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Even when participants know very little about their environment, the mar-
ket itself, by serving as a selection process of information, promotes an
efficient aggregate outcome. lo emphasize the role of the market and the
importance of natural selection rather than the strategic actions of partic-
ipants, an evolutionary model ol a eommodit) liiturcs market is presented,
in which there is a continual inllovv ol unsophisticated traders with prede-
termined distributions of prediction errors with respect to the fundamen-
tal value of the spot priee. Ihe market acts as a selection process by con-
stantly shilting wealth from traders with less aeeurate information to those
with more accurate information. Consequently, wltli probability I, if tbe
volatility of the underlying spot market is sufficiently small, the proportion
oi time that the futures price is sufficiently elose to the fundamental \alue
converges to one. Eurthermore, the width of the interval containing the
fundamental value, whore tbe futures price eventually lies, increases as
tbe volatility of the underlying spot market increases. © 2001 John Wiley
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INTRODUCTION

A financial market is informationally efficient il tbe market price fully
reflects all available information. In econotnics and finance, traditional
methodology usually explains the occurrence of informational efficiency
in terms of actions of rational agents. However, Patel, Jayendu,
Zeckhauser, and Hendricks (1991) suggested that if the market has a
sufficient degree of ability to transfer wealth amotig traders, this is suffi-
cient to generate an informationally efficient market, regardless of
whether traders are rational or not. Here, the biological term natural
selection takes the form of transferring wealth from less fit traders to
more fit ones in the market. This natural selection force in the market
promotes an elf'icient outcome regardless of the rationality of traders.

The idea that markets work even when participants know ver\' little
about their environment or about other participants was recognized by
Hayek (1945), wbo marveled at the market price as an economizer of
information despite "how little individual participants need to know"
(p. 527). Nevertheless, Hayek was never clear about how this evolved. It
would seem that there must be an invisible hand process that leads the
market to an efficient outcome. Thai is, there is an efficiency pattern
that evolves not by conscious design but "instead through the (decentral-
ized) interaction of agents having no such overall pattern in mind"
(Nozick, 1994, p. 314). For this efficiency pattern to occur in a market
with diverse information, the tnarket must serve as a natural selection
device that screens out noisy information and only selects for accurate
information.

How the market specifically works as a selection or filtering process
in promoting an efficient outcome is illustrated in this article through a
dynamic model of a commodity futures market. To illustrate the role of
the market as a selection process, it is important that such a model
allows for the transfer of wealth among traders and the accumulation of
wealth iieross time. On the one hand, in the oral tradition of economics,
it is sometimes argued that agents with inaccurate information may be
driven, via bankruptcy, from the market by "natural forces" (Camerer,
1987, p. 982) arising from tbe presenee of more informed agents. On the
other hand, there is the frequently provided counterargument that a con-
stant inflow of new poorly informed traders is enough to disrupt any pos-
sible market filtering of information. Therefore, to fully test the idea of

'This issue is also examined in an expcrimenlal contcxi in Smilh (1982).
'St-e Camerer (1487) Tor a list of arguments (aiid counterargtimenls) used lo delcnd economic the-
ories from the criticism tliat markcls are not rational.
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natural selection in promoting market efficiency, it is also important that
such a model allows for a continual inflow of traders with diverse noisy
information signals.

There ha\e been a tew studies that examine tbe relationship between
market efficieticy and natural selection through wealth distribution. They
include Feiger (1978), Figlewski (1978, 1982), and Luo (1998). Feiger's
explanation of how an efficient equilibrium cati evolve through wealth
redistribution relies on traders' rational expectations and uninformed
traders learning trom market prices to uneover information. Figlewski
(1978, 1982) also explored tbe role of wealth redistribution in determin-
ing efficiency in the context o! a speculative market with a finite number
of traders endowed with differing qualities of information. He assumed
that traders maximize their utility and have the ability to make posterior
updates of predictions from information gathered in the market.
Fij^lewski (1982) showed that informational efficiency occurs in the long
run only in the special situation where all traders have independent infor-
mation. In a more recent article, Luo (1998) examined the role of natural
selection with respect to market efficiency in the context of a futures
market with discrete prices. Her article makes a departure from the other
articles, in that for the attainment of informational efficiency through
natural seleetion. no rationality is required on the part of traders.

This article is different from the aforementioned ratiotiality
approaches. Unlike Feiger (1978) and Figlewski (1978, 1982), to isolate
the role of the market as a filtering process, in this article (like Luo,
1998). there is no requirement for rationality on the part of traders. I lere
traders are not maximizing particular objectives, nor are they receiving
feedback from market prices or otber traders' behavior. Traders merely
act on some predetermined or inherent bebavior rules (described in
detail in the next section). This article adopts an evolutionary approaeh
of natural selection over these predetermined behavior rules. Unlike
1 iglewski (1982). informational efficiency cati be obtained without the
asstimption that traders have independent information. One assumption
of Figlewski (1978. 1982) tbat is critical in preventing informational effi-
ciency is the idea that there is a fixed number of traders. In contrast, this
article allows for an ongoing eiitr\' of new traders, with diverse prediction
abilities. This article extends l.uo (1998) to allow for continuous prices
and traders who botb buy and sell. Simulations are eotiducted to follow
wealth redistribution among traders as the futures priee converges to the
fundamental value. Moreover, unlike Luo (1998), this article, by adding
a random shock to the fundamental value in determining the spot price.
is able to investigate the relationship between the degree oi volatility in
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the spot market and the extent of convergence of the futures price to the
fundamental value. Although this relationship was explored through sim-
ulation by Figlewski (1978), this article is able to characterize this
dependence analytically.

