GARCH forecasts and 0.037 for option-
implied volatility forecasts. Canina and Figlewski (1993), studying the
same index and options from 1983-1987, reported a regression R* of
0.053 for implied volatility forecasts and 0.151 for historical volatility aver-
aging over 32 equations and forecast horizons of 7 to 127 calendar days.
These regression R*s are relatively small vis-a-vis those obtained when
using the measurement of volatility that is based on intraday returns.

The remainder of this study is organized as follows. The next section
describes the data. The third section discusses various measures of stock

*S&P 500 index-futures started trading on GLOBEX, the electronic overnight trading system, in
1994,
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market volatility and compares these measures both theoretically and
empirically. The fourth section proposes three forecasting models that
use intraday returns and provides an out-of-sample forecast evaluation of
the competing models. The final section concludes.

S&P 500 index-futures transaction prices were obtained for the period
from January 1990 through July 1998, a total of 2,140 trading days.
Futures data are preferred over the index data for two reasons. First,
the S&P 500 index is calculated based on the last transaction price of
each of the (500) stocks comprising the index, and not every stock
trades every minute. This results in an infrequent trading problem,*
meaning the index lags actual developments, especially at the opening
of trading since it takes some time before each of the 500 stocks
begins trading.’ For the measuring and forecasting of stock market
volatility it is of crucial importance to measure correctly the close-to-
open return. Second, the U.S. S&P 500 index-futures have traded on
GLOBEX during the night since 1994, whereas the stock market is
closed overnight.

Futures floor trading at the Chicago Mercantile Exchange (CME)
is open from 8:30 a.m. to 3:15 p.m., Chicago time, for daytime trading.
GLOBEX® overnight trading is from 3:30 p.m. to 8:00 a.m. (8:15 a.m.
from February 1995 onward). To avoid market microstructure problems
such as bid—ask bounce, the last price in each 5-min interval is selected
for floor trading, and the last price in each 30-min interval is selected
for overnight trading. All intraday returns are based on prices of the
futures contract closest to maturity. For example, prices on the March
1997 futures contract are gathered until March 14, 1997. At this point,
prices on the June 1997 futures contract are gathered until that con-
tract is within one week of expiration. When rolling over from the
March to the June contract on March 14, the 3:15 p.m. prices for
both the March and June contracts are used to compute the correct last
5-min (3:10-3:15 p.m.) return from the March contract and the correct
overnight (3:15 p.m.—8:30 a.m.) return for the June contract. This pro-
cedure creates a continuous sequence of futures returns. The first 1,000

*For a more detailed explanation of the infrequent trading problem, see Stoll and Whaley (1990).
SLee and Linn (1994) demonstrate that for 1983-1985 the close-to-open standard deviation for
futures returns is 0.377%, whereas it is only 0.055% for index returns due to the stale opening price.
¢See Coppejans and Domowitz (1996) for a detailed description of the GLOBEX trading system.
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trading days (January 1990-January 1994) are used to estimate the
parameters of the various models. The next 1,140 trading days (for
which intranight returns are available) are used to test the out-of-sample
forecasting performance of 1,140 daily, 228 weekly, and 57 monthly
volatility forecasts.

MEASURING STOCK MARKET VOLATILITY

Andersen and Bollerslev (1998) argue that, in most financial applica-
tions, the asset price is assumed to follow a continuous time diffusion
process, and hence the correct measure for daily volatility is

1
o = fafﬂdf (1)
0

Unfortunately, volatility is not directly observable. A popular approach is
to use the daily squared return to measure daily volatility. Andersen and
Bollerslev (1998) showed that although the daily squared return is an
| unbiased estimator of the expression in equation (1), it is also an
i extremely noisy estimator. One extreme example would be a very volatile
day with wildly fluctuating prices, but where the closing price is the
same as the previous closing price. The daily (close-to-close) squared
return would then equal zero, whereas the actual volatility has been
nonzero. ‘
For the 24-hr foreign exchange market, Andersen and Bollerslev pro-
posed the use of the sum of 288 squared 5-min returns to approximate
equation (1) accurately. For stock markets, however, intraday returns are

we can only observe the close-to-open return for the overnight period. A
logical candidate to measure stock market volatility is then

D
)2+ D ()’ (2)
=1

|

|

|

|

|

|

| only available during trading hours. In the absence of overnight trading

|

where r}" is the overnight return on day ¢, and r[; is the intraday return on
day ¢ for intraday period d (d = 1 ... D). The squared overnight return is

a noisy estimate for overnight volatility. An alternative volatility measure,

therefore, uses only intraday returns,

D
(1 +¢) D (r)? (3)

d=1
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where c is a positive constant such that the volatility measure in equa-
tion (3) corresponds to daily volatility. When overnight (futures) trading
is available, the overnight volatility can be approximated by the sum of
intranight squared returns,

N D
2 )P+ X )’ 4)
n=1 d=1
where r)), is the intranight return on day ¢ and intranight period n
(m=1...N).

