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This article develops ii new methodology for estimating implied probability
density functions for futures prices from Ameriean options. The restrieting
Blaek-Scholes assumption of a lognormal distribution for the underlying
asset is relaxed with the use ofthe more flexible distributional iorni of an
Edgeworth series expansion around a lognormal distribution. The model is
applied to the erude oil market. The results provide strong evidence that the
market consensus can be accurately reflected in the risk-neutral densities
recovered from observed option prices. The reeovered distributions are
tested and found to differ significantly from a single lognornial distribu-
tion. In addition, the recovered distributions are more robust than those
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recovered with u mode!, whieh assumes a mixture of two lognormal distri-
butions. © 2002 John Wiley & Sons, Inc. Jrl Fut Mark 22:1-30, 2002

INTRODUCTION

The estimation of the risk-neutral probability distribution implied in
option prices has been the objective of numerous research papers in aca-
demic literature. Implied distributions are, bowever, being used exten-
sively by traders and policy makers to assess market beliefs on tbe future
movements of tbe underlying asset. I laving a valid tool for tbe extraction
of the information implied in option prices is, tberefore, an issue of vital
importance.

Tbis article introduces a new methodology for recovering implied
distributions from American option prices. The restricting assumption of
normally distributed returns is relaxed, and a more realistic form for tbe
distribution of tbe underlying asset is proposed. Tbis is the first time that
tbe Edgeworth series expansion (ESE) method has been used in an
American option framework.

Tbe metbod can generate distributions exbibiting bimodal patterns,
a typical characteristic of distributions belonging to tbe family of two-
component mixtures of lognormal distributions. The proposed model,
bowever, is more parsimonious, requiring tbe estimation of four parame-
ters only, tbe respective number being five for a mixture of two lognormals
model. Ibis advantage can prove significant in markets where tbe num-
ber of available actively traded strike prices is relatively small. Hence,
possible situations of overparameterization of tbe data are avoided.

Tbe information conveyed by the implied probability distributions,
recovered by tbe proposed metbod, proved to be consistent with tbe mar-
ket commentary at tbe time. I he implied distributions were shown to be
able to eapture tbe general market sentiment and also incorporate isolat-
ed events causing a significant impact on tbe market.

In addition, tbe model's explanatory ability was tested against tbat of
the corresponding nested single lognormal. It offered a statistically
signifieant better fit to observed option prices and ean, therefore, be con-
sidered a superior means of extracting information implied in option
prices.

Finally, the robustness ofthe ESE model was investigated, and tbe
model was found to be capable o( estimating on average probability den-
sity functions (PDFs) whose summary statisties converge to tbe original
solution; it is also capable of estimating statistics with a relatively low
dispersion with respect to an alternative model that assumes a mixture of
two lognormals distribution.



Estimating Implied PDFs

The work of Melick and Thomas (1997) is used as a starting point.
The use of a mixture of three lognormal distributions involves the
estimation of a large number of parameters (eight total) and so is diffi-
cult to implement in situations where the number of available traded
strike priees is not large. Furthermore, the estimation of a large number
of parameters is associated witb tbe risk of overparameteri/ation and
overfitting of the data. The ESE of a known distribution can be used
alternatively to represent tbe functional form of the true risk-neutral dis-
tribution of asset returns.

Tbe ESE was first introduced in tbe literature of option valuation
by Jarrow and Rudd (1982). Jarrow and Hudd (1983) performed empir-
ical tests to examine tbe validity of tbe metbodology wben used to price
individual stock options. Corrado and Su (1996, 1997) also tested tbe
model, using options data on tbe Standard & Poor's SOO Index. Tbey
showed tbat a model of tbis type outperforms tbe simple Black—Scboles
pricing model by providing a signilicantly better fit to observed option
prices and by performing better wben used to predict option prices one
period abead. Backus, Foresi, Li, and Wu (1997) used a similar expan-
sion scbeme (tbe Gram—Cbarlier series expansion) to deal witb the
excess kurtosis present in tbe Foreign Excbange (FX) market. I bey also
identified the potential of such models to deal with nonnormally dis-
tributed security returns.

Jarrow and Rudd (1983), Corrado and Su (1997). and Backus et al.
(1997) used expansion scbemes in tbe context of option pricing but not in
tbe context of recovering risk-neutral densities implied by option prices.
In tbe authors' opinion, the two processes (recovering tbe parameters of
the mode! and, therefore, the implied PDFs and using the model to price
options with the recovered parameters) eannot be separated. Separating
tbe two processes migbt give rise to negative PDFs and PDFs tbat do not
integrate to unity, wbicb would lead to option pricing under distributions
witb absolutely no pbysica! meaning. Jondeau and Rockinger (2000) used
the ESE method to recover the PDF of FX over-the-counter options in a
study in which various methods of recovering implied distributions were
examined and compared. Fo tbe authors knowledge, this was the Hrst
time that the method was used to recover PDFs from European-style
options. The model captured the phenomenon of large skewness that is
present, to a certain extent, in the FX markets and had a good overall per-
formance compared with the alternative methodologies. The speed of tbe
algorithm was also a considerable advantage.

The rest of tbe article is organized as lollows. In tbe second sec-
tion, tbe proposed metbodology for recovering tbe PDF from American
options is introduced along witb tbe tbeoretical considerations for tbe
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development of tbe model. Ibe tbird section contains tbe description of
tbe data set used to test tbe validity of tbe model. Tbe fourth section
discusses the results of the analysis, and the fifth section concludes the
article.

METHOD FOR RECOVERING IMPLIED PDFs
FROM AMERICAN OPTION PRICES

In this section, a new method for recovering implied distributions from
American option prices is presented. Tbe first subsection presents
bounds for American option prices in terms of tbe PDF of tbe underKing
asset. Tbe proposed functional form oi tbe PDF is demonstrated in tbe
second subsection, along witb tbe formulae of option prices estimated
witb tbat distribution. Tbe tbird subsection presents tbe estimation pro-
cedure and. finally, tbe fourtb subsection discusses tbe constraints that
need to be imposed to recover meaningful PDFs.

American Option Prices

It is straigbtforward to obtain tbe expected value of an option wben early
exercise is not optimal. In situations wbere riskless arbitrage is not possi-
ble. Cox and Ross (1976) suggested tbat tbe value of tbe option can be
inferred from its expected value at maturity. Hence, tbe knowledge of tbe
terminal distribution would be an adequate means tor pricing options,
and, vice versa, tbe knowledge of option prices would be sufficient to
recover tbe implied PDF.

