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In ihc ciirrenl literature, the focus of credit-risk iinalysis has been
either on the valuation of risky cnrpcjrate bond and credit spread or
on the valuiUion of vulnerable options, but never both in the same
context, rhcre are two main eonterns with existing sttidit's. I irst.
corporate bonds and t redit spreads are generally analy/cd in a context
wbere eoqx)rale debt is lhe only liability of the firm and a firm s value
follows a continuous stoehastic process. This setup implies a zero
sbort-term spread, wbieb is strongly rejected by empirical observa-
tions. Ibe failure of generating non-/er<> sbort-term credit spreads
may be altribuled to the simplified assumption on corporate liabili-
ties. Hecause a cori)orati<>n generally bas more tban one t\pe ol lia-
bility, modeling multiple liabilities may belp to incorporate disconti-
nuity in a firms value and tbereby lead to realistic credit term

The authors are grateful to thtf Social Sciences and Humanitit'.s Hcsenrch Council ot C^anatlii lor its
finLincial support, ihev also ;Kknowledf;c lhe Kdith W'hytc Research Cr:inl al Queen s University and
the University nl Toronlo Ciiniiaushl 1 und. Ihc authors thank lhe purlitipLints ill lhe Queen s t_'ni-
versily workshop, the I Ilh iitiJiual PACAIVKMA conferenee. and ihc 1449 Northern Kin;ince Asso-
ciiilion Lonrerenci- lor iheir Lommcnts. "I hey esjiceialK thank Andrew C^hen and Iwu anonymous
referees for their tomincnls anil suggestions.
*Correspi>ndc'nce aiitlmr. lacuk) of Miinagenieiit. Lniversily ul' loronlo. loroiUo, Ontario, tianada
MSS .̂ H6; e-mail: uei(?'mgnit.uloronlo.ea

Received Febnuin 2000: .\ccepled Aiigtisl 2000

m Melanie Cao is an assistant professor ul the Schitlicb School of Business at York
Uniiersity in North York and in tiie Department of Economics at Queen's University in
Kingston, Ontario, Canada.

m Jason Wei is an associate professor in the Joseph L. Rotman School of Mana}>emt'nt at
the University of loronlo in Toronto, Ontar'to, Canada.

The Journal ot Futures Markets, Vol. 21, No. 4, 301-327 (2001)
© 2001 by Johin Wiley & Sons, Inc.



302 Cao and Wei

struetures. Seeond, vulnerable options are generally valued under the
assumption tbat a firm can fully pay off tbe option if tbe firm's value
is above tbe default barrier at tbe option's maturity. Sueb an assump-
tion is not realistie because a corporation can find itself in a solvent
position at option's maturity but witb assets insufficient to payoff the
option. Ibe main contribution of tbis study is to address these con-
cerns. Ibe proposed framework extends tbe existing equity-bond cap-
ital structure to an equity-bond-derivativc setting and encompasses
many existing models as special cases. I be firm under study bas two
types of liabilities: a corporate bond and a sbort position in a call
option. Tbe risky corporate bond, eredit spreads, and vulnerable op-
tions arc analy/cd and eompared witb tbeir counterparts from pre-
vious models. Numerical results sbow that adding a derivative type of
liability can lead to positive sbort-term eredit spreads and various
sbapes of credit-spread term structures that were not possible in pre-
vious models. In addition, we found tbat vulnerable options need not
always be wortb less tban tbeir default-free eounterparls. © 2001
John Wiley & Sons. Inc. Jrl Fut Mark 2 1 :.^OI-327, 2001

INTRODUCTION

The focus of credit-risk analysis has been either on the valuation of risky
corporate bonds and credit spreads or on the valuation of vulnerable op-
tions, but never on hoth in the same context. Risky corporate bonds and
credit spreads have been modeled by Black and Scholes (197.^) and Mer-
ton (1974) and extended by Black and Cox (1976), Longstaff and
Schwartz (1995), Briys and de Varenne (1997), and others. Studies of
vulnerable options were pioneered by Johnson and Stulz (1987) and sub-
sequently advanced by Hull and White (1995) and Jarrow and Turnbuli
(1995). The existing studies can be improved in several aspects. First,
corporate bonds and credit spreads are generally analyzed hi a context
where corporate debt is the only liability of the firm and a firm's value
follows a continuous stochastic process. The obvious implication of this
setup is a zero short-term credit spread, which is strongly rejected by
empirical observations (see Fons, 1994; Jones, Mason, & Rosenfcid,
1984; Sarig & Warga. 1989). Because a corporation generally has more
than one type of liability and one maturing liability may cause a sharp
decrease in a firm's value, modeling multiple liabilities may belp to in-
corporate discontinuity in a firm's value and thereby lead to non-/ero
sbort-term credit spreads.

Second, vulnerable options are priced either under tbe assumption
tbat the option is the only liability of the firm (e.g., Johnson Si Stulz,
1987) or under the assumption that the option is fully paid off if the
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firm's value is above tbe default barrier at tbe option's maturity (e.g., Hull
ik Wbite, 1995). Botb assumptions are questionable. On the one band,
most firms bave debts in tbeir capital strueture, and contingent liabilities
(in the form of derivatives) are only part ofthe total liability. On the other
hand, it is not appropriate to evaluate an option's vulnerability by focusing
only on tecbnical solvency because a corporation can find itself in a sol-
vent position at tbe option's maturity but with assets insufficient to pay
off the option. For example, suppose tbe value of tbe firm's assets until
tbe option's maturity bas always been above the default harrier, which is
$40. Further suppose that the firm's value is S50 at the option's maturity.
If the option is S2() in-lhe-money, tbe firm is tbrcshold-solvent but unable
to pay $20 in full to tbe option holder. Ibe downfall of Barings Bank
serves as a convincing illustration: The default on debentures was purely
due to tbe large loss on derivative positions.

Third, risky eorporate bonds (or corporate credit spreads) are usually
analyzed separately from other liabilities, especially sbort positions on
derivatives. I lowever, many firms take derivative positions and at tbe same
time bave outstanding corporate debts. It will be useful to examine bow
risky corporate bonds affect the valuation of vulnerable derivatives, and
vice versa. As a matter of fact, some autbors (e.g., Bodnar, I layt, 8i Mar-
ston, 1998; Howton ik Perfect, 1998; Levicb, Hyat. & Ripston, 1998)
bave demonstrated tbe increasing usage of derivatives by financial and
nonfinancial firms. In a wide survey of nonfinancial firms, Bodnar et al.
(1998) found tbat 50 ofthe responding firms reported the use of deriv-
atives. Of tbe derivative users, 42 indicated tbat usage had increased over
the previous year (Bodnar et al., 1998. p. 71). Moreover, the implemen-
tation of FAS 133 requires that firms report their derivative positions at
fair value on their balance sbeet, whicb effectively crystallizes the con-
tribution of any sbort positions on derivatives to a firm's o\erall capital
strueture. In addition, as pointed out by a reviewer, firms also take indirect
derivative positions. For example, an investment bank may hold an option
position in a takeover target; a financing firm frequently issues letters of
credit tbat represents contingent liabilities; a large conglomerate may act
as a third-party loan guarantor, wbieh again results in contingent liabili-
ties; and so on.

