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We derived an intertemporal capital asset pricing model in which tbe
mean-varianee cffkieney of the market portfolio is neither a necessary
nor a sufficient condition. We ohtained this result by modeling a frie-
tionless. continuously open financial market in wbich nonredundant
futures contraets are available for trade, in addition to cash assets.
Introducing sueh contracts modifies the way investors optimally al-
locate their wealth. Their portfolios then comprise tbe riskless asset,
a perturbed mean-varianee-effieient portfolio of easb assets, and a
perturbed mean-variance-efficient portfolio of futures contracts. Fur-
thermore, a (3 + K) mutual kind separation is obtained, witb K being
tbe number of economic state variables, in lieu ofthe usual (2 + K)
hind separation. Mean-\arianee efficienc\ of the market portfolio is
a necessary condition only u hen eash assets are tbe sole traded assets.
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INTRODUCTION

The validity ofthe various capital asset pricing models (CAPMs) widely
used in finance is known to be closely related to mean-variance efiieiency.
An important distinction, however, has to be made between the standard
one-period model of Sharpe (1964) and Lintner (1965) and multiperiod
models, sueb as the intertemporal eapital asset pricing models (ICAPMs)
of Merton (1973) and Breeden (1979, 1984). Tbe static, one-factor
CAPiVl has long heen the dominant paradigm in financial theory, inelud-
ing portfolio allocation, corporate investment decisions, and fund man-
ager performanee evaluation. Mounting empirieai research, however, re-
veals that in eontrast to a long tradition of results, expeeted asset returns
are not explained by their sensitivity to the market return only hut are
influeneed hy other factors as well.' This suggests that dynamie or mul-
tifaetor models eould perform hetter in praetieal applications,"

In the statieCAPM, mean-varianee efficieney of the market portfolio
is a necessary and sufficient condition for an exact linear relationship to
exist between the expected return on an asset and its risk measured hy
its heta. Roll's (1977) eritique initiated a flood of researeh that mainly
foeused on developing econometric tests of the market portfolio mean-
variance effieieney. Kandel and Stamhaugh (1995) were the first authors
to carefully distinguish the two theoretical implications of the model:
market portfolio efficiency and the linear risk-return relationship. I hey
showed that if the market portfolio is not exactly efficient, "either (im-
plieation) can hold nearly perfectly while the other fails grossly." Our
work does not pursue their line of researeh and, in particular, does not
attempt to extend their result to the Merton-IJreeden ICAPM, essentially
heeause the main thrust of their result will obviously hold in a multiperiod
context. On the eontrar)', we make no a priori assumption as to whether
the market portfolio is approximately efficient or not.

In the dynamic ICAPM, some economic state variables are assumed
to drive the investment opportunity set. In sueh a setting, investors' op-
timal demands for risky assets inelude, in addition to the usual mean-
varianee components, hedging components. Those hedging terms proteet
investors against unfavorable shifts in their opportunity set hrought about
hy random ehanges in the state variables. The market portfolio then need
not be mean-variance-effieient (e.g., Fama, 1996). Yet, a special ease

'Sec C ĥen, Holl. and Ross (1986); Jt-gadccsh and litman (199.^); Fiima ,md Fn-nch liy')6); or
Cochriiiie (1997). among many oihcrs.
-Kama (19961 }>r(i\id(.'(l a thorough annKsis oi ihf relationship helween ICAPM and miiltifiR-tor
eHiciency.
^ The quote is from their ahstracl lp. I '̂ 7).
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arises v\hen investors are endowed with time-additive logarithmic utility
functions. This case has heen thoroughly examined in the literature and
is widely used in tbeoretieal finanee heeause it represents a hcnehmark
ease for risk aversion. Indeed, logarithmic (Bernoulli) investors are my-
opic in the sense that they do not hedge against the random fluctuations
of their opportunity set. In that ease, as in the statie CAPM, the market
portfolio must he mean-varianee-efficient for the (simplified) ICAPM to
hold. Our main eontrihution eonsists in deriving a new ICAPM in which,
independently of whether investors are myopic or not, mean-varianee ef-
lieieney ol the market portfolio is neither a necessary nor a sufficient
condition for a linear risk—return relationship.