Tbe early exercise premium tbat is embedded in American options
does not allow tbe apphcation of sucb tecbniques. In general, tbe
American option value depends on tbe entire stochastic process ofthe
underlying asset, ibus making difficult tbe recovery of implied PDFs.

To deal witb tbis deficit, tbe value of tbe option is expressed as a
combination o( an upper and a lower bound, as by Cbaudbury and Wei
(1994) and Melick and Tbomas (1997), wbo restricted tbe value of tbe
option witbin a very tigbt range. Tbe use of bounds is a rather limiting
metbodology because it can only be applied to assets that follow martin-
gale processes. Available evidence' indicates tbat oil futures prices do
martingale; tberefore, the methodology can be applied to the data set
under consideration.

'See Domingiic/ (!98'>), Kuniiir (1992) . ;ind Dcavt-s and Krinsky (1992) .
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The equations givinjJ the upper [C(,,,, P(;,,| and lower [C(,,. Pf; J
hounds For call and put options, respectively, are the following:"

CcJK) -£,[max{0, F, - K}] (la)

C,JK) - max{E,|F,] - K, e-^''£,[max{0, F, - K}]} (Ih)

PcJK) = E,Iniax{{), K - F,}] (le)

EciCO ^ max{£,[K] - F, , e^^'^£,[max{0, K - F,}]} (Id)

where Fj denotes the arhitrary futures price at the expiration of the
option, G represents the probability distrihution from which the arbitrary
futures price at the expiration ofthe option will be drawn, and K denotes
the option's strike price, lime periods are indexed prior to the option's
expiration so that T expresses the total time to expiration. F,[-J repre-
sents the expectation taken with respect to the risk-neutral distrihution
that the asset returns are assumed to satisfy at current time /; r, is the
risk-free interest rate.

The upper and lower hounds in Equations I a—d differ only in lhe
discounting factor. An immediate implication is that the hounds will be
extremely tight in situations in which interest rates are low and maturity
is close. Even if interest rates are high, however, and maturity time is
long, these equations adequately bound the American option priee.

The main advantage of this set of hounds is that they are expressed
in terms ofthe terminal distrihution alone. They can be calculated by the
integration of the option's payoff function with respect to the underlying
asset's risk-neutrai distrihution. Parametric option-pricing approaches
assume a specific functional form for this distribution, which implies
that the values of these bounds are easily obtainable within the trame-
work of such a methodology.

Functional Form of the Terminal PDF
and European Option Prices

In this article, the use of an ESE is proposed as a method to parameter-
ize the functional form of the risk-neutral density of the underlying
asset. The true risk-neutral density is expressed as a series expansion
around a knov\n approximating distrihution. The coellicients in the
expansion have the desirable property of being simple functions of
the moments of the true risk-neutral distribution, thus accounting for

- riif \ali(lity of tlifsf bcumcls uas liisciisscd l>\ iVk'lick iintl Tlionias (1996). Ilifv sLity>cstcd that in
miirkfts in which continuuiis trading takes place [f.^., WMLX). uplion price-, can l>c expressed in
tL'rms (il tht'Sf bounds.
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differences hetween the moments of the true and approximating risk-
neutral distributions. This is an appealing feature ofthe ESE methodol-
ogy because the parameters involved in the model have an intuitive
meaning, rather than just being ahstract mathematical quantities.

If the approximating distrihution of futures returns as p(F,), the
true risk-neutral distribution g{Fj) can be obtained is a series expansion
in terms

2! dFi 3! dF

where K^{g) = K|(p). In Equation 2, the terms K.^{g) and fCj(p) are the ith-
order cumulants of the true and approximating risk-neutra! distrihutions,
respectively. Cumulants are similar to moments."* In fact, the first cumu-
lant of a distrihution is equal to its mean, and the second is equal to its
variance. Jarrow and Rudd (1982) argued that, with a good choice for the
approximating distribution, higher order terms in the remainder 1E(F,)]

are likely to be negligible. They suggested the use ofthe lognormal distri-
hution for the role of the approximating distrihution, the preeminence of
which is an undouhted fact in the option-pricing literature.

Using the lognormal distribution yields the following formulae for
European-style call and put options:"^

\̂ /.<(̂ r; g) ^ V.-^F,; p) - e
3!

. _, (K4(g) - K,(p)) d

4! dF'r

1, call options

2, put options

'The characteristic function of a probahility distribution <l>{l) = E(e'") is calculated wiih tbe follow-
ing Taylor series expansion:

where ^i; {moments) is thf coellieient of -'\r and kj is the coefficient oF y^ log <^(t).
•"Longstafl (199'i) suggested ihat this general option-pricing model includes many olher option-
pricing models as special cases, tvamplcs of models that are nested within this general model
include Blaek and Scholes's {197.1) model. Merlon's (1973) stochastic interest rate model, and
Merton's (1976. Equations 17 and IS) jump diffusion models. In addition, ht'cause the risk-neutral
density in Equation 2 can match the Hrst four moments of any continuous density, the four param-
eters ofthe model can be chosen in such a way that Equation 3 closely approximates mosl existing
option-pricing models.
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where

- KN(d - aVt)] (4a)

T V T - d) - F,N{-d)] (4b)

d =

where N(-) is the cumulative standard normal and tr" is the variance of
the asset. In Equation 3, the first and second cumulants of the true and
approximating distribution have been equated, that is, K^{g) = KI(P) and
Ky{g) — K;^{P), in agreement with Jarrow and Rudd (1982). This argu-
ment is also justified on numerical grounds by Corrado and Su (1996),
who noticed that, without this condition, there exists a problem of mul-
ticollinearity between the second and fourth moments.

Estimation Procedure

This article follows, to a certain extent, Corrado and Su (1996). The
option-pricing equation for the European option from Equation 3 can be
expressed in a simplified way as

VM(Fr;g)-V,,(F,:p) + A,Q, + A,Q, (5)

where the terms A., i ^ 1 and 2, and Qj,j ^ i + 2, are defined as follows:

(6b)

(60

In Equations 6a—c, Jiig) and y7,{p) are skewness coefficients for the true
and approximating distributions, respectively, whereas y^ig) and y^ip)
are excess kurtosis coefficients. It is known that the relation between
skewness and excess kurtosis coefficients and the cumuiants of a distri-
bution is given by the following formulae:

Iand
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The cumulants ofthe risk-neutral distribution are given by the following
relations:

'<M = F, (8)

where F, is the value of the futures contract today. Equation 8 essential-
ly sets the mean of the implied PDF equal to the recorded settle price of
the futures to satisfy the risk-neutrality argument.

