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We derived an intertemporal capital asset pricing model in which the
mean-variance efficiency of the market portfolio is neither a necessary
nor a sulficient condition. We obtained this result by modeling a fric-
tionless, continuously open financial market in which nonredundant
futures contracts are available for trade, in addition to cash assets.
Introducing such contracts modifies the way investors optimally al-
locate their wealth. Their portfolios then comprise the riskless asset,
a perturbed mean-variance-efficient portfolio of cash assets, and a
perturbed mean-variance-efficient portfolio of futures contracts. Fur-
thermore, a (3 + K) mutual fund separation is obtained, with K being
the number of economic state variables, in lieu of the usual (2 + K)
fund separation. Mean-variance efficiency of the market portfolio is
a necessary condition only when cash assets are the sole traded assets.
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INTRODUCTION

The validity of the various capital asset pricing models (CAPMs) widely
used in finance is known to be closely related to mean-variance efficiency.
An important distinction, however, has to be made between the standard
one-period model of Sharpe (1964) and Lintner (1965) and multiperiod
models, such as the intertemporal capital asset pricing models (ICAPMs)
of Merton (1973) and Breeden (1979, 1984). The static, one-factor
CAPM has long been the dominant paradigm in financial theory, includ-
ing portfolio allocation, corporate investment decisions, and fund man-
ager performance evaluation. Mounting empirical research, however, re-
veals that in contrast to a long tradition of results, expected asset returns
are not explained by their sensitivity to the market return only but are
influenced by other factors as well." This suggests that dynamic or mul-
tifactor models could perform better in practical applications.*

In the static CAPM, mean-variance efficiency of the market portfolio
is a necessary and sufficient condition for an exact linear relationship to
exist between the expected return on an asset and its risk measured by
its beta. Roll's (1977) critique initiated a flood of research that mainly
focused on developing econometric tests of the market portfolio mean-
variance efficiency. Kandel and Stambaugh (1995) were the first authors
to carefully distinguish the two theoretical implications of the model:
market portfolio efficiency and the linear risk—return relationship. They
showed that if the market portfolio is not exactly efficient, “either (im-
plication) can hold nearly perfectly while the other fails grossly.”* Our
work does not pursue their line of research and, in particular, does not
attempt to extend their result to the Merton—Breeden ICAPM, essentially
because the main thrust of their result will obviously hold in a multiperiod
context. On the contrary, we make no a priori assumption as to whether
the market portfolio is approximately efficient or not.

In the dynamic ICAPM, some economic state variables are assumed
to drive the investment opportunity set. In such a setting, investors’ op-
timal demands for risky assets include, in addition to the usual mean-
variance components, hedging components. Those hedging terms protect
investors against unfavorable shifts in their opportunity set brought about
by random changes in the state variables. The market portfolio then need
not be mean-variance-efficient (e.g., Fama, 1996). Yet, a special case

ISee Chen, Roll, and Ross (1986): Jegadeesh and Titman (1993); Fama and French (1996); or
Cochrane (1997), among many others.

ZFama (1996) provided a thorough analysis of the relationship between ICAPM and multifactor
efficiency.

"The quote is from their abstract (p. 157).
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arises when investors are endowed with time-additive logarithmic utility
functions. This case has been thoroughly examined in the literature and
is widely used in theoretical finance because it represents a benchmark
case for risk aversion.* Indeed, logarithmic (Bernoulli) investors are my-
opic in the sense that they do not hedge against the random fluctuations
of their opportunity set. In that case, as in the static CAPM, the market
portfolio must be mean-variance-efficient for the (simplified) ICAPM to
hold. Our main contribution consists in deriving a new ICAPM in which,
independently of whether investors are myopic or not, mean-variance ef-
ficiency of the market portfolio is neither a necessary nor a sufficient
condition for a linear risk—return relationship.