1 he eeonomy we consider is more general than that of the usual
ICAPM. Altbough our financial market remains in general incomplete,
investors ean trade nonredundant futures eontraets in addition to prim-
itive risky assets and a riskless asset. Sueh lutures eontraets are written
neither on financial assets nor on commodities hut, for example, on non-
tradable variahles such as the weather, natural eatastrophes, the Con-
sumer Price Index, and the CJross National Product. Financial markets
and institutions have been under pressure recently to design sueh eon-
traets (e.g., Athanasoulis, Shiller, & van Wineoop. 1999; Shiller, 1993;
Sumner, 1997). Surprisingly, however, little attention has heen paid to
the prieing of such nonredundant contraets at equilibrium"' or to the
portfolio realloeation effects hrought ahout by the trading of sueh instru-
ments. We foeus on futures eontraets and neglect other derivatives for
two reasons. First, the nontraded assets or economic aggregates (e.g.,
Consumer Priee Index or Gross Domestie Product) under consideration
are not sufficiently volatile to warrant the development of option markets.
Seeond, we are interested in the implications of the marking-to-market
mechanism that characterizes futures, as opposed to forward eontraets.

We adopt a partial equililirium, eontinuous-time framework a la
Breeden (1984), itself a generalization of Merton (1973), Investors are
endowed with general Von Neuman—Morgenstern utility functions, and
the investment opportunity set is driven hy an arbitrary numher (K) of
state variables. Investors have access to a riskless asset, risky eash assets,
and futures contracts. In Breeden's model, however, the numher of fu-
tures contracts is equal to the number K of state variahles, which thus
makes his financial market complete/' In addition, eaeh and e\ery futures

"•See Merlon (1971. 1973); Rubinstein (197(,|; Hreeden (1979); or Cox, Ingersoll. and Ross (1985).
^Cox. Ingersoll, and Ross (19KI) provided a comprehensive study of ihe pricing oi redundant forward
iind futures eontraets. We develop here a pricing model for nonredundant futures contraets.
"Rrecden was the first aulhor to introduce futures in an ICAPM. His main olijcctlve, himever, was
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contract is of instantaneous maturity and perfectly correlated with each
and every state variable. In contrast, our futures are long lived and not
perfectly correlated with the state variables, and the financial market is
in general incomplete. The difference proves erucial in that, for instance,
futures are held by Breeden s investors as perfect hedges against the fluc-
tuations of the corresponding state variables, whereas they are demanded
hy our investors for both (imperfeet) hedging and speculative purposes.

In sueh a framework, two interesting questions arise. The first con-
cerns portfolio separation. Our first contribution ts to show that a mutuai-
fund separation result will obtain that involves [i + K) funds, in lieu of
the usual (2 + K) funds. The second issue is whether the market portfolio
is necessarily mean-varianee-effieient in the modified ICAPM with non-
redundant long-lived futures. Our seeond and main contribution is to
prove that this condition is in faet neither necessary nor sLiff'icient for the
ICAPM to hold.

Although the martingale approach' has become the standard method
used to solve a portfolio choice problem in continuous time, it needs
major adaptations when futures contracts are included in the investment
opportunity set. This leads to heavy notations, in particular if one wants
to develop the analysis within an incomplete market framework, as here.
Consequently, we use the more traditional stochastic dynamic program-
ming approach pioneered by Merton (1971). as it is easier to implement
and enhances the intuition ofthe results.

