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INTRODUCTION

Derivative securities have been trading in the financial markets for more
than a couple of decades. The interest rate derivatives world has received
most of the attention. The first generation of interest rate models
assumed that the dynamics of the curve was driven by the short rate.
They were one-factor models in the spirit of Black and Scholes (1973). It
was not ver)' long before researchers and practitioners noticed the short-
comings of trying to model a multidimensional object in a one-factor
setting. Due to this, the modeling of derivatives instruments linked to
the interest rate forward or yield curves has been extensively studied.
One of the most celebrated models is the one due to Heath, Jarrow, and
Morton (1990, 1992). They developed an arhitrage-free approach in
which the forw'ard rates are the state variables to model (instead of being
derived from the short rate).

In the case of commodities, the developments were similar. The role
of the short rate was played by the spot price of the commodity based on
which the whole forward (or futures) curve was derived using arbitrage
arguments. One of the first attempts to get rid of the one factor settings
was done by Gibson and Schwartz (1990). They introduced a second fac-
tor corresponding to the convenience yield, which is defined as the dif-
ference between the interest rate and the cost of carry. As an alternative,
and following the ideas from the interest rates world, we could try to
model the forward prices directly and create a multifactor model. This
was first done in the world of commodities by Reisman (1992) and later
on by Cortazar and Schwartz (1994).

An interesting question that arises when using this type of models is
how to choose the volatility functions. Litterman and Sheinkman (1991)
found that the U.S. government bonds are almost entirely driven by
three factors that they called level, steepness, and cun^ature. This result
was "rediscovered" in the case of commodities by Cortazar and Schwartz
when studying the stochastic movement of the copper futures prices.

Even though the similarities with the interest rate world are some-
what striking, it is clear that some differences should appear if we try to
model futures prices for commodities that may be nonstationary.

Our aim is to extend the empirical work done by Cortazar and
Schwartz to the petroleum market. Much of the trading in the petroleum
market is generated by the economic relationships between the raw com-
modity (crude) and its products (heating oil, gasoline, jet fuel, etc.). One
example of this is the spread between the crude and a product ("crack
spread"), which is a proxy for the margin obtained by a refinery running
crude.
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A special feature of the petroleum market is the importance of sea-
sonality, and the varying degrees of seasonal volatility across different
petroleum products. We attempt to find a parsimonious way to parame-
terize the seasonality of volatilities and correlations, and study their
effects on VAR calculations and option pricing.

A lot of research has previously been done on seasonal commodi-
ties. In the case of petroleum spreads, Cirma and Paulson (1998) explore
statistical relationships and seasonalities with the purpose of testing
trading rules. According to them, "the relationship concerning intercom-
modity spreads can be complex and difficult to understand and there is a
lack of concrete theoretical foundation that can explain the behavior of
these spreads." To a certain extent, our article deals with the statistical
aspects of this theoretical foundation (when it comes to derivative
pricing).

Previous to Girma and Paulson's work. Milonas (1991) studied crop-
related seasonalities in agricultural commodity prices. In the .spirit ot the
abundant literature on the stock market. Gay and Kim (1987) test for
day-of-the-week and month-of-the-year effects in the futures markets.
They found that "the results are surprisingly similar to those found in
studies of seasonality in stock returns, despite the existence of significant
institutional differences between the two markets."

However, to the best of our knowledge, there has not yet been an
attempt to integrate the theory of term structure modeling in tbe context
of markets presenting seasonal behavior.

The starting point in our analysis is the term structure of NYMEX
futures on crude oil (CL) and heating oil (HO).

First, we determine empirically what factors drive the stochastic
movement of future prices for the crude and heating oil separately.
!n this case, our results are very similar to the ones already reported
by Cortazar and Schwartz for the case of copper and previously by
Litterman and Scheinkman for the case of Treasury bonds. The resulting
model can then be used to price derivatives depending on different points
on the futures curve such as options on timespreads or swaptions.

Holding factor loadings fixed across seasons, we find that in the case
of heating oil the relative importances of the factors vary, depending on
the season. We show that the correlations among contracts are higher
when the commodity is off-season and, therefore, the first factor, the
level, gains in importance.