Jarrow and Rudd (1982) showed that, when the approximating dis-
tribution belongs to the family of lognormal distributions, the volatility
parameter rr is the solution to the following equation:

If the substitution if ^ e"'' - I is made, the skewness and excess kurto-
sis coefficients can be written as

- 3c/ + t/̂

Combining all the formulae and substituting them back in Equation 5,

we have remaining three unknown parameters to he estimated for the

price of the European option. To express the option price as a function of

the hounds, a weight is introduced.^ The price of any option on a given

day is expressed as a linear combination of ihc two bounds, and the

number of the unknown parameters rises to four:

CXK\ = ir,C(;,[K;o-, A|. AJ, + (1 - ii-,)C,;,|K; (7, A,, AJ, (!0)

P,|K] - u',P(;,[K;(7, A,, A.I, + (1 -u ' , )P(; , , [Kur, A|,A,], ( I I )

Optimization Constraints

On any given day, the implicit parameters {a, Ap Â , u ), are extracted by
minimization of the following sum of squares:

min S K ' ^ V ' ^ ' ; ) - t .V,(/</))- + {P,{K-^ - P./ ,u(K)) '} (12)

'Ihi' same tests iicrt- carried out \\\\\\ the use ol two weights, oni' lor in-thc-money (>|)tii>ns iind m\v
furout-ol-thc'-moiit-y ojHions. Ihc tlistribiitions recovered were almost identical, the onK difference
heing a marginal improvement on [he sum ol" squared errors. From an cmpiriLJil point of view, the
ohtained accuraey does not compensate for the additional complexity introduced hy the extra
parameter.
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where C,{K) and P,(K) are the theoretical call and put prices, respective-
ly, as expressed in Equations 10 and I I. In the objective function, both
the call and put options are included, contrary to Corrado and Su (1996,
1997), who used only the call option or only the put option. Under the
risk-neutral Iramework, both puts and calls should be priced oil the
same distribution.

This is a constrained optimization problem because the four param-
eters cannot take any possible value. Parameter cr, for example, is the
implied volatility and cannot take negative values, whereas parameter w
representing the weight of the lower and upper bound can only take val-
ues between zero and one. Those two constraints that define the nature
of O", and iv are necessar)' but not sufficient to extract a meaningful set of
parameters.

The values recovered through Equation 12 when inserted in
Equation 1 S should give rise to a properly defined PDF. The truncated
PDF is given by

4!

The estimation procedure followed in this study differs from Corrado
and Su (1996) in that it imposes additional constraints on the parameter
values recovered from Equation 12 so that Equation \^ is always a valid
PDF. 7wo additional conditions should, therefore, be satisfied for
Equation 13 to represent a \alid PDF. It should always be positive and
have an integral from zero to infinity equal to one. Formally,

^ ( F , ) > 0 ^ F,^F, e [0, x) (14)

g{F,)= 1 (15)

These tv\o constraints should always be imposed*' whether the parame-
ters recovered from Equation 12 are used only for pricing purposes as by

"Imposing the constraints ol' tbe ii|i]>ro\iniating densilv bein^ positive unti integrating to one ean
tii.ike the interprctatinn of changes in PDl s nuirc dillicult if ibese eotistrainls art- binding, lhe
alternative. liov\e\cr, to imposing the constraints Minild imply ihat no reliahle statistics cotiki he csti-
maled olTth.il distribtJiion. Ibe fact tbat an implied dislrihtitiiin estimated with the liSL methodol-
()^\ can take on negative values or not integrate ti) tinit\ cotild he due in some circumstances to
niathcmatital reasons alone. We. tberet'ore. helieve ihat imposing the cunstraints can be an advan-
tageous practice.
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Corrado and Su' or for recovering the risk-neutral PDF, as is the case in
this article.

The optimization was performed with the MATLAB® constrained
optimization routine that requires the function to be minimized, the
upper and lower bounds for tbe parameters to be estimated, and any
otber constraints tbat should apply as inputs. Bounds for the parameters
were set so that 0.01 ^ o" < 0.7, - 2 < A, < 2, and 0 < Â  < 7. None of
these constraints was binding on any day of the sample period. The
additional constraints included Equations 14 and 1 5, the latter requiring
the associated integral to equal unity with a tolerance of ±0 .001. The
algorithm focuses on the relevant Kuhn-Tucker equations and attempts
to compute directly the Lagrange multipliers, with a quasi-Newton
updating procedure. Methods of this nature are commonly called
sequential quadratic programming methods and represent the state of
the art in nonlinear programming methods.^

The optimization procedure was run with and without imposing the
constraints, and the results indicated that it is essential that the con-
straints be imposed. Figures 1 and 2 show how the shape and informa-
tion conveyed by the risk-neutral density function significantly differ,
depending on the way the optimization is carried out.

In Figure l(a), the parameters are recovered without the constraint
that Equation 13 be always positive. This leads to negative values of the
PDF for certain values of the underlying asset, which is mathematically
not feasible. An apparent practical implication of recovering a PDF with
the shape of Figure 1 (a) would be the overestimation of the probability
that the underlying asset takes values below 15, resulting in the over-
pricing of put options with strike prices within that range. As is obvious
from Figure I (a), the distribution is more peaked in the former, having
greater mass below the value of 1 5 to compensate for the fact that it
becomes partly negative beyond that point while being forced to main-
tain an integral equal to 1 at all times.

A situation very similar to the one described in the previous para-
graph arises if the restriction that tbe integral of the recovered distribu-
tion function be equal to one is not imposed.

In Figure 2(a), the parameters are recovered without the constraint
that the integral of the distribution recovered be equal to one. Imposing

In their article, ihc authors did not mention iinything ahout these eonstrainls, and a simple substi-
tution of the parameter valtjes they tised sbows that ihcy did not impose any.
''Sc hit tow ski (!9H'i| implemented and tested a version ihat oiilperl'Drmed cver\ other tested method
in terms oi tbe etlieiency. acctiracy, iind percentage of successrul solutions over a large number of
test prohlems. For more information on tbf relevant procedures, tbe reader is referred to MATLAB*
Optimization Innlhox Users Guide. Version 5.
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June 9Bi wiih no positivity conslraints

10 12 Id 16 IB 20 23 24 26

June 9lh *itti posFtivity conslraints

j

1
ESE

20 25

FIGURE 1
Probability distributions recovered for July 1998 contracts on June 9, 1998 witbout

iind witb positivity constraints.