The remainder of the article is organized as follows. In the Repre-
sentative Investor's Wealth Dynamics section, we derive the representa-
tive investor's wealth dynamics in an (generally) incomplete market with
nonredundanl futures contracts. The Optimal Demands section provides
the optimal demands for all risky assets and establishes a novel mutual-
fund separation theorem. The Market Equilibrium section derives the
ICAPM that applies to the primitive (cash) assets and the nonredundant
futures. The last section is the conclusion. Most technical derivations
and proofs are left to the Appendix.

very dillcrcnt from ours, l ie was primdrily inliTtstfcl in i-\;iminin^ LIIUILT uh^il (.imililidiis ;iii iriiliiilly
incomplete markfl c•.u^ be e(nn|ilct(.-(l through lln' inlri)clin.ti<ni iii insliinlanfoiis I'LiUires idn ln ie t s
(nr commodity options in a sepanitc section) and in eliaracleri/inf> the (Paretn) optimiil alloLiitinn
that t 'nsut's. In addition, his was not a sinfik'-<;o(>d bul <i mt>re fjencral niultigni)d I'eononiy. which
raised speeifie questions irrelevant here.

'See the seminal articles by Cox and Huiing (1989) iincl Me and Pearson I l'-)^! 1 and. lor an excellent
intrudiKlion, the tcMbouks by Duffie (1996) and Pliska (1997).
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REPRESENTATIVE INVESIOR'S WEALTH
DYNAMICS

In this section, the pure exchange economy we consider is described. Of
particular interest is the derivation ofthe representative investor's margin
account generated hy trading futures contracts. The investor's wealth dy-
namics is then prtnided.

Economy

N primitive (cash) risky assets are traded in the economy. The price S;(()
of risky asset i (i = \ . . . i\) evolves through time according to the
following stochastic differential equation (SDE):

dSM) = s,{t)\is,[tj{t)]cit + s , ( t ) c s j i , y ( f ) i ' ^ z u ) ( I )

where Z(t) is an [{N -\- K) X ] j-dimensional Wiener process in R' '' ,

Y(t) is a (K X 1 )-dimensional vector of state variables, |as.[^V(i)| is a

bounded valued function o\'t and Y, as^(^V(01 is a hounded [{K + N) X

11 vector valued function of ( and V, and the prime ' denotes a transpose.

The Wiener process is defined on the usual complete probability space

(Q,f,P}, where P is the physical probability measure.

The dynamics of the K state variables is determined by the following

system of SDEs:

dYit) = [i^\ty{t)\ch + I.y[tMt)]dZ(t) (2)

where )J.v[t,y(f)] is a hounded [KX I) vector valued function of i and V

and Iv[(,V'(t)l is a bounded [K X (N + K)] matrix valued function of (

and y.

For con\cnience, we oltcn write the dynamics of the N asset prices

in the following compact form:

where I^ is an (i\ X N) diagonal matrix valued function ot S(() whose ith
diagonal element is Sj{t), \is[t,y{t)\ is an (N X l)-dimensional vector
whose (th component is )is;[i,y(O|, and Sslt.yiO] is an [N X (N -I- K)\
matrix valued function whose ith element is as li,y(01.

Nonredundant futures are also available tor trade in this economy.
These are long-lived assets: that is, they do not have instantaneous m;i-
turitv. I hev are written on nontradahle htit observable variables that are
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variously affected by the state variables, such as Gross National Product
and the like. The net supply of these instruments is zero. We assume,
without loss of generality, that the maturity dates of all futures contracts
extend beyond the representative investor's horizon date. The settlement
price of the jth futures contract solves the following SDE:

dFjit) = Fp)[i,-^t,Y{t)]dt + Fj{t)<yf:.[tMt)]' dZ{t) (4)

where |l/,[(,>'(01 is an [(j\ + K) X 1] bounded vector valued function of
f and V, and a/-,[r,y(01 is a bounded [(N -I- /<) X 1] vector valued function
of t and y.