1 he main objective of tbis study is to overcome tbe aforementioned
sbortcomings in tbe existing literature. We propose a framework tbat in-
corporates two types of liabilities: a corporate bond that represents the
conventional debt of tbe firm and a sbort position in a call option that
represents contingent liabilities. The default barrier is stoehastic with
respect to the interest rate and can he a function ol either the initial
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option's value or the market value of the option. Under each default-
barrier specification, we also examine two alternative settlement rules.
When the default barrier is determined by the market value of the option,
the option buyer essentially imposes a mark-to-market style of eovenant.
The Iramework is quite general and encompasses many existing models
as special cases, including Merton (1974), Black and Cox (1976). John-
son and Stulz (1987), Longstaff and Sehwartz (1995), and Briys and de
Varenne (1997). Numerical analyses demonstrate that including an ad-
ditional liability can generate positive short-term credit spreads. Under
reasonable parameter values, eredit spreads can exhibit upward-shaped,
downward-shaped, and hump-shaped term structures. In contrast, witbin
the existing models a downward credit-spread term structure is possible
only wben the firm is already bankrupt. It is sbown that tbe bond maturity,
tbe moneyness of tbe option (or significance of tbe other type of liability),
the defauit-barrier requirement, the correlation between a firm's value,
and tbe optioned stock price all play a role in determining tbe level and
sbape of eredit-spread curves. Moreover, we show that a vulnerable Eu-
ropean option may be wortb more tban its default-free counterpart ifthe
option bolder is paid off according lo a particular claim rule on default.

Tbe article is organized as follows. Tbe next section outlines the
model settings and discusses possible payoff rules under different sce-
narios for call bolders, bond holders, and shareholders. The Numerical
Analysis section presents simulation results for vulnerable options, risky
bonds, and credit spreads under reasonable parameters and compares our
results witb tbose generated by some of tbe existing models. Ibe last
section concludes the article.

MODEL

Model Setup

Consider a firm that bas as liabilities a zero-coupon bond witb maturity
T|j and face value F and a short position on a call option written on
anotber firm's stock witb strike priee K and maturity T^. (<T|,).' We as-
sume a continuous-time eeonomy wbere financial markets are complete
and frietionless so tbat we can apply Harrison and Kreps' (1979) equiv-
alent martingale pricing principle to price tbe seeurities under
consideration.

VVf II sf a tall option as ;ni example. I hf iinalysis can .ilso lif iHTformcd for other I>|K'N ofderivalivcs.
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The short-term risklcss interest rale r, at time ( is assumed to evolve
according to a Vasicek (1977) type of mean-reverting process under the
equivalent probability measure:

dr, = a{h - r,)dt + G,IL\, (1)

where a, h, and a^ are constant and c,, is a standard Wiener process.
Without a loss of generality, we assume a zero market price of risk. Under
the short-rate process, the default-free zero-coupon bond P(t,T) maturing
at lime T is governed by the following process:

T) I — f "'^""

The Firm's asset value under the equivalent probability measure is as-
sumed to follow

dA
—i = r,dt + cy,,,dz>, (3)

where a^ '̂  t̂ he standard deviation of the assets return and ->| is a Wiener
process. The correlation between the short-term risk-free rate and asset
value is p,\^. The firm value is assumed lo be independent ol lhe capital
structure of the firm. I inally, the price ol' the optioned stoek under the
equivalent probability measure is described by the following stoehastic
process:

^ - r,dt + G,dz,, (4)

where CT^ is the instantaneous volatility and z ,̂ is a standard Wiener pro-
cess. Ihe correlation between the short-term risk-free rate and the op-
tioned stoek price is p.^. whereas that between the optioned stoek price
and the firm value is p^^.

The default harrier or thresholt! level at time f.v(i), is specified as

it) =

As soon as the firm value .\ falls below v((). the safety covenant would
trigger hankruptey. Prior to the option's maturity, this threshold repre-
sents the sum oi the minimum requirements imposed hy bond holders

a,FP(f,T,,)

«,rP((T;,)
F

+ aiC:: V ( <
V T, =
for ( -

^ ( <
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and option holders. After tbe option's expiration, the threshold represents
hond holders" minimum requirement. Depending on the speeific features
of the covenant, C could be the initial value, Co or the (varying) market
value C,T,|,, of an otherwise default-free option. In the former case, the
option holders impose a fixed amount of default protection, whereas in
the latter ease, the protection amount varies according to the market
value ofthe option, which amounts to mark-to-market margin require-
ments. The parameters a, and a2 represent the degree of protection for
the two classes of liability bolders and are assumed to be positive con-
stants. Ihe maximum value of a, is 1.0, corresponding to full proteetion
to bond holders. However, a2 can be bigger than 1.0. especially when the
initial value of the option. Co, is used in the covenant specifieation. The
default barrier is stoebastic, with tbe bond portion depending on the
evolution ofthe short-term risk-free interest rate and tbe option portion
depending on botb the interest rate and the optioned stock's price when
tbe covenant is based on C,,,]̂ ,.

Next, we specify two distribution rules on default. Tbe first approaeb
is tbe proportional distribution rule based on tbe default-barrier require-
ments, wbereas tbe second is based on tbe market values of the corre-
sponding default-free instruments. Under the default-barrier distribution
rule, tbe payoff proportion to tbe option bolder is based on tbe initial
value of the option, except when the default oeeurs at the option maturity,
in which ease we use the option's intrinsic value, max(S((>) — K.O), to
calculate the proportions. To allow lor potential violations of the strict
priority rule at default resolutions, we adjust the payoff proportions for
the bond holders and option holders respectively by fractional numbers,
71 and 72. When Yi ^ 1 and 7 2 ^ 1 ' tfiere is no leakage and tbe two
classes of creditors reeeive tbe full amount to whicb they are entitled, [f
^A.v is tbe first passage time for tbe process /\ to go through the barrier
V, then 7,,\,,, - inf{( > 0,A, - v(f)} V 0 < ( < 7,, and T, < T^. Tbe payoffs
are summarized in Table I.

Tbe payoffs under Scenarios 1, 3, and 4 are straigbtforuard and easy
to understand. However, under Scenario 2, wben A{1\) < v(T,,) -I- [S{T^)
- K] + , altbougb tbe asset value is above tbe tbresbold, on tbe exercise
of tbe call tbe remaining value of tbe asset is below tbe thresboid required
by tbe bond holder. This is a case where the firm meets the covenant
requirements before the option's maturity but Is triggered into default by
the exercise of tbe option, liarings' bankruptcy serves as tbe best example
to illustrate tbe point. Barings was financially strong and solvent before
tbe buge loss on derivatives trading was revealed. Tbe unfortunate bank-
ruptey was triggered by tbe large obligations that resulted from tbe Nikkei
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TABLE I

Paxoll Descriptions lor Different Scenarios

Scenario I: Delnult Prior In Oplion's Miititrity: T \ , < 7̂ .
Dcfiiult-liarrier Ruie MarketA'uliw Rule

Call Holder tt^C); w.yA{T,,J
Bondholder a^FP{T^^, T^)y, (1 - w/,);',/4(7^J
Shareholder 0 0

Scenario 2: IWJ Defauh Prior to Option's Maturity
ACI\.) > v(T,)

A(T,) <
;) ^ i'(T,)

Default Miirkcl Defauh Miirkft
Barrier Value Barrier Value
Rule Rule Ruk- Rule

Callholder w-yAi.D w<y,A{T,) w/y.,A( T) w.y^ T,) [S{ T,) - K\-
Bondholder (1 - w.,) (1 - w,) (1 - w,) (1 - w,)

yAT^ YAL) YAL)
Shareholder 0 0 0 0

Hantiirio ^: Default Prior lo [ioitd Maturity: T^ < T^ ,, < If,
Bondholder AiT^Jy,
Shareholder 0

Scmitirio 4: No Dejauh Prior io Hond Maturity

Bondholder A{T.,)y, F
Shareholder 0 A{T^) - F

Note; max[S(l) - K, 0] = [S{T) - K]' iv. = C.J(FP[T,,, T,) + C,,,.,) v̂,. = a-.a{a,FF\T , L) + « CJ w. = \S(l} -
'^fFF^T",, 7",,) + [S{T,) - K ] ) When Ihe default barrier is based on lhe initial opiion value. C = C : when the default barrier
IS based on the market value of the opfion, C = C,^,.

index futures. Our article represents the initial cHort in addressing tbe
eonsequenees of sucb a possible outeome on the credit spreads and vul-
nerable option values. We show in tbe numerical analysis that incorpo-
rating this possible outcome belps us to generate positive sbort-term
credit spreads and a downward sloping term strueture of credit spreads,
wbieb tbe existing models can generate only if tbe firm is already
insolvent.
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Discussion

We have specified the option's maturity to be shorter than the bond's,
which by and large reflects reality-^ One could easily study a case where
the opposite applies. The only conceivable practical scenario correspond-
ing to this setup would be a case where a large amount of corporate debt
is tnaturing. In such a case, debt default is a less important issue given
the imminent maturity, but there could be implications lor vulnerable
options. Sueh a ease is straightforward to study hut is omitted for brevity.