lo illustrate the idea of natural selection in promoting market effi-
cieney, this article presents a simple and straightforward model. The
model is briefly described as follows. Consider a commodity futures mar-
ket. The commodity is assumed to be nonstorable and must be sold in
the spot market at the end of each time period. Correspondingly, the
futures contracts are one period in length. Traders enter the market
sequentially over time at the beginning of each time period. Traders are
engaged in buying or selling contracts to make speculative profits. The
spot priee cotisists of the fundamental value plus a random shock to the
spot market. Tbe fundamental value is determined in the beginning of
each time period before the futures market opens but is unknown to all
market participants. The random shock is realized in the spot market at
the end of each time period. In each time period, each trader's prediction
about the fundamental value together with the trader's wealth provides
this trader's demand function for contracts. Fach trader's wealth in each
time period is defined as the accumulated profits up to that time period.
The futures market is a Walrasian market structure. Fach time period,
the futures price is the futures market elearing price, which equates the
aggregate net demand for eontracts with the supply of contracts from
producers in that time period.

To isolate the role of the market as a selection or filtering process, it
is assumed that all traders are unsophisticated in the sense that traders
do not adjust their behavior in response to other participants on the basis
of their past market experiences. However, it is generally recognized that
traders have access to a wide disparity of information. Thus, traders may
have information signals with different degrees of reliability. This can be
translated into differing abilities of traders in predicting the fundamental
value of the spot price.^ Specifically, with the eaeh trader's entry, he is
endowed with an initial amount of wealth and a probability distribution
of tbe prediction error with respect to the fundamental value. The
endowment of the probability distribution is trader-specific and is fixed
in all subsequent time periods. Ihese probability distributions describe

Furthermore, even il traders have access lo ihc same information, they may disajiref on its correct
interprftalion and may have differing; ahiiities in processing the same information. Of course, this
would further add to differing ahililies of traders in prediclinn the fundamental value of ihe spot
price. This would also he consistent with views of hounded rationality [e.^., Simon. 19Sy, I9H6;
Vriend. 1496).
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differing abilities of Iraders in predicting the fundamental value of the
spot price, and they reflect the diverse noisy information among traders.
One trader is more informed (or possesses less noisy information and
more accurate information) than another if this trader's prohahility dis-
tributit)n generates a higher prt)liahility of predicting arbitrarily close to
the fundamental value than another trader's distribution does.

To easily convey the idea about how the market functions as a filter-
ing process, an intuitive explanation begins v\ith a model with no random
shock to the spot market. In this model, traders with belter predictions
make gains at the expense of their trading counterparts. Therefore,
traders with more accurate information tend to accumulate more wealth
asymptotically than the traders with less accurate information. As a
result, the predictions coming from traders with more accurate informa-
tion get reflected into the futures price with a greater weight than the
predictions from those traders with less accurate information. Over time,
traders are constantly entering the market. Some of these traders are not
well informed and some are very well informed. If in each time period
there is a positive probability that the entering trader possesses more
accurate information than any previously entering traders, the filtering
process would constantly shift wealth from traders with less accurate
information to traders with more accurate information. Thus, the filter-
ing process eventually screens out less accurate information and selects
for more accurate information. I he futures price will he eventually
driven to the fundamental value.

However, with the presence of the random shock to the spot market,
this story still works but with less precision. The more volatile the spot
market is, the more noisy the information is for v\hich the filtering
process selects. As a result, the deviation of the futures market from
informational efficiency gets larger. In other words, the width of the
interval containing the fundamental value, where the futures price even-
tually lies, increases as the volatility of the underlying spot market
increases."^ This latter result is distinctive and reinforces some earlier,
similar findings of Figlewski (1978). It is worth noting, however, that
Figlewski (1978) in his seminal article had to rely on simulations to illus-
trate this point; here, this result is achieved in a rigorous analytical way
as part ofa more general theorem.

One of the key ingredients for the lunctioning of natural selection
in this futures market is each traders wealth constraint affecting the

•"A similiir dt-scriplive storj behind tliis selection process can be found in Cootntr (I 967). Another
markfi seletlie)n prott'ss for produtfrs in an industry is formulated in Luo (I99S), where cfticicnl
firms are selected lor and a perlottly compelilive market arises in the long run.
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trader's demand and supply of futures contracts. The role of a wealth or
budget constraint in producinjj; an efficient outcomes was noted by
Becker (1962), who argued that market rationality can result from
agents' random choices being subject to budget constraints. Later on,
Gode and Sunder (1993, 1997) built on this idea and used experiments
to demonstrate that allocative efficiency can be achieved even witb zero-
intelligence traders and the imposition of a budget constraint wbere no
trader is allowed to sell below tbe costs or buy above tbe value. Tbis arti-
cle similarly finds that random or pervasive irrational bebavior on tbe
part of individual traders can coexist witb a rational aggregate market.
For Gode and Sunder, aggregate market rationality takes tbe form of
allocative efficiency, wbereas bere aggregate market rationality sbows
itself in longrun informational efficiency. Nevertbeless, tbere is one key
difference between tbese two sets of models. In Gode and Sunder's
allocative efficiency conclusions, tbe evolutionary idea of natural selec-
tion plays no role, v\ bereas bere tbere is a natural selection through time
due to a constant reatlocation of wealtb away from traders witb poor
information and toward traders witb better information.

1 bis article is organized into five sections. Ibe next section describes
the commodity futures market. Traders' predetermined bebavior rules are
defined in tbe third section. The results ofthe model are provided in the
fourth section along with numerical illustrations. The last section con-
cludes the article.