May 26th with no integral constraints May 26tfi with mlegtal constramls

10 15 2Q
Fulures Price in Dolla

IS 20
Futures Price in Dolla

DATA

FIGURE 2
Probitbilily distributions recovered tor July 1998 contracts on May 26, 1998 wit bout

and with integral constraints.

this restriction leads to a significantly different shape for the implied
risk-neutral PDF depicted in F'igure 2(b). The shape of the distribution
in this figure approaches more that ofthe fitted lognormal. It is less lep-
tokurtic. and its right tail is considerably smoother. For a policy maker,
this implies that, relying on a distribution of Figure 2(a) to extract the
market sentiment, he would find that there are two possible scenarios in
tbe market, indicating a strong bimodality, whereas the situation would
be much more normal than would have been thought.

The New York Mercantile Exchange (NYMEX) West Texas Intermediate
(WTI) futures contract is the world's largest volume futures contract
trading on a physical commodity. It offers excellent liquidity and price
transparency that makes it appropriate for a pricing benchmark.
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Our data set contains information for options on the WTI futures
contract traded on NYMEX for the period January 1, 1998 to December
31,1998 and includes bid and ask prices, settlement prices, trading vol-
umes, and open interest for the options. Data for the underlying futures
contracts and risk-free interest rates (7reasur\' bills with maturity dates
close to the options' maturity) were obtained from Datastream.

The data set was refined so that it did not contain meaningless
information. Options with trading volume of less than five contracts
were excluded because of illiquidity reasons. Also, on a given day con-
tracts with different strike prices that had the same premium were
excluded. Finally, the last 3 trading days of the options contracts were
not included in the data set because of any undesirable noise informa-
tion tbat they might have conveyed.

Settlement prices were used to represent the value of the options.
The settlement price is determined at the end of each day by a settle-
ment committee made up of rougbly 20 market participants. Tbe com-
mittee frequently relies on the average of bid and ask prices, during the
last minutes of trading, as starting points for the settlement prices.
Heavily traded options are priced first, with put-call parity used to price
low-volume options at the same strike when the futures markets has set-
tled (Melick & rhomas, 1997).

Market news data were collected from two individual sources. One
was the Financial I imes of London newspaper, and the other was the FT
Discovery (FT Electronic Publisbing), wbicb covers a wide variety of
news vendors. All tbe relevant articles were reviewed, and tbose of
greater importance were used for our analysis.

APPLICATIONS AND RESULTS

Tbis section examines wbetber tbe qualitative information recovered
from option prices is consistent witb the market commentary at the time
our data were collected. This will further confirm the validity of the pro-
posed methodology. Fhe model is also compared with a single lognormal
model to investigate whether the additional complexity introduced is
associated with significantly superior explanatory ability. Finally, tbe
model's ability to recover robust implied PDFs is examined.

A study oi implied distributions, however, especially when Iarge
potential price changes are being analyzed, bas some inherent limita-
tions. For most markets, there are very few, if any, liquid option contracts
trading at strike prices in far-from-the money regions. The sbape of tbe
recovered PDF in these regions, unfortunately, depends more on tbe
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choice of the estimation method or smoothing technique used rather
than on the data themselves (see the discussion in the Stability Tests sec-
tion). The ESE methodology is no exception to this rule, and one should
be cautious when making inferences in these outer regions. At best, one
should ensure that the recovered Pl)h is consistent with available data
(internally consistent) and also economically sensible.

Because the primary task is to investigate whether the distributions
recovered from the options prices were consistent with the market com-
mentary then, it was not cf)nsidered necessary to examine all existing
contracts in the next two sections. Contracts due to expire in a month
when oil prices followed an abnormal pattern were selected because it
was more likely that implied distributions would deviate from a lognor-
mal during such periods.

Figure 3 suggests that two appropriate candidates for this task are
the July and December futures contracts and, consequently, the respec-
tive options contracts.

The same contracts are used in the Stability Tests section, in which
the rohustness of the implied PDFs is examined. This was driven by the
argument that, if the recovered PDFs proxed to be robust in turbulent

14

in -

July Futures Contract

JAN FEB MAR APR MAY JLN JUL Al (; SEP OCT NOV DEC
Soum QAUSTnEI

FIGURE 3
Near-month WTI lulurt's contriKt in d()[liirs per b:irrL'[ Irom January 2, I99S to

Dccc-mhcr.M, 1998.
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periods, there would not be any reason they were not during more
settled ones.

In contrast to that, for the model's statistical comparison in the
Statistical Comparison section, it is essential that we use all available
information. The whole ofthe period, January' I, 1998 to December 31,
1998, was, therefore, used.

Multimodal Scenaria

The data for the July futures options span a time period of around
40 days, starting from the May 1 until the June 10, 1998. During this
period, oil prices were sliding because of increased supply in the oil mar-
ket, whereas, at the same time, demand was at relatively low levels.
Demand in Asia had fallen because of the Asian crisis. The International
Energy Agency expected demand for oil for the whole year to increase
only by 1.7%, whereas the percentage increase the previous year was
2.7%. In a meeting that took place in Riyadh in March, OPEC and non-
OPEC countries agreed to make a tota! cut in production of 1.5 million
barrels per day to stabilize the oil market.

During May, there was growing concern as to whether it was feasi-
ble for oil prices to sustain the then current levels without any further
action on behalf of the oil-producing countries. Oil prices were expected
to drop even more unless further cuts in production were made that
would stabilize or even raise them. This bimodality in traders' beliefs
obviously could not be detected simply by observation of the price of oil
futures contracts. However, the use of an implied distribution is
assumed to offer greater insight into investors' available information. If
the distributions recovered by methods descHhed in this article are to be
used to recover the market sentiment in turbulent periods, they should
be capable of revealing the bimodal scenario that was dominant in
investors' expectations at the time.