We assume that there exist at most H < K nonrodundant futures
contracts. Together with the primitive assets, they form the basis of the
iinancial market. Assets in the basis have linearly independent cash flows.
Therefore, in the extreme ease where H is equal to K, the financial market
is complete in the sense of Harrison and Kreps (1979). In general, how-
ever, the market is incomplete (H < K). Regardless of whether the market
is complete or not. futures are not redundant instruments, and their de-
gree of correlation with the primitive assets is otherwise arbitrary; The
vector process of the futures prices may be written as follows:

dF{i) - I,.ii,[ty{t)\dt + !r^rUMt)]dZ{t) (5)

where Ip is an {// X //) diagonal matrix valued function of F{t) whose
jth diagonal element is Fj{t), \if[t,Y{t)\ is an (H X 1 )-dimensional vector
whose jth component is |i/7.[f.y(01. and I^[f,y(O| is an [H X [N + K)]
matrix valued function whose jth element is CTf..[f,y(O].

The variance—covariance matrixes L^I^s' <i"<J ^ / ^ r ^nd the variance—
covariance matrix of all assets, that Is, SS' where 2 ' = [2^ Sj ], are as-
sumed to be positive definite.

I inaily. we turn to the investor s margin account generated by his or
her trading on futures eontraets. Margins can be lent or borrowed at an
instantaneously riskless interest rate r(t), Ihe diffusion process followed
by r{t) is eompletely general and need not be made explicit. If futures are
marked to market continuously rather than daily, the value of the margin
account at time t is written as follows:

X{t) = [ exp f r{ii)du (6)

where 0(() is the (H X 1) vcetor of the number of futures contracts held
(as opposed to traded) by the investor at time (.
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We can now derive the dynamics of the representative investor's
wealth.

Representative Investor's Wealth

Let tt be the (]\ X 1) vector of the proportions of the representative
agent's wealth invested in the primitive assets, and iet C be his or her
Instantaneous consumption rate. Dropping for convenience the explicit
time dependence of all processes, we write his or her budget eonstraint
as follows:

dW = Wa'Is^dS + dX - Cdt

Changes in wealth are due to consumption, fluctuations in cash asset
priees, and variations in the margin account value. Using Equations 3, S,
and 6 and applying Ito's lemma yield the following wealth dynamics:

dW = [Wa'ns + rX + Q'lp^,. - C\dt + [VVa'Ss + 0' / ,SrMZ

Using the definition of v\ealth W ^ \i 'a' IN, + X to eliminate .X, we can
rewrite the wealth dynamics as follows:

[Wa'{\is - rl,v) + Wr + 0'/,|i,- - C\dt

To further simplify the notations, we denote hy 9 the {t! X 1) vector of
the ratios of the futures nominal positions (not their values) to the in-
vestor's wealth, that is, 0 ^ (l/HO©'/;. Consequently, the investor's
wealth dynamics is finally given hy:

dW - [Wa'i^is - rlx) + Wr + WO' n, - C]dt

+ [Wa'S.s + WO'I.^\dZ (7)

Alternatively, Equation 7 eould be expressed in a way that emphasizes the
relative changes in wealth by using rates of return rather than returns
and defining c = C/VV as the percentage consumption of wealth:

dW
—- - |a'(Ms - H,,v) + r + B'[i,. - c\dt + |a 'Ss + e'S,.]^Z
W

We turn now to the derivation of the representative individual's optimal
demands. Market equilibrium is characterized in the Market Equilibrium
section.
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OPTIMAL DEIVIANDS

We derive first the optimal demands for all risky assets and then a new
mutual-fund separation theorem.

Demand for Risky Assets

The representative investor is endowed with a Von Neuman-Morgenstern
utility function and ma.ximizes the expected utility of his consumption
flow under a budget constraint; that is, he or she solves

(8)

suhject to equation (7)
and to positive eonsumption P-a.s.

U is a well-hehaved utility function, and T {^() stands for the investor's
horizon. Let J[t,W(t),Y{t)] be his indirect utility of wealth function defined
byj(-) = max £, \p, U[s,C(5)]^s]. Standard computations shown in the
Appendix lead to the following.