COMMODITY FUTURES MARKET

Gonsider a dynamic model of a commodity futures market. Time is dis-
crete and indexed by (, wbere t = 1, 2 . . . . The commodity is nonstorable
and must be sold at tbe end of eacb time period. Hence, futures con-
tracts are one period in lengfb. Tbe futures market opens at tbe begin-
ning of eacb time period. Tbe futures market closes after all transactions
in tbe futures market are completed. Traders participate in the futures
market by buying or selling contracts. Ibe aggregate supply of futures
contracts from producers at time t, t = 1 , 2 . . . , denoted as S,, is ran-
domly determined eacb time period from an interval [0, S] according to a
given probability distribution.^ After tbe futures market closes, tbe spot
market opens at tbe end of eacb time period. The spot price in each time

To bf consistent with the evolutionary framework. prnductTs iirt- also assumed to be irratinriiil in
the senst' that producers hdve nu understiinding of the implicalion of the past futures prices and
bave no knm^ledjie nf the presenl fiilurcs price.
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period is determined in the spot market. The spot price consists of the
fundamental value of the spot market and a random shock to the spot
market (coming from either the consumers' demand or the producers'
supply in the spot market). Tbat is, the spot price at time period (, denoted
by Pp is modeled as

P, = Z, -K w,

where Z, represents the fundamental value of the spot market at time
period t. Z, is determined at the beginning of time period t before traders
purchase or sell their contracts, but Z, is unknown to all the market par-
ticipants. It is assumed that {Z,},^,, is a random sequence taking values
in an interval |Z. Z], where 0 < Z < Z < ^ . tt>, is a random shock to the
spot market at time period i, and w, is realized at the end of time period
(, {w,},^| is assumed to be an i.i.d. random sequence taking values in an
interval \—(o, w], where w > 0. w, has a symmetric density with
£(w,) — 0. To prevent the spot price being negative, it is assumed that

It is assumed that the random shock at time /, (w,, is independent of
the fitndamental value Z^., for .s — 1. 2 . . . . and is independent of the
aggregate supply of contracts from the producers S',, for t — I, 2 . . . .

Traders are assumed to enter the market sequentially over time and
participate with previously entered traders for the purpose of making
speculative profits. At the beginning of time period t, where t — 1 , 2 . . . ,
a single trader (called trader 0 is allowed to enter the market, and this
trader will continue to participate in ali future time periods. The funda-
mental value at time / (Z,) is determined before trader ( enters the mar-
ket but unknowTi to all the market participants entering up to time peri-
od t. The timing of events for the model is illustrated in Figure I.

Each trader is assumed to be endowed with an initial wealth \'(,
upon entry. Trader ('s prediction or belief about the fundamental value at
time s, where .s > t, denoted by h[, indicates that trader t is willing to buy
the number of contracts at a price no higher than b[ up to whatever the
trader's wealth permits anc! sell the number of contracts at a price no

Ihis decomposition ol the spot price is consistent with many economic stories. One sucb story is as
follows. The outpul level ol eaeh of a very large numher of produters is determined (although
unknown to other |>roduccrsl at the beginning of tbe time period, and the total output <if all pro-
ducers is delivered and sold in the spot mark<'t at the end of the time period. Ibf intersection of a
prcspi'tified consumers' demand eurve (determined at the hcginning of tbe time period) with the
producers' aggregate supply in the spot market determines the underlying spot price (or fundamental
value, Z,), although unknown to all participants, at the beginning of the time period. However, if a
random shock is added to the consumers' demand or the producers' supply at the end of each time
period, this s|)ot price il',) at the end of the time period hecomes P, = 'Z, + w,.
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The fundamental value Z, is

determined, but unknown to all

traders and producers

I

The futures niarket opens

and the futures price P\

is determined

t £+1

Trader t enters Random shock

0), is realized

The spot market opens and the

spot price P, is revealed

FIGURE 1
Timing of Events.

lower tban h[ up to whatever the trader's wealth permits him or her to
honor.

Specifically, denote trader t's wealth at the end of titne period s,
where s > t, as V,' and V,'_| - V,,. Denote the futures price at time s as Pf,
where ,s — 1, 2 . . . . Given trader t's prediction at time s, (where s ^ t), i>',
trader i's demand for contracts at time period .s is V'_i/Pf if P,' < fo[.'
However, if P, > h!_, trader ( short-sells contracts. Because the highest
spot price is Z + w, to ensure that each trader honors his or her con-
tracts when he or she is selling contracts, the supply of contracts from
each trader is constrained such that this trader has enough money to
cover his or her loss. Therefore, if P{ > b[, the demand for contracts at
time period s, where s ^ t, is —V^_|/(Z + o) - P(). To summarize, trader
t's demand for contracts at time period .s, where s ^ t, is

pf

Z + w

ifP/

if P! - /y.

ifp/>fo'

(1)

Z + c o - P{

An illustrative demand curve is in Figure 2.

In the lollowing, it is assumed that traders actively use all of their wealth for speculation. However,
even if traders withdraw for consumption a constant fraction of their wealth each time period, the
results of the article remain the same.
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RGURE 2
Trader Is demand for contracts at time s.

All payments among all participants in the futures market are set-
tled at the end of each time period. Those who bought futures contracts
must pay for the contracts at the futures price and in exchange receive
payments for these contracts valued at the spot price. Similarly, those
who sold short futures contracts must pay for the contracts at the spot
price and in exchange receive payments for these contracts valued at the
futures price. Henee, trader f's profit at the end of time period .s is
(P, — Pi)(i[, so trader f's wealth at the end of time period .s is

The futures price at timers, P;,', is the futures market clearing price, deter-
mined by the following equality of the aggregate net demand from traders
with the aggregate supply of the producers:

(2)
I- I

Ihe solution, P^, to the equation is unique because of the shape of the
demand function and the vertical supply from producers. All transac-
tions are executed at the futures market clearing price. If the maximum
number of contracts demanded by traders at the futures market clearing
price exceeds the number of contracts supplied by producers and if there
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are traders whose predictions coincide witb the futures market clearing
price, the remaining supply could be allocated among those traders pro-
portionately to their wealth. Nevertheless, how the remaining supply is
allocated does not affect the article's results.