Next, we study the joint dynamics of the crude oil and heating oil. As
we have mentioned, the relations among the different commodities and
different maturities are at the core of the economics of the petroleum
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market. To be able to price options on crack spreads, timespreads, swap-
tions, or combinations of those we would need to build a model involving
multiple curves. To achieve this, we study the dynamics of the "com-
plete" (futures) market by extending the analysis done for individual
curves to an analysis that shows the Factors driving both curves. We find
again that the most important one is the parallel move that now applies
evenly across maturities and across commodities. Next in importance are
the steepness factors that are parallel from commodity to commodity.

THE GENERAL APPROACH

We assume that the futures market is frictionless and arbitrage-free.
Therefore (Harrison & Kreps, 1979; Harrison & Pliska, 1981) there
exists a unique probability measure under wbich futures prices are mar-
tingales. The general framework that will be used is the one due to
Heath, Jarrow, and Morton. Our starting point is a set of correlated
futures curves Fj {j = I,..., m), corresponding to m different commodi-
ties to be modeled. Each futures contract will be denoted by F.;,(f, T̂ )
where k will run from 1 to kj, the index of the contract maturing furthest
in the future among those considered for the jth commodity. So, if n is
the total number of contracts we have that

« =

In what follows and with the purpose of easing the notation, we will
drop the index denoting the commodity (;). In this model, the dynamics
of the futures curve is given (in the risk neutral world) by

1)
j - I

where W\...,W are / independent Brownian motions under the equiva-
lent martingale measure, and (T^j^it) are volatihty functions correspon-
ding to the futures prices that will be determined empirically. Their
dependence on the current time t will be found crucial when applying
the mode! to commodities that experience seasonality. We stress the
fact that we are looking for a model that accounts for the correlations,
and therefore explains the joint dynamics existing in ail m curves. 7b find
the volatility functions we will analyze the principal components of the
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correlation matrix of the historical returns. This methodology will
ultimately allow us to capture the variance of the multiple-curve market
with the minimum number of Factors (which will lead to a less computa-
tionally intensive model). With this objective in mind, we impose the fol-
lowing factor—analytic structure on the covariance in (1):

Here, 0-̂ (0 is the same across the / factors, the eigenvalues
Ai(|),...,Aj(^) depend only on the season of the year ^(t)i and the eigen-
vectors V ,Vj depend only on commodity and time to maturity. By set-
ting / < w, we achieve dimensionality reduction and. as a side effect, con-
strain the possible correlation matrices of the commodities. The factor
communalities by commodity, season and time to expiration are

We assume that the factor communalities are always equal to 1. For
the standard principal component analysis the estimated communalities
are equal to 1 when / = n, but vary with commodity, season, and time to
expiration when / < n. This formulation characterizes the seasonality of
the correlations among different commodities and curve points. As for
the seasonality of volatility, we maintain the assumption that it can be
recovered from the term structures of the implied volatilities of the
futures.

We rewrite (1) as

which leaves F '̂s lognormally distrihuted over any time step A(, with
volatility

All the usual caveats apply when calibrating (4) to the market. In
the case of a flat term structure of volatilities of the feth contract, we
need only one implied volatility per contract to calibrate the model. For
nonflat, including seasonal, term structures of volatilities we need to
either observe the term structure for each individual contract, or come
up with reasonable assumptions about the volatility surface.
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Solving the SDE for F;. gives:

(5)

which, for the purpose of simulating, could he approximated hy

, F^it + A/,Tfc) l

•
(6)

where 0i'"-t0f are standard normal i.i.d. random variahles.
Let us pause to contemplate what we can expect from the above

model. First, note that for a futures contract taken in isolation it is irrele-
vant how the communalities in (2) are split among the different factors.
That is. the multifactor aspect of the model is only relevant for pricing
derivatives that depend on the correlations among different futures matu-
rities and commodities. On the other hand, these correlations have direct
hearing on computing VARs of portfolios of futures. The same is true for
the seasonality of correlations.

Second, it is reasonable to expect that the principal components of
any single market behave similarly to what was shown hy Cortazar and
Schwartz (1994). That is, one would look for a parallel shift first, then for
changes in slope and curvature and expect these to explain a large pro-
portion of the futures'volatilities. This is because the futures contracts
are positively correlated, and the correlation declines with the difference
in maturity. Thus, a joint move will tend to he more important than a sep-
arating move of the same frequency, and a low-frequency move will tend
to be more important than a higher frequency one. The mathematics is
worked out in Forzani and Tolmasky (2002).