A Monte Carlo Simulation

The same continuous time GARCH framework as in Andersen and
Bollerslev (1998) is used to provide a theoretical framework to compare
the various measures of stock market volatility. The model has the prop-
erty that all discretely sampled time series follow a GARCH(1,1) model.
The main motivation for conducting a simulation experiment is that,
since the true volatility is known, the candidate volatility measures can
be compared with certainty. For details on the Monte Carlo simulation
experiment and the relationship between the continuous time GARCH
parameters and the parameters of a daily GARCH(1,1) model, see
Andersen and Bollerslev (1998, pp. 892—-899).”

Table I reports the daily GARCH(1,1) parameter estimates using
daily closing prices for the S&P 500 futures contract from January 3,
1990 through January 10, 1994 (1,000 return observations). The
combined value of the volatility parameters, « + B, is 0.9986. This
is similar to the 0.9985 reported by Randolph and Najand (1991) for
S&P 500 futures from 1986 to 1988.% Hence the volatility is highly
persistent.

"The simulation here differs in one important aspect from the one in Andersen and Bollerslev. They
use actual clock time, but in our case this would overestimate the importance of the overnight peri-
od. The open-to-close variance equals 0.585, whereas the close-to-open variance averages only
0.120, similar to findings in Lee and Linn (1994) for an older sample of S&P 500 futures. It is
therefore assumed that one day consists of ninety-eight “5-min” intervals, of which 81 intervals are
attributed to floor trading.

8Randolph and Najand (1991) use several models to forecast the monthly standard deviation of
S&P 500 futures returns for the period 1986-1988. The competing models are the daily
GARCH(1,1) model, implied volatility from the nearest-the-money call option on the S&P 500
futures contract, the previous month’s standard deviation, and a mean-reversion model. GARCH
performs marginally better than implied volatility and the previous month’s a standard deviation,
with the mean-reversion model providing the best forecasts.
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| TABLE |
GARCH(1,1) Parameter Estimates

Daily Frequency Continuous Time

M 0.0186
(0.025)
w 0.0002 6 0.0014
(0.002)
‘ P 0.0175 é 0.1798
i {0.009)
| B 0.9811 A 0.2598
(0.011)

Note. The daily GARCH(1,1) model is estimated for 1,000 close-to-close S&P 500 futures returns, r,, from
January 4, 1990 through January 10, 1994:

nh=ut+ g

g |®,_, ~ N(O, h)

h=w+a-sy+ B-h_,
where r, is the daily (close-to-close) futures return, ®,_, contains all information up to day t = 1, and the residu-
als ¢, follow a conditional normat distribution with mean zero and variance h,.

The parameter estimates of the daily GARCH(1,1) model are used to compute the parameters of the contin-
uous time GARCH diffusion model following Drost and Werker (1996):

ds, = o dW
do?=0-(¢ — of)-dt+ V2. X-6-0%- dWP

where S, is the log futures value, §>0,¢>0,0<A <1, and W and W? are independent Brownian
motions. Heteroskedasticity consistent errors are inside parentheses.

In Andersen and Bollerslev's experiment the various measures of
volatility are compared by using each of them to evaluate the forecast
performance of the daily GARCH(1,1) model. The best measure of

| volatility is that which most closely estimates the true forecast perform-
ance, which is known as we have the true volatility as well.

There is a wide range of evaluation criteria used in the literature.
One of the most popular evaluation criteria is the regression R* obtained
from the regression of realized volatility on forecasted volatility. In addi-
tion, the heteroskedasticity adjusted root mean squared error (HRMSE)
and mean absolute error (HMAE) are computed, as follows:

1< Realized, \?
HRMSE=\/? 2(1 ﬂ) (5)

= Forecast,

( Realized,)
1 -
Forecast,

1 T
HMAE = =Y,
T=
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These two forecast criteria follow the statistical tradition of reporting
statistics based directly on the deviation between forecasts and realiza-
tions, while adjusting for heteroskedasticity in the forecast errors.’

The results of the Monte Carlo simulation are provided in Table II.
If overnight trading is available, the trading process becomes similar to a
24-hr foreign exchange market. In that case volatility is best measured by
the sum of squared intranight and intraday returns, as defined in equa-
tion (4). For example, the regression R? for the daily horizon is 0.415.

In the absence of overnight trading, the best available measure for
realized volatility is the rescaled sum of squared 5-min returns from the
trading day, excluding the overnight return (as defined in equation (3)
with 1 + ¢ equal to 98/81). To illustrate the effect of excluding or
including the overnight return, the regression R? is 0.400 when exclud-
ing the squared overnight return, whereas the regression R? is only 0.267
when including the squared overnight return.

Similar to the daily squared return, the squared overnight return is a
very noisy estimate of the true volatility for the nontrading period. In this
case, it is even better to assume that volatility measured for part of the
24-hr day (81 out of 98 intervals) applies to the entire day, than to use
the aggregated information including the remaining 17 intervals. There
is a potential concern with. this procedure. This procedure may overesti-
mate the forecasting performance of the models. After all, the most diffi-
cult (if not impossible!) part in forecasting is to foresee unexpected
events that cause major jumps in volatility.'® The GARCH model, how-
ever, is providing forecasts conditional upon past information, and as
such should be interpreted as expected volatility. In any case, it is an
interesting finding that, if the data-generating process is continuous time
GARCH, the overnight squared return should be excluded when meas-
uring stock market volatility."!