In fact, this futures market mechanism is a Walrasian market. It is
evident that the more wealth a trader has, the more contracts that tbis
trader demands and, consequently, the more influence this trader's pre-
diction has over the futures price.

TRADERS' PREDETERMINED
BEHAVIOR RULES

Given that the intention is to illustrate how the market functions as a fil-
tering process that screens out traders with less accurate information
and selects for traders with more accurate information, the role of the
market needs to be isolated and highlighted. Therefore, with respect to
modeling traders' predictions, the guiding principle is to model traders'
behavior as unsophisticated. That is, traders will he modeled as unre-
sponsive to other participants' behavior and tbe futures market environ-
ment.*^ To incorporate information about the fundamental value into the
traders' predictions, one way of modeling traders' predictions is to
assume that each trader's prediction errors with respect to the funda-
mental value obey his or her own inherent or preprogrammed stationary
distribution. This probability distribution function characterizes each
trader's ability to predict the fundamental value, and it reflects the accu-
racy level of the information this trader possesses. Different traders may
have different abilities in predicting the fundamental value or different
accuracy levels of information. As a result, different traders prediction
errors may have different prof>ability distribution functions. This way of
modeling a trader's ability is analogous to ht)vv the performance of a
machine is measured hy the probability distribution of its precision in
meeting particular standards. Keeping each trader's distribution of pre-
diction errors fi.xed thrt)ugh time is consistent with traders having sys-
tematical prediction biases.

Specifically, let h[ denote trader t's prediction about the fundamental
value at time period .s, where s ^ t, and let fc[ = Z,, + it', where u[ is trad-
er I's prediction error with respect to the fundamental value at time s.

'̂ Of course, traders with more sophisticated hehavior could he added to tbc model, hut this would
make it more diflicult In isolating tbe liltering role of the market.
''This modeling of predictions is the same as those of Grossman (1976. 1978), I iglewski (1978,
1982). and liclhvig (1980).
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M| may be correlated across traders. (This contrasts with Figlewski (1978,
1982). where to achieve informational efficiency in the long run, u[ must
be independent across traders.) It is assumed that trader t's prediction
error at time sis^t),u[, is independent of Ẑ  and for all s > (,
u[ G [-H, u]. To ensure that the highest prediction does not exceed the
highest spot price and the lowest prediction is positive, it is assumed that
w -^ (I). It is also assumed that for each (, u[ obeys the same probability
distribution for all s > t. Hence, define a vector for trader (, where ( = 1,
2 . . . , as follov\s; For any given e' > 0,

0\ = Priu[ > e'),d', = P r ( - £ ' < u[ < e ' ) and 0\ - ?r{tt[ < - e ' ) .

The variables d\, 6\, and d\ define the probability of overpredicting, pre-
dicting correctly, and underpredicting tbe fundamental value for trader t,
respectively. Fhis vector ( '̂|, 9\.. Q\) characterizes trader ('s probability
distribution of his or her prediction error with respect to the fundamen-
tal value, which reflects trader ('s ability to predict the fundamental
value.'" Upon the beginning of trader f's entry period, trader t's vector
{e\, e\) Is randomly taken from a set {(0,, 6.) E (0. I ) X (0, I ); ̂ , +
B2< ]}, and B\= \ - e\ - 6\. Trader I's vector (0',, B'^. 0'^) is deter-
mined in tbe beginning of time period ( and is fixed in any subsequent
time period. Fhis means that there is no adaptive learning or any strate-
gic usage of any information from the markets or other markets' partici-
pants among all traders. Trader ( acts on his or her vector {0\, $2, 9'^) each
time period. In other words, in each time period trader t's prediction error
is generated from his or her vector; hence, his or her prediction is deter-
mined. Given a trader's prediction at time s, this trader's demand for the
number of contracts at time s is characterized by Equation (1).

The sequence of traders' vectors {{0\, (i'^)},^, is independently and
identically distrihuted according to the distribution function f ( ) across
traders t ^ 1 , 2 . . . .

Furthermore, it is assumed that in each time period there is a posi-
tive probability that an entering trader bas an arbitrarily high probability
of predicting arbitrarily close to the fundamental value. That is, for any
given small positixe fi.

'"!\o assumptions are made \sith respeet to the tvpe of dislrihotion of the prediction error. This con-
trasts \\\\\\ most ]Hihlications, includinfj hijjlewski ( 1978, 1982), v^here normality is assumed.
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In addit ion, it is also a s sumed that the random shock at t ime s(s ^ I ),

a>,, is independen t of all t raders 'p red ic t ion errors at all t ime periods, H ' ,

where s ' >: I ^ 1.

T h e futures price at t ime s, P(, is the futures market clearing priee at

time -s, which is de te rmined by Equat ion (2). As can be seen the futures

price, P( is a function of S, , S2 • • • Ŝ .; Z , , Z2 . . . Z^; w,, w^ . . • w,- , ; and

li'i, u'2 . . . , ii[, lor all ( < s; and V^.

NUMERICAE EXAMPEES AND RESUETS

To see how the futures price moves over time in this market, a set of sim-

ulations is now conducted. For t — 1 . 2 . . . , define '̂1 — Pr(i(' > 0.10),

e'2 = P r ( - 0 . 1 0 ^ » ; ^ 0.10), and 6'^ ^ Pr{u[ < -O.iO). The vector

(0'i, ^2i ^\) characterizes trader ('s probability distribution of his or her

prediction error with respect to the fundamental value.

