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This article proposes the generalized lambda distribution as a tool for
modeling nonlognormal security price distributions. Known best as a
facile model for generating random variables with a broad range of
skewness and kurtosis values, the generalized lambda distribution has
potential financial applications, including Monte Carlo simulations,
estimations of option-implied state price densities, and almost any
situation requiring a flexible density shape. A multivariate version of
tbe generalized lambda distribution is developed to facilitate stochas-
tic modeling of portfolios of correlated primary and derivative secu-
rities. © 2001 John Wiley & Sons, Inc. Jrl Fut Mark 21:213-236,
2001

INTRODUCTION

Option pricinfT theory has advanced along many fronts since the pio-

ncerinj^ breakthroughs by Black and Scboles (1973) and Merlon (1973).

Al the forefront of these advances has been the deveiopnnent of option

pricing solutions within the original Black-Scholes-Merton framework,

in which security return volatility is a deterministic function ol the un-
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derlying security price and time, that is, a ^ CT(S,(). Within this classic
framework, options can be used to form a dynamic, riskless hedge with
the underlying security. An absence of arbitrage opportunities in financial
markets implies that the resulting option prices are independent of in-
vestor risk preferences (Cox & Ross, 1976; Harrison & Kreps, 1979).

The deterministic volatility approach to option valuation has been
productive. The famous Black-Scholes (Black & Scholes, 1973) formula
represents the special case of a constant volatility diffusion process. Mer-
ton (1976) showed that substituting average volatility into the Black-
Scholes formula yields the solution where volatility is solely a function of
time. Cox and Ross (1976) derived an option prieing formula for the case
of a constant elasticity relationship between volatility and the underlying
security price. These are well-known solutions. The aetual number of
known solutions is too large to review in even eomprehensive texts. Al-
though large, this number is a fraction of the plausible forms for the
deterministic volatility funetion a = a(S,(), for which no general solution
exists.

Flanking the traditional approaeh of developing specific solutions
from exact parametric assumptions, several researchers have recognized
the need for general solutions based on limited assumptions. These so-
lutions are intended to apply across varied stochastic process specifica-
tions within the Black-Seholes-Merton framework, yet still provide suf-
ficient accuracy to be useful to market participants. In an early effort,
Jarrow and Rudd (1982) developed an option pricing formula that sup-
plements the Black—Scholes formula with Edgeworth expansion tertns
related to the skewness and kurtosis of the underlying seeurity price dis-
tribution. More recently, Ruhinstein (1994) and Jaekwerth and Rubin-
stein (1996) implemented a nonparametrie method to fit a security price
distribution to observed option price data. In concert, Buehen and Kelley
(1996) and Stutzer (1996) suggested methods of fitting a maximum en-
tropy distribution to historical security returns data and currently ob-
ser\ed option prices. Stil! another approaeh, well exemplified by Ait-Sa-
halia and Lo (1998), makes use of growing computing power to extract a
priee structure eonsistent with market data using kernel regression
techniques.

Broadly described, a parametric option pricing model specifies in
advance a stochastic process for a security price from which a future
security price distribution can be derived. Evaluating this distribution on
one side of a strike price yields the e.xpected payoff to a European option.
This approach dates at least to Baehelier (1964) and has advanced to
provide a rich inventory of models with varied stochastic process as-
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sumptions. Most recent contributions focus on stochastic volatility and
interest rate assumptions; a partial list includes Amin and Jarrovv (1992),
Amin and Ng (1993), Bailey and Stulz (1989), Bakshi and Chen (1997a,
1997b), Bates (1996), Heston (1993). Hull and White (1987), Scott
(1997), and Slein and Stein (1991). Bakshi, Cao, and Chen (1997) pro-
vided extensive empirical tests based on an extended tormula that nests
varied models iis special cases. They concluded that each nested model
is to some degree misspecified by the criterion of internal parameter con-
sistency, but each does in fact yield improved performance relative to a
constant interest rate and \olatility s]?ecificalion.

In contrast, nonparametric models typically begin with a future se-
curity price distribution, often estimated from observed market data. It
is well known that a theoretically justified estimate of a future security
price distribution, or at least its risk-neutral cousin, can be obtained (rom
European options on the underlying security (Brceden & Lit/enberger,
1978; Ross, 1976). Derman and Kani (1994), Dupire (1994), and Ru-
binstein (1994) took this approach a step further to infer a stochastic
process for a security price from its estimated price distrihution. In par-
ticular, Rubinstein (1994) developed an implied binomial tree algorithm
that yields a deterministic-volatility stochastic process from almost any
plausible security price distribution.