Proposiiiou 1

Under our set of assumptions, the representative investor's optimal de-
mand for risky assets is expressed as follows:

The demand lor (both primitive and derivative) risky assets thus retains
its two familiar components. The first term on the right hand side (RHS)
of Equation 9 is the mean-variance specidative component, and the sec-
ond term is the dynamic Merton—Breeden hedging component. The eco-
nomic interpretation of these two terms is provided later. However, al-
though Equation 9 resembles the framework in Breeden (1984),^ it is
actually different in two essential ways.** First, in our framework the de-
mands for both eash assets {a) and futures (6) involve a speculative term

AeturtlK, lireeden cssenlially discussed Uv(j cases, one of ineomplcle markets wilhinil fuluri's and
oncul complete markets where eiich and e\ery iLilKres ci>nlracl of inslanlaneous nialurily is perlectly
eorrflalid \\ilh each and every sUilc v.iriiihtc. We compare (iiir results lo the ones ubtainetl in lhe
sfeond case bfciujse we do have luturcs iiiriiraLls.
See his Kcjuation S relnlivi' lo lhe demand lor primitive assets eomhined w'wU his Lqualion 6 retalivc

lo thai for instiinlaneoiis futures, or his Ixjiiation 24.
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and a hedging term, whereas in Breeden the demand lor futures is gov-
erned hy hedging motives only and the demand for eash assets is governed
by speeulative motives only Second, both the speculative and hedging
cf)mp(>nents depend on the full [{N + 11) X (N + H)] covariance matrix
SS' of all risky assets. In contrast, Brecdcn's speculative term depends
on the [N X N| covariance matrix SsSs' of primitive assets only, and the
hedging term depends on the |i\ X K] matrix S^Sy' of eovariances of
primitive assets with the state variables only

The fundamental reason for this striking difference is that in Bree-
den's framework, where the market is completed by instantaneous ma-
turity futures contracts, eaeh and every contract is assumed to be per-
feetly correlated with each and every state variable. The investor's first-
hest optimum strategy comprises a perfect hedge against unfavorable
fluctuations of each state variable, and this perfect hedge is easily ob-
tained hy one trading only futures. In contrast, in our more general (in
this respect) setting futures contracts have finite rather than infinitesimal
maturities, and their variance-covariance matrix is completely arbitrar\'.
In particular, no futures contract has to he perfectly correlated with a
state variahle. This is true even though a given futures contract may hap-
pen to he more positively correlated with a particular state variahle than
any other primitive asset, as is likely. In particular, if the market is incom-
plete, perfect hedges arc not feasible, and the investor's first-best opti-
mum cannot be reaehed. Therefore, except for the excess return terms
present in the mean-variance speculative eomponent of Equation 9, ()i*̂
— rl,\) and |j.p, respectively, the optimal demands for primitive and de-
rivative instruments are formally identical and depend in the same way
on the whole structure of correlations. This is true whether the market
is incomplete (// < K) or just complete (// = K). Now, one may wonder
what would happen to our investor's optimal demands if instantaneous
futures perfectly correlated with the state variahles were introduced.
Then, the demand for cash assets would include the speculative part only,
as in Breeden's model, liut, unlike it, the demand for futures would com-
prise hoth a (perfect) hedge term and a speeulative one.

For expository reasons, we analyze the second term on the RHS of
Equation 9 first. The latter Is composed of information-based elements
whose purpose is to hedge wealth against unfavorable changes in the K
economic state variables. The rational investor constructs his portfolio
comprising all available risky assets so as to protect himself against de-
ereases in wealth due to shifts in the investment opportunity set brought
about by these changes. This eomponent, present in hoth demands for
primitive and derivative assets, is preference-dependent because J^y ( =
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is the cross-partial derivative that represents the effect ofthe state
variable Von the investor's wealth marginal value. The terms - jm^^jvvw
reflect that dependence, each one of them being interpreted as a coeffi-
cient of relative risk tolerance with respect to the relevant state variahle
along the wealth's optimal path. In the particular case of logarithmic
utility the (RernouMi) investor is myopie to changes in his or her invest-
ment opportunity set (all cross-partial derivatives Jvy>- vanish), and this
Merton—Breeden hedge component then disappears.