Gonsider a futures market with a random shock, w ,̂ where i > 1 is a

random draw from an inter\al, (—w, co) — ( — 3, 3). according to a sym-

metric doubly truncated normal distribution where tbe density function

is(T"'Z(vvy(r)[2(l) (B/tr) - 1]" ' , with parameter (7 and K - 2.999. Z ( )

is the unit normal probability density function, and ^ ( ) is the corre-

sponding cumulative distribution function. As a goes up (down), tbe

variation in random sbock also goes up (down). Other detailed cbarac-

teristics of the market are descrihed by tbe four points in Appendix A.

First, with (T = 5.0, 100 simulations are conducted, and tbe market

is followed from time periods 1 to 3,000. Tbe histogram in Figure 3(a)

shows that at time period 500, on average across 100 simulations, the

percentages of time that \P{ - ZJ > 0.10 and |Pf - ZJ < 0.025 are

40% and 16%, respectively. By time period 3,000, on average across

100 simulations, the percentage of time that \P{ — ZJ > 0.10 has

decreased to 28%, whereas the percentages of time tbat \P{ — ZJ <

0.025 has increased to 19%. That is, as time goes hy tbere is a lower pro-

portion of time that |Pf — ZJ is greater than 0.10, and there is a higher

proportion of time that \P{ — ZJ is less than 0.025.

However, if the variation in the random shock gets smaller, does the

futures price move closer to the fundamental value?

Now a smaller variance in the random shock is chosen to conduct the

second set of simulations. Witb all other aspects of the model remaining

identical, o" — 5.0 is reduced to o" — 1.5, 100 simulations are conducted,

and the market is followed from times I to 3,000. The histogram of the

" T h e truncation kee|)s the upper hound ol the spot priee, P,, from exceeding tlie highest bid, 10.
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20.0%

15.0%

20.0% -

10.0%-.

0.0%

• up to period 500

• up to period 3000

• up to period 500

D up to period 3000

• up to period 500

D up to period 3000

FIGURE 3

Histogram of |P,' - Z,| as a percentage of times: (a,b) w, obeys a truncated normal distribution
(a. (r — 5, b, (T — 1.5) and (c) tbere is no random sbock to the economy.
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absolute deviation of the futures price from the fundamental value as a
pereentage of times is shown in Figure 3(h). Figure 3(b) shows the clus-
tering of the futures price about the fundamental values as time goes by.
Furthermore, by time period 3,000, on average across 100 simulations,
the percentages of time that \P{ - ZJ > 0.10 and \Pi - ZJ < 0.025 are
21% and 22%, respectively. This shows that, in comparison to the simula-
tions with (T — 5.0, with (7 — 1.5 there is a larger proportion of time that
P{ - ZJ < 0.025.

Now suppose that no random shock is assumed in the spot market
(i.e., w, — 0 lor f — 1, 2 . . .). A third set of simulations is conducted with
the model described by the four assumptions in Appendix A along with
no random shock assumption. Again, 100 simulations are conducted,
and the market is followed from times 1 to 3,000.

As expected, with no random shocks convergence is much faster.
The histogram of Figure 3(c) shows that hy time period 3,000. on average
across 100 simulations, the percentages of time that \Pl — Zj ^ 0.10
and \P{ - ZJ < 0.02S are 4% and 37%, respectively. This shows that
with no random shock, in comparison to the previous simulations with
random shocks, there is an even larger proportion ol time that
\P{ - ZJ < 0.025.

This provides good evidenee that the smaller the volatility of the
random shock to the spot market is, the higher the proportion of time
that the futures price lies in a small interval containing the fundamental
value as time increases. This is precisely stated in the following theorem:

Theorem I

With probability 1, the following occurs: For any given positive e, there
exists a positive number fe(e) such that, for the i.i.d. random shock
sequence {wj,^, with In Z - E(ln(Z + w^)) < k(e) and for any given
positive e' > 0, there exists a time period T ' (e ' , e ) such that for
T > T'(e' e)

I £
T

For the proof, see Appendix B.
As sbown in the appendix, the term In Z - £[ln(Z + o),)] is a func-

tion of all the moments of the random shock w,. This term refleets the
volatility of the random shock a>,. For example, if the random shock is
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normally distributed, tbe term In Z — £[ln(Z + io,)\ is an increasing
function of the variance of the random shock w,. Hence, theorem 1
essentially says that, if the volatility of the random shock is sufficiently
small, the proportion of time that the futures price is sufficiently close to
tbe fundamental value ol tlic spot price converges to one uith proba-
bility I. Tbeorem I also indicates that witb probability I, tbe smaller tbe
volatility of the random shock is. the smaller the width of the inter\al is
(containing the fundamental value), in which the futures price eventual-
ly lies. This lurther suggests that if there is no random shock in any time
period, then with probability I tbe v\idth of the interval is arbitrarily
small. Tbis is stated formally in tbe following corollary, which can be
establisbed directly from tbe tbeorem:'"

Corollary 1

If 0), = 0 for all (, tben with probaiiility 1 for any given e, e' > 0, tbere
exists a time period T*(e', e) such tbat for T ^ T*(e', e)

#{( ^ T : P / e IZ, - e, Z, + e]}
— :>• 1 — L-

T "

Altbough the convergence of the futures price is rigorously proven in
Appendix B. the intuitive reason lor convergence deserves further exam-
ination. In other words, what is the cause of the convergence of the
futures price? For the purpose of dealing with this question, a trader is
said lo be more informed or possess more accurate information or less
noisy information tban others if this trader has a higher prohability of
predicting arbitrarily close to tbe fundamental value tban others do.
Because tbere is no learning or strategic behavior by participants in tbis
model, such that traders possessing less accurate information become
the ones possessing more accurate information, tbe occurrence of con-
vergence must be due to tbe constant redistribution of wealth among all
traders. I his constant redistribtition process must be in favor of traders
with a higher probability of predicting arbitrarily close to tbe fundamen-
tal value. Tbat is, tbe proportion of wealth owned by traders with more
accurate information increases relative to the proportion of the wealth
owned by traders with less accurate information. Consequently, the

- | h i s corol lar) is ihf same as I heorcm I in Luo (1998) , cx tcp l ihe prices in ihis iirliclc arc
cont inuous .