As ean be seen in Figure 4, the distribution recovered with the ESE
does, indeed, capture the bimodal scenario. It assigns a greater mass
than a fitted lognormal does in values around the mean (thus being more
leptokurtic); at the same time, it assigns larger probability mass at the
right tail, consistent vvith the scenario of further anticipated future cuts.
This bimodal pattern is a standard feature of most ofthe PDFs recovered
for that period.

Despite OPEC's deeision on June 24 for further cuts in oil produc-
tion, the market consensus did not dramatically change in the
subsequent months. Implied distributions recovered for the period
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July contracts

10 15 20
Futures Price in Dollars

25 30

FIGURE 4
Probability distribution implied by J iily 1998 options contracts on

May 12,' 1998.

October—November 1998 exhibited very similar characteristics to those
implied by the July contracts. Autumn 1998 was a period of great uncer-
tainty for oil prices. Prices declined, mainly because of increasing
supplies because non-OPEC members were not willing to comply with
the organization pumping limits. In addition, Venezuela, one of the
major oil-exporting countries, announced that the previously decided
exploration cuts would cease to apply. The International Monetary Fund
lowered its predictions for oil prices for the current and following years,
and the American Petroleum Institute reported a surge in U.S. crude oi!
stocks. Iraq s confrontation with the United Nations arms inspectors and
the forecast for a cold northern winter gave rise to speculation for high-
er oil prices. A bimodal pattern that was present in most of the recovered
distributions trom December contracts, similar to that observed in the
July contracts" distributions, further confirms the consistency of our
model.

Isolated Events

Market sentiment reflects investors' expectations about future values of
the underlying asset, which are formed on the basis of available informa-
tion. However, news arrives randomly in the market on an every day
basis, forcing investors to constantly revise their expectations in the light
of this newly arrived information. This section investigates whether
implied distributions recovered in this article are consistent with this



16 Fiamouris and Giamouridis

0.95

0.2

0.15

0.1

0.05

n
_J •

01/05/98 06/05/98 11/05/98 16/05/98 21/05/98 26/05/98 31/05/98 05/06/98 10/06/9B

.F<10

FIGURE 5
[nip[iod probabilities ofthe \\T\ futures price being [ower than S 12 or S 10 per

])yrrel for Jii]y eontriiets from MLI\ 1, 1̂ )98 to June 12, 199K.

feature and are able to reflect the extent to which important news arrival
has an impact on market participants' reactions, lo this end, a series of
isolated events and the information one eould infer by recovering the
implied distributions of option prices were examined.

On May 20, 1998, the American Petroleum Institute published
data showing an 8.79 million barrel increase in U.S. crude stocks when
the market expected a fall of 2.S million. Stocks went up to 353.13
million barrels, the biggest stock of crude oil since August 1993, and
the news was reflected in the implied distribution of WTI. In a graph
showing the probability of WTI being less than $12 or less than $10
per barrel (Fig. 5), a peak was observed on that day, with the former
probability being 3 times bigher than it had been the previous day
and the latter being 20 times larger than its corresponding value the
previous day.

In an examination of the December options contracts, an exactly
similar situation arises on October 20, 1998. when Venezuela's energy
minister announced that his country's oil output would return to normal
levels in the second half of 1999, after the two production cuts in 1998.
This was in contrast to traders' hopes for a sustained reduced oil produc-
tion throughout the whole of 1999. This is highlighted in Figure 6.
where probabilities exhibit a jump around the October 20.

On Thursday, June 4, an unexpected meeting took place in
Amsterdam of Saudi Arabia, Venezuela, and Mexico. The three oil-
exporting countries announced that they would reduce production by a
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FIGURE 6
Implied pnibahililics ol the WTI iiittires price bcin^ lower tbiin S 1 2 or $ 10 per
barrel lor Dceember eotitraets Irom Oetober 1, 1998 to No\cnil)cr I 1, 1998.

total of half a million barrels per day. The initial reaction of the markets
was positive; prices rose on that Friday. During the weekend that fol-
lowed, however, investors realized that the cuts \\ere not to the extent
that they had expected and that the possihility of further cuts seemed
more distant now than hefore.**

Observing the distributions from that day onward until the last day
the July contract was traded, we find a new feature present. Both the
right and left tails have larger mass than that of the fitted lognormal,
whereas only the right tail had this property before. The central part of
the distribution remained more peaked. The heavier left tails of lhe dis-
tribution rellect the growing market belief that it was mucb more likely
now, than belore, that oil prices would slide. Distributions are now more
peaked, as shown in Figure 7, because the maturity day of the contract
(June I 7) is approaching and the uncertainty of the level of the futures
price at expiration is, to a great extent, resolved.

This feature is clearly evident in Figure 8, which plots the
interquartile ranges'" of the recovered distributions across time and
which shows that the distributions recovered are consistent with tbe fact
that uncertainty tends to fall as expiration approaches (Melick &
Thomas. 1999).

''Hopes (or furiher cuts were pUiccd at the Juno 24th mi'oting of
' IKc in l f rq i i i i r l i le ran^e ol ;i distrihution is dt' l int'd ;is the dit icrcnce hctvvccn i h f 7S and

(|ii:!rtilt's. l i is ihc inlcr\Li] th:il ciintains thi ' crnlral SO'.; ijf ihc t l istrihi i l ioi i .
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Statistical Comparison

This section examines the goodness of fit of the proposed model versus
that of the fitted single lognormal one. Even though there is enormous
literature documenting the superiority of alternative parametric and
nonparametric models over the Black—Scholes model, to the authors'
knowledge, existing studies {the only exemption being Melick & Tbomas,
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1997) make comparisons in terms of the mean-squared errors and offer
no discussion on tbe statistical significance of the accuracy tbat is
acbieved witb a model with parameters additional to those of the
Black—Scholes model. Our concern was to examine whether the use of
tbe ESE model would offer a statistically significant better fit, not just a
better fit.

To tbis end, a single lognormal model was estimated witb tbe same
optimization procedure tbat was used for tbe series expansion model.
Option prices were expressed as a combination of tbe bounds described
in Equations la-d, but this time, the expectation was taken over a single
lognormal distribution. This implies that the optimization procedure
involved the estimation of two parameters, namely, the implied standard
deviation and the weighting factor. The model can, therefore, be seen as
a nested one within the ESE model.

The ESE model is expected to provide a better fit to observed option
prices than the nested single lognormal one because it involves the esti-
mation of additional parameters. If the single lognormal distribution
could adequately describe tbe distribution of tbe underlying asset
returns, tben tbe use of terms correcting for skewness and kurtosis in tbe
proposed method would not signiiicantly improve the fit to observed
option prices.

