
A NOTE ON THE VALUATION

OF COMPOUND OPTIONS

FATMA LAJERI-CHAHERLI

The value ofa compound option, an option on cm cption, has been derived
by Gcskc (1976) using Fourier integrals. This article presents two alterna-
tive proofs to derive the value ofa compound option. One proof is based
on tbe martingale approacb, which provides a simple and powerful tool tor
valuing contingent claims. The second proof uses the expectation of a
truncated bivariate normal variable. These proofs allow for an intuitive
interpretation of the three elements constituting the value of a compound
option. ©2002 Wiley Periodicals, Inc.Jrl Fut Mark 22:1103-111 5, 2002

INTRODUCTION

The value of a compound option, an option on an optioit, has been
derived by Geske (1976) using Fourier integrals. Rubinstein (1991) sug-
gests using the risk-neutral principle to derive the same formula.
However, he does not go through the formal proof. This article presents
detailed proofs that allow an intuitive interpretation of the three proba-
bility Factors in Geske's formula, and e.xplains why they are different from
each other. Nielsen (1993) explains the probability factors in the
Black-Scholes formula (1973) by relating them to the risk adjusted prob-
abilities. A similar procedure is undertaken in this article by Hnking the
prob;ibility factors in Geske s formula to the risk adjusted probabilities.
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The article is organized as follows. The next section presents
Geske's formula, then 1 present a proof based on the martingale
approach. The interi^retation section shows why the probability factor of
the contingent receipt of the stock is higher than the risk-adjusted prob-
ability of exercising both options. Then I decompose the payoff of the
compound option into three components that compute the discounted
expected values using the risk-neutral principle and the expectation of a
truncated hivariate normal variahle.

GESKE*S FORMULA

Geske's formula values a call option that has an exercise price of K^ and
a maturity of T^. At time T,, the option gives the right to huy another
option, the underlying option, that has an exercise price of K̂  and a
maturity of T .̂ At time T ,̂ the underlying option gives the right to huy
the stock. The value of the compound option is given hy

(I)

where C[(t) is the value of the compound option; S(t) is the price of the
stock; K^{t) is the exercise price of the compound option; K2{t) is the exer-
cise price of the underlying option; T^{t) is the maturity of the compound
option; T2{t) is the maturity of the underlying option; r is the risk free inter-
est rate, D, - {[n{Sit)/S*) + (r - W) (T , - t)]/{
[\n{S{t)/K,) + (r - i(T'){T, - 0 ] / ( O - V T ~ ^ ) ; D =
(r - jcr^){r^ - T|)I/(a-VT2 - T,); and S* is the price of the stock such
that the underlying option is at the money at time T,.

MARTINGALE DERIVATION

First, we assume that the price process is a geometric Brownian Motion
given by the following;

dS{t)
— ^ = /xd( + adW{t)

where W{t) is a standard Brownian Motion. Note that S{t) can he
written as

S{t) = exp{{r- \<T-)t
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where

x- r
= W{t)

(T

is the Girsanov transform of W{t).
Under the martingale approach, the value at time t of the compound

option is given hy the following conditional expectation under the risk-
neutral prohahility measure,

C \ f I ^^ r* 1 ITl t>vJ I ( I I }\ . If Vfi ^ 1 1^1

We know that C^iTi) is given hy a straightforward appHcation of
Black and Scholes (1973) formula. Thus,

C2(Ti) = S(T|)N,(D + s) - K2e"''''̂ "̂'̂ '*iVi(D) (3)

where

- T ,

and where N, is the cumulative standard normal distrihution function.
Replacing formula (3) in Equation (2) we get

Let S* he the value of the stock such that the underlying option is at
the money at time T,, i.e.,

S{T,) = S*

where S* solves

C2(T,) - K , - 0

Let

y, = w*(T,) - w*(()

and

z = '̂
- t
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Note that

S(T|) -

and therefore

_
i l l —

t)

- (r - W^)(r, - t)

a-VT, - (

Let

D, -
- t)

- t

Note also that

is equivalent to

S{T,) > S'

Z, > - D ,

Thus, Equation (4) can be written as

CM) =
277

-D,

- D ,

27r

—7} 12.