The lactor pattern may be less obvious in the case of multiple com-
modity curves, and may even be unstable. This is because in this case a
factors importance depends not only on the correlations within the same
commodity, but also on the correlations among the commodities. To find
out the behavior of the factor structure, we can extend the analysis from
Forzani and Tolmasky (2002). If we assume that the correlation between
two nearby contracts on the same commodity is a fixed number p and the
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correlation hetween contracts from different commodities {hut same
tenors) is a fixed numher /x, we obtain, in the case of two commodities, the
correlation matrix:

where

/ 1 p p^ p " \
p I p p"~

\p" p"-' p"-^ ... p I /

We can check that the correlation matrices found in reality are
similar to this idealized one. It is easy to check that if V,, is the nth eigen-
vector (or Cp with eigenvalue A,,, then (V,,, VJ and (V ,̂ —V̂ ) are
eigenvectors of C with eigenvalues A,,(l + fx) and A,,(l — ju.), respec-
tively. Therefore, depending on the correlation between the curves /x, the
eigenvectors for the whole system will be a joint frequency move or a
separating one. For example, if the curves were to be very correlated
{fi very close to 1) then all the most important eigenvectors would turn
out to be of the form (V̂  V) and the ones of the form (V, —V) would have
very small eigenvalues. On the contrary, if the correlation between the
curves is very low (/x close to 0) the eigenvectors (V'', V) and (V, —V)
would have similar importance.

CRUDE OIL

In this case, the model we present follows Cortazar and Schwartz almost
verhatim. As was said hefore, we use principal components analysis to
find the orthogonal factors and corresponding importances. We work
with the histor)' of NYMEX crude oil futures from 1983 through 2000,
and utilize the term structure of 10 contracts nearest expiration. The
data is ordered according to the remaining time to maturity: first con-
tract, second contract, and so on. We then form the term structure of the
weekly log-returns (rolling the contracts when necessary). To remove the
effects of seasonal volatility, we divide the returns by the estimated
volatility for the relevant season. Then we compute the correlation
matrix of returns.
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FIGURE 1
The correlation matrix of the changt's ol ihc First 10 crude oil futures prices.

monihs lo expiration

Eigenveclor: -^— 1 — • 2 • 3

FIGURE 2
Crude oil: iirst three cigenvoetors of the correlation maErix.

Figure 1 shows the computed correlation matrix for the period in
study. The pattern of correlations is typical of a futures cur\'e: the corre-
lations in general increase with time to expiration and decline with time
distance between two expirations. The tendency of the correlations to
increase with time to expiration is the major difference hetween this cor-
relation matrix and the stylized one analyzed in Forzani and Tolmasky
(2002).

We now diagonalize the correlation matrix to find the factor vari-
ances As and factor loadings Vs. The factor loadings for the first three
factors are shown in Figure 2. We find that most of the variance
(95.92%) is explained hy a parallel move, the "level" factor. Next in
importance comes a move affecting long and short maturity contracts in
opposite ways, the "steepness" factor. These two factors together
account for 99.53% of the variance. Adding one more, the "curvature"
factor, gets the model to 99.89% of variance explanation. Therefore, we
conclude that the dynamics of the futures curve, in the case of crude oil,
resembles the dynamics found previously by Litterman and Scheinkman
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FIGURE 3
Crude oil: relative importance of the first four factors by season.

in the case of treasury bonds, and by Cortazar and Schwartz in the case
of copper. The third eigenvector is steeper for short expirations than for
long ones, a result of the higher correlations among longer expirations.

To see how the correlations among the contracts vary hy season, we
compute the fitted factor scores and compare their variances hy season.
Figure 3 shows how much each of the first four factors contributes to
their total variance each season. Each vertical bar on the chart is the
ratio of a fitted factor's variance to the sum of variances of the first four
factors, hy season. The proportion of the variance explained by the first
factor is stable across the seasons.