The first term on the RHS of Equation 9 is the speculative compo-
nent, the product of the investor's relative risk-tolcranee coefficient
i~Jw^^^J\\\v) hy i' mean-variance term. It has been interpreted sinee
Merton (1973) as the demand for risky assets by a single-period mean-
variance utility maximizer or, alternatively, hy a multiperiod logarithmic
investor. It is duhbed speculative in the sense that an individual exhibiting
infinite risk aversion would set it equal to zero. To gain further insight
and make comparisons with known results, we rewrite this component
as follows (neglecting the risk-toleranee coefficient):

(SS')-

r A -fT,.y,'.v' y.,y^Rir>.,'
(10)

where

and

A = iSsS,; -

B - [S,S^ - S,S;(SsIU"' S,sSH' (S,S;)

Two hasie sets of market prices of risk thus are identified, X^ and A.̂ . The
first one is traditional and concerns cash assets only, whereas the second
involves futures contracts only. The numerator of Xf is not in excess re-
turn form (the riskless interest rate r is not subtracted from |j;.) beeause,
unlike cash assets, there is no actual investment with futures contracts;
that is, no cost of carry is involved.

Given Equation 10, we can rewrite the speculative part of Equation
9 as follows:
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'Spee B?.,. - (S,.S(. "'

Consider the two portfolios AX^i and BXj. It is useful to examine first the
particular case in whieh primitive assets and futures contracts are not
correlated [Si^S^' — ON,;,^]. In that case, A and B are Identity matriees,
so Equation 1 I greatly simplifies:

'spec

The speculative part of the inv estor's portfolio then eonsists of two hasie,
mean-variance-efficient, well-separated portfolios: the first one is the tra-
ditional ef fieient portfolio eontaining primitive assets only, and the second
is the efficient portfolio containing futures contracts only. Note, however,
that we are neither in Merton's (1973) world nor in Breeden's (1984),
where the speculative part of the investor's portlolio eonsists of our first
(mean-varianee-efficient) portfolio of casb assets only. Again, the differ-
ence is due to the spanning property of all the traded assets in our setting.

More generally, however, in the presence of (imperfect) correlation
hetween primitive assets and futures contracts [S(,S^' ¥" O,V>,H]' the spec-
ulative part ofthe demands for risky assets is given by Equation 1 1 where
matrices A and B are no longer identity matriees but are completely gen-
eral. It immediately follov\s that neither AXs "<*•" ̂ ^ F ̂ rc mean-variance-
effieient. Furthermore, in the demand for eash assets, an extra term is
subtracted from AXt̂  that depends on BX^: and thus accounts for cross-
hedging (with futures) effects. Similarly, in the demand For Futures, an
extra term is subtracted from BXp that depends on AX^ and takes cross-
hedging (with primitives) into account. Consequently, the two portfolios
"spee ^rid Qspee '^^^ severeK' perturbed and lose their separation property.
They hoth depend on the whole structure of correlation hetween primitive
and derivative assets and on the exjieeted excess returns on all traded
assets, and both are mean-variance-inefficient.

Mutual-Fund Separation Theorem

lhis Iramework involving nonredundant futures contracts generates an
interesting mutual-fund separation theorem. Merton's (1973) traditional
separation result states that, at cqLiilihrium, all investors divide their in-
vestment among the riskless asset, the market portfolio, and the K funds
that are hest correlated with the K state variahles. Therefore, a (K -I- 2)
fund separation is ohtained. Here we can state the following.
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Proposition 2

Under our set o( assumptions, when nonredundant futures contracts are
traded, investors are indifferent to the reduction of their investment op-
portunity set from the riskless asset, N primitive assets, and H futures
contracts to (K + 3) mutual funds.