(5)

Equation (5) ean he written as

C|(t) = Cu — Ci2 ~ C]3

Each component will he computed separately starting with the third

one.

C,, = K (6)
-D,
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The second component in Equation (5) is

^277-
(7)

Equation (7) is the density ofa hivariate normal distrihution. In the
following, we will specify its parameters, and we will show that the rele-
vant correlation coefficient is p{Z^, Z )̂ where Z2 is defined below.

Let

and

Z, =

y,

Recall that

and

Let

y, =

Because Z, and Z, are standardized normal variables

(TVT,

p ^ cov(Zi, Z^) ^ cov

We know that

and

y,
- ( V T T ^

V, = -Wit)

Because a Standard Brownian Motion has independent increments
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Thus

r, -

by

T, ~

Note that the cumulative conditional normal distribution is defined

NAD, Z,) =' ] > ' " I

and the bivariate cumulative normal distribution is defined by

D,

l - p-

Note also that

— T
V1 - p^ -

Simple algebraic manipulations allow us to write D as follows

Y,
l +

D =
D. + pz,

where

- 0
— t

Thus, Equation (7) can be written as

-D ,

-D ,

(8)

where D, and D, are defined above.
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Now we will compute the first component in Equation (5). Before
we do so, remember that S{T^) is lognormally distributed. Its mean is

m, =

and its standard deviation is

Therefore, S{Ti) can be written as:

S(Ti) = exp(S|Z, + m,)

and

C,, - . - r(T,- l l

Note that

where

and

Thus,

'277

D + s =

NiiD

D-, + S2 + pz;
I—

1

- t

' — 7 —

, + s, +

i - p^

Replacing in Equation (5) implies

1 -
(9)

where D, and D, are as defined above.
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Conclusion

C,{t)

(10)

INTERPRETATION

The first component can be seen as the receipt of the stock contingent
on botb tbe compound and the underlying options finishing in the
money. Similarly, the second component can be seen as the payment of
the exercise price K-, contingent once again on both options finishing in
the money. Finally, the third component can be interpreted as tbe pay-
ment of the exercise price Kj contingent on the compound option finish-
ing in the money.

Factor N^iO,, Di; p) can he interpreted as the joint probability that
both tbe compound option and the underlying option are exercised.
Factor Nj(D| -f- s,, D, + ŝ ; p) is not as straightforward. Ibe expected
value, computed using risk adjusted probabilities, of receiving the stock
at expiration of tbe option, contingent upon both tbe compound option
and tbe underlying option finisbing in tbe money, is Nj(Di -1- s,, D, -I-
ŝ ; p) multiplied by the stock price. Thus, N^ID, + s,, D, + s,; p) is the
factor by wbicb tbe present value of the contingent receipt of the stock
falls short of the current stock price.

Why is the present value of unconditionally receiving the stock at
time T, not equal to 5 (0^2(0 , , D^; p) corresponding to an expected
future value of ê '̂ "̂ '''^S{t)N^{Dj, D,; p)? The argument is tbe same as in
Nielsen (1993) for the Black-Scholes formula. The present value of
unconditionally receiving the stock at time T2 is equal to S, the current
stock price. Therefore, tbe expected future value of unconditionally
receiving the stock has to be ^'""-"'' 'S. If the stock is received condition-
ally on an event that has probability N,{D^, D,; p), tben tbe expected
value should be e''^^"'^''S(()N2(D,, D^; p) and the present value should

The present value of contingent receipt of the stock is strictly larger
than S{t)N^{D^, D,; p) because S{t)N^{D^ + s,, D^ + s,; p) > S{t)N2
(D,, D2;p).Iftbe present value were S(t)iV2(D|,D2;p), tben the value of
the option would be (S(0 - e^'^^~%)N,(D|, D^; p) - K,^^'^'-"
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For K, being very small, this quantity could be negative when the com-
pound option is out of the money, which clearly cannot be the case.

The event of exercise is not independent of S(T2). If exercise
were completely random then the present value of contingent receipt of
the stock would be S(OiVj(D,, Dj; p). Because exercise depends on the
future stock price and happens only when S(T2) is high, then

'^' '^^2(^1' ^2; P) ^'^' '̂ ^ lower than the expected value.'