The relative differences between the measures of stock market
volatility using intraday returns become smaller when measuring volatili-
ty over multiple days. A large gap still remains between using the sum of
daily squared returns and the sum of intraday squared returns when meas-
uring monthly volatility. The regression R? is 0.213 for the sum of daily
squared returns, compared to at least 0.466 for the intraday measures.

Finally, it is important to compare the different measures of stock
market volatility with the true volatility. Regressing the true volatility on

"The HRMSE and HMAE are also used in Andersen et al. (1999).

'°Some extreme examples would be the start of the Gulf War, and the recent Russian and Asian crises.
'"Note that given the general framework these conclusions may well extend to non-U.S. markets and
other assets for which only the close-to-open return and intraday trading returns can be observed.
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Theoretical Forecast Evaluation for Daily GARCH(1,1) Forecasts

Forecast Horizon

1 Day 5 Days (1 Week) 20 Days (1 Month)
Realized [1,140 Obs] [228 Obs] [57 Obs]
Panel A: Regression R
r2 0.0370
r2 0.0256 0.0851
r? 0.0223 0.0900 0.213
(rM)? + S(rB)? 0.267 0.429 0.466
%5 (r2)2 0.400 0.488 0.484
S(r)2 + S(r2)? 0.415 0.494 0.486
fo?(u)du 0.552 0.543 0512
Panel B: HRMSE
r2 1.41
r2 1.43 0.734
r? 1.45 0.671 0.377
()2 + S(r2)? 0.344 0.233 0.211
E3(r2)? 0.252 0.208 0.204
S(r)? + S(rB)? 0.243 0.206 0.204
fo?(u)du 0.188 0.189 0.196
Panel C: HMAE
ra 0.972
r2 0.974 0.560
r? 0.976 0.510 0.296
(2 + S(rB)? 0.252 0.183 0.168
%5 (r2)? 0.199 0.165 0.163
S(r)? + S(r2)? 0.192 0.164 0.163
fo¥(u)du 0.150 0.151 0.157

Note. The continuous time GARCH(1,1) model is simulated for the parameters reported in Table |. Every time
the equivalent of 2,140 days is simulated; this is repeated 1,000 times. Each time the antithetic variable tech-
nique is used. The first 1,000 daily returns are used to load the conditional variances of the daily GARCH(1,1)
model using the parameters reported in Table I. Next, 1,140 daily, 228 weekly, and 57 monthly forecasts are pro-
duced. These forecasts are evaluated vis-a-vis seven realized volatility measures: (a) The monthly squared
return (r2); (b) The weekly squared return (r2); (c) The daily squared return (r2); (d) The sum of the squared
overnight return and squared intraday 5-min returns ((r¥)2 + =(r2)?); (e) The rescaled sum of squared intraday
5-min returns (23(r2)2); (f) The sum of squared overnight and intraday 5-min returns (£(r/})? + £(r2)%); and
(g) The “true” volatility using the simulation frequency of 1-min returns. The table shows the average regression

R?, HRMSE, and HMAE taken over the 2,000 simulation runs.
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the various proposed measures of volatility, the regression R? for the daily
horizon is only 0.0376 (not reported in tables) for the daily squared
return, whereas the regression R? is 0.721 for the sum of squared
intranight and intraday returns [equation (4)]. The HRMSE for the daily
squared return is 1.412 whereas for the sum of squared intranight and
intraday returns, the HRMSE is only 0.151. These results confirm the
large gains that are obtained from using intraday returns when measuring
stock market volatility.

Measuring Stock Market Volatility:
Empirical Results

The simulation results depend on the continuous time GARCH model
assumption. It is therefore important to verify the conclusions from the
simulation experiment by repeating the analysis for the actual data, even
though this only provides one sample path and the true volatility is
unknown. Again we follow Andersen and Bollerslev’s work on foreign
exchange markets in that GARCH(1,1) forecasts are determined for the
1,140 days, 228 weeks, and 57 months from January 1994 through July
1998. S&P 500 index futures have traded on GLOBEX since January
1994, and hence all realized volatility measures examined in the simula-
tion are available. The results are reported in Table III.

The conclusions are similar to those of the simulation experiment.
The sum of squared intranight and intraday returns almost always result
in the highest regression R?, and lowest HRMSE and HMAE. For exam-
ple, when forecasting one day ahead and measuring stock market volatil-
ity using the daily squared return, the regression R? is only 0.035. This
low R? is in line with existing studies.'> However, when the sum of
squared intranight and intraday returns is used, the regression R?
increases to 0.150."* The HRMSE drops from 2.62 for the daily squared
return to 1.15 for the sum of intranight and intraday squared returns.