The aforementioned nonparametric methods share the practical ad-
vantage of being data driven, with a minimal reliance on specific para-
metric assumptions. Notwithstanding, each approach has specific advan-
tages and trade-offs in actual applications. The Jarrow—Rudd method is
one of the simplest to implement because it adds only two parameters to
tbe Black—Scholes formula. Moreover, these two parameters are straight-
forward measures describing the skewness and kurtosis of tbe underlying
security price distribution. Similar simplicity is achieved by the en-
trenched street method oi fitting a volatility smile to option price data.
Dumas, Fleming, and Whaley (1998) concluded that fitting a quadratic
function to a volatility smile works as well in practical terms as more
complex specifications. A quadratic implied volatility function also adds
only two parameters to the Black—Scholes formula, in this case describing
the shape of the volatility smile. In contrast, other methods cited earlier
are parameter-intensive, typically requiring a lengthy vector of parameters
that individually provide an incremental description of the underlying
price distribution. Nevertheless, parameter intensity is hardly ii problem
in actual implementations because modern computing power is fully ad-
equate to tbe task. Rather, the issue of parameter intensity pivots on the
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TABLE I

Standard and Poor's SOO Index Call Options Data

Strikes

0
250
275
300
325
330
335
340
345
350
355
360
365
370
375
380
385

Call

Bid

349.16
109.47
85.66
63.00
42.00
37.97
34,01
30.10
26.45
22.79
19,32
1598
13,13
10.52
8.37
6.65
4.91

Optifni i'rices

Ask

349.26
109.71
86.71
64.04
42.75
38.60
34.64
30.73
27.13
2348
19.88
16.54
13.75
11.15
9.12
7,40
5.60

Bid—Ask Price Averages

349.210
109.590
86.185
63.520
42.375
38,285
34,325
30.415
26.790
23.135
19,600
16.260
13.440
10,835
8.745
7.025
5.255

Butterfly Prices

.130

.050

.285
-.030

.120

.195

.520

.215

.515

.370
-.050

Note: Strike, bid, and ask prices are reproduced from Figure 4 in Rubinstein (1994). A butterfly price represents a long
bulterfiy position created by buying a cali for each ot two outer strikes and writing two calls for the inner strike Butteriiy
prices are based on bid ask price averages and are listed only in cases where adjacent strikes are $5 apart.

practical trade-off between underfitting a model to data with too few
parameters and overfitting with too many.

Table I reproduces a data set originally presented in Rubinstein
(1994) comprising 16 Standard and Poor's (S&P) 500 index call option
prices and the underlying dividend-adjusted index level. This is an inter-
esting data set because it reveals some ncttlesome characteristics of ob-
served option price data. In Table I, the first column lists strike prices,
whereas the second and third columns list the corresponding hid and ask
call option prices for each strike. The next column reports bid-ask price
averages. The last column presents prices o( butterfly positions centered
on three adjacent strike prices, reported only in instances where adjacent
strikes are $5 apart. These butterfly prices are calculated with bid-ask
average prices. Each butterfly price represents a long butterfly position
created by buying a call for each of the two outer strikes and writing two
calls for the inner strike.

As shown in Table I, butterfly positions centered on 345 and 380
strikes have negative prices. These indicate points of nonconvexity in the
observed relationship between option prices and strike prices. Such non-
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convexities are common in archival option price data but do not neces-
sarily represent arbitrage violations because they may not reflect the full
cost ol trading at bid and ask prices.' Nonetheless, bid-ask average prices
iire standard inputs for estimating an implied distribution of luture se-
curity prices from option price data (Dumas et al., 1998; Jackvvertb &
Rubinstein, 1996). Consequently, an estimation method that allows over-
fitting an implied distribution function to option price data might yield
unduly small or possibly even negative density values over strikes with
negative observed butterfly prices. Indeed, Jaekwerth and Rubinstein re-
ported that much of the difficulty encountered in estimating an implied
price distribution from option price data stems from the trade-off between
overfitting, which tends to produce jagged density estimates, and smooth-
ing procedures designed to avoid overfitting. The jaggedness of the but-
terfly prices reported in lable I. typical in observed option price data,
suggests that this not a trivial task.

1 his article proposes the generalized lambda distribution (GLD) as
a flexible tool for modeling nonlognormal security price distributions.
Originally developed as a facile method for generating random variables
in Monte Carlo simulations, the GLD was later suggested by Ramberg,
Dudewic/, Tadikamalla, and Mykytka (1979) as a supple model for fitting
a distribution to data because it permits a broad range of skewness and
kurtosis values. Applied to the problem of fitting an implied security price
distribution to option price data, it combines elements of the simplicity
of Jarrow and Rudd (1982) and the versatility of Bucben and Kelley
(1996), Stut/er (1996), and Jaekwerth and Rubinstein (1996). Well
known among statisticians, the GLD has not yet been advanced as an
empirical tool in the finance literature.

The remainder of the article is organized into six sections. The next
section describes the GLD and highlights its more salient details. The
section thereafter derives option pricing formulas based on the GLD.
These formulas are applied in the following section to the problem of
recovering a probability distribution implied by option prices. A proeedure
lor exactly calibrating an implied binomial tree to the GLD comes next.
Then, the following section develops a multivariate version of the GLD.
Finally, there are a summary and a conclusion, in which the major ad-
vantages of the GLD in financial applications are reviewed.