The economy we consider is more general than that of the usual
ICAPM. Although our financial market remains in general incomplete,
investors can trade nonredundant futures contracts in addition to prim-
itive risky assets and a riskless asset. Such futures contracts are written
neither on financial assets nor on commodities but, for example, on non-
tradable variables such as the weather, natural catastrophes, the Con-
sumer Price Index, and the Gross National Product. Financial markets
and institutions have been under pressure recently to design such con-
tracts (e.g., Athanasoulis, Shiller, & van Wincoop, 1999; Shiller, 1993;
Sumner, 1997). Surprisingly, however, little attention has been paid to
the pricing of such nonredundant contracts at equilibrium® or to the
portfolio reallocation effects brought about by the trading of such instru-
ments. We focus on futures contracts and neglect other derivatives for
two reasons. First, the nontraded assets or economic aggregates (e.g.,
Consumer Price Index or Gross Domestic Product) under consideration
are not sufficiently volatile to warrant the development of option markets.
Second, we are interested in the implications of the marking-to-market
mechanism that characterizes futures, as opposed to forward contracts.

We adopt a partial equilibrium, continuous-time framework a la
Breeden (1984), itself a generalization of Merton (1973). Investors are
endowed with general Von Neuman—Morgenstern utility functions, and
the investment opportunity set is driven by an arbitrary number (K) of
state variables. Investors have access to a riskless asset, risky cash assets,
and futures contracts. In Breeden's model, however, the number of fu-
tures contracts is equal to the number K of state variables, which thus

makes his financial market complete.” In addition, each and every futures

*See Merton (1971, 1973); Rubinstein (1976); Breeden (1979); or Cox, Ingersoll, and Ross (1985).
Con, Ingersoll, and Ross (1981) provided a comprehensive study of the pricing of redundant forward
and futures contracts. We du\c[np here a pricing maodel for nonredundant futures contracts.

“Breeden was the first author to introduce futures in an ICAPM. His main objective, however, was
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contract is of instantaneous maturity and perfectly correlated with each
and every state variable. In contrast, our futures are long lived and not
perfectly correlated with the state variables, and the financial market is
in general incomplete. The difference proves crucial in that, for instance,
futures are held by Breeden's investors as perfect hedges against the fluc-
tuations of the corresponding state variables, whereas they are demanded
by our investors for both (imperfect) hedging and speculative purposes.

In such a framework, two interesting questions arise. The first con-
cerns portfolio separation. Our first contribution is to show that a mutual-
fund separation result will obtain that involves (3 + K) funds, in lieu of
the usual (2 + K) funds. The second issue is whether the market portfolio
is necessarily mean-variance-efficient in the modified ICAPM with non-
redundant long-lived futures. Our second and main contribution is to
prove that this condition is in fact neither necessary nor sufficient for the
ICAPM to hold.

Although the martingale approach” has become the standard method
used to solve a portfolio choice problem in continuous time, it needs
major adaptations when futures contracts are included in the investment
opportunity set. This leads to heavy notations, in particular if one wants
to develop the analysis within an incomplete market framework, as here.
Consequently, we use the more traditional stochastic dynamic program-
ming approach pioneered by Merton (1971), as it is easier to implement
and enhances the intuition of the results.

The remainder of the article is organized as follows. In the Repre-
sentative Investor's Wealth Dynamics section, we derive the representa-
tive investor's wealth dynamics in an (generally) incomplete market with
nonredundant futures contracts. The Optimal Demands section provides
the optimal demands for all risky assets and establishes a novel mutual-
fund separation theorem. The Market Equilibrium section derives the
ICAPM that applies to the primitive (cash) assets and the nonredundant
futures. The last section is the conclusion. Most technical derivations
and proofs are left to the Appendix.

very different from ours. He was primarily interested in examining under what conditions an initially
incomplete market can be completed through the introduction of instantaneous futures contracts
(or commodity options in a separate section) and in characterizing the (Pareto) optimal allocation
that ensues. In addition, his was not a single-good but a more general multigood economy, which
raised specilic questions irrelevant here.