The differences between the sum of the squared overnight return and
squared intraday returns [equation (2)] and the rescaled sum of intraday
squared returns [equation (3) with 1 + ¢ equal to 98/81] are smaller for
the empirical data than in the simulation. As the simulation predicts, the
HRMSE and HMAE are lower for all horizons (except for HMAE at the
monthly horizon) when the overnight return is excluded. For the daily

2See, e.g., Day and Lewis (1992) and Pagan and Schwert (1990).

"In the absence of intraday the daily high and low could be used for measuring volatility (see, e.g.,
Garman & Bliss, 1980), although similar to findings in Andersen and Bollerslev (1998) it is not as
good as the use of intraday returns. The high—low range results in a regression R? of 0.124.
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TABLE 11
Empirical Forecast Evaluation for Daily GARCH(1,1) Forecasts

Forecast Horizon

I Day S Days (1 Week) 20 Days (1 Month)
Realized [1,140 Obs] {228 Obs] [57 Obs]
Panel A: Regression R?
r2 0.056
r2 0.057 0.167
r? 0.035 0.068 0.200
(Y2 + S(rB)2 0.132 0.198 0.361
5 (r2)? 0.130 0.183 0.316
E(r,{‘f,)2 + Z(r,%)2 0.150 0.226 0.391
Panel B: HRMSE
s 1.07
r2 1.57 0.740
r? 2.62 1.52 0.824
()2 + 3(rB)? 1.23 0.910 0.649
By (r2)? 0.956 0.791 0.646
S(F)? + 3(rB)? 1.15 0.870 0.631
Panel C: HMAE
r2 0.846
r2 1.00 0.593
r? 1.22 0.803 0.573
(2 + E(r,ff,)z 0.633 0.5M1 0.459
B (rB)? 0.527 . 0.478 0.485
()2 + 3(r8)? 0.593 0.484 0.441

Note. The daily GARCH(1,1) model is estimated for S&P 500 futures returns from January 4, 1990 through
January 10, 1994 (1,000 observations); see Table |. Without re-estimating the mode! parameters, forecasts are
produced for the next 1,140 days, 228 weeks, or 57 months from January 1994 through July 1998. These fore-
casts are evaluated vis-a-vis six realized volatility measures: (a) The monthly squared retumn (r2); (b) The week-
ly squared return (r2); (c) The daily squared return (r?); (d) The sum of the squared overnight return and
squared intraday 5-min returns ((r¥)2 + 2(r2)?); (e) The rescaled sum of squared intraday 5-min returns
(83(r2)?); and (f) The sum of squared overnight and intraday 5-min returns (Z(r%)? + =(r2)?).

horizon, for example, the HRMSE drops from 1.23 to 0.956 and the
HMAE drops from 0.633 to 0.527. Although the difference in regression
R? (0.132 vs. 0.130) is not significant, the HRMSE, HMAE, and simula-
tion results suggest that for the daily horizon the overnight return should
be excluded. In contrast to the simulation results the regression R* is
higher for the weekly and monthly horizons when the squared overnight
return is included. The higher R? indicates that the continuous time

GARCH diffusion model may not be the Data Generating Process (DGP),
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and that the overnight (squared) return may play a different role than is
assumed under the continuous time GARCH model.

Given the mixed evidence for the weekly and monthly horizons,
more empirical research is needed to test which measure of stock market
volatility is superior when no overnight trading is available. GLOBEX
trading data is available for the S&P 500 index-futures and therefore the
sum of intranight and intraday squared returns is the best measure of
stock market volatility in the present study.'*'>

FORECASTING STOCK MARKET VOLATILITY

This section addresses the question of whether intraday returns can also
be used to improve the forecasting of stock market volatility. Three dif-
ferent models are proposed; each model treats the overnight return
volatility in a different way. The forecasting performance of each model
is reported at the end of the section.

EXTENDING THE DAILY GARCH MODEL

One possible approach to the forecasting of stock market volatility is to
extend the daily GARCH(1,1) model by including intraday formation. A

popular specification'® is
r, = u+ g
&l P,y ~ N(0, ) (7)

ht =w+ astz—] + Bhl—l + ’}’I,_]

"*Results are also obtained for other frequencies, splitting up the floor trading session in twenty-
seven 15-min intervals, nine 4-min intervals, three 135-min intervals, and one 405-min interval.
This leads to similar patterns, in that the higher the frequency, the higher the regression R?, and the
lower the HRMSE and HMAE. For the daily horizon and the volatility measure in equation (2), for
example, the regression R? is 0.132, 0.090, 0.108, 0.065, and 0.028 for the 5-min, 15-min, 45-min,
135-min, and 405-min frequencies, respectively. Similarly, for the overnight period the results are
replicated when combining 60-min and 90-min intranight returns with the 5-min floor returns in
equation (4). For the daily horizon this results in a regression R2 (HRMSE; HMAE) of 0.150 (1.15;
0.593), 0.152 (1.14; 0.596), and 0.154 (1.16; 0.601) for the 30-min, 60-min, and 90-min intranight
frequencies, respectively.

"All results are reproduced for standard deviations instead of variances, to mitigate the impact of
outliers. The results and conclusions are similar, except that regression R%s are larger and the
HRMSEs and HMAE:s are smaller for standard deviations.