An acute reader may realize that we do not explicitly specify a re-
covery' rate as many other authors have done. In our model, prior to the
option's maturity, the recovery rate is stochastic and endogenous and de-
pendent on the interest rate and the severeness of the bankruptcy. 1 his
is an important impro\ement over the existing literature, whieh mostly
employs a constant exogenous recovery rate. (As apparent in Table I. the
recovery rate beyond the option's maturity will be a|Yi before the debt's
maturity and between OIY] and 1.0 at the debt's maturity.)

Several additional properties of our setup need to he pointed out.
First, when the covenant is hased on the market value ofthe option, C-n̂ î ,,
the two distribution rules heeome identical if U] = a^. In the general
case where a | < ctj, it can bf seen that the market-value-based distri-
bution rule would he favorable to bond holders and detrimental to option
holders in comparison with the barrier-based distribution rule. Second,
as long as ai T̂  1, the bond will always be risky, regardless of the level of
other parameters. This mimics reality well. Third, under the delault-bar-
rier-hased distribution rule and the market-value (of option) -based cov-
enant, the option would be completely default-free if 72 = 1 ̂ md a2 =
1. This is as if the option is marked to market continuously and margin
deposits are adjusted aeeordingly. With over-the-eounter (OI'C) deriva-
tives, this is highly unlikely, although eounterparties have lately moved
toward fuller protection in the context of eredit-risk management. Our
setup is capable ot aeeommodating this reality. For example, under the
market-value-based distribution rule, even if 72 — 1 and a^ — 1, the call
option is still vulnerable. This situation is equivalent to the follov\ing:
Daily revaluation of the option is indeed performed and the covenant
requirement is readjusted, hut margin deposits are either not required or
not adjusted as frequently as the revaluation. This is a realistic scenario
in light of the widespread implementation oi Value at Risk (whieh means

Survey results Irom IJoclnar ol <il. ( ly^JH) irnlitalc ihiil most I'lrnis use dcrivativt's will) short matur-
ities. F-or example, TT'̂ r ol' ihe forcifiii currency tlerivaiives being used havt' an original miilurily ol'
m to ISO days.
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frequent reevaluation and reassessment oi counterparty risk) and the
nonexistenee oi an established margin mechanism for O IC' produets.

Because of its general and realistic features, our model ean be re-
duced to many pre\ious models as special eases. For vulnerable options,
setting the default harrier to zero (by setting F — 0 and a , = 0) and the
priority parameter to one (7^ — 0 It̂ ads to the model by Johnson and
Stulz (1987). For risky debts, our model encompasses several existing
models. First, our setup reduces to the simple Framework of Merton
(1974) hy setting the option position to zero (S — 0) and removing the
bond covenant proteetion (by setting a | — 0).'' Second, the model of
Blaek and Cox (1976) assumes a constant risk-free interest rate and no
violation of the strict priority rule, which can be achieved in our model
by setting the option position to zero (S — 0) and a — 0, CT^ — 0, and yi
— 1. Third, Longstaff and Schwartz (1995), using the same stochastic
processes as in Lquations 1 and i?, derived a closed-form formula for the
risky bond with a constant default barrier. In our framework, this is equiv-
alent to setting the option position to zero (S = 0) and the default barrier
to a constant, \'(t) = K,, (V ( ^ T|,). Finally, Briys and de Varenne (1997)
extended the model by Longstalf and Schwartz hy allowing the deiault
harrier to vary aeeording to the market value of an otherwise risk-free
hond. In spirit, our model is elose to Briys and de Varenne's, although
they studied risky bonds only. We ean ohtain their model by setting S =
0. None of the aforementioned models ean generate non-zero short-term
spreads and a downward sloping credit term strueture for a solvent firm,
although such features have been observed empirically (Fons, 1994; Sarig
ik Warga, 1989) (To generate a positive short term credit spread, Zhou
(1998) uses a mixed jump-diffusion process to model firm's value while
maintaining debts as the sole liability oF the firm).

Onee we specify the stochastic processes and the payofi rules, the
vafue of the vulnerable option and the defaultable bond can be expressed
by way of risk-neutral discounting. Unfortunately, the valuation expres-
sions do not admit closetl-form sofutions because ofthe complex recov-
ery-rate specifications or the distribution rules. As a result, we must resort
to Monte Carlo simulations, which are delineated in the following
section.

^Ihroijjihoul the discussions here, setting the option position to zero means S = 0, which isdilkreiit
From a^ = 0. In the latli-r case, although the oplion's position does nol allect the dflaiilt barrier.
piiying i)fF the option al maturity will alter the nsset value process anil. then, lore, the hond-delault
dvnaniies.
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NUMERICAL ANALYSIS

The stochasLic processes for the firm value, risk-Free interest rate, and
stock priee arc discreti/cd into daily intervals under the assumption oF
250 days in a year. Correlated paths of the three variables and that oF the
default harrier are then generated. At the beginningofeaeh daily inter\ai,
the firm value is compared against the default harrier. iFdeFault occurs,
the two classes of liability holders are paid off according lo the prespeci-
fied distribution rule, and a new run is started, and so on. Each numerical
estimate is hased on 10,000 runs. To reduce the simulation variance, we
employ hoth the antithetic method and the control variate technique.

To apply the antithetic method, for each regular path of the variahle
in question, we generate a eompanion path that uses the same random
innovations as used by the regular path, but we reverse the signs. For
each run, the simulated value in question is simply the average oFthc two
simultaneously generated values."^ To apply the control variate technique,
we need to choose a control variate for the risky bond and the vulnerable
option. For the risky bond, the eontrol variate is the defaultable bond
studied by Briys and dc Varenne (1997) that admits a closed-form for-
mula; for the vulnerahle option, the control variate is the default-free
counterpart whose formula was derived by Merton (1973). Ibe difference
between the theoretical value and the simulated value ofthe control var-
iate will then be used to adjust the simulated value of the instrument in
question. For details on the two variance reduction techniques, please
consult Hull (2000).

