A NOTE ON THE VALUATION
OF COMPOUND OPTIONS

FATMA LAJERI-CHAHERLI

The value of a compound option, an option on an option, has been derived
by Geske (1976) using Fourier integrals. This article presents two alterna-
tive proofs to derive the value of a compound option. One proof is based
on the martingale approach, which provides a simple and powerful tool for
valuing contingent claims. The second proof uses the expectation of a
truncated bivariate normal variable. These proofs allow for an intuitive
interpretation of the three elements constituting the value of a compound

option. © 2002 Wiley Periodicals, Inc. Jrl Fut Mark 22:1103-1115, 2002

INTRODUCTION

The value of a compound option, an option on an option, has been
derived by Geske (1976) using Fourier integrals. Rubinstein (1991) sug-
gests using the risk-neutral principle to derive the same formula.
However, he does not go through the formal proof. This article presents
detailed proofs that allow an intuitive interpretation of the three proba-
bility factors in Geske's formula, and explains why they are different from
each other. Nielsen (1993) explains the probability factors in the
Black—Scholes formula (1973) by relating them to the risk adjusted prob-
abilities. A similar procedure is undertaken in this article by linking the
probability factors in Geske's formula to the risk adjusted probabilities.

For correspondence, Fatma Lajeri-Chaherli, Ko¢ University, Rumeli Feneri Yolu, Sariyer 80910,
Istanbul, Turkey; e-mail: Flajeri@ku.edu.tr

Received February 2002; Accepted April 2002

m Fatma Lajeri-Chaherli is an Assistant Professor of Finance at Ko¢ University, Istanbul,
Turkey.

The Journal of Futures Markets, Vol. 22, No. 11, 1103-1115 (2002) © 2002 Wiley Periodicals, Inc.
Published online in Wiley InterScience (www.interscience.wiley.com). DOI: 10.1002/fut. 10048



1104

Lajeri-Chaherli

The article is organized as follows. The next section presents
Geske’s formula, then I present a proof based on the martingale
approach. The interpretation section shows why the probability factor of
the contingent receipt of the stock is higher than the risk-adjusted prob-
ability of exercising both options. Then I decompose the payoff of the
compound option into three components that compute the discounted
expected values using the risk-neutral principle and the expectation of a
truncated bivariate normal variable.

GESKE'S FORMULA

Geske's formula values a call option that has an exercise price of K, and
a maturity of T|. At time T, the option gives the right to buy another
option, the underlying option, that has an exercise price of K, and a
maturity of T,. At time T,, the underlying option gives the right to buy
the stock. The value of the compound option is given by

C,(t) = S(t)N,(D, + s,, D, + 53 p)
- Kzefr{'l'_ﬁt)Nz(D]‘ Dz;p) = K!egr(T,fHN](D) (I)

where C,(t) is the value of the compound option; S(t) is the price of the
stock; K (t) is the exercise price of the compound option; K,(t) is the exer-
cise price of the underlying option; T'(t) is the maturity of the compound
option; T,(t) is the maturity of the underlying option; r is the risk free inter-
est rate, D, = [In(S(t)/S*) + (r — %UZ)(T, - )/ (oeVT, —t); D, =
(In(S(t)/K,) + (r = 30*)(T, = 1)1/ (@ VT, — t); D = [In(S(T,)/K,) +
(r = 30*)(T, — T))1/ (e VT, — T,); and S* is the price of the stock such
that the underlying option is at the money at time T,.

MARTINGALE DERIVATION

First, we assume that the price process is a geometric Brownian Motion
given by the following:

ds(t)
S(t)

=ppdt + o dW(t)

where W(t) is a standard Brownian Motion. Note that S(t) can be
written as

S(t) = exp{(r — 3ot + oW*(t)}
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where

W*(t) = W(t) +

i —
o

is the Girsanov transform of W(t).