'See, e.g., Bessembinder and Seguin (1993) and Laux and Ng (1993). These studies use volume
and the number of trades, respectively, to extend the daily GARCH model. Taylor and Xu (1997)
used implied volatility (from currency options) and the sum of intraday squared returns for the 24-hr
foreign exchange market.
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where r, is the daily (close-to-close) return, ®,_, contains all information
up to day t — 1, and the residuals ¢, follow a conditional normal distri-
bution with mean zero and variance h,. I,_, is the intraday information
from the previous trading day. Here we use either equation (2) or (3) for
I,_,. The sum of intranight and intraday squared returns is not available
for forecasting, since during the in-sample period (January 1990 through
January 1994) overnight trading did not exist.

Table IV presents the parameter estimates. The results for the daily
GARCH(1,1) model are repeated from Table I for comparison, and the
log-likelihood value is included. The log-likelihood value increases from
—1,155.1 to —1,136.4 when including the sum of the squared overnight
returns and the squared intraday returns as defined in equation (2). The
log-likelihood value increases from —1,155.1 to —1,138.6 when includ-
ing the sum of squared intraday returns as defined in equation (3). In
both cases a log-likelihood ratio test rejects the null hypothesis of

TABLE IV
Estimates for Daily GARCH Model Extended with Intraday Returns

Extended with Extended with
Daily GARCH(1,1) Equation (2) Equation (3)

u 0.0186 0.0023 0.0003
(0.025) (0.040) (0.025)

) 0.0002 0.0224 0.0169
(0.002) (0.031) (0.025)

@ 0.0175 -0.0363 -0.0270
(0.009) (0.044) (0.036)
B 0.98112 0.75672 0.80512
(0.011) (0.201) (0.178)

k% — 0.2405 0.2267
(0.202) (0.205)

Log-likelihood -1,155.1 -1,136.4 -1,138.6

Note. The daily GARCH(1,1) model extended with intraday returns is estimated for S&P 500 futures returns
from January 4, 1990 through January 10, 1994 (1,000 days).

n=pnte

51|¢1—1 ~ N@©, h)

h=o+ e, + Bh_y + v,
where r, is the 24-h close-to-close return, and /,_, is either the sum of the squared overnight return and squared
intraday returns [equation (2)] or the sum of squared intraday returns (equation (3) with ¢ equal to zero).

Heteroskedasticity consistent errors are reported inside parentheses. Superscripts “a” and “b” denote signifi-
cance at the 1 and 5% level, respectively.
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y = 0.7 Hence the intraday measures significantly contribute to the in-
sample fit of the data. Although the models including the two intraday
measures are non-nested, the model including the squared overnight
return provides a slightly better in-sample fit.

Modeling Overnight and Intraday Returns

Alternatively, the overnight returns and the returns during trading hours
can be modeled directly. Chan, Chan, and Karolyi (1991) proposed a
bivariate GARCH model for the overnight and intraday 5-min returns for
the S&P 500 index and index-futures. Their model is used to investigate
the intraday return and volatility spillovers between the spot and futures
market. Chan et al. stacked the overnight and intraday 5-min returns
and included a dummy to scale the overnight return for the mean and
the volatility of returns.

In this study an alternative model for intraday returns is proposed
specifically taking into account the potentially different dynamics of
overnight returns and returns during trading hours:

N =
rﬁ, = pup + 821 d=1,2,...,D)

eM|W,_, ~ N(0, hY)

epil ¥, 41 ~ N(O, h (8)

D

hﬁ\} =w, + 4’1(8?]—1)2 + ¢, 2 (8:D—1,d)2 + ¢’3h1¢\1—1
d=1

h) = w, + w;y + 0,(eN)? + 0,(e2 | )2 + N

D _ D 2 D
h:,d =w, + 92(8t,d—l) + 93hz,d—1

Implicitly it is assumed that the overnight return, rY, and the intraday
returns, r{?d, each follow a GARCH(1,1) process. The conditional volatility

"For example, for the model using the intraday measure in equation (2), the LR test statistic for
y = 0is equal to —2(—1,155.1 to —1,136.4) = 37.4. The LR test statistic follows a chi-squared dis-
tribution with one degree of freedom, and hence the 1% critical value is 6.63. A standard ¢ test on y
would not reject the null hypothesis. This is caused by the relatively large standard errors of the
GARCH(1,1) model extended with intraday returns. A closer investigation reveals this is caused by
a relatively flat log-likelihood function and several outliers (not necessarily on the same days) for the
squared return and the sum of intraday squared returns. For example, imposing @ = 0 more than
halves the standard error of y and makes it significant at the 5% level using a ¢ test. Windsorizing the
intraday measure (if the intraday measure exceeds 5%, then make the intraday measure equal to 5%)
also approximately halves the standard error making y significant at the 1% level using a t test (even
with a # 0).
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of the overnight return, hY, is affected by the realized volatility during the
last trading session through ¢,, as well as the previous overnight volatility
(shock) through ¢, and ¢;. The conditional volatility in the first intraday
interval (d = 1), h{,, is affected by the overnight return through 6,. For
out-of-sample forecasting the overnight squared residual is replaced by its
expectation, that is, the forecasted overnight conditional variance.