'Other empiriciil anomalies in npliun prices have heen documcnled. For exiimplc, Biikshi, Cao, and
Chen (2000) showed that option prices do not always move with underlying stock prices in the
thforeticiilly predicted direction. Bergman, (Irundy, and Wiener (1996) provided a general discussion
of rational opiion pricing.
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FIGURE 1
Generalized lanibtLi dfnsity funttittns with unit variances.

GLD

The GLD is primarily defined by its percentile function. For this reason,
it is frequently applied to algorithms generating random variables in
Monte Carlo simulations. The percentile function s(p) defines a GLD
with a zero mean and unit \ariance. The parameters ?̂ , and X^ determine
the shape of the generalized lambda density, and p represents a probability

measure:

sip) = - (1
?.4 + 1 X^ + \

The scaling function X, = X2{X;^, X^), specified in Equation 2, in which
P(x,y) denotes the complete beta function, assumes that the conditions
X^ X X4 > 0 and min(?.^, X^) > - 1/2 are satisfied:

X

A -

B =

+ ] + 1

I
+ 1 2 X 4 + 1

+ 1, + 1 (2)

Ramberg et al. (1979) pointed out that the conditions X^ X Xj^ > 0 and

,,?^4) > - 1/2 suffice to ensure that s{p) is a continuous, monoton-



Generalized Lambda Distribution 219

ically increasing function of the probability measure p. In Monte Carlo
simulations, p values drawn from a uniform random number generator
enter the generalized lambda percentile function s{p) to become random
variables witb pofiulation skewness and kurtosis determined by the shape
parameters Xi, and A4,

Ramberg et al. (1979) showed that the existence of the Hth moment
of s(p) requires that min(X ,̂X4) > — I A*. Thus, the condition min(A.:̂ ,X4)
> — 1/4 ensures that fourth and lower moments exist. In this case, co-
efficients of skewness and kurtosis are well-defined functions of the shape
parameters /̂ ^ and X4. Ramberg et al, provided these expressions for co-
efficients of skew ness and kurtosis, in which A and B are defined in Equa-
tion 2:

C -
Skewness =

Kurtosis =

(6 - A'-)^-

D - 4AC + 6A-B - 3A-̂

C - — - + 36(2X4 + I. X̂  + 1)
3X^ + I .̂ X4 + 1 ^ ^ ^

+ 1, X4 + I)

- 4P(3X, + 1, X4 + 1) + 6P(2X^ + 1, 2X4 + I) (3)

Inverting the first deri\ati\e of the pcrcentile function s{p) yields the gen-
eralized lambda density lunction dp/ds:

dp/ds = XAX;,. X4)/(X.i/-*-' + X4(l - pY'^^)

The condition X̂  X X4 > 0 along with the appropriate scaling function
ensures that this density function is nonnegative everywhere on the prob-
abilit) measure p.

Figure 1 grapbs four generalized lambda densities with zero means,
unit variances, and increasing coefficients of kurtosis and negative skew-
ness. Ihe following panel states the skcv\ness and kurtosis values for
these densities, along with corresponding values for their shape param-
eters X̂  and X4. For any generalized lambda density, intercbanging values
for the parameters X:, and X4 reverses the direction of skewness. The
equality X.̂  = X4 yields a symmetric density function with zero skewness;
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Skewness = 0 Skewness = - 1 Skewness = - 3 Skewness = - 6
Kurtosis = i Kurtosis = 6 Kurtosis = ^0 Kurtosis = 2000
A,, = .134912 Xt = .038X00 ^, - - . 17491^ X, = - .248020
X4 = ,134912 >.4 = .018738 X.^ = - .049470 .̂4 = - .047S53

An analytic expression for tbe cumulative distribution funetion p(s)
of the GLD does not exist, except as the inverse of its percentile function
s{p). This is not a practical concern because tbe same is true of the normal
distribution and many popular distributions for which numerical methods
enable function evaluation. An iterative bisection algorithm is perhaps
the simplest method to evaluate the GLD function p{s). That is, to obtain
p{c)., first compare the value of c with s(.5) and next with ,s(.75) ors(,25)
asc > s(,5) ore < s(,5), respectively. Iterate this bisection procedure until
\s{-p) — c| < E, with z determining the desired level of precision. Fortran
programs for all numerical procedures implemented in this article are
available from the author on request.

The generalized lambda percentile function in Equation 1 may be
located and scaled to any desired mean and variance without affecting
the density shape. In a security market context, setting the mean to s^^e^
and the variance to {s{)e''')^ (e"~' — 1) yields the percentile function shown
in Equation 4, in which .s,, is a current security price, r is an appropriate
interest rate, ( is the time to a future price realization, and a~ is a variance
parameter:

1

The mean and variance of s(;?) in Equation 4 have a form identical to that
of the lognormal distribution adapted to a security market context (Jarrow
& Rudd, 1982).