ALTERNATIVE DERIVATION

An alternative equivalent derivation can be done using the expectation of
a truncated bivariate normal variable. This procedure builds on the
Black—Scholes derivation in Nielsen (1993).

First, the payoffs from the compound options are presented. Then
the expected values under a risk neutral probability measure of these
payoffs are discounted and added to calculate the price of the compound
option at any time (.

PayoflPs

At time T,, the value of the compound option is given by the following:

^{Ti) - K, if C^IT,) > K,
otherwise

At time T2, the payoff of the option comprises three elements. The
option can be valued by valuing each component and then adding up the
different values. The value of each component will be the discounted
expected value under the risk-adjusted probabiHty distribution.

The three components are C,,, C,,, and 0,3.

S(T>> ifSiT^) > K, given that C2(T,) > K, (equiv. to SIT,) > S*)

0 otherwise
-K, ifS(TJ > fC, given that 0^(7,) > K, (equiv. to S{T,} > SM

0 otherwise

_ ^ K , ifC,(T,) > K ,
0 otherwise

'This paragraph is an adaptation of the argument in Nielsen (1993) extended to the case ot a com-
pound option.
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Under the risk-adjusted probability distribution, the mean and vari-
ance of the lognormally distributed variable S{t} is ln{S) + {r - ja^)
and crVt. The risk-neutral principle states that the current value of any
stock price contingent claim equals the discounted value of the expected
payoff. When the expectation is computed using the risk-adjusted proba-
bilities, this leads to an intuitive derivation of the Geske formula.

The expected value of the first component is the expected value of
the stock price eonditional on the exercise of the two options multiplied
hy the probability of exercise of the two option.

The expected value of the second component is the expected
value of exercise payment of the underlying option conditional on the
exercise of the two options multiplied by the probability of exercise of the
two option.

Finally, the expected value of the third component is the expected
value of exercise payment of the compound option multiplied by the
probability of its exercise.

] = -K,P[S(T,) > S*]e-^'^'-"

where P is the risk-adjusted probability measure.
The value of the option at time / is simply the sum of the expected

payoffs under a risk-adjusted probability measure.

Valuation Formula

An alternative equivalent derivation hased on the expectation of a trun-
cated bivariate normal distribution is given below.

Let

log(S(r, )/S(t)) - {r-^,a'){T, ~ t)
J.

Iog(S(T,)/S(()) - {r-{(r'){T,-t

J - . ri ^ — \ — I f I — \- f ' \ • * * * ^ \ " i *

o-VT, - (

log{SVS( t ) ) - {r-W){T, -t)
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and

Both Zj and Zj are standard normal distribution such that:

The compound option will be exercised if S{T^) > S*, which is
equivalent to Zj > —D,. Similarly, the underlying option will be exer-
cised if SCT̂ ) > K2, which is equivalent to Zj > —D,.

Variables S{T,) and SiT^) are both lognormally distributed. Therefore,
they can be written as

Let us look at the following normal random variable:

SiT,) ifS(T,) > K, given that S(T,) > S*
o otherwise

Variable S is a truncated bivariate normal variable. At time T,, the
expected value of S is the expected value of S2 truncated at K ,̂ i.e.,

£[S] -

According to Nielsen (1993), this value should be equal to

expim + -jNfiD -^ s)

w here

D -
cr

s = arVT, - T,
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Therefore, it is equal to

Now, because S{T^) is truncated at S'̂ , then the expected value of S
at time ( should be

This is equal to

' ' ' ' V ' " ' " D , + s,, D, + s,; p)

Therefore, the present value at time ( should be

Now, the probability for both options to be in the money is simply
,, N ;̂ p), and, the current present value of Kj is simply

The last component is straightforward as, at time T,, the probability
of exercising the underlying option at time T̂  is N^{D), and the current
expected value of K, is

CONCLUSION

Two alternative equivalent proofs based on risk-neutral probabilities are
presented lor tbe valuation of compound options. These proofs provide
an intuitive interpretation of the probability factors in Geske's formula.
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