One fund is added to Merton's list. It eontains futures contracts only
and constitutes the second part ofthe speculative component ofthe in-
vestor's demand for risky assets. To characterize the latter fund in a simple
way, we restrict ourselves to the case of Bernoulli (myopic) investors.
Extension to other types of utility functions is straightforward.

Because ]<^^'y is equal to zero and the relative risk-tolerance coeffi-
cient is equal to one For a Bernoulli investor, the demand for risky assets
{Equation 9) simplifies to

A

Summing over all investors yields

A
B ' ^ 1 *>^>

When 6 is eliminated with the second row of Equation 12, the first row
becomes

. V
<^ (13)

where a,\( is the vector oF weights in the market portfolio.
Equation 13 clearly implies that the market portfolio differs from the

usual one in a very important way. It is not proportional to a mean-vari-
ance-efficient portfolio of cash assets. It immediately follows that it need
not be mean-varianee-efficient. The only case in whieh the market port-
folio is mean-variance-efficient is when cash asset priees and futures
prices are not eorrelated. Now, recall that this result was derived for Ber-
noulli investors. When individuals are not myopic and hedge against ran-
dom shifts in the state variahles, it is already known that the market
portfolio need not he efficient. ' Our finding thus extends this result to
even logarithmic investors who do nf)t hedge against state variahles.
Therefore, in our economy and in contrast with previous work, the non-
neeessarily efficient nature ofthe market portfolio is not due to Merton—
Breeden hedging activity.

'"See Fama
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We can now restate tbe optimal demand for risky assets as follows:

0
X,

(14)

We find as usual that optimal investment in the risky cash assets is pro-
portional to the market portfolio. However, in our framework it is not
neeessarily mean-variance-effieient. Furthermore, the portfolio of lutures
eontracts in whieh part ol the wealth is invested is not necessarily mean-
varianee-efficient either.

MARKET EQUILIBRIUM

In this section, we derive the ICAPM for the cash assets and the nonre-
dundant futures contracts, and then we interpret and discuss the results.
I he class of utility Functions is no longer restricted to the logarithmic
function.

To characterize market equilibrium, we impose that the usual market
clearing conditions hold. Net positions in the futures eontracts are set
equal to zero (6 — Of-j) as well as the sum of al! margin accounts. Total
wealth thus is invested in the primitive assets only (d' I ,v = 1). Combining
these conditions and the optimality conditions yields the lollowing.

Proposition 3

Under our set of assumptions, at equilibrium the expected returns on
eash assets satisfy the following relationship:

- r) (IS

lhe expected rctiinis on futures contracts satisfv'

K

ni-, - ft.Al (R.w - r) -F 2 P j . n K - r) (16)

In Equations 15 and 16, P; L' ^l^inds for the sensitivity of the return on
asset / to the excess return on the market portfolio {U — M) or to the

lhe word return is ilaliei/ed hetaiise there is. ol course, no aetiial investmeni in lutures eontraets.
either hou^ht or sold.
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(adjusted for the riskless rate) drift ofa state variahle proeess {U = V )̂.
The proof is left to the Appendix.

The excess return on a cash asset is expressed in the usual ICAPM
form. This result is striking hecause we have found the market portfolio
to be not necessarily efficient. In a dynamic model where the risk gen-
erated by the state variables is priced hy the market, a multibeta ICAPM
is ohtained whether the market portfolio is efficient or not. Moreover, we
have carried this result over to Bernoulli investors who do not priee the
risks associated with the state variables. In short, the market portlolio
may not be mean-variance-efficient because of the presence of nonre-
dundant futures eontracts in investors' portfolios, hut the traditional
ICAPM for cash assets still holds for myopic investors. As for the result
of Equation 16, it does not really eome as a surprise hecause the marking-
to-market mechanism makes futures eontracts similar to cash assets.
Therefore, except for the obvious absence of the riskless rate of interest,
the ICAPM must equally hold for futures.