Under the martingale approach, the value at time t of the compound
option is given by the following conditional expectation under the risk-
neutral probability measure,

C,(t) = E*[max{C,(T,) — K,,0}e """ | F|] (2)

We know that C,(T,) is given by a straightforward application of
Black and Scholes (1973) formula. Thus,

C,(T,) = S(T,)N,(D + s) — K,e "™ TN, (D) (3)

where
ln(S(T|)/K2) + (r - %JZ)(TZ - T;)
oV, — T,

s=oVT, - T,

and where N, is the cumulative standard normal distribution function.
Replacing formula (3) in Equation (2) we get

C,(t) = E*[max{S(T,)N,(D + s) — Ke "™ "N (D) — K,,0}e """ | F,] (4)

Let S* be the value of the stock such that the underlying option is at
the money at time T, i.e.,

S(T,) = §*¥
where §* solves
C,(T,) - K; =0
Let
Y, = W¥(T,) — W*(t)

and
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Note that

and therefore

, _ In(S(T))/S*) — (r = §o)(T, — 1)

oNT; ~ 1
Let
i _ In(S(t)/S*) + (r — 1a*)(T, — 1)
L oVI, =t
Note also that
8(T;) = §*
is equivalent to
Zl > _D]

Thus, Equation (4) can be written as

—~73/2

C,(t) = J S(T,)N,(D + s)e ef'ﬂf”dzl
D

o
1

e—z;‘/z

+oa
o J Kze—rf'f'z—TJNl(D) e*rﬂ",—t] le

b, 2ar

v -Z2
- K e—rﬂ,krl dz
[—o 'V2m ]
Equation (5) can be written as

Cilt) =Cy —Cj; ~Cyy

(5)

Each component will be computed separately starting with the third

one.

LR )

e
Ci= J K,
-D,

e T dZ, = Kie TN, (D)

(6)
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The second component in Equation (5) is

o ~2i/2
C., = K) 7r(T_,—TQN D e_ —#{Ty=t) dz
. J, < PV | i

~J

Equation (7) is the density of a bivariate normal distribution. In the
following, we will specify its parameters, and we will show that the rele-
vant correlation coefficient is p(Z,, Z,) where Z, is defined below.

Let
Y, = W*{T,) —W*{)
and
7, = _ N
Recall that
Y, = W¥(T,) — W*(t)
and
Z, = . ; .
' eVT, — ¢
Letl
p=plZ,Z,)

Because Z, and Z, are standardized normal variables

Y, Y, ) I
= cov(Z,, Z,) = . - Y, Y
p (-OV( 1 _) COV( ‘\/Tl = § le -l \/ﬁ— ¢ sz - COV( 1 2)

We know that
Y, = W*(T,) — W*(¢t)
and
Y, = W*(Ts) — W(T,) + W¥(T}) = W=iz)
Because a Standard Brownian Motion has independent increments

cov(Y,,Y,) =var(Y,) =T, — ¢
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Thus

- T, —t vl =3
p_\/Tl—t\/Tz—t VT, — ¢

Note that the cumulative conditional normal distribution is defined

by
- D1 — pZ,
N,(D, |Z,) = N.(\/—l——_p;)

and the bivariate cumulative normal distribution is defined by

N(D 5 - J’DN(D [Z e*?;/ldz B J-HLN (Dl +pzl)e—z':/2 .
2\, U p) = ml_fnimm[

—00

Note also that
= T5
$i=y ?—_7

Simple algebraic manipulations allow us to write D as follows

Y,
[ R S
2T PVT =1 D+ gz,

D= =
V1~ V1 -=p*

where

ln(S t)/K,) + (r — 30)(T, — t)
. oy =1

Thus, Equation (7) can be written as

-23/2

I

+oc
ClZ Kze—r{T;—I]J NI(D)e

D, V2w

Dy + pZ\e 42
= _Kze—r(T_,ﬂ)j N,( 2T P 1)6‘ iz,
-D

\/‘]—pz '\/ﬁ

= K,e ™% N,(D,, D,; p) (8)

dz,

where D| and D, are defined above.
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Now we will compute the first component in Equation (5). Before
we do so, remember that S(T)) is lognormally distributed. Its mean is

m, = In(S8(t)) + (r — ;o) (T, = t)
and its standard deviation is
= eV =
Therefore, S(T,) can be written as:

S(T,) = exp(s,Z, + m,)

and
o e 42 (T,~1)
sy = Z, + N, (D + Bei e "
1 J'-D, exp(s,Z, + m;)N,( 5)\/2—7;" |
R~ (Z,~s,)/2
= St ——— N, (D + s)dZ
( )L)‘ v
Note that
D, + s, + pZ]
Dy o Datsnteli
1 — p?
where
32 =0 Tz o t
and
Zi=Z, -5
Thus,
D+s + pZ;)
N,(D+s)=N (_——
| 1 - 7

Replacing in Equation (5) implies

T (D, sy + pZ
g = S(t)J e\/_N,( L ')dz;
sy VAT lL—p

= SIN(D; + s, D5 + 8510} (9)

where D, and D, are as defined above.