The percentile function in Equation 4 generates random security
prices from distributions with arbitrary means, variances, and coefficients
of skewness and kurtosis. Moreover, skewness and kurtosis values can be
specified from a wide range of possible values.

There are several potentially interesting alternatives to the GLD that
share some of its flexible shape charaetcristies. Classical examples arc the
Pearson family and the Johnson and Burr systems of distributions (Stuart
& Ord, 1987). A well-known example from the finance literature is the
generalized beta distribution of the second kind suggested by Bookstaber



Generalized Lambda Distribution 221

and McDonald (1987). Among these alternatives, only the Burr system
possesses a percentile function in elosed-form similar to Equation 1 and
is. therefore, well suited to Monte Carlo simulation procedures. However,
the Burr system has a limited range of negative skewness values (Rodri-
guez, 1977; Tadikamalla, 1980), which may he an impediment in some
applications.

Option pricing formulas consistent with the percentile function s(p)
in Equation 4 might usefully supplement financial Monte Carlo simula-
tions and other procedures involving options hy allowing arhitrary as-
sumptions regarding the skewness and kurtosis o( the underlying security
price distrihution. Option pricing formulas for the GLD are developed in
the next section.

OPTION PRICING FORMULAS BASED ON
THE GLD

Basic Formulas

Pricing formulas for European call and put options hased on the CLD
are readily derived from the security price percentile function in Equation
4. With pis) representing a security price distrihution on an option expi-
ration date, Equation 5 states the expected expiration-date payoff to a
European call option with strike price k, wherein the change ol variable
s{p) — s is applied in moving from the left side to the right side ol the
equation:

f {s - k)dp{s) - f" {sir) - k)dp (5)
}k Jp(k)

p{k) denotes the prohahility that a call option expires out of the money.
Suhstituting Equation 4 into the right side of Equation 5, completing the
integration, and discounting the expected payoff yield this call price
formula:

Call = SoC| - e-'^kG^

"'' - 1

p{k) - pikY-^'' ^ I - p{k) - 11

G2 = \ - pik) (6a)

Applying put—call parity results in this put price lormula:
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Put - e '̂fe(l - G2) - Sod - G|) (6b)

In actuiil applications, the first four moments of a target security price
distribution are matched to those of the generalized lamhda percentile
function in tqualion 4. Option prices are then calculated with the cor-
responding formulas in Equation 6a or 6h. Intuition suggests that the
first four moments of a security price distribution will account for most
of the stochastic influences affecting the underlying security price.

Comparisons with Black—Scholes Formula Vialues

A pertinent concern in many applications is h{)\v well the aforementioned
GLD option pricing formulas might perform in applications where the
Riaek-Scholes (Black & Schoies, 1973) formula yields exact results. In
the Black-Scholes model, future security prices are lognormally distrib-
uted with mean .Sô ""' and variance UQ^'''')' (e"'' — 1). These match the
mean and variance of the generalized lambda percentile function in Equa-
tion 4. To adapt the GLD to approximate the Black-Scholes model, skew-
ness and kurtosis are matched to those of the target lognormal
distribution.

Expressions for lognormal skewness and kurtosis are as follows, in
which q- = {e"'' - I) (Jarrow & Rudd, 1982):

Skewness = iq ^- q^ Kurtosis — 3 + \6q~ + \5q'* + 6ij'^ + q^

For example, the volatility and time parameters a — .4 and ( ^ .167
imply lognormal skewness and kurtosis values of .4975 and 3.4433, re-
spectively. Identical skewness and kurtosis values for the GLD are ob-
tained with the parameter values X;^ — .054989 and ?̂4 — .012446 in
Equation 4. The IMSL Fortran routine BGPOL efficiently computes val-
ues for the parameters X^ and X^ from given skewness and kurtosis values
and is similar to the algorithm used hy Ramherg et al. (1979) to produce
their reference tables.

Table II reports option price and price derivative values based on the
Black—Scholes formula and the GLD call price formulas in Equation 6a,
with appropriately matched mean, variance, skewness, and kurtosis val-
ues. All formulas share common parameter values for the security price,
So = 50; the volatility, a — .4; the time, t = .167, and the interest rate,
r - .05.

Table II reveals that call price formulas derived from the GLD yield
option price and price derivative values that differ from corresponding
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TABLE II

Comparison oiOption Price itnd Price Dcri\'ativc Values

Strike R-S (U.D GLD

40
45
50
55
60

40
45
50
55
60

40
45
50
55
60

10.588
6480
3451
1.599
.652

.016
,036
,048
.044
.030

,060
,053
,039
,023
,012

Call Price

Gamma

Rho

10.587
6.450
3.434
1.612
.671

.014

.038
,049
.043
.029

,060
.055
,040
,024
,013

Delta
,933
.782
,553
326
.163

,095
,169
.207
.182
.122

.029
,063
,081
072
,048

Theta

Vega

,938
.784
,546
.322
,164

,101
.178
.212
.178
,117

.029

.064
,082
,071
,048

Note; B S indicates Black-Scholes formula values. GLD indicates values based on the generalized lambda distribution
formula in Equation (6a). Delta, theta, rho, and vega values are based on derivatives with respect to security price, time,
interest rate, and volatility, respectively. Gamma values are based on a second derivative with respect to the security price
GLD derivative values were computed numerically Theta values were calibrated to reflect a 1-week time decay. Common
parameter values are as follows: security price, s,, = 50: volatility, a = .4, time, I = 167: and interest rate, r =• .05,