504 Luo

more informed traders have more influence over the futures price than
the less informed traders. It is the economic natural seleetion or the fil-
tering process that screens out traders with less accurate information
and selects lor more accurate information.

To look at this isstie, the distrihution of wealth by trader types,
described by d'2, is examined lor tbe simulation model with o" — 1.5 and
the four assumptions in Appendix A. Tbe distribution of the proportion
of the wealth across all trader types at time periods 1,000, 2,000, and
3,000 is shown in Table I. Ibe corresponding distribution (jf all trader
types (bere characterized by d'2) at time periods 1,000, 2,000. and 3,000
is in Table II.

As seen in Table I, tbe proportion of the wealth owned by traders
with ^2 lying in an interval (0.95, 1.00) increases to 1 8.2% at time period
3,000 from 3.5% at time 1,000. In the meantime, the proportion of
wealth owned by traders witb O'y lying in an interval (0, 0.50) decreases to
20.3% at time 3,000 from 37.8% at time 1,000. From Table II, it can be
seen tbat tbe proportion o( traders with O', lying in an interval (0.95,
1.00) is relatively stable at about 0.05% over time. Both tables suggest
tbat over time, more and more wealtb is shifted to the traders with more
accurate information from the traders with less accurate information as

TABLE I
Distribution t)f tbe Proportion of Wealtb by Trader Types

Trader Types (ffi)

0-0.50
0.50-0.75
0.75-0.90
0.90-0.95
0.95-1.00

AtTtme 1,000

0.378
0.314
0.228
0.045
0.035

At Time 2,000

0.331
0.291
0.228
0.083
0.067

At Time A,000

0.203
0.229
0.229
0.156
0.182

Trader Types

0-0.50
0.50-0.75
0.75-0.90
0.90-0.95
0.95-1.00

TABLE tl

Distribution uf Trader Types

At Time 1,000

0.8270
0.1552
0.0159
0.0015
0.0005

Al Time 2,000

0.8363
0.1456
0.0161
0.0015
0.0005

At Time .i.OOO

0.8327
0.1487
0.0164
0.0016
0.0005
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more traders with more accurate information enter the economy. This
redistribution of wealtb process goes on and on; eventually, tbe group of
traders witb f)\ arbitrarily close to 1 comes to dominate the markets and
drives the futures price towards the fundamental value.

CONCLUSIONS

The idea that the market functions as a filtering process of information,
promoting an efficient outcome, has been illustrated with a dynamie
model of a commodity futures market. To empbasi/.e tbe concept of nat-
ural selection, the model allows for tbe continual inflow of traders witb a
wide spectrum of noisy information signals, tbe transfer of wealth among
traders, and the accumulation of wealth across time.

To highlight the role of the market as a selection process of infor-
mation rather than the strategic moves of participants, traders are mod-
eled as not f)eing responsive to past market experiences. I he model rec-
ognizes that traders' predictions reflect a wide disparity of information.
Each trader is endowed with a probability distribution of the prediction
error with respect to the fundamental value. Because in each time period
there is a positive probability that a trader enters with a higher proba-
bility of predicting arbitrarily close to the fundamental value than any
previously entered traders, over time as more traders enter the markets,
if the volatility of the random shock is sufficiently small, then the pro-
portion of time that the futures price is sufficiently close to the funda-
mental value of the spot price converges to one. Nevertheless, the inter-
val containing the fundamental value, where the futures price
eventually lies, is influenced by the underlying volatility generated from
the spot market. In other words, the accuracy of the information for
which the market can eventually select depends on the volatility gener-
ated from the random shock in the spot market. The more volatile the
spot market is, the noisier the information is that gets selected. As
a result, the futures market moves further away from informational
ef'Bcieney.

I he explanation for the cause of the convergence of the futures
price to the fundamental value, which is also supported by the simula-
tions, is rather intuitive. That is, the market as a filtering process con-
stantly shifts wealth from traders with less accurate information to
traders with more accurate information. Over time, as more traders enter
the market with more accurate information eventually, the traders with
an arbitrarily bigb probability of predicting the fundamental value come
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to dominate the markets and drive the futures price toward the funda-
mental value of the spot market.

APPENDIX A

1. The fundamental value of the spot price at time s(zj , where s — !,
2 . . . , is assumed to have a uniform distrihution with its support
[ Z , Z ] - [ 3 , 7 l .

2. The supply of eontracts hrought to the futures market by the produc-
ers at time i, Ŝ , is randomly drawn from the interval (3, 7) according
to a uniform distribution. This random draw of S- is independent of
the fundamental value Z, for all s > 1.

3. Each trader on entr\ is endowed with initial wealth V,, = 0.001.

Finally, all traders' predictions are modeled as heing taken from a given
distribution each time period. That is,

4. For t — 1 , 2 . . . , ( '̂|, 0*2, 0\) is drawn randomly and independently
according to a uniform distrihution from a cube defined by {{^|, 62,
0,) G (0, I) X (0, I) X (0, 1): « , + « , + (9̂  - 1). Trader t's prediction
error in each time period is randomly and independently generated
from the vector {6\, ̂ 2' ̂ \) '^^'^ trader t's prediction error at time 5
is>t),u[G ( - 3 , 3].