SEASONALITY IN CORRELATIONS:
A MODEL FOR HEATING OIL

The main question we try to answer in this section is how the results of
the PCA differ when we build a model for a commodity that experiences
seasonality. If we analyze the explanatory power of each of the principal
components in the case of crude we find that it is fairly stable across
trading periods. Due to seasonality effects, we can guess that this will
not be the case in the case of heating oil.

First, note that, as one would expect, the factor pattern for the heating
oil is remarkably similar to that of the crude oil (Fig. 4). Similarly, 95.80%
of the total variance is due to changes in the "level," 99.02% is explained
by the "level" and "slope." and 99.63% by the first three factors. This is to
be expected given that the heating oil s correlation matrix is stereot̂ ^pical of
many commodity markets. The factor pattern is remarkiihly similar to that
of the crude oil, as Figure 4 demonstrates.
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FIGURE 5
Heating oil: relative importance of the first four factors hy season.

The similarities end when we take a look at the seasonal pattern of
the factor scores. Figure S shows how the relative importances of the
heating oil's fitted factor scores visibly change by season. The first factor,
the "level," appears to he most important during the summer and spring,
which arc the quarters in which the heating oil is off-season. In other
words, we see that when the heating oil is off-season, the futures curve
behaves more like a one-factor driven curve. Changes in slope and cur-
vature are relatively more important in the winter and also in the fall,
when the heating oil stocks are built up and the market is trying to fore-
cast the interplay of the spot supply and demand during the heating
season.

Are these seasonal differences statistically significant? Although
some results on hypothesis testing in PCA models are available in the lit-
erature {e.g., Kshirsagar. 1972), we are not aware of any work on the
sampling distribution of the ratio of the Brst eigenvalue of a correlation
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matrix to the sum of the n largest. Bootstrapping 10,000 times the dif-
ference between the summer and winter contributions of the first factor
gives us the standard errors of 1.43% for the crude and 1.17% for the
heating oil. Taldng further liberties with distributional assumptions, the
p-values for rejecting the null that tbe first factor is more important in
the winter than in the summer are: 0.54 for the crude, 0.00 for the heat-
ing oil. But these numbers should not be viewed as more tban a rough
measure of the ratio of signal to noise present in the data.

A MODEL FOR PETROLEUM PRODUCTS

In this section we generalize the empirical approach to a set of correlated
curves. Heating oil and gasoline are among the most actively traded
petroleum products. Both also have futures contracts traded on
NYMEX.' Together with crude, they give a fairly complete picture of the
state of the U.S. petroleum market. The contracts are not only traded to
express a view or to hedge exposure on each commodity but also to arbi-
trage their relationships. For example, as a means of quantifying the eco-
nomic value of keeping oil in its crude form versus the value of refining
it speculators and hedgers look at the "cracks." A heating oil crack is the
value resulting from suhtracting the price of the crude oil from the price
of the heating oil. It is used as a proxy for the added value of running the
crude to ohtain a product. As in the case of the crude, timespreads are
also traded on the derived products and on the cracks. It is thus impor-
tant to be able to uncover the d)Tiamics governing the "whole" market.
Knowing it will allow us to develop a model in which we can price
derivatives on any comhination across time and commodity. The method-
ology we use here is the natural extension of the previous two sections.
We compute the covariance matrix of the first 10 crude and the first
10 heating oil contracts and factorize it. The principal components and
their relative importances are shown in Figures 6 and 7.

We see that the general flavor of the one-commodity analysis stays
with us. The most important factor, explaining 93.46% of the variance, is
a parallel move in the whole market. Next we find three factors that sep-
arate the commodities. Ihe second and the third factors separate tbe
long end of one curve from the short end of the other, hringing the share
of the total variance explained in 98.30%. The fourth factor separates
equal maturities of the two curves, and at the same time is responsible

'Heatingoil (HO) and gasoline (HU) starled iradingon NYMEX in November 1978 and December
. ffspt'ctively.
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FIGURE 6
Petroleum markets: first lour eigenvectors by eommodity.
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FIGURE 7
Petroleum markets: relative importance oFthe first four factors by

season.