Black-Scholt's formula values by at most a feu cents. These deviations
are similar in magnitude to what is obtainable with a binomial tree ap-
proximation of the Black—Scholes formula (Brcen, 1991; Co,\ & Rubin-
stein. 1985) and arc small relative to the price ticks of e.\change traded
options.

RECOVERING A PROBABILITY DISTRIBUTION
IMPLIED BY OPTION PRICES

Option prieing formulas based on the GLD adapt well to the problem of
recovering a probability distribution from observed option prices. The
effectixent'ss ol sLich a recovery procedure is demonstrated here and com-
pared with several alternative procedures with the option price data listed
in Table I. For these priee data, option maturity is 164 days, the interest
rate is 9%, and the dividend-adjusted index level is 349.21.

Fitting a GLD to the call option price data in Table I involves esti-
mating tbe three parameters CT, X^. and Xj^ by minimi/ing the sum of
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TABLE III

Standard and Poor 500 Index Observed and Fitted Cail Prices

Strikes

250
275
300
325
330
335
340
345
350
355
360
365
370
375
380
385

Bid-Ask Average

109.590
86.185
63.520
42.375
38.285
34.325
30.415
26.790
23.135
19.600
16,260
13.440
10.835
8.745
7.025
5.255

RMSD

Hithinstein

109.71
86.70
63.90
42.09
37.99
34.01
30.16
26.45
22.90
19.55
16.45
13.65
11.15
8.96
7.07
5.45

,27

Fitted Call (

Volatility Smile

109.59
86.22
63.53
42,13
38,09
34.17
30,36
26.70
23.20
19,87
16.74
13.84
11.18
8.79
6.69
4.89

.24

Dption Values

Log-normal

109.20
85.83
63.72
42.50
38.36
34.30
30,36
26.56
22.95
19.56
16.43
13.58
11.03
8.79
6.85
5.21

.19

Normtil

109.11
85.91
63.82
42.46
38.31
34.26
30.32
26.54
22.95
19.59
16.47
13.62
11,06
8,80
6.83
5.15

.21

GLD

109,84
86.47
63.69
42.14
38,07
34.11
30.28
26.59
23.07
19.73
16.61
13.73
11.11
8.78
6.75
5.04

.23

Note: Bid-ask averages are based on bid and ask call option prioes reported in Figure 4 of Rubinstein (1994). Fitted call
option values in the third column are reproduced directly from Rubinstein. Filtecf values in the fourth through seventh
columns were computed with the volatility smtle specified in Equation 8, lognormal and normal density expansion formulas
represented by Equation 9, and the generalized lambda distribution (GLD) call price formula in Equation 6a. Root mean
squared deviations (RMSDs) in the third through seventh columns are based on deviations from oorresponding bid-ask
averages in Ihe second column.

scjuares stated in Equation 7. In Equation 7, C(k:,G,Xi,,X^) represents the
GED call price formula from Equation 6a with the arguments %, (, and
r suppressed. C(fej) denotes an observed call price for the strike price k.:

min 2 (7)

Minimizing this sum of squares with the CLD eall price formula from
Equation 6a yields the volatility and shape parameters a = .168, XT^ =
— .065042, and X^ = — .0207S6. These estimates for the parameters Xi^
and X4 imply skewness and kurtosis values of — 1.58 and —8.55,
respectively.

Table III compares fitted option prices obtained via this least-squares
procedure with fitted values obtained by Rubinstein (1994). Rubinstein's
algorithm produces an implied security price distribution satisfying the
restriction that all fitted option prices lie within observed bid—ask spreads.
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This algorithm was later abandoned in Jackwerth and Rubinstein (1996).
as it did not yield solutions with some data sets. However, the fitted priees
In the third column oi'Iable III represent a solution for this data set. For
the reader's convenience, strike prices and bid-ask average prices From
Table I are listed again in the first and second eolumns, respectively, of
Table III.

7able III also presents fitted option priees obtained with a volatility
smile tecbnique and two density expansion models. The volatility smile
technique is based on tbe quadratic regression equation stated in Equa-
tion 8. in which IVik) denotes a fitted implied volatihty for an option with
strike price k. Using this function adds just two parameters to the Black-
Seholes model. Dumas et al. (1998) demonstrated the effectiveness of
this parsimonious specification in modeling an implied volatility function:

IV{k) - .482 - .212 feA,, - .096(feAo)- R"̂  ^ -995 (8)

Summing coefficients in this regression yields an at-the-money (k = SQ)
volatility of a — .173. The high regression R^ value indicates that the
volatility smile fits a parabolic shape quite well. The fourth column of
Tahle III reports fitted option prices for eaeh strike computed by the
substitution of fitted volatility values IV{k) from Equation 8 into the
Black—Scholes formula.