“See the seminal articles by Cox and Huang (1989) and He and Pearson (1991) and, for an excellent
introduction, the texthooks by Duffie (1996) and Pliska (1997).
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REPRESENTATIVE INVESTOR'S WEALTH
DYNAMICS

In this section, the pure exchange economy we consider is described. Of
particular interest is the derivation of the representative investor's margin
account generated by trading futures contracts. The investor's wealth dy-
namics is then provided.

Economy

N primitive (cash) risky assets are traded in the economy. The price S;(t)
of risky asset i (i = 1 ... N) evolves through time according to the
following stochastic differential equation (SDE):

dS;(t) = Si(thug [1,Y(H)]dt + S;(thog[t.Y(t)]" dZ(t) (1)

where Z(t) is an [(N + K) X 1]|-dimensional Wiener process in RN+E
Y(t) is a (K X 1)-dimensional vector of state variables, pg[t,Y(1)] is a
bounded valued function of t and Y, o [1,Y(1)] is a bounded [(K + N) X
1] vector valued function of t and Y, and the prime ' denotes a transpose.
The Wiener process is defined on the usual complete probability space
(Q,F,P), where P is the physical probability measure.

The dynamics of the K state variables is determined by the following
system of SDEs:

(%]

dY(t) = pylt,Y()]dt + Zy[t,Y(t)|dZ(t) (

where uy[t,Y(1)] is a bounded (K X 1) vector valued function of t and Y
and Zy[t,Y(t)] is a bounded [K X (N + K)] matrix valued function of t
and Y.

For convenience, we often write the dynamics of the N asset prices
in the following compact form:

dS(t) = Igug[t,Y(t)|dt + IEg[t,Y(1)]dZ(t)

,_,
U
—_—

where I is an (N X N) diagonal matrix valued function of §(t) whose ith
diagonal element is S;(t), pg[t,Y(#)] is an (N X 1)-dimensional vector
whose ith component is pg;[t,Y(t)], and Z¢[t,Y(1)] is an [N X (N + K)]
matrix valued function whose ith element is o[t Y(1)].

Nonredundant futures are also available for trade in this economy.
These are long-lived assets; that is, they do not have instantaneous ma-

lurit}'. ’I’hey are written on nontradable but observable variables that are
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variously affected by the state variables, such as Gross National Product
and the like. The net supply of these instruments is zero. We assume,
without loss of generality, that the maturity dates of all futures contracts
extend beyond the representative investor’s horizon date. The settlement
price of the jth futures contract solves the following SDE:

.:IF_,-(t) = Fi(t)u,:’,[t.Y(t)ldt + E,—(t)oﬂ[t.}’(t)]’ dZ(1) (4)

where HIA,-[LYU)] is an [(N + K) X 1] bounded vector valued function of
tand Y, and G,.}[t,Y(t)] is a bounded [(N + K) X 1] vector valued function
of t and Y.

We assume that there exist at most H = K nonredundant futures
contracts. Together with the primitive assets, they form the basis of the
financial market. Assets in the basis have linearly independent cash flows.
Therefore, in the extreme case where H is equal to K, the financial market
is complete in the sense of Harrison and Kreps (1979). In general, how-
ever, the market is incomplete (H < K). Regardless of whether the market
is complete or not, futures are not redundant instruments, and their de-
gree of correlation with the primitive assets is otherwise arbitrary. The
vector process of the futures prices may be written as follows:

dF(t) = Ippglt,Y(t)]dt + 1pZp[t,Y(t)]dZ(t) (5)

where I is an (H X H) diagonal matrix valued function of F(t) whose
jth diagonal element is Fi(t), pg[t,Y(t)] is an (H X 1)-dimensional vector
whose jth component is-u,..‘j[t,Y(!)l. and Zg[t,Y(t)] is an [H X (N + K)]
matrix valued function whose jth element is o [t,Y(1)].

The variance—covariance matrixes £¢Xg" and X" and the variance—
covariance matrix of all assets, that is, £X' where £' = [Z¢ Z;], are as-
sumed to be positive definite.