The parameter values for the simulation are chosen such that they
are consistent with empirical observations. Without a loss of generality,
we scale the eurrent value of the firm to A,) = 100. The instantaneous
volatility of the asset value or firm value is set at a^ = 0.2. consistent
with empirical findings of Jones et al. (1984) and the discussions in I.e-
Iand and Toft (1996). For the interest-rate process, the mean-reversion
speed and the instantaneous volatility are set according to estimation
results of Chan, Karoiyi, Longstaff, and Sanders (1992) and are consis-
tent with the values used by Briys and de Varenne (1997). Specifically, a
= 0.2 and â  = 0.02. The spot interest rate and the long-run reversion
target are both set at 10% (ro ^ h = 10%) to produce roughly a Flat term
structure of the risk-free rate, which will simplify interpretations of the
risky term structure. The instantaneous volatility of the stoek return is Oy

Unlike a typical simulation whtTC the anlithetic path always mirrors the regular path, in oijrseltinjj
the two paths may lerminate m dilTcrcnt limes because we are essentially simulating the first passage
time. Nonetheless, the mirroring olfecl or variance reduction is achieved at least for the time period
when fioth palhs arc In ihc soKent region.
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— 0.25, the level for a typical stock. In accordance with Footnote 3, the
option s maturity T̂ . and the bond maturity T|, are set at 0.5 and 5 years,
respectively, for the base case, and other values are examined in a eom-
parative analysis. The eurrent stock price SQ is set at 100 so that when
the option is at-thc-money. it is ahoLit 10% of the firm's asset value. Re-
alizing that equity and asset values tend to he negatively correlated with
interest rates, we set the three correlations at p̂ ^̂  = 0.3, p̂ ^̂  — ~0.4,
and p^r ~ —0.25, consistent with Briys and de Varenne. The base ease
values for the eovenant protection parameters arc oi] — 0.85 and a^ =
1.00. and the priority rule parameters are yi = 0.90 and y? = 1.00.
Finally, the face value oF the bond is set such that the debt ratio is 50%
initially; F - 0.5A(/P(0,T,,).

To enhance our insight, we compare our results with those of the
existing models. For risky honds and credit spreads, because our model
is a direct extension of Briys and de Varenne (1997), who in turn extended
the prexioiis models, we include the credit spreads from their mode! for
comparison. The credit spread generated in our model will always be
larger than that in Briys and de \arenne hecause we introduce another
liability, the option. For vulnerable options, hecause our framework is a
direct extension of Johnson and Stulz (1987), we use their model for
comparison. In the framework of Johnson and Stulz. the vulnerable op-
tion only depends on the firm \alue dynamie and is assumed to be un-
affeeted by the capital structure ofthe firm. Therefore, our model extends
that ot Johnson and Stulz in three ways. First, we allow default prior to
the option s maturity; second, we allow honds to compete with the option
for payoffs at the option's maturity; and third, we allow a stochastic in-
terest rate. Because the last extension is a straightforward generalization
of the constant interest-rate assumption, ue assume that it is already a
feature oF Johnson and Stulz. In other words, when we refer to Johnson
and Stulz. we mean their model implemented with a stoehastic interest
rate.

We examine various combinations ol modeling parameters to Fully
understand the behavior of vulnerable options and credit spreads. Sche-
matically, we first start with two main dimensions: whether the option
component ofthe default barrier (02^^) 's based on the initial option value
C() or the market \alue C,^^ii. With each barrier specifieation. two distri-
bution rules at default arc possible, either deFault-barrier-based or mar-
ket-value-based, as outlined in Table I. For each combination, we examine
how vulnerable options and credit spreads are affected hy such variables
as bond maturity, capital structure, extent of covenant protection, and
various correlations. For similar results, we report only representative
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data for brevity. Considering that daily mark-to-markct and margin re-
quirements are not yet an established practice for OTC derivatives, we
start first with the harrier specification based on tbe initial value of the
option. Later, in the section of Default Barrier Based on the Market Value
of the Option, we study the market-value-based default barrier and com-
pare the two.

Default Barrier Based on the Initial Option Value

Here the two distribution rules, the default-barrier rule and the market-
value rule, generate very similar results. For bre\ity, we only present the
results under the default-barrier rule.

Vulnerahle Options and Term Structure of Credit
Spreads

We first study how the credit spreads vary across maturities and simul-
taneously examine the value of the vulnerable option. To this end, in
Exhibit 1 we vary the bond maturity Irom I to 10 years and accordingly
adjust the face value of the bond so that the debt ratio remains at 0.5.
Given our assumption of a firm's value invariance to tbe capital structure,
the sum ofthe dcfaultabie bond value, the vulnerable option value, and
the equity value is always A^ ^ 100 if tbere is no leakage. Whenever
there is a leakage (i.e., 7| T̂  1), we eredit the amount oF the hond payoff
leakage to equity value so that the conservation of value is obtained. This
is done mainly as a way of double-checking the numerical accuracy.

The effects of debt maturity are shtnvn in Panels A and B. where the
options maturity is fixed at 0.5 years. We made several interesting obser-
vations. First, the default-free call and the vulnerable call based on John-
son and Stulz (1987) are hoth independent of the bond maturities, as
they should be. Second, in both panels the value of the default-free call
is higher than that of the vulnerable call based on Johnson and Stulz,
which in turn is higher than the vulnerable call's value generated From
our model. The option is the most vulnerable in our model because de-
Fault can occur not only at option's maturity but also at any time beFore
the option's maturity. Although the results make Intuitive sense, as we
see later, the \ulnerahle option In our model can be worth more than its
counterpart in Johnson and Stulz, or even its default-Free counterpart.
Nonetheless, both panels show that the vulnerable option's value is not
very sensitive to the bond maturity. Third, the credit spread from our
model is higher than its counterpart From Briys and de Varenne (1997),
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EXHIBIT 1

Vulnerable Options and Icrm Structure of Credit Sjireads

[iorni
Maturity
(years)

Panel A: Sa
1
2
3
4
5
10

Panel B: S,,
1
2
3
4
5
10

Bond
Valiw

= 100. K =
49,7759
49.4872
49.0633
48,5807
48.0878
45.9594

= 120. K =
48.0989
47.4139
46.7585
46.1598
45.6224
43.6634

Call
Vahif

i'ljiiity
\'tihie

100. C,,, = 9.5323. C,, = 9.5176
9.5002
9.4992
9.4983
9,4975
9.4969
9.4948

40.7300
41,0200
41,4400
41,9300
42,4200
44,5500

[iisk-free
Yii'td

9.99%
9.98%
9,96%
9,94%
9,92%
9.81%

100. C,,, = 25.6847, C,, = 25.6441
25.1400
25.1327
25,1264
25,1211
25,1165
25.1024

26.7700
27.4600
28.1200
28.7300
29.2700
31.2400

9,99%
9.98%
9.96%
9.94%
9.92%
9.81%

Credit
Spread _CW

0,45%
0.52%
0.63%
0,72%
0,78%
0.85%

3,88%
2,66%
2,23%
2.00%
1,83%
1.36%

Credit
Spre<id_BDV

0.00%
0.08%
0,21%
0,33%
0,42%
0,63%

0,00%
0,08%
0,21%
0.33%
0,42%
0.63%

Credit Spread: Option's Maluiity is 1/4 ofthe Bond's

Bond Maluiily

Credit Spread: Option's Maturity is 1 /2 of the B<mf s Maturity

Bond Maturity

10

Note: Unless otherwise specified, all results were computed with S,, = 100, K = TOO, A^ = 100, fu = 10%, a = 0 2, b =
0.1. a, = 0.02, o-,, = 0,2, (j^ = 0.25, />,. = -0,4, ,K^ = 0.3, ,u, = -0.25, a, = 0,85, o, = 1.00, ;•, = 0,90. 7., = 1 00, T
= 0.5, and a debt ratio of 0.5. Spread_CW is the spread generated from our model, Spread_BDV is the spread generated
from the model by Briys and de Varenne (1997), C,,,is the default-free call and C., is the vulnerable call based on Johson
and Stulz (1987),
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as expected. When the option is in-the-money, the eredit spread is much
larger, which makes intuitive sense. In this case, the model by Briys and
de Varenne will significantly underestimate the credit spreads. The im-
portance of incorporating nondeht liabilities hecomcs ohvious. Fourth,
the shape ofthe eredit-spread term structure depends on the moneyness
of the option. It is upward sloping when the option is at-the-money and
downward sloping when the option is deep in-the-money."" As discussed
earlier, in previous models, including that of Briys and de Varenne, a
downward sloping term structure of credit spreads is possible only when
the firm is already insolvent. In our model, a short position on an option
ean easily lead to the empirieally observed result.