The two density expansion methods are based on Equation 9, in
which C\ represents an expanded formula composed by a Black-Seholes
formula price, denoted by Cus- iind skewness and kurtosis adjustment
terms derived from the density funetion «(S,) for the expiration date se-
curity price. The eoeflieients C;̂  and C4 are measures related to skewness
and kurtosis deviations, respectively, from a normal or lognormal distri-
bution depending on tbe expansion employed:

c, da{K)

In the Jarrow and Rudd (1982) model, Equation 9 represents an Edge-
worth expansion of the lognormal density. Alternatively, Equation 9 can
represent an expansion of the normal density (Rubinstein. 1998). Cor-
rado and Su (1996. 1997a, 1997b) showed that botb expansions are ef-
feetive in flattening empirical volatility smiles implied by S&P 500 index
option priees.

With least-squares procedures used to simultaneously estimate im-
plied volatilities and coefficients of skewness and kurtosis, the lognormal
expansion model produces an implied volatility of a = .161 and skewness
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and kurtosis values of - I.2S:^ and 3.188, respeetively. The normal ex-
pansion model produees an implied volatility of a — .178 and skewness
and kurtosis values of — 1.648 and 4.934, respectively. The fifth and sixth
columns of Table III report fitted eall option priees for eacb strike with
tbe lognormal and normal density expansion models, respeetively.

Beneath eaeh eolumn of fitted option priees in the third through
seventh columns of I able III are reported root mean squared deviations
(RMSDs) between fitted prices listed in tbat eolumn and eorresponding
bid-ask average priees listed in tbe second eolumn. Tbese RMSDs of
fitted prices from bid—ask average prices represent a goodness-of-fit mea-
sure. The RMSDs obtained from Rubinstein's fitted prices and tbe fitted
volatility smile are $.27 and $.25, respectively. RMSDs based on the log-
normal and normal density expansion models are $.19 and S.2I, respee-
tively. In comparison, the GLD call price formula in Equation 6a pro-
duces eall prices resulting in an RMSDof $.23. Differenees in magnitude
among these RMSDs appear insignificant relative to the average bid—ask
spread of $.78 for these data.

Figure 2 presents probability densities inferred from tbe Rubinstein
data witb tbe tbree recovery metbods described earlier. In I igure 2, the
smooth but distinguishably bimodal density is based on an expansion of
the lognormal density. The bimodal density shape reported in Figure 4 of
Rubinstein (1994) is similar, although less markedly bimodal. Not sbown
bere, an expansion of the normal density yields a reeovered density shape
that is also distinguishably bimodal, altbough slightly less so than that
produced by the lognormal expansion.

Figure 2 also plots two unimodal densities with nearly identical
shapes. These are the densities associated with the volatility smile in
Equation 8 and the CLD call price formula in Equation 6a. Little visible
difference exists between these two densities, except that the mode of the
generalized lambda density lies slightly to the left of tbe mode of the
volatility smile density.

CALIBRATING AN IMPLIED BINOMIAL TREE
TO THE GLD

An implied binomial tree infers a stocbastie process from a seeurity price
distribution and is widely used to calculate prices for options on futures
and otber American-style options from nonstandard seeurity price distri-
butions. Rubinstein (1994) pointed out that his proposed implied bino-
mial tree algorithm can he used with almost any plausible distribution to
obtain a discrete time stoebastie process with a valid limiting diffusion
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process. Construction of an implied binomial tree begins by a nodal value
and ;i nodal probability being assigned to each of its terminal nodes. An
ordered sequence ol N nodal values and probabilities uniquely defines an
implied tree with N— 1 steps. This section describes a method to precisely
calibrate the nodal values and probabilities of an implied tree to the gen-
eralized lambda percentile function in Kquation 4.

The method is straightforward. Io ealibrate an implied binomial tree
with N— I steps leading to N terminal nodes, first form an ascending
sequence ol' N+ 1 strike prices from k^ = 0 through k^ = ^. The N
inter\als/ij, , - fcj > 0, j - 0, 1.2 . . . N - I, need not be equally spaced,
but in practice at least a subset will normally bo selected to matcb ob-
served equally spaced strike prices. Precise calibration to tbe generalized
lambda percentile function in Equation 4 occurs when European option
prices calculated on the tree for each of the first N strikes exactly match
prices calculated with the corresponding GLD option pricing formula.
This requires satistSing the N equalities stated next, in which C{k^,N)
denotes a call price calculated on an implied tree with N terminal nodes
and akyCyX^^X^) represents a call price calculated from Equation 6a:

C{kj, o, = Cikp N) V j - 0, I. 2 . . . N - I

The procedure for determining nodal values and probabilities needed to
satisfy these equalities is described next.