1109
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Conclusion
Ci(t) =Cyy —Cj; — Cy3
= §{t)N,(D, +s;, D; + 55; p)
e Kaefr(T_.fHNl(Dl‘ Dg_;P)
o K]efr(”rlfr)Nl(D) (]0)
INTERPRETATION

The first component can be seen as the receipt of the stock contingent
on both the compound and the underlying options finishing in the
money. Similarly, the second component can be seen as the payment of
the exercise price K, contingent once again on both options finishing in
the money. Finally, the third component can be interpreted as the pay-
ment of the exercise price K, contingent on the compound option finish-
ing in the money.

Factor N,(Dy, Dy; p) can be interpreted as the joint probability that
both the compound option and the underlying option are exercised.
Factor N, (D + s;, D, + s,; p) is not as straightforward. The expected
value, computed using risk adjusted probabilities, of receiving the stock
at expiration of the option, contingent upon both the compound option
and the underlying option finishing in the money, is N,(D, + s,, D, +
s,; p) multiplied by the stock price. Thus, N,(D, + s,, D, + s,; p) is the
factor by which the present value of the contingent receipt of the stock
falls short of the current stock price.

Why is the present value of unconditionally receiving the stock at
time T, not equal to S(t)N,(D,, D,; p) corresponding to an expected
future value of """ "'S(t)N,(D,, D,; p)? The argument is the same as in
Nielsen (1993) for the Black—Scholes formula. The present value of
unconditionally receiving the stock at time T, is equal to S, the current
stock price. Therefore, the expected future value of unconditionally
receiving the stock has to be ¢"":"7'S. If the stock is received condition-
ally on an event that has probability N,(D,, D,; p), then the expected
value should be e"™""S(t)N,(D,, D,; p) and the present value should
be S(t)N,(D,, D,; p).

The present value of contingent receipt of the stock is strictly larger
than S(t)N,(D,, D,; p) because S(t)N,(D, + s, D, + s5; p) > S(t)N,
(D), Dy; p). If the present value were S(t)N,(D,, D,; p), then the value of
the option would be (S(t) —e”’rl_”Kz)N-,(D,, Ds; p) — K" N (D).
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For K, being very small, this quantity could be negative when the com-
pound option is out of the money, which clearly cannot be the case.

The event of exercise is not independent of S(T,). If exercise
were completely random then the present value of contingent receipt of
the stock would be S(t)N,(D,, D,; p). Because exercise depends on the
future stock price and happens only when S(T,) is high, then
S(t)e" "N, (D, D,; p) will be lower than the expected value.'

ALTERNATIVE DERIVATION

An alternative equivalent derivation can be done using the expectation of
a truncated bivariate normal variable. This procedure builds on the
Black—Scholes derivation in Nielsen (1993).

First, the payoffs from the compound options are presented. Then
the expected values under a risk neutral probability measure of these
payoffs are discounted and added to calculate the price of the compound
option at any time ¢.

Payolfs

At time T, the value of the compound option is given by the following:

O,(T,) =K, #C(T) > K,

0 otherwise

Cl(Tl)“_‘{ (11)

At time T,, the payoff of the option comprises three elements. The
option can be valued by valuing each component and then adding up the
different values. The value of each component will be the discounted
expected value under the risk-adjusted probability distribution.

The three components are C,,, C,,, and C,;.

C.. = {S{Ti) if S(T,) > K, given that C,(T,) > K, (equiv. to S(T;) > S*) (12)
" 0 otherwise

Co. = {*K_2 if S(T,) > K, given that C,(T,) > K, (equiv. to S(T) > S§%)
- 0 otherwise

) ~K, #C4T,) > K,

Cyy = {

0 otherwise

(13)

(14)

"This paragraph is an adaptation of the argument in Nielsen (1993) extended to the case of a com-
pound option.