These finding begs a natural question: What if the option's maturity
increases with the bond s? To answer this question, we rerun the simu-
lations lor two cases: to maintain the option s maturity at one quarter of
the bond's in one ease and at one half oi the bond's in tbe otber. As the
two figures in Exhibit I show, sizable short-term credit spreads are still
present wben the option is in-the-money. For example, when the option's
maturity is maintained at one quarter of the bond's, the I-year eredit
spread is around 5 when the stock priee is 130. In addition, the option's
moneyness also determines the varieties of the term strueture's shape.
Downward sloping, upward sloping, and humped structures are all ob-
served. In eontrast, the term structure generated from Briys and de Var-
enne (1997) is always upward sloping. Again, given the empirieal ohser-
vations oi flat or downward sloping eredit-spread term structures by Saig
and Warga (1989) and Fons (1994), our model has proved its versatility
and potential.

Effects of the Capital Stnicttire

In our model, eapital strueture or debt ratio is defined as the ratio ofthe
market value ol an otherwise risk-free bond over the current firm value:
F X P(O,T},)/A(). To study its impaet, we repeat tbe calculations for Panel
A in Exhibit I for ditterent debt ratios and report tbe results in Exhibit
2. Tbe credit spread is very small wben the debt ratio is ()._ .̂ Wben tbe
debt ratio is 0.7, eredit spreads arc sizeable in both models. Here, our
model generates a downward sloping eredit-spread term strueture. which

When we perform simukitions For in-lhc-moncy cases, ue set the initial Icirricr using the vnliif of
an at-thc-moncy option. Ihis also holds lor itll .subse(|uent simulations involving difforcnt moncyncss
situations. F.ssentially, we are simulating situations where the barrier was set some time ago and the
option's moneyness has since changed. In addition, we omit the results for out-of-the-money eases
because our model fienerak-s virtually ihe same resulls as those of Briys and dc Varenne (1997)
because of ihe minimal CITL-II nl' ihc option's position.
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EXHIBIT 2

EfFects of the Capital Strueture

Hond
Maturifi
(years)

Panel A.
1
2
3
4
5
10

Panel B:
1
2
3
4
5
10

Panel C:
9.5176
Debt
Riitio

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0 8
0.9

Bond
Value

Debt Ratio = 0.3,
29.9863
29 9777
29.9596
29.9249
29.8694
29.3388

Debt Ratio = 0.7.
67.5925
65.8745
64.4841
63.3781
62.4759
59.6752

Call
Value

So- K =

9.5266
9.5264
9.5262
9 5260
9.5259
9.5255

S,,= K =
9.4383
9,4297
9.4227
9.4171
9.4127
9,4010

Eqtiili,
\ tiliif

100, C^, = 95323,
60.4900
60.5000
60.5200
60,5500
60.6100
61,1400

100, C.J, = 9 5323.
23.0600
24.7900
26.1900
27 3100
28 2100
31 0400

Risk-free
Yield

C,, = 95176
9,99%
9.98%
9.96%
9.94%
9.92%
9,81%

C,., = 9.5176
9.99%
9.98%
9,96%
9 94%
9.92%
9.81%

Changing Debt Ratio With the Bond Maturity Fixed at 5 Years S.

Bond
\ iditc

9,9992
19.9869
29.8694
39.3612
48.0878
55.8054
62.4759
68 1251
73.0600

Call
\'aiue

9.5317
9,5300
9.5259
9.5167
9.4969
9,4567
9.4127
9.5047
9.8121

Equity H

Viilne

80.4700
70.4900
60.6100
51.1300
42.4200
34,7500
28.2100
22,4200
17 1700

i'^k-l ree
Yield

9 92%
9.92%
9.92%
9.92%
9.92%
9.92%
9.92%
9.92%
9.92%

Credit
Spread _C W

0,05%
0,04%
0,04%
0,06%
0,09%
0.22%

3.50%
3.04%
2.74%
2.48%
2.27%
1 60%

,= K = 100. C,,,

Credit
Spread _CW

0.00%
0,01%
0,09%
0.32%
0.78%
1,45%
2.27%
3.21%
4.17%

Credit
SprL'ud_BDV

0.00%
0.00%
0.00%
0.01%
0.02%
0.14%

0.75%
1 36%
1.56%
1 60%
1.58%
1.30%

= 9.5323. C,, =

Credit
Spreudjiin

0.00%
0.00%
0.02%
0.14%
0.42%
0.91%
1 58%
2,36%
3,20%

Note: Unless otherwise specified, all results were computed with S., = 100, K = 100, A, = 100, r, = 10%, a = 0.2, b =
0.1, (T, = 0,02, ff^ = 0.2, (j^ = 0.25,/)„ = -0.4,/^, , - 0,3,/!.,. = -0.25, a. = 0.85, «, = 1,00, v, - 0.90, ;v = 1,00, T,
= 0.5, and T^ = 5. Spread CW is the spread generated from our model. Spread BDV is the spread generated from Ihe
model by Briys and de Varenne (1997), C,,, is the defaull-free caii and C,,, is the vuinerabie call based on Johson end Stulz
(1987).

is in eontrast to the upward sloping eurvc apparent in Panel A of Exhibit
I witb a debt ratio of 0.5. Tbis implies that capital structure determines
not only the level but also the shape of the eredit term structure. More-
over, with a debt ratio of 0.3, the credit term strueture is U-shaped in our
model but upward sloping in Briys and de Varenne (1997); witb a debt
ratio ol 0.7, tbe term strueture is humped in Briys and de V'arenne. In
Panel C of Exbibit 2, we vary the debt ratio between 0.1 and 0.9. It is
seen that tbe value ofthe vulnerable option generally deereases and tbe
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eredit spread increases, as expected. However, we notice a peculiar pbe-
nomenon at a debt ratio of 0.9, whereby tbe vulnerable option's value is
higher than its default-free eounterpart and its vulnerable counterpart in
Johnson and StuI/ (1987). The price inversion with respeet to the vul-
nerable counterpart in Johnson and StuI/ also exists when the debt ratio
is 0.1, 0.2, and 0.3. We later shov\ in Exhihit 6 that it is entirely possible
for a vulnerable option in our model to be worth more tban its default-
free eounterpart.

Degree of Covenant Protection

Reeall tbat the strictness of the covenant is eaptured by the two param-
eters, a I and 02- Because derivatives' position (as a percentage of the
firm's asset value) is usually smaller than debt s, we still set a, — I and
only examine tbe effect of varying a^. Exhibit 3 reports tbe results. In
botb models, the credit spread deereases as the degree of protection in-
creases. When full protection is in place, the credit spread is not zero in
either model because ofthe violation of tbe strict priority rule (i.e., Y| —
0.9). in our model, even if a , = 1 ^rid YI — 1.0, tbe bond is still risky
because default ean be triggered by the option's position, in uhieb case
bond holders' proportional elaim to the asset value may be less than the
market value of the risk-free bond if the option is deep in-the-money.
Similar observations ean be made for otber moneyness situations, for
which we have plotted at the bottom of tbe exhibit the credit-spread term
structures. The eredit spread is almost eonstant for most ol the money-
ness situations when a | is not very high. Ihis is especially true in the
framework of Briys and de Varenne (1997). Intuitively, when the default
barrier is lower than a eertain threshold, the possibility of default before
the option's maturity is almost zero (and, hence, Uj ceases to play a role),
and the spread is almost entirely due to defaults at the option's maturity.
Eor Briys and de Varenne, the eonstant spread is almost entirely due to
the violation of the striet priority rule.