This model is only one of numerous possibilities to model the
overnight interval differently from the daytime trading intervals. The
underlying idea is that the overnight interval is different due to the clo-
sure of the stock market and the absence of domestic news. Another
intuition for this model is obtained by viewing it as a discrete version of
a continuous time jump diffusion process. The difference here is that
the time of the jump is known—that is, the overnight interval—but
the magnitude of the jump is unknown. The magnitude of the jump
can depend on the previous jump as well as the daytime volatility.
Henceforth the model in equation (8) will be referred to as the “intraday
model.”

Table V presents the estimation results for the intraday model'®
for various frequencies for the in-sample period from January 4, 1990
through January 10, 1994. The volatility of the last trading session, meas-
ured by the sum of squared intraday (residual) returns, has a significant
impact on the overnight volatility through the parameter ¢,. Interestingly,
¢, gradually increases with an increase of the frequency of observations,
indicating that the open-to-close volatility becomes more important when
it is more accurately measured. The estimate for ¢, rises from 0.0160 for
the squared open-to-close return to 0.0517 for the sum of intraday
squared 5-min returns. As a consequence, less weight is placed on the
lagged overnight volatility through ¢;, which is the smallest at 0.6755 for
the 5-min frequency. Although the parameter 6, is always positive, the
overnight squared return only has a statistically significant impact on the
volatility during the subsequent trading session for the 15-min and 5-min
frequencies.

Continuous Time GARCH Diffusion

If the underlying process is continuous time GARCH, as used in the
simulation, the returns measured over discrete intervals follow a

GARCH process. Andersen et al. (1999) used this property to produce

'"The Chan et al. model was also estimated. It is found that the more complex model in equation (8)
provides better forecasts at all horizons.
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TABLE V
Parameter Estimates for the Intraday Model
405 Min 135 Min 45 Min 15 Min 5 Min
(2,000 Obs) (4,000 Obs) (10,000 Obs) (28,000 Obs) (82,000 Obs)
Ly —0.0055 —0.0033 —0.0062 —0.0031 0.0024
(0.0070) (0.0077) (0.0086) (0.0610) (0.0365)
Mo 0.0363 0.0100 0.0042 0.0024% 0.00092
(0.0204) (0.0074) (0.0022) (0.0008) (0.0002)
w, 0.0002 —0.0002 —0.0007 -0.0012 —0.0013
(0.0008) (0.0010) (0.0012) (0.0014) (0.0023)
wy 0.0145 0.0130° 0.00122 0.0006 0.00012
(0.0147) (0.0052) (0.0004) (0.0002) (0.0000)
wg — —0.0332° -0.00732 0.0008 0.0012
(0.0147) (0.0026) (0.0009) (0.00086)
&, 0.0723° 0.0749° 0.0684° 0.0721° 0.07062
(0.0304) (0.0309) (0.0282) (0.0057) (0.0004)
b, 0.0160° 0.0220° 0.0348° 0.0453* 0.05172
(0.0063) (0.0102) (0.0156) (0.0060) (0.0036)
&by 0.84822 0.8231° 0.7718% 0.7163% 0.6755%
(0.0472) (0.0676) (0.0847) (0.0045) (0.0005)
0, 0.2455 0.0707 0.0410 0.0540° 0.0270*
(0.1777) (0.0407) (0.0223) (0.0097) (0.0043)
0, 0.0305 0.0301° 0.03292 0.12142 0.1197¢
(0.0200) (0.0134) (0.0099) (0.0150) (0.0036)
0, 0.8949% 0.94482 0.9527¢ 0.8455% 0.86772
(0.0702) (0.0253) (0.0158) (0.0231) (0.0031)
Note. The model in equation (8) is estimated for S&P 500 futures returns from January 4, 1990 through

January 10, 1994 (1,000 days). The trading session of 405 minutes (8:30 a.m. through 3:15 p.m.) is taken as it
is, or split up in D = 3 (135-min), 9 (45-min), 27 (15-min) or 81 (5-min) intervals. Heteroskedasticity consistent
errors are reported inside parentheses. Superscripts “a” and “b” denote significance at the 1 and 5% level,
respectively.

= ot
rG=pp+ey (d=1,2..,D)
&' | Wy ~ N(O, )

&l Wyaoy ~ N(O, hZ)
Al = wy + (el ) + ¢ >, 0, (s24,0)° + ¢sht!,

hy = wp + w3 + 01(e])? + 85(e71,0)° + O3h10

D _ D 2 o
hiy = @ + Ox(erg-1)* + O3hy4

foreign exchange volatility forecasts from GARCH(1,1) models for vari-
ous high frequencies. For the stock market, however, only the aggregated
return is observable for the overnight period. To solve this problem,
intranight returns are simulated in the overnight period such that, on
average, the total overnight return is correct and the draws come from
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the conditional distribution with the conditional variance updated every
period. The average path for the conditional variance is subsequently
used to fill the overnight period. This model is applied in two different
ways. First, for 5-min intervals it is assumed there are 288 five-min
intervals in a day, and the time allocation to daytime trading and the
overnight return is according to actual time. Second, the number of peri-
ods during daytime trading (81) and during the night return (17) is set
such that it reflects the relative contribution of daytime trading and the
overnight return to daily volatility.