1111
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Under the risk-adjusted probability distribution, the mean and vari-
ance of the lognormally distributed variable S(t) is In(S) + (r — 10?)
and o V't. The risk-neutral principle states that the current value of any
stock price contingent claim equals the discounted value of the expected
payoff. When the expectation is computed using the risk-adjusted proba-
bilities, this leads to an intuitive derivation of the Geske formula.

The expected value of the first component is the expected value of
the stock price conditional on the exercise of the two options multiplied
by the probability of exercise of the two option.

The expected value of the second component is the expected
value of exercise payment of the underlying option conditional on the
exercise of the two options multiplied by the probability of exercise of the
two option.

Finally, the expected value of the third component is the expected
value of exercise payment of the compound option multiplied by the
probability of its exercise.

E[C,,] = E[E[S(T,) | S(T;) > K,]| S(T,) > S*]P[S(T,) >
K;|S(T) > §¥)e
E[Cu] = —K,P[S(T;) > K; | $(T,) = S*]ef"Tf”

EIC3] = =K,P[8(T,) > §%¥]e~ i

where P is the risk-adjusted probability measure.
The value of the option at time t is simply the sum of the expected
payoffs under a risk-adjusted probability measure.

Valuation Formula

An alternative equivalent derivation based on the expectation of a trun-
cated bivariate normal distribution is given below.

Let

2 log(S(T,)/S(t)) — (r — 30°)(T, — t)
b oV'I; —t '
7 Jog(8(T)/S®) — (r = 30°)(T, — 1)
o oVT, — t ‘
p - 10g(S(T\)/5®)) — (r - 302 )(T; — t)
oVT, —t '

5 = log(S*/S(t)) — (r — 30*)(T, — t)

' aVi; —1 '




and

B = log(K,/S(t)) — (r — $0°HT; ~ 1)
. oVT, — ¢

Both Z, and Z, are standard normal distribution such that:

Tl_t
Ts=1

p(Zy, Z,) =

The compound option will be exercised if S(T}) > S§%, which is
equivalent to Z, > —D,. Similarly, the underlying option will be exer-
cised if S(T,) > K,, which is equivalent to Z, > —D,.

Variables S(T,) and S(T,) are both lognormally distributed. Therefore,
they can be written as

In(S(T,)) ~ N(m,, s?)
In(S(T,)) ~ N(m,, s3)

Let us look at the following normal random variable:

3 = {S(TZ) if S(T,) > K, given that S(T,) > S*¥ (15)

0 otherwise

Variable S is a truncated bivariate normal variable. At time T, the
expected value of S is the expected value of S, truncated at K,, i.e.,

E[S] = E[S(T.)]| 8{T,) > K;]

According to Nielsen (1993), this value should be equal to

2
exp(m o %)N,(D + 5)
where

- In(S(T,)/K,) + (r — 30*)(T, — T})
oVT, - T,

s=aVT, - T,

m = In(S(T,)) + (r — 30*)(T, — T))

Valuation of Compound Options
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Therefore, it is equal to
erl,'I'l—T,lS(Tl)NI(D 4 S)

Now, because S(T)) is truncated at S*, then the expected value of S
at time t should be

e'“l'”J S(T,)N,(D + s)e 42 dZ,
-D,

This is equal to

TG (NY(D, + 5,, D, + 533 p)
= " IS ()N, (D, + 55, D,y + 555 p)

Therefore, the present value at time t should be

S(t)Nﬂ(Dl + Sl-, Dz + Sgi P)

Now, the probability for both options to be in the money is simply
N,(Dy, N,; p), and, the current present value of K, is simply

_Kzeir”.r”Ng(Dl- D,; p)

The last component is straightforward as, at time T,, the probability
of exercising the underlying option at time T, is N,(D), and the current
expected value of K, is

_Kle—r(?"—l)Nl(D)

CONCLUSION

Two alternative equivalent proofs based on risk-neutral probabilities are
presented for the valuation of compound options. These proofs provide
an intuitive interpretation of the probability factors in Geske's formula.
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