Finally, we turn to the investor's margin account generated by his or
her trading on futures contracts. Margins can be lent or borrowed at an
instantaneously riskless interest rate r(t). The diffusion process followed
by r(t) is completely general and need not be made explicit. If futures are
marked to market continuously rather than daily, the value of the margin
account at time t is written as follows:

1 i
X)) = J vpr r(u)ciu]@(.s‘)’df’(s) (6)
0 s

where O(1) is the (H X 1) vector of the number of futures contracts held
(as opposed to traded) by the investor at time t.
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We can now derive the dynamics of the representative investor’s
wealth.

Representative Investor's Wealth

Let a be the (N X 1) vector of the proportions of the representative
agent's wealth invested in the primitive assets, and let C be his or her
instantaneous consumption rate. Dropping for convenience the explicit
time dependence of all processes, we write his or her budget constraint
as follows:

dW = Wa'lg'dS + dX — Cdt
Changes in wealth are due to consumption, fluctuations in cash asset

prices, and variations in the margin account value. Using Equations 3, 5,
and 6 and applying 1td's lemma yield the following wealth dynamics:

d\if = |‘4/Q’ruh + rX + @J’rp.f: = (,‘IO“ -+ [‘*V(X'zs A @”}:ZJ:]L{Z
Using the definition of wealth W = Wa'ly + X to eliminate X, we can
rewrite the wealth dynamics as follows:

dW = [Wa'(ug — rly) + Wr + O'Iup — Cldt
“+ I‘-""IH',ZS =} G)’If,Zf |dZ
To further simplify the notations, we denote by 0 the (H X 1) vector of
the ratios of the futures nominal positions (not their values) to the in-
vestor's wealth, that is, 0 = (1/W)@'[;. Consequently, the investor's
wealth dynamics is finally given by:
AW = [We'(ug — rly) + Wr + WO up — Cldt
+ [Wa'Ss + WO'EdZ (7)
Alternatively, Equation 7 could be expressed in a way that emphasizes the

relative changes in wealth by using rates of return rather than returns
and defining ¢ = C/W as the percentage consumption of wealth:

Ny
I‘T = l(!l(l.lt" - I']I\‘) + r + ()”Jf‘ - L'lb“ + [(Xng s o B’E,]LIZ

We turn now to the derivation of the representative individual’s optimal
demands. Market equilibrium is characterized in the Market Equilibrium

section.
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OPTIMAL DEMANDS

We derive first the optimal demands for all risky assets and then a new
mutual-fund separation theorem.

Demand for Risky Assets

The representative investor is endowed with a Von Neuman—Morgenstern
utility function and maximizes the expected utility of his consumption
flow under a budget constraint; that is, he or she solves

I:U UIs.C(s)IdsJ (8)
t

subject to equation (7)
and to positive consumption P-a.s.

U is a well-behaved utility function, and t (=t) stands for the investor's
horizon. Let J[t,W(t),Y(t)] be his indirect utility of wealth function defined
by J(+) = max E, [[; Uls,C(s)]ds]. Standard computations shown in the
Appendix lead to the following.

Proposition 1

Under our set of assumptions, the representative investor's optimal de-
mand for risky assets is expressed as follows:

@ - ; — rly Jw " Jwy
= ZZ’ I (P—‘- \)( o —) £ ZZ |Ezr ( o ) 9
(()) s Hr Www e ! Wlww "

The demand for (both primitive and derivative) risky assets thus retains
its two familiar components. The first term on the right hand side (RHS)
of Equation 9 is the mean-variance speculative component, and the sec-
ond term is the dynamic Merton—Breeden hedging component. The eco-
nomic interpretation of these two terms is provided later. However, al-
though Equation 9 resembles the framework in Breeden (1984).% it is
e £ i Q) i § .
actually different in two essential ways.” First, in our framework the de-
mands for both cash assets (&) and futures (0) involve a speculative term
“Actually, Breeden essentially discussed two cases, one of incomplete markets without futures and
one of complete markets where each and every futures contract of instantaneous maturity is perfectly
correlated with each and every state variable. We compare our results to the ones obtained in the
Sl'l't)nd case hl'("(l“.“(’ we (l() hil\‘(‘ I‘ll[llrL‘S conlracts,