In the framework of Johnson and StuI/, (1987), the vulnerable option
is not aflected by the bond covenant protection. However, in our model
it is seen ibat tbe vulnerable option's value goes down as the bond cov-
enant protection increases. Tbis is a result of a subtle trade-off. When
the hond eovonant protection increases, the overall default barrier is
raised, and as a result, both the bond holders and option holders enjoy
better protection against dramatic losses. However, because the option
bolders' eovenant proteetion remains unehanged, an inerease in a | means
a higher claim proportion for bond bolders (and a lower proportion for
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EXHIBIT 3

Degree of Covenant Protection ( a , )

So =
0.20
0.25
0.30
0.35
0.40
0.45
0 50
0,55
0.60
0,65
0.70
0.75
0.80
0.85
0.90
0.95
1.00

Blood
Vahie

100. K = 100. C,
47.9515
47.9519
47.9525
47.9531
47.9540
47.9550
47 9564
47 9583
47.9612
47.9659
47.9746
47.9916
48.0250
48.0878
48.1988
48.3846
48 6705

Call
Value

„ = 9.5323. C,,
9.5315
9.5311
9 5305
9.5298
9.5288
9.5277
9.5263
9.5243
9.5218
9,5189
9,5151
9.5103
9.5044
9.4969
9.4878
9.4762
9.4617

Etjuity
Value

= 9.5176
42.5200
42.5200
42.5200
42.5200
42.5200
42.5200
42.5200
42,5200
42.5200
42.5200
42.5200
42.5000
42.4800
42.4200
42.3200
42,1500
41.8800

Risk-Free
Yield

9.92%
9.92%
9 92%
9.92%
9.92%
9.92%
9.92%
9.92%
9.92%
9.92%
9,92%
9.92%
9.92%
9.92%
9.92%
9.92%
9.92%

i.rcdit
SprL-ad_CW

0.84%
0.84%
0.84%
0.84%
0.84%
0.84%
0.83%
0.83%
0.83%
0.83%
0.83%
0.82%
0.81%
0.78%
0.73%
0.66%
0.54%

Credit
SpreailJiDV

0 43%
0 43%
0.43%
0.43%
0,43%
0.43%
0.43%
0.43%
0 43%
0.43%
0.43%
0.43%
0.43%
0.42%
0.41%
0.37%
0.31%

4.00%

3.00%

•^ 2.00%-|

1.00%

0.00%

Effects of Changing a, on Credit Spread

BDV
S0= 100
S0= 110

= 120
- » - S 0 = 130

0.00 O.IO 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00

Note: Unless otherwise speoified. all results were computed with S, = 100, K = 100, A = 100, r,, = 10%, a = 0.2, b =
0.1. a, = 0.02. c,. = 0 2, f7, = 0.25, p,, = -0 .4 , , j , ^ = 0.3, p^, = -0.25. a, - 1.00, •/, = 0.90. ;v = 100, T, = 0.5, 7",, =
5, and a debt ratio of 0 5. Spread_CW is the spread generated from our model, Spread_BDV is the spread generated from
the model by Briys and de Varenne (1997), C,,, is the default-free call, and C.., is the vulnerable call based on Johson and
Stulz (1987).

option holders) at dofatilt. Il is apparent From the e,\hihit that the latter
eftcct dominates the Former. An immediate implication is that option
holders should not only ensure a higher overall default harrier hut also
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ensure that their claim in case of default is commensurate with the de-
fault barrier.

Ejfects ofthe Correlation hetween the Firm Value
and the Optioned Stock Price (/\,\ )

Botb option bolders and bond holders sbould be concerned about bow
tbe firm value and tbe optioned stoek priee are correlated. For option
bolders, a knowledge of tbe impaet of tbe correlation on tbe option \alue
can belp tbem strueture tbe eovenant initially; it is also true for bond
bolders in that tbey have equal claim priority as tbe option bolders. To
gain some insigbt, we repeat tbe previous simulations for two additional
values of ps,.\, 0.0 and —0.3, and plot tbe results in Exhibit 4, togetber
witb tbe ease for p̂ \̂ — 0.3.

First, we notice tbe usual patterns wbereby tbe credit term strueture
generally slopes upward wben tbe option is at-tbe-money or near-tbe-
money and downward wben tbe option is deep in-the-money. Second, as
tbe correlation moves toward zero and becomes more negative, the credit
spread becomes bigger lor a particular maturity. Altbougb not reported,
tbe vulnerable option's value goes down as tbe correlation beeomes neg-
ative. Tbe results make intuitive sense. Wben tbe firm value and stock
price are negatively correlated, a bigber stock price is likely to be aeeom-
panied by a lower firm value, in wbicb ease botb groups of liability bolders
stand to lose more tban otberwise in case of default. However, a positive
correlation will on average ensure that any gain on option values is sup-
ported by an inerease in tbe firm value, which will make default less likely,
and as a resuit, botb types of liability bolders benefit. Ibis implies tbat a
relatively lax co\enant is warranted if tbe firm value is positively eorrelated
witb tbe optioned stock price, and viee versa.

It is also apparent From the figures tbat tbe impaet of tbe correlation
diminisbes as tbe bond maturity increases. Tbis makes intuitive sense
because tbe option's maturity is fixed at 0.5 years. As tbe bond maturity
increases, tbe efiect irom the option's position is being spread out. Notice
tbat tbe credit spread in Briys and de Varenne (1997) is independent of

PsA-

Effects of the Correlation hetween the Firm Value
and the Interest Rate (p,\j-)

Insofar as credit spread is jointly affeeted by the bebavior of tbe firm value
and tbe interest rate, it would be useful to see bov\ tbe comovement of
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EXHIBIT 4

Effects of tbe Correlation between the Firm Value and the Optioned
Stock Price (p,0

Credit Spread with 0.3

Bond Maturity

Credit Spread with 0.0

Band Maturity

Credit Spread with

•BDV
-S0=100
•SO- u o
-so =120
-SO =130

10
Bond Maturity

Note: Unless otherwise specified, ali results were computed with S;, = 100, K = 100, A = 100. r. = 10%, a = 0.2, b =
0.1, n, = 0.02, (T̂  = 0 2, o., = 0.25, p,, = -0 .4 , p.,, = - 0.25, a, = 0.85, «, - 1.00,7, = 0.90, 7.. == 1.00, f, = 0.5, and
a debt ratio of 0 5 BDV is the credit spread based on Ihe model of Briys and de Varenne (1997)
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tbe two variables affects tbe eredit spreads and vulnerable options. To
tbis end, we repeat pre\ious simulations ior \arious levels of p\^ and
report tbe result in Exbibit S. The correlation p^rdoes not affect tbe sbape
of tbe credit term strueture in any significant way, although it docs sligbtly
affect tbe level of credit spreads, as it affects the vulnerable option s value.
Specifically, as tbe correlation moves from negative to positive, tbe vul-
nerable option's value in our model decreases, wbereas tbe credit spread
increases or, equivalently, tbe bond price decreases. Let us first examine
tbe bond. Witb a positive correlation, wben tbe interest rate is bigb, tbe
firm \alue tends to be bigb, but tbe bond value is low. In tbis case, tbe
bigber firm value does not benefit bond bolders very mucb because tbeir
claim is lower anyway. However, wben tbe interest rate is low; the bond
value is high and the firm value tends to be low, and default is more likely.
If default does occur, bond bolders stand to lose more because of tbe
lower firm value. Tberefore, a positive correlation between firm value and
interest rate leads to situations wbere belps are bountiful wben not re-
quired and searee wben needed.

As for the \ulnerable options in our model, it is first to be reeogni/ed
tbat a bigber interest rate leads to a bigber call option value, otber tbings
being equal. However, we bave specified a negative correlation between
tbe stoek priee and tbe interest rate (i.e., p̂ ^̂  — —0.4), wbich means a
bigber interest rate tends to be associated with a lower stoek price and.
hence, a lower option value. If tbe second effect dominates tbe first, we
tend to see a lower option value assoeiated witb a bigber interest rate.
Now, a positive eorrelation between tbe firm vafue and interest rate would
imply a bigber firm value witb a bigher interest rate, and vice versa. Com-
bining tbese, we obtain an explanation for tbe pattern of tbe vulnerable
option's value similar to tbat for tbe bond's: Helps are not needed wben
available and are absent when desired. This is why we see a downward
pattern in tbe option priee when the correlation increases. Finally, within
the model of Jobnson and Stulz (1987), the vulnerable option's value goes
up sligbtly as tbe eorrelation increases, and tbis is because tbe first effect
dominates in tbis case because tfiere is no interim default.