Following the notation used earlier. I denote the probability of a
seeurity price realization less than or equal to the strike price fej with p{kX
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The probability of a security price realization in the interval fej^ i — k^ is,
therefore, p(fej+I) — p(fej), where p(fe[sĵ  ]) = 1 and p(feQ) = 0. The prob-
ability p(fej+i) — p(fej) is assigned to nodej.

In terms of the generalized lamhda percentile function in Equation
4, expected values of security price realizations within the interxal k^_^^
— k: are specified in Equation 10:

s(p)dp

I

'^1 + 1 r 1^\ if I. ' P V f -I- I ' J L ^

X^ + \ X^ + \

The expected value Hp(s|fej < s < fej+ |) is assigned to node ; for j — 0, 1,
2 . . . N - 1 .

These nodal values Ep(.v|fej < s ^ /sj+i) and prohahilities p(fej^|) —
p{kj) precisely calihrate an implied binomial tree to the percentile func-
tion in Equation 4. This is demonstrated hy the summation of expected
values of all call option payoffs above thejth strike price to yield this call
price equality:

j , N) =

= e " E^ max{0, s{p) - kj)

= C(fej, a, X,, X^) (11)

In particular, the strike k^ — 0 yields the initial security price C(feo,N) =

So-

This calihration method might be implemented with other distribu-
tions. The principal advantage of the (ILD is its adaptability to Monte
Carlo applications. It also allows assigning any of a broad range of skew-
ness and kurtosis values while a unimodal, bell-shaped density is main-
tained. This contrasts with density expansion methods that yield a uni-
modal density within only a limited range of skowness and kurtosis values
(Stuart & Ord, 1987). For example, Rubinstein (1998) showed that an
expansion of the normal density must limit the absolute value of skewness
to less than one to maintain a unimodal form. The next section provides
a multivariate extension of the GLD.
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MULTIVARIATE GLD

This section hegins hy developing a multivariate version of the GLD that
facilitates stochastic modeling of multiple, correlated security prices. Im-
mediately afterward, the multivariate GLD is extended to a multi-index
security returns model.

Bradley and Fleishcr (1994) suggested ohtaining correlated gener-
alized lamhda variahles via a transformation from normal variahles. Their
method proceeds by first generating correlated normal variables with a
Cholesky decomposition of the correlation matrix R. Then, a univariate
p value is ct)mpLited for each generated normal variable. These univariate
p values are transformed into generalized lamhda variables as, for exam-
ple, described earlier in this article. The correlation matrix G represents
the resulting correlation structure among these generalized lambda
variahles.

Bradley and Fleisher (1994) pointed t)ut that the generalized lamhda
correlations and normal correlations composing the matrices G and R.
respectively, will differ somewhat. Obtaining a precise target configura-
tion for the matrix G requires making incremental adjustments to the off-
diagonal elements of R until the resulting correlation structure in G con-
verges to the target configuration. Bradley and Fleisher suggested a
simulation algorithm to compute the generalized lambda correlations in
G at each adjustment. However, the accuracy of the algorithm depends
on the size of the simulation and, therefore, may be computationally bur-
densome. A direct approach involves computing generalized lamhda cor-
relations via the following integral, where the left-side expression
y{X[3,,Xi4,X2i,X24) denotes a correlation between two generalized lambda
variahles with the indicated shape parameters:

s[N(2i); X\:^, Xn]s[N(z2); ?̂ 2̂  ^24]"(-i' -2- p)ti^i^22

In the right-side integrand, ,s[/\'(z); ^̂ ,X.4] is a unit-variance generalized
lambda variahle (a la Equation I) generated hy the normal probability
N(z) and shape parameters X̂  and X4. H(Z|,Z_); p) is a bivariate standard
normal density with the correlation parameter p. The IMSE I ortran rou-
tine IWODAQ performs this numerical integration quickly and
efficiently.

The following panel compares target generalized lamhda correlations
with the normal correlations required to obtain them for the four gen-
eralized lambda densities presented in Figure 1. The first two columns
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state skewness and kurtosis values for these densities. As shown, the re-
quired normal correlations are somewhat larger in absolute value than
the generalized lambda correlations they produce:

Target Ccucriilized- Required
Ltimhda Correlations Normtil Correlations

Skeuitess

0
- 1
- 3
- 6

Kurtosia

3
6

30
2000

.1

.3

.5
- , 5
- . 3

.104

.340
.1 .793

-.583
-.377 -.141

Development of the multivariate generalized lambda system in the
context of a multi-index model proceeds as follows: Equation 12 defines
the security return }j as a linear function ol the security-specific return
Xj and the N orthogonal index returns and factor weights f^ and PJ-:,
respectively:^

N

F=[
P/.J/F 12)

Exact expressions for the variance, skewness, and kurtosis of the security
return }'j are stated as