To test for the significance of these terms, we need to employ a test
that compares two competing nonlinear models. Let/fo", A,, A,, u / i i ]
denote tbe option valuation formula for a call or put option that results
from the ESE method (Equations 10 and 1 I). O represents an informa-
tion matrix that contains strike prices, interest rates, and times lo matu-
rity. If g\(T, w'/n] is the corresponding formula consistent with the
Black-Scholes assumptions, it is obvious that the latter formula arises
from tbe former by imposing tbe restrictions tbat A, and A, equal zero.

Because the two option-pricing formulae do not represent different
functional forms, g[-] is nested within/I* 1; a likelihood-ratio (ER) test,
testing the hypothesis that the two coefficients are jointly zero, can be
applied. It will effectively test whetber tbe ESE method provides super-
fluous information for the description of the underlying asset's distribu-
tion or whether the additional complexity introduced by our model is,
indeed, useful in explaining distributional characteristics of option
prices. The test had to be carried out separately for call and put options
because they have different functional forms.

Table 1 reports tbe results of tbe LR test carried out for tbe entire
data set. The statistic —2(En — Eu,,) follows an asymptotic ; '̂"(m), where
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TABLE I

Likeliho(»J-Ratio Tests for Call and Put Options for Januar\' 12, 1998
to December 31, 1998

Contracts

May
Jun
Jul
Aug
Sep
Oct
Nov
E>ec

Contracts

May
Jun
Jul
Aug
Sep
Oct
Nov
Dec

Observed

1,051
1,014

961
837
837
694
590

1,789

Observed

916
643
638
588
597
456
438
935

Call Options

Restricted: C,,(,( =

Unrestricted: C,,,,, = —

Log-Likelihood
Restricted (L^)

967.74
919.54
841.32

1,002.71
540.01
735.16
655.64
526.50

Pit( Options

Restricted: P,,,,, =

Unrestricted: P,,),̂  =

Log-Likelihood
Restricted (/,,;)

700.06
536.20
452.68
394.17
322.43
507.24
483,78
422.35

-^,fc((T, 0, 0, u'|n)

~*c,j,(o", A|, A2, ii'|n)

Log-Likelihood
Unrestricted (LLR)

1,211.82
1,126.39
1,120.88
1,107.35

782.49
946.36
869.23

1,196.79

-*P,,,(o-, 0, 0. irlll)

-P,,(,.,A,.A,,u-|n)

Log-Likelihood
Unrestricted (L ,̂,[)

788.04
631.55
587.96
517.49
552.21
572.46
653.78
534.76

- 2 ( L H - Lu^)

488.16
413.70
559.12
209.28
484.96
422.40
427.18

1,340.58

-2{L,-L,:,)

175.97
190.70
270.56
246.64
459.56
130,46
339.99
224,82

m is the number of parameter restrictions. The restricted model (the
Black—Scholes model) imposes two restrictions: the skewness of the dis-
tribution is 0 and the kurtosis oi the distribution is known. I he number
of parameter restrictions are, therefore, two (m — 2), and the critical val-
ues for ;^"(2) at the 95 and 99% levels are 5.99 and 9.21, respectively. A
statistic greater than 5.99 implies that the null hypothesis that the
restrictions apply can be rejected.

The test indicated that, in both cases, the coefficients that correct
the risk-neutral distribution assumed within the Black—Scholes model
for non-zero skewness and excess kurtosis are jointly statistically signifi-
cant at the 5 and 1*% levels for each of the contracts examined. This
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implies that the proposed Functional lorm for the distributi(tn ot the
underlying asset s returns serves as a more realistic representation of
the true distribution than the standard single lognormal assumption.
The lact that the derived results are independent of the data set used
further enhances the consistent superiority oi the proposed model.

iMeliek and Thomas (1997) performed similar tests under the
assumption that the underlying asset returns distrihution is a mixture of
three lognormal distrihutions. In their tests, however, they compared
their model with Barone-Adesi and VVhaleys (1987) model, arguing that
it was the most commonly used model among practitioners. Availahle
evidence," however, examining the relative performance of alternative
American option-pricing models highlights that, even though Barone-
Adesi and Whaley's model is the fastest such model, it is also the least
accurate one.

The specification ot the single lognormal model, as suggested in
this article, makes it consistently comparable with the model against
which it is being tested. Both models use the same bounds for the
American option price, heing different only in the assumed distribution s
functional form. Intuitively, this seems to be a relatively more valid way
to assess the distributional differences through the examination of
option prices.

Stability Tests

The previous section examined the statistical significance of the
improvement of the fit achievecf v\ith an ESE model versus that achieved
with a fitted single lognormal one. The goodness of fit, however, should
not be the sole criterion lo verify the validity or superiority of the ESE
model. As recent studies highlight,'" issues arising from the quality of
the data used as inputs for estimating implied PDFs and the effect of
possible errors on the estimation of the PDFs should also be addressed.

This section examines the robustness of the ESE methodology
versus that of a mixture of two lognormals distrihution model (MLN).'
\ he methodology employed is thoroughly described in Bliss and
Panigirtzoglou (2000) and consists of two main steps: first, the recorded
options prices are perturbed by a random quantity between —1/2 and

"Set- llroiidii' ^nd Dctcmpic
'-Sec Bliss and I'anigirt/.i^lou 12000) anil Molick and Thoniiis (

I hi' mi\lurc ol two lognormal spccilitaliiins v\as chiisfii because it is a vcr\' commdnly used para-
metric modei, also studied in terms ol stiiljilily by Bliss and Panigirt/n^lou (2000), Cooper (1999),
and Mdick and I lioiiias (\99H),
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+ 1/2 a tick, independently f̂ enerated with a continuous uniform distri-
bution; and seeond, implied PDFs are repeatedly estimated from the
artificial options' cross sections.

For every trading day, a set of 100 ohservationally equivalent
options' cross sections were produced. The magnitude of the perturba-
tion was chosen so that it reflected the possible measurement error. The
size of the tick lor ihe WTI option contract is 0.01.

The second step included the estimation of implied PDFs from the
artificially produced options' cross sections, with the ESE and MEN
methods.

As it is literally impossible to examine the stability of the actual
PDFs, the stability of their descriptive statistics was assessed instead.
This study considered an extended set of what is called a standard set of
results by Melick (1999), which also included the skewness and kurtosis
coefficients. The lull set included the following descriptive statistics of
the implied PDFs:

or: The standard deviation or second central moment of the distri-
bution.'"'