Closer Examination of Vtilnerahle Options

Up to tbis point, we bave been studying vufnerabfe options and default-
able bonds wben tbe option is eitber at-tbe-money or in-tbe-money and
tbe option's maturity is relatively sbort. In tbose cases, tbe option com-
ponent of tbe default barrier is eitber elose to or lower tban tbe market
value of tbe option (most of tbe time). Wben default does oeeur, option
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EXHIBIT 5

Effects of tbe Correlation between the 1 irm Value and the Interest Rate

P.\r

S,, = 100.
-0,55
-0,45
-0,35
-0,25
-0,15
-0,05

0,05
0,15
0,25
0.35
0,45
0,55

H,n,d
Value

K = 100.
48.3635
48,2713
48.1793
48,0878
47,9967
47.9063
47.8166
47,7277
47,6396
47.5551
47.4689
47,3836

( alt
Value

Call
\alue, (';,

C.,, = 9.5323
9.4983
9.4978
9,4974
9,4969
9.4964
9,4960
9,4955
9,4950
9.4946
9 4943
9.4938
9,4933

9,5175
9.5176
9.5176
9.5176
9.5176
9,5176
9 5176
9,5176
9.5176
9.5176
9,5177
9,5177

Equity
Value

42,1400
42,2400
42.3300
42,4200
42.6100
42.6000
42.6900
42.7800
42,8700
42 9700
43.0500
43.1400

lUsk^lree
Yield

9,92%
9,92%
9.92%
9,92%
9.92%
9.92%
9.92%
9,92%
9,92%
9.92%
9,92%
9,92%

Credit
Spread_CW

0.67%
0.70%
0.74%
0.78%
0.82%
0,86%
0.89%
0.93%
0.97%
1.00%
1.04%
1,07%

Credit
Spread_BD\

0,33%
0,36%
0.39%
0.42%
0.46%
0.49%
0.52%
0.56%
0.59%
0.62%
0,66%
0,69%

Credit S[Hcad witb pAr=0,0

Bond Maturity

Credit Spread with p^ = 0,25

Bond Maturity

10

Note: Unless otherwise specified, ali results were computed with SQ = 100, K - 100, A; ^ 100, r̂  = 10%, a = 0.2, b =
G. 1, n, = 0.02, n, = 0,2, n., = 0.25, />^. = - 0.4, />,, = 0 3, u, = 0.85, a^ - 1.00, ;, - 0.90,;', - 1,00, 7", = 0.5, T,, = 5,
and a debt ratio of 0 5. Spread_CW is the spread generated from our model, Spread_BDV ts the spread generated from
the model by Briys and de Varenne (1997), C,,,is the delauit-free cail, and C,̂  is the vuinerabie cali based on Johson and
Stulz (1987).
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EXHIBIT 6

A Closer Examination of VulntTable Options

Options
Maturity
(years)

PaneiA:S,,
0.50
1.00
1.50
2 00
250
3.00
3.50
4.00
4.50
5 00

Panel B: S,,
0,50
1,00
1.50
2.00
2.50
3.00
3.50
4.00
4,50
5,00

Bond
Value

= 9G.K--
48.6322
48.0221
47.1844
46.0515
45.0037
44.0805
43.1697
42.4003
41.6725
41.0227

- 100, K
48.0878
47.1043
46 0658
44.8802
43.8957
43.1025
42 3222
41 6836
41.0782
40.5070

Call
\'cdiie

= 100
4.2216
8.5912

12.5047
16.3657
20.3369
24.0737
27.4735
30.8444
33.8648
37.0710

= 100
9.4969

14.4461
18.4858
21.9583
25.4712
28,7068
31 5660
34 4460
36.8955
39.6592

Call
Value

4.2189
8.5615

124035
15.8079
18.8210
21.4892
23.8620
25.9737
27.8623
29.5564

9,5176
14,7580
19,0430
22.6396
25.6926
28,3155
30,5848
32,5678
34,3096
35,8524

Default^
Eree
Call

4.2272
8.6084

12.5706
16.2384
19.6751
22.9171
25.9878
28.9038
31.6775
34.3191

9.5323
14,8497
19,3946
23,4925
27.2698
30,7919
34,0983
37,2159
40.1640
42,9576

Equity
Value

47.1600
43.4100
40.3100
37.4000
34.5800
32 1400
29.4200
27.0300
24.4800
21 9200

42.4200
38.3900
35.4800
32.9800
30.5500
26.5000
26.1600
24,1800
22,0000
19.8600

Risk-Free
Yield

9.92%
9.92%
9.92%
9.92%
9.92%
9.92%
9.92%
9.92%
9.92%
9 92%

9,92%
9,92%
9 92%
9.92%
9.92%
9.92%
9.92%
9.92%
9.92%
9.92%

Credit
Spread_CW

0.55%
0.81%
1.16%
1.65%
2.11%
2.52%
2.94%
3.30%
3.64%
3.96%

0.78%
1.19%
1,64%
2.16%
2.60%
2.97%
3.33%
3.64%
3.93%
4.21%

Credit
Spread_BDV

0.42%
0.42%
0.42%
0.42%
0.42%
0.42%
0.42%
0.42%
0.42%
0.42%

0.42%
0.42%
0.42%
0 42%
0 42%
0.42%
0.42%
0.42%
0 42%
0.42%

Note: Uniess otherwise specified, all results were computed with K = 100, A, = 100, r̂  = 10%, a - 0.2, b = 0 1 , n, =
0,02,0-,, = 0.2,^5 = 0.25, ,»„ = -Q.A, !>._,„ = 0.3,/^, = -0.25, ff, = 0.95, «, = 1.00,;-, = 0.90, y, = 1.00, T = 0.5, and
a debt ratio of 0.5. Spread_CW is the spread generated from our model, Spread_BDV is the spread generated from tiie
model by Briys and de Varenne (1997), and C. is the vuinerabie call based on Johson and Stulz (1987).

holders tend to receive a settletnent less than tho market valtie ot the
option (under the detault-harrier distribution rule that we are using).
However, we sometimes observe in previous exhibits that the vulnerable
option is worth more than its default-free counterpart. As apparent in
Table I. option holders ean potentially receive a settlement worth more
than the market value of the option. This oeeurs when a delault is trig-
gered, yet the market value of the option is much lower than the initial
value, C(). A plausible corresponding scenario would he one where the
option is struek at-the-money and the default barrier is set aeeordingly,
but the option becomes out-of-tbe-money subsequently. To confirm tbis,
we calculate option values and credit spreads tor an out-oi-tbe-moncy
option with different maturities and report them in Exhibit 6. For com-
parison, we also calculate the same for an at-the-money option. (When
we vary the option's maturity from O.S to S years, the bond's maturity is
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kept at S years.) When the option is out-of-the-money, it is worth more
than its counterpart in Johnson and Stulz (1987) for all maturities and
more than the default-free counterpart when the maturity is beyond 2.0
years. When the option is at-the-money, it is v\orth less than its default-
free counterpart for all maturities hut still more than its counterpart in
Johnson and Stulz when the maturity is beyond ?> years.^

Bond holders do not enjoy this luck in the setup hecause their con-
tribution to the harrier specification is fully market-valuc-based. That is
why we did not observe a single negative credit spread. Unless covenants
are Fully market-value-based for OTC derivatives and margins are posted
accordingly, which is unlikely to happen in practice, vulnerable options
can always be potentially less vulnerable.