for moving the long and the short contracts of each commodity in oppo-
site directions. Ibgether. the first four factors accotint for 99.36% of the
two petroleum products' covariance. It is interesting to note that factors
2 and 3 do not differ suhstantially in their contrihutions to the covari-
ance, or in their roles. The seasonality is not as pronounced as in the
case of heating oil alone, and is more difficull to interpret, although
the relative importance of a parallel shift of hoth curves is still higher
in the summer. Overall, the complexity of the PCA results has increased
tremendously in making a small step from a one-commodity to a two-
commodity setup.
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APPLICATIONS

VAR Calculation

What, if any, is the practical relevance of the above findings? One way to
answer this question is to see if they matter for such a well established
procedure as value-at-risk calculation. Let us consider a position long a
(heat-crude) crack spread 6 months out on the curve and short the same
spread 2 months out. The parameters of the spread are summarized in
Table I. We assume that the volatilities of each contract have been recov-
ered from option prices, and that the term structure of volatilities is flat.

In the notation from the General Approach Section, we hold a port-
folio w = (W|,...,w,,) of futures, with each w-, being our position in the
(th futures contract times the point value of that contract. We want to
calculate the VAR of this position based on the assumptions of the previ-
ous section. That is, we want to determine a tail (say, first pcrcentile) of
the distribution of profit-and-loss {PNL), given byav'CF, + i, - F,). In our
example and using the setup of the previous section, i ranges from I to
10 for crude oil, and from 1 I to 20 for heating oil. Our u'jS are zero
except for i in (2,6,12,16). With lognormal F̂ ŷ s the distribution of
xt?'(F, + i, - F,) is not known, so we simulate it using four factors in (6).
In that equation, we use the estimated factor loadings V; from the previ-
ous section, and use the percentage weights of each factor for AjS for the
pertinent season (the numbers from Fig. 7). The as are assumed to be
at-the-money implied volatilities from the option market.

Table II shows the risk calculations for the trade in Table I. Column 3
is the one to note. It tells us that our hypothetical position can be 10%
bigger in the summer than in the winter before it has the same VAR.

Option Pricing

Another application of our results is pricing correlation-dependent
options on petroleum products. The PCA is helpful if, first, the option's

TABLE I
A Hypothetical Heat-Crude Crack Spread Position

Months lo 1-Montk
Commodity Expiraliuii Position Price Point Value VohitiUty

CL 2 100 26.42 1000 28.58
HO 2 -100 93.60 420 27.42
CL 6 -100 25.01 1000 22.88
HO 6 100 66.90 420 22.3S
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TABLE II
Risks of the Trade in Table I by Season

Std. DexHation, Std. Deviation 1% VAR
Season '000 USD Relative to Wititer '000 USD

Winter
Spring
Summer
Fall

122.31
112.96
109.20
123.11

100.00 -305.12
92.35 -284.03
89.28 -273.89

100.65 -307.74

payoff depends on correlations between many different curve points
and/or curves and, second, the option will be priced by Monte Carlo sim-
ulation. Under these circumstances, the PCA provides a valuable dimen-
sionality reduction for the Monte Carlo.

Two most typical examples are options on cracks and timespreads
(spread options), and options on weighted averages of several contracts
(basket options). Asian options and average strike options are widely
used contracts whose payoff depends on a linear combination of prices,
but they do not depend on crosscommodity or crossexpiration correla-
tions, and are hedged with a single futures expiration. Hence, they fall
outside the present framework.

A generic put on a spread pays the difference between the strike and
the difference between Iwo prices, if in the money (symmetrically for a
call). With zero strike, a spread option is an exchange option studied by
Magrabe (1978). One of the earliest treatments of the general case is
Wiicox (1990), who assumes that the spread itself follows an arithmetic
Brownian motion. A similar approach is taken by Poitras (1998), who
starts out with both assets being arithmetic Brownian motions. The
resulting option price is similar to that of Wiicox but with explicit
no-arbitrage restrictions on the parameters. An excellent reference, in
our view, is Shimko (1994), who covers the no-arbitrage conditions, the
pricing methodology, as well as some hedging issues, although many
details of the presentation are specific to a structural model of futures as
derivatives on the cash commodity with stochastic convenience yield.
Shimko shows an expression for the price which is suitable for numeric
integration, and a closed-form four-moment Edgeworth expansion based
on the work of Jarrow and Rudd (1982). If the third and fourth moments
of the latter expansion are omitted, the resulting formula is based on tbe
normal distribution and is similar in form (but not in the hedges) to those
of Poitras and Wiicox. Pearson (1995) starts with the same numerical
integral as Shimko, and shows how the quadrature relates to an approxi-
mate hedge with vanilla options. Of these approaches, the numerical
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integral is the one consistent with lognormal underlying prices, and is
quite amenable to evaluation to desired precision. The four-moment
Edgeworth expansion can give negative values even for reasonable
volatilities and expirations. A normal approximation is quite good at
the money, but can give pricing errors in excess of 100% for realistic
out/in the money strikes. American spread options can be handled by
bivariate trees or PDEs, hut the speed of convergence drops noticeably
relative to the univariate case.