APPENDIX B

The purpose of this appendix is to provide a sketch of the proof of tbe
result in Theorem 1. The result in Theorem 1 is proven hy way of contra-
diction. Roughly speaking, if the result is not true or, in other words, if
the futures price stays infinitely often away from the arbitrarily small
interval containing the fundamental value, then there would exist a trad-
er, trader /, say witb a sulf'iciently large O2 or sufficiently small Oy and ^̂
sueh that this traders wealth grows exponentially over time, and eventu-
ally tbis trader's average wealth over time explores to infinity. This contra-
dicts the fact that tbe average total wealth in the market over time is
hounded from above hy a constant. Because ofthe complexity and length
of the proof, tbe proof is broken into two lemmas and one theorem.
Lemma 1 shows the existence of such a trader with sufficiently large O2 or
sufficiently small 6\ and 0\. Lemma 2 derives the lower hound for any
trader's average logarithm wealtb over time. This lower bound is made
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used by the proof of Theorem 1 to sbow that under its contrapositive, the
wealth for trader / presented in Lemma 1 would grow exponentially.
What follows begins with a sketch ofthe proof of Lemma 1, followed by
Proposition I, which is required hy Lemma 2. This is followed hy a sketch
ofthe proof of Lemma 2. I he proof of Ibeorem I makes use of tbese two
lemmas.

Lemma 1

For any given 5 > 0 and for any given e > 0,

Pri 3 trader / such that [ O', - I + s ) \n
V V 2 - e

+ d[ ln
Z +

to

(t)

- k

> 0 for some positive e' < s and some positive k\ — I.

Ibis proof is done under tbe assumption tbat (0\, 8\, 0\) is indepen-
dently and identically distributed across time t — 1 , 2 . . . , along with tbe
second Borel Cantelli Lemma (see Billingsley. 199S, p. 83). Tbe details
ofthe proof are available from the author on request.

Proposition 1

Let {X,},,,I he a random sequence with a finite expectation £(X,) and
|X,| < /VI|, where M, is a finite positive number. Let Y,, wbere t — 1,
2 . . . , be a random variable with |yj < M,, where /V], is a finite positive
number. If X, is independent of V',, V̂  . . . V,, then for any given e > 0.

Um Pr
T

\

< e .._ I

The proof is available from tbe author on request. To establisb Lemma 2,
tbe following definitions are needed:

Definition I. For any given positive e and e'{e' < e), to describe tbe
position of the futures price relative to tbe fundamental value plus e, or
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minus e. or plus e', or minus e', define /;̂ , tt,^,
I, 2 . . . , as

f l i f f ) / < A - e ^^

O otherwise

;, an ,, w here /J —

l i f P / > Z ,

O otherwise

an

l ifZ, - e ' < P / ^ Z , + £'

0 otherwise

1 ifZi.. + £' < P/ ^Zk + e
0 otherwise

\ i f Z , - s < P / < Z , - 8 '

0 otherwise

Definition 2. For any given e' > 0, to describe the position of trader t's
(wbere ( = 1 ,2 . . . ) prediction error relative to —e' and E', define At, g ,̂
and }(;, wbere k > t, as follows:

and

0 otberwise

>1 =

l i f - 8 ' -

0 otherwise

(l < - e '
0 otherwise

Definition 3. Trader t (wbere t — 1, 2 . . .) is referred to as a buyer at time
period k if trader ( is purcbasing eontracts at time period k (w hicb occurs
whenever Z;̂  > Pjr'); trader t is referred to as a seller at time period k if
trader t is selling contracts at time period k, (wbicb occurs wbenever
h'f; < P/); trader t is referred to as a marginal buyer if trader t is actually
purchasing contracts when h[ — P '̂; and trader f is referred to as a mar-
ginal seller if trader ( is actually selling contracts when /?Jj — Pj/. To
describe whether trader i at one time period participates as a buyer, a
seller, a marginal buyer, or a marginal seller, define four random vari-
ables B[, MĴ , JV;̂ , and S[, where fe > (, as

0 otberwise 0 otherw ise

i ifH-P/,

O otherwise

and define S[ = \ - B M
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Lemma 2

Consider trader t's wealtb at time T, wbere ( — I, 2 . . . . for any given
e > 0 and for any e' E (0, e)

iim Pr

I

r- T - / + 1
InU

Z - e

V

24
T - ( + 1

T

y I /-yk

T - t + \

In

In

+ u

CO

+

2)4
T - t + 1

(E{ln(Z

a,

- InZ)

/

There are five steps to the proof. Step I defines precisely the formula
for trader f's wealth at time T(V",):

X - r,. + rJ =
Z + w - Pf'

- f-fc +

I - 1

'PJ

(A-l)

Where C^ - î(/fe + m^ + m^

M;,, and fi, = gim^Ni + yU/,
By tak ing logar i thms of b o t b sides of E q u a t i o n (A-1), s e t t i ng l^_i —

V,j, and mak ing use <>( tbe concavi ty o( t be i u n e t i o n l n ( ) . S t ep 2 e s t ab -

l ishes a lower b o u n d for In V ' | / ( T — t + 1) ;

I
r - t + \ T -

k-i

k-i

0) - P,,
+ \nV

As can he seen, there are three components to this lower bound, two of
wbich are random. Steps 3 and 4 determine probabilistic lower bounds for
the first tw o random components of this lower hound. This is done with a
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Taylor expansion of In(P^) — In(Z^ -I- ŵ ,) and ln(Z + a) — P^J = ln(Z -I-
0) — (Ẑ j + o)̂ )) and Proposition I to produce tbe following two equations:

Iim Pr
T - ( + 1 T - t + 1

J)/;, In

T - t+ \ + T - t+ \

-t-

and

Iim Pr

Z

Z + H

T - t + 1

- In Z)

T - 1 + I
- i

g + ^ - Pfe
Z + w - P/

T - t

Z -K w - Z

+ e'
7' - t + 1 7' - t

r -1 + \
OJ

r - i + 1

- in

r - t + 1
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Step S substitutes these two probabilistic lower bounds into the lower

bound of In V'j/iT — ( + 1 ) and simplifies it to gi\e the results of

Lemma 2. The details of the proof are available trom the author on request.