“See his Equation 5 relative to the demand for primitive assets combined with his Equation 6 relative
to that for instantancous futures, or his Equation 24.
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and a hedging term, whereas in Breeden the demand for futures is gov-
erned by hedging motives only and the demand for cash assets is governed
by speculative motives only. Second, both the speculative and hedging
components depend on the full [(N + H) X (N + H)| covariance matrix
X' of all risky assets. In contrast, Breeden's speculative term depends
on the [N X N| covariance matrix £¢Xg' of primitive assets only, and the
hedging term depends on the [N X K] matrix X" of covariances of
primitive assets with the state variables only.

The fundamental reason for this striking difference is that in Bree-
den’s framework, where the market is completed by instantaneous ma-
turity futures contracts, cach and every contract is assumed to be per-
fectly correlated with each and every state variable. The investor’s first—
best optimum strategy comprises a perfect hedge against unfavorable
fluctuations of each state variable, and this perfect hedge is easily ob-
tained by one trading only futures. In contrast, in our more general (in
this respect) setting futures contracts have finite rather than infinitesimal
maturities, and their variance—covariance matrix is completely arbitrary.
In particular, no futures contract has to be perfectly correlated with a
state variable. This is true even though a given futures contract may hap-
pen to be more positively correlated with a particular state variable than
any other primitive asset, as is likely. In particular, if the market is incom-
plete, perfect hedges are not feasible, and the investor’s first—best opti-
mum cannot be reached. Therefore, except for the excess return terms
present in the mean-variance speculative component of Equation 9, (ug
— rly) and py, respectively, the optimal demands for primitive and de-
rivative instruments are formally identical and depend in the same way
on the whole structure of correlations. This is true whether the market
is incomplete (H < K) or just complete (H = K). Now, one may wonder
what would happen to our investor's optimal demands if instantaneous
futures perfectly correlated with the state variables were introduced.
Then, the demand for cash assets would include the speculative part only,
as in Breeden's model, but, unlike it, the demand for futures would com-
prise both a (perfect) hedge term and a speculative one.

For expository reasons, we analyze the second term on the RHS of
Equation 9 first. The latter is composed of information-based elements
whose purpose is to hedge wealth against unfavorable changes in the K
economic state variables. The rational investor constructs his portfolio
comprising all available risky assets so as to protect himself against de-
creases in wealth due to shifts in the investment opportunity set brought
about by these changes. This component, present in both demands for
primitive and derivative assets, is preference-dependent because Jyy (=
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dJw/dY) is the cross-partial derivative that represents the effect of the state
variable Y on the investor's wealth marginal value. The terms — Jyyy /W]y
reflect that dependence, each one of them being interpreted as a coeffi-
cient of relative risk tolerance with respect to the relevant state variable
along the wealth's optimal path. In the particular case of logarithmic
utility, the (Bernoulli) investor is myopic to changes in his or her invest-
ment opportunity set (all cross-partial derivatives Jyyy vanish), and this
Merton—Breeden hedge component then disappears.

The first term on the RHS of Equation 9 is the speculative compo-
nent, the product of the investor's relative risk-tolerance coefficient
(=Jw/Wlww) by a mean-variance term. It has been interpreted since
Merton (1973) as the demand for risky assets by a single-period mean-
variance utility maximizer or, alternatively, by a multiperiod logarithmic
investor. It is dubbed speculative in the sense that an individual exhibiting
infinite risk aversion would set it equal to zero. To gain further insight
and make comparisons with known results, we rewrite this component
as follows (neglecting the risk-tolerance coefficient):