Sk: The skewness coefficient, defined as the third central moment
normalized by tbe cube of tbe standard deviation.

Kurt ; Tbe kurtosis coefficient, defined as tbe fourtb central
moment normalized by tbe square of tbe variance

cr

Tbe percentiles A,),)=;, XQI, AO^, A|O, A25, A^Q, A75, X90, A95, Xj

is the solution to ihe equation n — F(X), with interpolation where
necessary.

Tbe estimation procedure, as well as the computation ofthe statis-
tics listed previously, involved the use of numerical techniques that may,
in some cases, not converge to a solution witbin the expected range,
tbus generating outlying observations. To further proceed with our
analysis, we excluded all values outside the range defined by tbe 0.5 and

'•"rhc niL'iin olthf dislriliution uas not considt-red because, in hoth methodolugies, it was set equal
to thf risk-ncutnil mean, the iLjlures price.
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99.5 percenliles oF each of the daily distributions of the 100 observa-
tions, thus placing 99% confidence in our results. In addition, if a recov-
ered distribution within a daily series resulted in at least one outlier sum-
mary statistic, it was excluded from the series.

This filtering process resulted in the removal of 294 ohservations
(10.5% oi the sample) for the parameters recovered with the ESE
method for the July WTI contracts and 287 observations (10.3% of the
sample) for the parameters recovered with the MLN method. The
respective numbers of observations removed from the December con-
tracts are 296 (9.9% ofthe sample) and 351 (I 1.7%. ofthe sample).

The robustness of the two estimation techniques was then assessed
in terms of the stability of tbe convergence to tbe original solution and
the stability at the solution. The former refers to the ability of the model
to estimate, on average, PDFs whose summary statistics converge to the
respective statistics calculated from the original data. To quantify this,
we constructed the ahsolute percentage deviation (APD) measure, which
is given by the following equation:

Ziiripertiirbeil./ ZjjtTtiirbfd.l

7
^iinperiurbfd,!

(16)

Equation 16 expresses the discrepancy between tbe summary statistic Z
at date ( as computed from the implied PDF of the unperturbed data and
the trimmed mean ofthe respective statistic taken over 100 observations
resulting from the perturbed option prices, also at date t, as a percentage
of Z. Ihis measure is less sensitive to the presence of outliers, as 0.5% on
each side ofthe distribution of Z|,̂ .̂ ,̂ ,̂ |,̂ .j, is excluded.

Because our objective is to measure the magnitude of this deviation,
we consider the absolute operator.

For stability at the solution, the objective is to examine the stability
of the estimates themselves by an examination of the dispersion of a
particular statistic within a daily series. lypical measures of dispersion
(i.e.. the standard deviation) are expressed in terms of units of the vari-
ate, thus making it difficult to compare dispersions in different popula-
tions. To overcome this deficit, we used Karl Pearson's coefficient of
variation, which is defined as follows:

where a is the standard deviation of the population and /i.', is the first
centralized moment. To account for potential biases due to outliers in
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tbe sample, we replaced a witb a less sensitive dispersion measure
namely, tbe Pearson and Tukey (1965) robust measure of dispersion,

3.25

and /i'l witb tbe trimmed mean Z .̂ mrhod-
Tbe robust coefficient of variation (RCV) is consequently defined by

17)
7
*^perturhf(!./

Tbe quantities o"pp7, and 'Z.n^.Jy^^^^\,^.^\^ now refer to tbe distribution of tbe
summary statistics alone (100 observations per day). Tbe RCV measures
tbe dispersion of tbe estimated statistic and is free of any possible biases
associated witb tbe magnitude of tbe statistic under examination. By
construction, the lower tbe RCV is, tbe less dispersed tbe calculated
summary statistics are. Tbe absolute value is taken for reasons men-
tioned earlier in tbe text.

Tbe measures defined by Equations 16 and 17 are expressed in per-
centage terms and are free of any measurement unit. Tbis provides great
flexibility to our analysis for two reasons: first, it allows us to assess the
performance ol the models, regardless of bow close tbe summar\' statis-
tics of tbe implied distributions are with tbe summary statistics of tbe
market distribution or, in otber words, of how well tbe assumed distribu-
tion approximates tbe true distribution, and second, it makes it possible
to compare tbe summary statistics among tbemselves and identify those
on wbicb we can place more confidence.

Tables II and III report average APDs and average RCVs for tbe
summary statistics o", Sfe, Kurt, and X of tbe implied distributions recov-
ered from tbe July and December WTI contracts, respectively. Reporting
only tbe average APDs and RCVs. bowever, may lead to an inaccurate
interpretation of tbe results, as tbe mean is quite sensitive to tbe outlying
parts of tbe frequency distribution, especially for an empirical one. To
deal witb tbis. we also computed tbe median APDs and RCVs; Tables IV
and V report tbe median APDs and median RCVs for tbe summary sta-
tistics o". Sk, Kurt, and X of tbe implied distributions recovered from tbe
July and December WTI contracts, respectively.

The evidence presented in Tables II-V are supportive of tbe superior
performance of tbe ESE model. Across ibe summary statistics, tbe ESE
metbod appears more stable than the MLN metbod, consistently leading
to lower average APDs ;md average RCVs. Tbe ESE metbod appears to
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TABLE II
Average Absolute Percentage Deviations (APDs) and Robust Coefficients of Variiition

(RCVs) of July WTI Futures Options Implied Probabilit\ Density Function
Summary Statistics

Descriptive
Statistic

ci-
Sk
Kurt
-^005

' ' O l

^ 0 5

X^0
"25

•^50

X,,

" 9 0

" 9 5

•^99

•^995

Observed

ESE

0.300
5,933
1.694
0.740
0.896
0.122
0.109
0.054
0.010
0.035
0.022
0.034
0.130
0.156

2,506

APD {%)

MLN

0.463
4.353
4.835
0.647
0.500
0.136
0.046
0.090
0.027
0.080
0.087
0.062
0.390
0.574

2,513

£S£

0.333
8.978
1.715
0.454
0.556
0.123
0.089
0.045
0.027
0.036
0.033
0.062
0.147
0.167

RCV(%)

MLN

0.714
9.493
7.503
1.059
0.772
0.243
0.124
0.164
0.065
0.148
0.145
0.178
0.598
0.872

TABLE III
Average Absolute Percentage Deviations (APDs) and Robust Coefficients of Variation

(RCVs) of Deecmber W-TI Futures Options Implied Probability Density Function
Summary Statistics

Descriptive
Statistic

a
Sk
Kurt
"005

' V ) !