Forecasting Stock Market Volatility:
Empirical Results

The forecasting models presented previously are compared to each other,
and also to the forecasts from the daily, weekly, and monthly GARCH(1,1)
models in order to show the relative importance of intraday returns. All
forecasts are compared to realized volatility using the three forecast crite-
ria introduced in the previous section—R?, HRMSE, and HMAE. Based
on the previous findings, the sum of squared intranight and intraday
returns [see equation (4)] is used to measure stock market volatility.'®

The results for the out-of-sample (January 1994 through January
1998) forecasting performance of the various models are presented in
Table VI. The first three models are standard GARCH(1,1) models
applied to monthly, weekly, or daily returns. The parameters for the
monthly and weekly GARCH(1,1) models are inferred from the daily
GARCH(1,1) parameters presented in Table I using the formulae
derived in Drost and Nijman (1993). The next two models are the two
versions of the GARCH(1,1) model extended with intraday returns, as
presented in equation (7). The sixth model is the intraday model
presented in equation (8), using 5-min returns. Finally, there are two
versions of the continuous GARCH model. Columns 2 to 4 present
the forecast performance for the daily, weekly, and monthly forecasting
horizon.

For the daily horizon the results show that the daily GARCH model
is inferior to the three models: the daily GARCH model extended with
intraday information, the intraday model, and the continuous time
GARCH model. The regression R? increases from 0.150 for the daily
GARCH model to 0.226 for the daily GARCH(1,1) model extended with

""The conclusions are unaffected when measuring stock market volatility using the sum of the
squared overnight return and squared intraday returns [equation (2)] or the rescaled sum of squared
intraday returns [equation (3)]. These would be the best candidates for measuring volatility when
there is no overnight trading.
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TABLE VI
Out-of-Sample Forecast Performance

Forecast Horizon

1 Day 5 Days (1 Week) 20 Days (1 Month)

Forecast {1140 Obs] [228 Obs] [57 Obs]
Panel A: Regression R*
Monthly GARCH(1,1) 0.342
Weekly GARCH(1,1) 0.139 0.227
Daily GARCH(1,1) 0.150 0.226 0.391
Daily GARCH(1,1) extended

he= ()2 + 2(rB)? 0.226 0.288 0.317

by = =(r2)? 0.229 0.301 0.376
Intraday model (5-min) 0.420 0.221 0.259
Continuous GARCH real time 0.224 0.309 0.447
Continuous GARCH adjusted 0.255 0.307 0.375
‘Panel B: HRMSE ‘
Monthly GARCH 1.70
Weekly GARCH 1.54 1.21
Daily GARCH(1,1) 1.15 0.870 0.631
Daily GARCH(1,1) extended

he= (72 + 2(r2)? 0.915 0.778 0.643

L =2(r2)? 0.953 0.794 0.460
Intraday model (5-min) 0.638 0.654 0.607
Continuous GARCH real time 0.703 0.672 0.627
Continuous GARCH adjusted 0.881 0.800 0.644
Panel C: HMAE
Monthly GARCH 1.15
Weekly GARCH 0.820 0.814
Daily GARCH(1,1) 0.593 0.484 0.441
Daily GARCH(1,1) extended

L= (rN)2 + =(rf)? 0.518 0.427 0.401

by = 2(r2)? 0.522 0.409 0.358
Intraday model (5-min) 0.509 0.536 0.568
Continuous GARCH real time 0.673 0.648 0.603
Continuous GARCH adjusted 0.507 0.425 0.439

Note. Forecast performance of standard GARCH(1,1) and intraday models. The models are estimated for
S&P 500 futures returns from January 4, 1990 through January 10, 1994 (1,000 observations), and forecasts
are produced for January 1994 through July 1998 (1,140 observations). The results in Drost and Nijman (1993)
are used to infer the parameters for the weekly and monthly GARCH(1,1)} model. The models using intraday
returns are (a) The daily GARCH(1,1) extended with intraday volatility measures /,, or I, see equation (7);
(b) The intraday model defined in equation (8) for 5-min returns; and (c) “Continuous GARCH?" for 5-min returns.
This is a GARCH(1,1) model for 5-min returns, with parameters again inferred using Drost and Nijman. For the
close-to-open interval the 5-min returns are nonobservable, and the conditional variance is determined by sim-
ulation. The close-to-open interval is either assumed to consist of 207 five-min returns (labeled “real time”) or 17
five-min returns (labeled “adjusted”) to reflect the relative contribution to volatility of close-to-open and open-to-
close returns. Realized variance is the sum of squared 5-min returns from floor trading and the sum of squared
30-min returns from overnight trading.
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the sum of the squared overnight return and squared intraday returns.
The daily GARCH model extended with the sum of squared intraday
returns has an R? of 0.229. The intraday model has the highest R? of
0.420, whereas the continuous time GARCH forecasts have R%s of 0.224
and 0.255 using real time and adjusted time, respectively. Hence, for
forecasting stock market volatility it is important to include the intraday
returns.°

For the daily horizon the intraday model provides the best forecasts
using the three performance measures. The intraday model has the
highest regression R? and has the smallest or second smallest HRMSE
and HMAE. The HRMSE is the lowest at 0.638—well below, for exam-
ple, 1.15 for the daily GARCH(1,1) model. These results show the useful
potential for modeling the overnight return in a different way from the
daytime intraday returns.