(Ezr) 1 (HS o rlu\')
UE

_ A —(ZZ§) ! ZZEB || Ag
- {—(z,z;)'l TEA B Hx,_J (e
where
As = (ZZ6) ' (ug — 1n7)
Ap = (ZpZp) M
and

A = [EgEL — EZH(ZeZE) ! Tt~ (EEE)

B = [E3F — IpZ(TeZe) ! ZZE] 7! (Zp2h)

Two basic sets of market prices of risk thus are identified, Lg and A;.. The
first one is traditional and concerns cash assets only, whereas the second
involves futures contracts only. The numerator of A is not in excess re-
turn form (the riskless interest rate r is not subtracted from ;) because,
unlike cash assets, there is no actual investment with futures contracts:
that is, no cost of carry is involved.

Given Equation 10, we can rewrite the speculative part of Equation
9 as follows:
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| ((:XHP(-L-) — (‘_“ J\'\' ) |:AHA.\., G (ZSZ{.’) : Z\Zil?ik|j| (1 ])
Bspec Wiww/ [Bhg — (ZpZp) 7' ZpZ§ Akg

Consider the two portfolios Akg and Bip. It is useful to examine first the
particular case in which primitive assets and futures contracts are not
correlated [E¢X;" = Oy, yl. In that case, A and B are identity matrices,
so Equation 11 greatly simplifies:

(6 = (- ) o]

The speculative part of the investor's portfolio then consists of two basic,

o >

mean-variance-efficient, well-separated portfolios: the first one is the tra-
ditional efficient portfolio containing primitive assets only, and the second
is the efficient portfolio containing futures contracts only. Note, however,
that we are neither in Merton's (1973) world nor in Breeden's (1984),
where the speculative part of the investor's portfolio consists of our first
(mean-variance-efficient) portfolio of cash assets only. Again, the differ-
ence is due to the spanning property of all the traded assets in our setting.

More generally, however, in the presence of (imperfect) correlation
between primitive assets and futures contracts [Z¢Xp" # Oy, 4], the spec-
ulative part of the demands for risky assets is given by Equation 11 where
matrices A and B are no longer identity matrices but are completely gen-
eral. It immediately follows that neither Al nor Bip are mean-variance-
efficient. Furthermore, in the demand for cash assets, an extra term is
subtracted from Akg that depends on By and thus accounts for cross-
hedging (with futures) effects. Similarly, in the demand for futures, an
extra term is subtracted from By that depends on Akg and takes cross-
hedging (with primitives) into account. Consequently, the two portfolios
Upee and O, are severely perturbed and lose their separation property.
They both depend on the whole structure of correlation between primitive
and derivative assets and on the expected excess returns on all traded
assets, and both are mean-variance-inefficient.

Mutual-Fund Separation Theorem

This framework involving nonredundant futures contracts generates an
interesting mutual-fund separation theorem. Merton's (1973) traditional
separation result states that, at equilibrium, all investors divide their in-

vestment among the riskless asset, the market portfolio, and the K funds
that are best correlated with the K state variables. Therefore, a (K + 2)
fund separation is obtained. Here we can state the following.
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Proposition 2

Under our set of assumptions, when nonredundant futures contracts are
traded, investors are indifferent to the reduction of their investment op-
portunity set from the riskless asset, N primitive assets, and H futures
contracts to (K + 3) mutual funds.

One fund is added to Merton's list. It contains futures contracts only
and constitutes the second part of the speculative component of the in-
vestor’'s demand for risky assets. To characterize the latter fund in a simple
way, we restrict ourselves to the case of Bernoulli (myopic) investors.
Extension to other tvpes of utility functions is straightforward.

Because Jyy is equal to zero and the relative risk-tolerance coeffi-
cient is equal to one for a Bernoulli investor, the demand for risky assets
(Equation 9) simplifies to

(q) N [ A —(E e BB [%s
0 —(EEp) ! IEA B Ap
Summing over all investors yields
(0‘.\:) = - A —(ZZ4) "' ZZEB | [ hs (12)
0y —(ZpZp) 7! ZpZeA B A

When B is eliminated with the second row of Equation 12, the first row
becomes

ay = (Iy — (ZeZ§) ' ZZp(EpZp) ' ZpE§ALg (13)

where ay; is the vector of weights in the market portfolio.