•^05

•'^10

-^25

^50

Xr,

X95

" 9 9

•̂ ^995

Observed

ESE

0.041
12.019
0.131
0.042
0.047
0.013
0.009
0.006
0.004
0.004
0.005
0.008
0.014
0.016

2.704

APD {%)

MLN

0.652
9.529
8.841
1.244
0.913
0.168
0.083
0,137
0.042

10.209
0.138
0.089
0.827
0.909

2,649

ESt"

0.272
30.980

1.222
0.298
0.361
0.111
0.066
0.036
0.031
0.030
0,033
0.062
0.127
0.142

RCV(%)

MLN

1.128
19.997
10.515
1.661
1.302
0.347
0.139
0.237
0.175
6.908
0.217
0.178
0.797
1.154
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TABLE IV
Median Absolute Percentage Deviations (APDs) and Robust Coefficients of Variation

(RCVs) of July WTI Futures Options Implied Probability Density Function
Summary Statistics

Descriptive
Statisiic

a
Sk
Kurt

X50

^ «

Xgias

Observed

£S£

0.080
0.876
0.316
0.066
0.075
0,032
0.021
0.007
0.003
0.007
0.011
0.010
0,026
0.029

2,506

APD (%)

MLN

0.186
1.654
1.675
0.269
0.200
0.052
0.021
0.040
0.008
0.036
0-030
0.045
0.187
0.241

2,513

ESE

0.332
7.739
1.895
0.520
0.638
0.117
0.089
0.046
0.028
0.037
0.031
0.061
0.154
0.180

RCV(%)

MLN

0,689
8.402
7.519
1.105
0.847
0.201
0.101
0.156
0.045
0.126
0,153
0.162
0.612
0.975

TABLE V
Median Absolute Percentage Deviations (APDs) and Robust CoelTicients of Variation

(RCVs) ot December WFl Futures Options Implied Probability Density Function
Summary Statistics

APD (?c) RCV (%)

Descriptive
Statistic ESE

5L
Kurt

'VJO

X,o

0.034
0.638
0.093
0.019
0.032
0-008
0.008
0.005
0.003
0.003
0-004
0.006
0.010
0.012

MLN

0.389
3.349
4.295
0.551
0.500
0.100
0.030
0.085
0.016
0.058
0.101
0.049
0.492
0.463

ESE

0,218
6.080
0.527
0.205
0.263
0.111
0.054
0-033
0-030
0-027
0.030
0.059
0.111
0.125

MLN

0.909
9-538

10.340
1.721
1.349
0.317
0.114
0.204
0.066
0.179
0.189
0.148
0.852
1.241

Observed 2,704 2,649
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recover not only distributions that are not greatly affected hy the pres-
ence of measurement errors, leading to average distrihutions close to the
ones recovered with the original data, hut also distributions that, despite
the presence of such errors, are very close to each other. Exceptions to
these arc the average APDs of Sfe, X,,,, and X,,, for the July contracts and
of Sk for the Decemher contracts and the average RCVs for the
Decemher contract. This inconsistency can be attributed to the presence
of outlying daily computed APDs and RCVs hecause this feature is not
present in Tahles IV and V.

As far as the stability of the individual statistics is concerned, this
study confirms existing evidence that refers to the percentiles as a safer
means for implied PDF analysis and interpretation. Not only is there a
great degree of stahility of the convergence to tbe original solution, as
expressed by a low average APD and an even lower median APD being
present, but also the dispersions around the means ofthe statistic distri-
butions are very low. regardless ofthe model assumed. This also comple-
ments existing evidence, reported in Campa, Chang, and Reider (1998),
Coutant, Jondeau, and Rockinger (in press) and Melick (1999), that for
certain regions representing a large percentage of total prohahility (e.g.,
between X^Q and X ,̂,), implied PDFs are relatively free of mathematical
priors imposed hy a specific economic model or structure and contribute
the finding that the stahility of these regions is also relatively independent
of the model used. The percentiles Xo,)̂  to X,,̂  and also X95 to X995
appear with higher average and median APDs and RCVs, with the ESE
model still providing the lower ones. I his also supports the argument of
Melick (1999) that the tail percentiles are sensitive to the choice of the
estimation technique {in Tahles II—V, see the rise in the average and
median APDs and RCVs of both methodologies as we move further in
the tails).

CONCLUSION

This article introduces a new methodolog}' for recovering implied distri-
hutions trom American option prices. The restricting assumption of nor-
mally distributed returns is relaxed, and a more realistic form for tbe dis-
tribution of the underlying asset is proposed. Tbis is the first time that
the ESE method has been used in an American options' framework.

The method can generate distrihutions exhihiting himodal patterns,
a typical characteristic of distributions belonging to the family of two-
component mixtures of lognormal distributions. The proposed model,
however, is more parsimonious, requiring the estimation of four parame-
ters only under the risk-neutral assumption, with the respective numher
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being live tor a mixture ot two lognormals model. This advantage can
prove significant in markets in which the number of available actively
traded strike prices is relatively small. Hence, possible situations ot over-
parameterization ofthe data are avoided.

I he intormation conveyed hy the implied prohahility distrihutions,
recovered by the proposed method, proved to he consistent with the mar-
ket commentary at tbe time. I he implied distrihutions were sbown to he
ahle to capture the general market sentiment and also incorporate isolat-
ed events with a significant impact on the market.

In addition, the model s explanatory ability was tested against that of
the corresponding nested single lognormal. It was found to offer a statis-
tically significant hetter fit to observed option prices and could, there-
fore, he considered a superior means of extracting information implied in
option prices.

[ inally, the robustness ot the ESE model was investigated, and the
model was found to be capable of estimating on average PDFs whose
summary statistics converge to tbe original solution and also capable of
estimating statistics with a relatively low dispersion with respect to an
alternative model that assumes a mixture of two lognormals distrihution.

Implied risk-neutrcil distributions, however, can be used by policy
makers or traders only to obtain qualitative information about the true
distrihution of the underlying asset. They do not represent the true dis-
tributions, so additional care should be taken when information is read
from them.
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