CONCLUDING REMARKS

When an ineomplete financial market of cash assets is completed (par-
tially or not) hy the introduetion of nonredundant futures contracts,
mean-variance efficiency of the market portfolio is not required. This
result holds regardless ol whether individuals exhihit myopie hehaviors
or not. Because derivative assets have enriched the opportunity set of
direct investors and fund managers alike, this finding is important for the
praetiea! aspects ol asset allocation, risk control and management, and
performance measurement. Moreover, this result may have important im-
pHeations for empirically testing the ICAPM because the linear relation-
ship between expected return and beta continues to hold for risky assets
despite the possible inefficiency of the market portlolio.

Our results have been derived within a frictionless market frame-
work. In particular, the optimal demands and equilibrium relationships
are very traetable, so that the model should be applicable to the analysis
of a variety of theoretical and empirical issues. The introduetion of some
market frictions such as transaction costs, portfolio composition restric-
tions, and default or counterparty risk may lead to a further understand-
ing of the peculiarities of futures markets.

APPENDIX

Proof of Proposition 1

We follow the traditional stoehastie dynamic programming popularized
in the financial literature by Merton (1 971). (Jiven Equation 8 in the text.
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let j[t,W{t),Y{t)\ he the indirect utility of the wealth function (i.e., the
value function):

j[t,W{t),Y{l)] ^ max E, U[sX:{s)]ds

Eet L{t) he the differential generator of J(.). We assume that J(.) is an
increasing and strictly concave function of W.'"

If \(/ ^ Lj + V, the Hamilton-Jacohi-Bellman equation is

Max \\( (c. a. 9) - Max

1 . _
2 + - 0

with obvious notations for partial derivatives of the value function/(.)
with respect to each of its arguments. Note that \X\y is the drift of the
wealth proeess given hy Equation 7 in the text.

The neeessary and sufficient conditions for optimality are derived
from this equation hy its first derivatives being eomputed with respect to
the control variahles C, a, and 6:

¥(: - t'c - j u ^ 0 (Al)

Cy/c = 0 (A2)

W. = (Ms - rl,v)VV/u' + SsS;VVJuT

) ^ - 0 {A3)

',,^y - 0 (A4)

ahove a variahle denotes an optimal value, lhe first two (Kuhn and
Tucker) equations concern consumption and Follow from the nonnega-
tivity constraint imposed on the optimal consumption path.

Combining Equations A3 and A4 leads to Equation 9 in the text.

Proof of Proposition 3

Using A3 and A4, one can easily show that at equilibrium

where

'"Merlon (I'̂ l?.^) and Cox cl al. (1'*'̂ '̂ ) provided neeessar\ eondilions for/ lo possess these properties.
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and

Premuitiplying AS by (d' O|,)yicld,s the equilibrium risk—return trade-off
for total wealtb (equal to tbe market portfolio value):

{A6)
Jvv \v

|ivv 's tbe e.xpeeted return on total wealtb, V\Y^\\ is tbe variance of total
wealth, and Vw/Y is the {K X I) vector of eovariances between total
wealth and tbe state variables.

Also, premultiplying A5 by Sy(Z'L)~ Z' gives

' y \ " ' y '
. 2.) 2,

wbere V̂ vv ( = V'u'j) is a (K X 1) eovariance vector and Vj v is a (K X K)
variance—covariance matrix.

Combining A6 and A7 yields

Defining

V =

(A8)

Jw I
Substituting A8 into AS and defining Vsf.wy ^ (KsF.vi KSF,>
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The results oF Equations 15 and 16 in the te.xt Follow From A9 heeause

the \'alue ol primiti\e assets represents total wealth at equilibrium so that

W is the value ol the market portfolio M.
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