Equation 13 clearly implies that the market portfolio differs from the
usual one in a very important way. It is not proportional to a mean-vari-
ance-efficient portfolio of cash assets. It immediately follows that it need
not be mean-variance-efficient. The only case in which the market port-
folio is mean-variance-efficient is when cash asset prices and futures
prices are not correlated. Now, recall that this result was derived for Ber-
noulli investors. When individuals are not myopic and hedge against ran-
dom shifts in the state variables, it is already known that the market
portfolio need not be efficient.'” Our finding thus extends this result to
even logarithmic investors who do not hedge against state variables.
Therefore, in our economy and in contrast with previous work, the non-
necessarily efficient nature of the market portfolio is not due to Merton—
Breeden hedging activity.

9G¢ee Fama (1996).
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We can now restate the optimal demand for risky assets as follows:

===

[

We find as usual that optimal investment in the risky cash assets is pro-

) [-aush b s3]
—(EeXt) ! BBt B — (TR ZREREEL) ! BB | A
(14)

portional to the market portfolio. However, in our framework it is not
necessarily mean-variance-efficient. Furthermore, the portfolio of futures
contracts in which part of the wealth is invested is not necessarily mean-
variance-efficient either.

MARKET EQUILIBRIUM

In this section, we derive the ICAPM for the cash assets and the nonre-
dundant futures contracts, and then we interpret and discuss the results.
The class of utility functions is no longer restricted to the logarithmic
function.

To characterize market equilibrium, we impose that the usual market
clearing conditions hold. Net positions in the futures contracts are set
equal to zero (0 = 0y) as well as the sum of all margin accounts. Total
wealth thus is invested in the primitive assets only (@' 1y = 1). Combining
these conditions and the optimality conditions vields the following.

Proposition 3

Under our set of assumptions, at equilibrium the expected returns on
cash assets satisfy the following relationship:

K
s, = 1 + Bimlpy — 1) + kE Biv, by, — 1) (15)
I
The expected returns on futures contracts satisfy'!
K
Br, = Bm (b — 0 + kz Biv, Wy, — 1) (16)
-1

In Equations 15 and 16, B stands for the sensitivity of the return on
asset | to the excess return on the market portfolio (U = M) or to the

11y . . ) . . . . P
I'he word return is italicized because there is, of course, no actual investment in futures contracts,

either ])nugl\l or sold.
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(adjusted for the riskless rate) drift of a state variable process (U = Y}).
The proof is left to the Appendix.

The excess return on a cash asset is expressed in the usual ICAPM
form. This result is striking because we have found the market portfolio
to be not necessarily efficient. In a dynamic model where the risk gen-
erated by the state variables is priced by the market, a multibeta ICAPM
is obtained whether the market portfolio is efficient or not. Moreover, we
have carried this result over to Bernoulli investors who do not price the
risks associated with the state variables. In short, the market portfolio
may not be mean-variance-efficient because of the presence of nonre-
dundant futures contracts in investors’ portfolios, but the traditional
ICAPM for cash assets still holds for myopic investors. As for the result
of Equation 16, it does not really come as a surprise because the marking-
to-market mechanism makes futures contracts similar to cash assets.
Therefore, except for the obvious absence of the riskless rate of interest,
the ICAPM must equally hold for futures.

CONCLUDING REMARKS

When an incomplete financial market of cash assets is completed (par-
tially or not) by the introduction of nonredundant futures contracts,
mean-variance efficiency of the market portfolio is not required. This
result holds regardless of whether individuals exhibit myopic behaviors
or not. Because derivative assets have enriched the opportunity set of
direct investors and fund managers alike, this finding is important for the
practical aspects of asset allocation, risk control and management, and
performance measurement. Moreover, this result may have important im-
plications for empirically testing the ICAPM because the linear relation-
ship between expected return and beta continues to hold for risky assets
despite the possible inefficiency of the market portfolio.