For the weekly horizon, the performance of the weekly GARCH
model is the worst of all models considered. The use of returns at a
higher frequency than the weekly period leads to a superior forecasting
performance. Interestingly, the intraday model is not the best model for
the weekly horizon. Seemingly, for longer horizons, the modeling of the
overnight return separately is no longer important.?' In this case, the
daily GARCH model extended with the sum of intraday returns (but
not the squared overnight return) provides the best results, closely fol-
lowed by the continuous time GARCH models. For the continuous
time GARCH models there is not much difference between the use of
207 (“real time”) and 19 (“adjusted”) 5-min returns for the overnight
period. ‘

For the monthly horizon the monthly GARCH model is the worst of
all models. Similar to the daily and weekly frequencies, the use of
returns of a higher frequency than the monthly period leads to a supe-
rior forecasting performance. Against the daily GARCH model extended
with intraday information and the continuous time GARCH models are
the best models, with the simple daily GARCH model also performing
well. The HRMSE, for example, is 1.70 for the monthly GARCH
model, whereas it is only 0.631 for the daily GARCH model. The daily
GARCH model extended with intraday returns has the lowest HRMSE
of 0.460.

*®Extending the daily GARCH model with the high-low range produces slightly inferior forecasts
(R?is 0.211) compared to those using intraday returns.

*'One explanation is that U.S. market volatility is affected the day immediately after large foreign
volatility shocks, but not in the longer run. For other (non-U.S.) markets, where U.S. market move-
ments are closely monitored, this result may well be different.
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For the foreign exchange market, Andersen et al. (1999) reported
that, for very high frequencies, the forecast performance actually
deteriorates. Using the continuous GARCH model they obtain the best
(daily, weekly, and monthly) forecasts for the 1-hr return frequency,
which provides better results than, for example, the 5-min return
frequency. They attributed this finding to market microstructure effects.
To check whether this is also the case for the S&P 500 index-futures, the
open-to-close return is divided into twenty-seven 15-min intervals,
nine 45-min intervals, three 135-min intervals, or one 405-min interval.
Note that the estimation results for the corresponding intraday models
are presented in Table IV. The results (not reported here) show that the
5-min frequency provides the best forecasts, contrary to the findings of
Andersen et al. for the foreign exchange market. For the daily horizon,
for example, the regression R? for the intraday model is 0.420, 0.420,
0.309, 0.238, and 0.196 for the 5-min, 10-min, 45-min, 135-min, and
405-min frequencies, respectively.

To summarize, it appears that for the daily horizon, it is important to
have a good model for the overnight returns. At the weekly frequency,
this is no longer important, but the use of intraday returns still substan-
tially improves forecasting power. At the monthly frequency, intraday
returns become relatively less important, but they still improve results
vis-a-vis using the daily GARCH model. The monthly GARCH(1,1)
model performs very poorly compared to the daily and higher frequency
models.

. CONCLUSION

This study extends the work of Andersen and Bollerslev (1998) on the
24-hr foreign exchange market to the stock market. For measuring stock
market volatility, the rescaled sum of the squared intraday trading
returns provides the best approximation of the true (unobservable)
volatility in the absence of overnight trading. The squared overnight
return is a noisy estimate of the overnight volatility, and it is better to
exclude it from the volatility measure. When there is overnight (futures)
trading it is best to measure volatility by the sum of squared intranight
and intraday returns.

For forecasting daily stock market volatility, explicitly modeling the
volatility of the overnight return in a different way from the volatility of
the intraday returns leads to the optimal forecasting performance. In
the proposed “intraday” model, the overnight returns follow a separate
GARCH(1,1) model, where the lagged sum of squared intraday returns
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has a significant impact on overnight volatility. The intraday returns are
also modeled as GARCH(1,1), with the first intraday volatility depend-
ing on the overnight squared return. This model performs better than
the daily GARCH model extended with intraday information and
continuous time GARCH. For the weekly and monthly horizons it is
much less important to model overnight returns and intraday returns
differently.

For further research it will be interesting to compare the new
GARCH-type forecasts using intraday returns with alternative volatility
forecasts, such as historical volatility or implied volatility from options.
Such a comparison should be based on the volatility measures using intra-
day returns. In addition, with more and more GLOBEX data becoming
available, it will be interesting to investigate whether the GARCH
forecasts can be further improved using intranight returns.
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