Finally, the eredit spread becomes higger as the option's maturity
becomes longer. I his reflects the bigger liability other than the debt in-
curred hy the lirm. This is in contrast with the constant spread of 0.42
produced by the model of Briys and de Varenne (1997).

Default Barrier Based on the Market Value ofthe
Option

So far, the analyses are based on default harriers that depend on the initial
value of the option. If the harrier is allowed to depend on the market
value ot the option, there will he altogether four possihle eomhinations
to eonsider, two default-barrier speeifications and two distribution rules.

Some general discussion is in order. First, the bond is risky under all
combinations except one, when the default barrier is based on the initial
value of the option and the distribution rule is market-value-based. In
this case, it is possible that a default is triggered when the option is deep
out-ol-the-money, and the settlement payoff to the bond holders is higher
than the market value of the risk-free counterpart. This scenario, of
course, does not make much sense. To avoid this, we arbitrarily stipulate
that when the default barrier is breached, the firm is dissolved only if the
firm value is lower than the default barrier based on the market value of
the option at that point. Second, as far as option holders are concerned,
it can be determined from Table I that, when a2 = I, the default-barrier
distribution rule is always preferred to the market-value distribution rule,
no matter bow the default barrier is specified. However, witb the same

' 'I he iiiliiilivf reason iiplicm ni^iliiriu plays a nik- can IK' explained iis lollops. I he dL-Kaull-lri'i-(ip-

tinn's \iilin.- is lii^ht-r ihi- lon^i-r ihi- option matiiril\ is. A hi;;htT initial (;il-lhi--nionc\) option value

mt-iins a hij;hiT claim proportion in cast- of dd'uult. The higher ihf claim proportion is. lhe IJIK^CT

ihc Linlair ckiim portion is wln-n the option is oLit-of'-thc-niont-\ M dcfauU and. hcntf, the pattern.



324 Cao and Wei

distrihution rule, it is not entirely clear which default-harrier speeifieation
is preferable. Third, the opposite is true for bond bolders. In other words,
the bond will have a bigger credit spread under the default-barrier distri-
bution rule. Again, under the same distribution rule, it cannot be deter-
mined e\ ante whieb default-barrier speeifieation is preferred.

The simulation results, which are omitted lor brevity, confirm these
general predictions. In addition, we find that the option is the least vul-
nerable when both the default barrier and the distribution rule are based
on the market value of the option. It is the most vulnerable when tbe
barrier is based on the initial option value, yet the distrihution rule is
based on the market value. Intuitively, tbis is because the option portion
of the default harrier is static and provides only partial protection, and
yet the distribution implies that the option holder will never receive more
than the market value of the option on dclault.

As for eredit spreads, although the general predictions are confirmed,
when the option is at-the-money, or when the debt ratio is not very high,
the differences in spreads among the alternative covenant and payoff
specifications are generally not discernible. The difference in spreads be-
comes large only when, for example, the liability from tbe option's posi-
tion is largo (with in-the-money options).

Overall, the simulation results show that under general conditions,
the two default-barrier specifications do not lead to very different valua-
tions for vulnerable options and defaultable bonds. F'or vulnerable op-
tions, the best specification is one where both the default barrier and the
distribution rule arc based on the market value of the option. For de-
faultable bonds, the lowest spread is associated with a default barrier
based on the market value ofthe option but a market-value-based distri-
bution rule. Among the lour barrier-distribution combinations, some are
more plausible than others. The insights from our analysis help to deter-
mine how a covenant should be set up properly.

CONCLUSION

Most of the existing studies on credit-risk treat valuations ol defaultable
bonds and vulnerable options separately. There are two main drawbacks.
First, the possibility of one type of liability going into default triggered by
tbe other is totally ruled out, yet examples of such occurrences in practice
are plentiful. Barings Bank is a case in point. Second, it is far too un-
realistic to assume, for example, that bond holders have total claim
against the firm in case of default. As derivatives become ever more prev-
alent in corporate treasuries, bond holders have found more and more
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companies as liability holders ofthe firm. The existing literature on vul-
nerable options has a drawback of its own. Most studies on this topic
define default by comparing tbe asset value of the option-issuing firm
witb an exogenously specified default barrier, which usually takes the
form of corporate debt. Option holders are fully paid off as long as tbe
firm value is above the debt level. This (lies in the face of hoth common
sense and reality. Given that most derivative sceuritics have theoretically
inilnitc payoffs (e.g., a call), merely requiring the firm to be technically
solvent with respect to regular debt does not guarantee full payoff to
option holders. The end result of this erroneous assumption is the over-
estimation ofthe vulnerable option's value.

This article overcomes the aforementioned drawbacks by combining
the two strands of literature. We introduce a second group of liahility
holders in the form of call option holders who are assumed to have equal
claim priority as hond holtlers. The call option's maturity is assumed to
be shorter than the bond's. In this framework, the default houndarv is a
sum ofthe minimum requirements imposed hy bond holders and deriv-
ative holders. It default occurs hefore the option's maturity, the two
groups ol liability holders will claim against the firm's assets according to
a distrihution rule either hased on prespeeilied requirements or based on
the market value ofthe two instruments. In our model, botb tbe default
barrier and the tirm value experience jump downward at the option's ma-
turity. The former drops hy the amount of the option holder's covenant
requirement, whereas the latter drops by the amount of the intrinsie value
ot the option, which could he zero. Our framework contains many existing
models as special cases, including Merton (1974), Black and Cox (1976).
Johnson and Stuiz (1987), Longstaff and Schwartz (1995). and Briys and
de Varenne (1997).

To assess the full impact ofthe additional liability in tbe form of a
short call, we examined two alternative default-barrier specifications, one
based on the option value at initiation and the other based on tbe market
value of an otherwise default-free option. The debt portion of tbe default
barrier is always stocbastic because of a stochastic interest rate. Under
each dctault-barrier specification, we in turn examinecf two alternative
settlement rules, one where tbe payotT proportions were based on the
harrier specification and the other where the proportions were simply
based on market value of the bond and the option.

Extensive simulations show that our model is capable of generating
a variety of credit-spread term structure shapes, including upward slop-
ing, downward sloping, and humped. Importantly, it can generate si/able
short-term credit spreads tbat arc impossible within the conventional dif-



326 Cao and Wei

fusion setting. Moreover, unless the debt ratio is very high, or the option's
position is large, the two difierent barrier specifications do not seem to
produce ver\' different valuations for the vulnerable option and the dc-
taultable debt. Witb our parameters, it appears that the option is the least
vulnerable when the default barrier is based on the market value of the
option and the claim proportions (on default) are based on the barrier
specifieations (as opposed to simply the market value of the two instru-
ments); the debt is the least risky under the default barrier but with a
claim rule whereby the proportions arc strictly based on the market values
of the two liabilities.

For vulnerable options, we have an interesting and unique finding.
Under a particular covenant and payoff specification (i.e., when both the
default barrier and the claim rule are based on the initial value of the
option), a vulnerable option can be worth more than its default-free eoun-
terpart or its counterpart that is not subject to early default: A vulnerable
option need not be always vulnerable after all. Tbis seemingly counter-
intuitive result is due to the way we specify the default barrier and the
claim rule. The default barrier Is specified at the time the two types of
liabilities are initiated and vary subsequently only because of interest-rate
tluctuations. Althougb this setup suits the hond holder well, it does not
take into account the market value change of the option due to fluctua-
tions in the optioned stock price. As a result, sometimes the option holder
can receive more than the fair value of the option at default. Unless the
default barrier and the claim proportion arc hoth market-valuc-hased, this
possihility always exists. This has profound implieations in terms ot the
lair valuation of detaultable options.
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