N

;) = Var{xj)

F = l

This multivariate system lends itseUto modeling the stochastic properties
of portfolios. Portfolio variance, skewness, and kurtosis based on the
weights U'j, j — 1,2 . . . P, for a portfolio of P securities are stated by
these expressions:

Elton and Grubcr (i^HJ) reviewed multi-index models and provided ;in extensive bibliography.
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Var\ 2 u.j
i-1

^

2 wfVarixj) + 2
j = i

4- 2 Skeiv{ f,)Var^^H f,
/ • I

Kuri
I I

/ 2 uĵ K
' ji

/ ' 1

-Uj) + 6 2 2 u'̂ u'-V'((r(.vt)Vflr(A:i) V

2 2 "-
N , P ,4

2 2 "•,P/.,J Kurtif,) VaAf,)
I-1 ^ . i - i • /
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14)

Var- 2 "'j

These portfolio variance, skewness, and kurtosis expressions might
1H' used in conjunction with the GLD option pricing formulas derived
earlier to calculate accurate option values for security market indexes or
other security portfolios.

SUMMARY AND CONCLUSION

This article introduced the GLD as a flexible tool for modeling nonlog-
normal security price distributions. Major advantages of the GLD include
the llexihility to assign almost any combination of skewness and kurt{)sis
values, the ease of random number generation due to the simple form of
its perccTitile function, and the ready construction t)F a multivariate dis-
tribution in v\hich each marginal distribution may he assigned unique
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skewness and kurtosis values. These advantages suggest several financial
applications, including estimation of option-implied state price densities
and risk analyses based on Monte Carlo simulations, wherein varied dis-
tributional assumptions may be applied to portfolios of primar)' and de-
rivative securities.

The GLD is readily applied to the problem of recovering an implied
security price distribution from market-observed option prices. An ex-
ample of such a recovery procedure revealed that although estimates
based on the GLD are comparable to those obtained with other methods,
generalii^ed lambda estimates ensure a unimodal, bell-shaped density.
Complementing the recovery ol an implied distrihution, u method to cal-
ibrate exactly an implied binomial tree to a generalized lambda density
was demonstrated.

Finally, a multivariate version of the GLD was developed that allows
an arbitrary correlation structure among generalized lambda variables.
This development was extended to a multi-index security returns model,
and skewness and kurtosis expressions for linear combinations of eorre-
lated generalized lambda variables were provided. This multivariate sys-
tem would he particularly useful in Monte Carlo simulations based on
multiple correlated securities where the experimenter wishes to assign
arbitrary skew ness and kurtosis values to the target security price
distributions.

APPENDIX: CLAMPING THE GLD

For negative shape parameters, that is. A.̂ , X4 < 0, the range of support
for the GLD spans the real line, thereby assigning positive probabilities
to negative security price values. Jaekwerth and Rubinstein (1996) im-
posed clamping to force a price density to zero in regions where a price
realization is disallowed. This imposition is readily applied to the GLD.
The resulting security price pereentile function that disallows negative
price realizations js this generalization of Lquation I:

y. X ,

The sealing function X^lpiO); X^.X4\ defined in Equation A2, in which
p (x,y) denotes the incomplete beta function, correctly realigns the vari-
anee of s(p) in Equation Al on {.Sô '̂ )" {e" ' — 1);
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A =

,, 4I g ( , ) X

1 - ' '

B = i ^

+ 1^4 + 1) - Pp«,)(X, + I, I4 + D) {A2)

The resulting call price formula is the following generalization of Equa-
tion 6a:

Call = SoG| - e "kG,

C | = 11 - p{k)\/\l - p{0)\

(A3)

X4 + 1

G, - [1 - p{k)]/[\ - p(0)\

Put-call parity yields the corresponding put price formula:

Put - e"k(} - G2) - Sod - G,) (A4)

In Equations A3 and A4, the scaling parameter is stated simply as X2
is taken from Equation A2. With p{0) ^ 0, Equations A I, A3, and A4 all
collapse to Equations 4, 6a, and 6b. respectively, and are. thereiore, pre-
ferred as a more general implementation.

An implementation of clamping might also use these generalizations
of the eoelficients of skewness and kurtosis from Equation 3. in which A
and B are defined in Equation A2:

C - 3A6 + 2/V',, D - 4AC + 6A^B - M^
Skewness = ; Kurlosis(B - A')^^~ (B -

3 X 4 ^ .

1)] -

-H 1 . 2 X 4 + I ) -
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With plausihle parameter values, the prohahility p{0) is typically trivial.
For example, the GED was applied to fit an implied seeurity priee distri-
hution to the option price data Hsted in Tahle I. Despite the strong neg-
ative skewness exhihited hy this fitted distribution, the derived prohahility
of a negative price realization is only p{0) — S.4E —5. Extending the
maturity from the original 164 days to 365 days, while all other parameter
values are retained, yields the prohahility p{0) = 9.0E - 4.
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