Proof of Theorem 1

This is shown by way of contradiction. Suppose that Theorem 1 is not

true, so with a strictly positive probability the following occurs: There

exists an e,, such that, for all k', it is possible to find an i.i.d. random

sequence {o}i;}i;=-\- with In Z — fe'[ln(Z — to^)] :< fe'. tor which there exists

a 5,) > 0 and a subsequence n^, n, . . . n, . . . . sucb that tor all T ^ I,

#{fe < Mj : Pj^ ^ [Zj, — £(,, Zj; + S(,]}/MJ > 8(f. Since Lemma 1 implies

that for this ^,, > 0 and for tbis £„ > 0,

Z
Pr(3 trader i such that, { e'2 - i + - ^ 0 1 In ( -

Z — e.

0\ In ( Y^ ] + e\ In I = I + e\ In

— fe > 0 /or some positive e[) < £(, and some positive fe) — 1 {A-2)

and using the notation in Definitions 1. 2. and i after replacing e and e'

with £„ and e,,, respectively, in the Definitions I, 2, and 3, the statement

can be restated as the following. With a strictly positive probability, the

following occurs: I here exists an fi,, such that, tor all fe', it is possible to

find an i.i.d. random sequence {o)^^}|^^^., with In Z — E(ln(Z + coj^)) ^ fe',

tor which there exists a S,, > 0 and a subsequence (?,, H^ . . . )i, . . . , such

that for all T^ \,

^^ > 0̂ > 0 (A-3)

Consider trader /. The tollowing shows that trader / s wealth grows expo-

nentially, whereas the aggregate wealth can only grow arithmetically.

This is a contradiction.

Because trader /'s prediction error ii[ is independently and identi-

cally distributed across time fe, the Strong Law of Large Number implies

that with probability I, as T ^ ^ ,
W , IT ,

2 1 -sr* I

n, - / + 1 "' n, - I + \ '
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and

- I + \
(A-4)

Furthermore,

= (nr - I + \

^ , \

k-i

Mr - / + 1 / + 1

l\
(A-5)

Therefore, Equations (A-2), (A-4), and (A-5) imply that

/ / •<, \ T

Pr lim

V \
n, - I + ]

In
Z - £(

In
- 1 + \ \Z

k = l
In w

M, - i + 1 VZ + w/ n, - / + I \o)

d\ - 1

\

In

H, - i + 1

*', In

I
Z — e, Z + H

(A-6)

w h e r e A d e n o t e s t h e event tha t t h e r e exists t r ade r /, s u c h tha t [B\- \ +

l / 2 S o ) l n [ Z / ( Z - £„)] + '̂i l n l Z / ( Z + » ) ] + B\ l n ( w / ( Z + w)) + Q\ In-

(t(>/(a) + £(',)) — fe > 0, for s o m e posi t ive fiy < e,, a n d s o m e posi t ive fe.
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Since if 5;"A|(/t + W;,)/"7 > ^o, then as T

n, - 1 + \ 2
—On

2 "
(A-7)

Applying Bayes rule to Equations (A-3) and (A-6) and using Equation (A-7)
it follows that

Pr l im

. , \

InU
Z - K, U, - 1 + \

In
Z + u

• y'k
k-l

n, - / + 1
In

+

2̂ 1
I

n, - / + I
In

+ £,',

In .,
Z

In
(O

Vw
(A, E - 1 (A-8)

where E represents the following event. With a strictly positive probabili-
ty, tbe following occurs: There exists an £„ such that for all fe', it is possible
to find an i.i.d. random sequence { tu j^^ , , with In Z — E[ln(Z + w^)] < fe'
for which there exists a 5,, > 0 and a subsequent « , , « , . . . w, . . . . such
that for all T. 2;' i |( l;, + «fe)/M, > d^.

F-urthcrmore, noticing that for trader / there exists some positive
A > 0, such that

In

+ d[ In
Z +

In + - fe > A (A-9)
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Equations (A-8) and (A-9) imply that

/ / X^ r/I . ^ l l

Pr lim k-i

- I + 1
In U

Z - fio

I

In
In

- / + 1 \ Z + u J u j - / + I V Z +

0)
In

Equation (A-10) further implies that

\r

fe > A|(A, E - 1 (A-10)

Pr lim

\ \

/ + 1
In

Z — E,

In f .
- f + 1 \Z + uJ n,,- I + \ VZ +

In -
H, — f + 1 \(i) + £(',

- fe > A > 0 (A-

Lemma 2 implies that for trader/at time n,, for this £(, and fore,', G (0, e,,),

" I

lim Pr
nj - I + I nj - / + 1

\

Z

- 1 + \ \Z + uJ Mj - / + 1 VZ + O)

In
M, — / + 1 \iO

- i n Z ) = I (A-12)
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Equations (A-1 1) and (A-12) imply that For any i.i.d. random shock

sequence {(OfJ^^, with (In Z — £(ln(Z + cok))) ^ k, Iimf̂ _,.-̂ Pr(ln V'^J

{n, — I + I) > A) > 0. This further implies that for any given F > 0, for

any i.i.d. random shock sequence {wj^^i with (!n Z — £(In(Z + a> )̂)) < k,

/ V' \
lim Pr > F > 0 (A-13)

However, because the maximum amount of wealth, which is injected

into the market each time period, is bounded from above by a constant

[S(Z + OJ) + V(,], the averajje wealth (across time) of all the traders is

bounded from above hy this constant. This contradicts Equation (A-13).
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