Our results have been derived within a frictionless market frame-
work. In particular, the optimal demands and equilibrium relationships
are very tractable, so that the model should be applicable to the analysis
of a variety of theoretical and empirical issues. The introduction of some
market frictions such as transaction costs, portfolio composition restric-
tions, and default or counterparty risk may lead to a further understand-
ing of the peculiarities of futures markets.

APPENDIX

Proof of Proposition 1

We follow the traditional stochastic dynamic programming popularized
in the financial literature by Merton (1971). Given Equation 8 in the text,
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let J[t,W(1),Y(t)] be the indirect utility of the wealth function (i.e., the
value function):

JIEW(t),Y(1)] = max E,L[r U[.s.(f(.s‘)]dsJ

Let L(t) be the differential generator of J(.). We assume that J(.) is an
increasing and strictly concave function of W.'?
If w = L] + U, the Hamilton—Jacobi—Bellman equation is

1
Max vy (c, a, 8) = Max [U + Jutw + Jypy + Elu'uﬁhﬁu
|
+ EJHE\E{' + JwmZyow| = 0

with obvious notations for partial derivatives of the value function J(.)
with respect to each of its arguments. Note that py is the drift of the
wealth process given by Equation 7 in the text.

The necessary and sufficient conditions for optimality are derived
from this equation by its first derivatives being computed with respect to
the control variables C, a, and 0:

Ve =Uec = Juw=0 (A1)
Cits = (A2)

Vo = (s — rInW]w + ZgZyWhy
+ [EZhd + EZENW 3 yw = 0 (A3)

Vo = WWw + ZZiWiwy + [EpE5a + ZZp0IW gy = 0 (A4)

* above a variable denotes an optimal value. The first two (Kuhn and
Tucker) equations concern consumption and follow from the nonnega-
tivity constraint imposed on the optimal consumption path.

Combining Equations A3 and A4 leads to Equation 9 in the text.

Proof of Proposition 3
Using A3 and A4, one can easily show that at equilibrium

= T W ’
(“.S " In F) = Verw ( = T ) + Vgry ( _"lj) (A5)
F &

where

Merton (1973) and Cox et al. (1985) prov ided necessary conditions Ii)r_f L0 possess these properties.
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Yorké
Veew = (E:EZ&)

and

Vepy = (Z'\Z{)
SF.Y zkz;

Premultiplying AS by (&" 0f;)yields the equilibrium risk—return trade-off
for total wealth (equal to the market portfolio value):

' I T B
By — 1 = Vyw (ﬂ) + Vivy (—J\i) (A6)

Uy is the expected return on total wealth, Vi is the variance of total
wealth, and VY is the (K X 1) vector of covariances between total
wealth and the state variables.

Also, premultiplying A5 by £,(2'Z)'T

r

gives
Hy — lyr = Zy(2'2)7 'Y (u“ - I'\ir)
Ly
Whiw : Jwy :
= Wy (J) + Vy (—— (A7)
o Jw " Jw

where Vyy (=Vyy) is a (K X 1) covariance vector and Vyy is a (K X K)
variance—covariance matrix.
Combining A6 and A7 yields

( Wy — 1 ) _ (Vn-'.n' V(ti\') Jw
By = lgr Vvw Vyy Jw
Jw
Defining
Sy = (\/’H-'.L‘n' Vu,\')
Vi Wiy

Wiww

. =T
j]u' = (Zyy) I (H}}l’“— IHF) (AS8)
_JWY
Jw

Substituting A8 into A5 and defining Vg wy = (Vgpw Vepy) vield
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Uy — l.\’r)z\(/“ el Vi I(u“ —r) (A9
( Uy sewy(Viy) ty — Lyt )

The results of Equations 15 and 16 in the text follow from A9 because
the value of primitive assets represents total wealth at equilibrium so that
W is the value of the market portfolio M.
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