Numerical methods hased on trees and PDEs become al! but infea-
sible once we turn to the more general case of options on linear combi-
nations of several assets. Approximation and Monte Carlo simulation are
tbe alternatives not tailored to the structure of a specific problem. The
latter is easy to set up and adopt to a given situation, and is the method
we choose for the example helow. Among the approximation methods,
replacing the arithmetic average with the geometric one was suggested
early on. Later work is based on matching the moments of the linear
combination, which can be readily computed, to another distribution.
Milevsky and Posner (1998) suggested using the inverse gamma distribu-
tion for the case when the weights of the linear combination are all
positive. Other straightforward possibilities are lognormal (for positive
combinations), normal, and mixtures of them. Going one step further,
the matching distribution can be expanded in Edgeworth series, as in
Jarrow and Rudd (1982), or in Gram-Charlier series. Expansion-based
approximations, however, may be very poor for some parameter ranges.

As an example ofa basket of spreads, consider a product that at time
T caps at K the total of the futures cracks expiring at times T,, . . . . Tj. The
cracks are between commodities 2 (HO) and I (CL). At Tthe option pays

max(O, u'F2,r, ~ P\j, + ^'^2.T, ~ ^I.T, + "• + WF2,T, ~ ^iT, ~ ^^

where w is a factor converting cents per gallon into dollars per barrel.
This option depends on both crack spreads and timespreads. The
no-arbitrage price of this option is the discounted risk-neutral expecta-
tion of its payoff. Under the risk-neutral measure the drifts of the futures
prices are zero, exactly as in (I) and (3), so the terminal prices that enter
the option's payoff can be simulated via (6).

Let us narrow the example further to an at-the-money European put
on the average of two cracks (long heat, short crude) with times to matu-
rity, prices and volatilities as described in Table I, and with one month to
expiration. Tahle 111 displays the prices of this option by season. The
price of the option drops in the summer, when the contrihution of the
first factor rises. The price is higher in the spring than in the winter
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Season

Winter
Spring
Summer
Fall

TABLE III
Option Prices by Season

Premium '000 USD

0.355
0.356
0,345
0.378

Premium Relative to Winter

100.00
100.33
97.16

106.53

because the second factor adds more intercommodity volatility. The first
factor dominates in the summer, reducing the volatilities of both the
timespreads and the cracks. Tn the fall, the contribution of the first fac-
tor drops sharply, leading to reduced correlations between both the com-
modities and hetween the 2-month and 6-month maturities.

CONCLUSIONS

The theory of commodity term structure modeling has profited a lot from
the developments in tbe interest rate literature. However, commodities
present their own challenges, many of which remain open.

In this article we have extended the analysis done by Cortazar and
Schwartz (1994) to the petroleum market. In doing so, we have shown
how to use all the information present in the current two-curve term
structure of futures prices. Analyzing the futures data for crude oil and
heating oil that trade on NYMEX we have found that four factors are
enough to explain 99% of the variance present in the multiple curve mar-
ket. These factors turn out to be natural extensions of the ones found by
Cortazar and Schwartz.

We have also studied how to extend the analysis to seasonal
commodities. We have found that, in the case of beating oil, the most
important factors are still level, steepness, and curvature, but their impor-
tances follow a seasonal pattern. On-season periods produce a gain in
importance by the second and third factors. We have also noticed that this
effect increases when we consider modeling the crack spread (used as a
proxy for the added value of producing heating oil). We expect that similar
effects would he found in other seasonal commodities such as natural gas.
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