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Tbis article sbows tbat the volatility smile is not necessarily inconsistent
with the Bkick-Scboles analysis. Specifically, wben transaction costs are
present, the ahsenee of arbitrage opportunities does not dictate tbat there
exists a unique price for an option. Rather, tbere exists a range of prices
witbin vvbich the options price may fall and stiil be eonsistent with tbe
Black-Scboles arbitrage pricing argument. 1 bis article uses a linear pro-
gram (LP) cast in a binomial framework to determine the smallest possible
range of priees for Standard & Poor's 5{)0 Index ojitions that are consistent
with no arbitrage in tbe presence ol transaction costs. The LP method
em|iloys dynamic trading in tbe underlying and risk-free assets as well as
fixed positions in other options that trade on tbe same luiderlying security.
One-way transaction-cost levels on the index, inclusive ol tbe bid-ask
spread, would bave to be below si \ basis points for deviations Irom
Black-Scholes pricing to present an arbitrage opportunity. Monte
Carlo simulations are employed to assess tbe bedging error indueed witb a
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12-period binomial model to approximate a continuous-time geometric
Brownian motion. Once the risk caused by the hedging error is account-
ed for, transaction costs have to be well below three basis points for the
arbitrage opportunity to be profitahle two times out of" five. This analysis
indicates that market prices that deviate from those given by a constant-
volatility option mijdel. sueh as the Blaek-Scholes model, can be
consistent v\ith the absence oi arbitraj^e in the presence of transaction
eosts. © 2001 John Wiley & Sons, Inc. Jrl Fut Mark 21; I ! S I -1 1 79, 2001

INTRODUCTION

This article explores deviations from Black—Scholes pricing, commonly
known as the volatility smile within the context of efficient pricing in the
presence of transaction costs. By establishing no-arbitrage hounds with
pricing information from related securities and the costs of trading these
securities. I show that the volatility smile may he consistent with con-
stant volatility in that it does not present arbitrage opportunities when
transaction costs are present. A linear program (LP) model is used to
obtain the tightest possible no-arbitrage pricing bounds for traded
options in the presence of transaction costs. The optimization model,
originally proposed by Edirisingbe, Naik, and Uppal (1993) and cast in
an LP framework by Dennis and Rendleman (1995), incorporates both
dynamic trading in the underlying and risk-free asset and fixed positions
in other options tbat trade on tbe same underlying security. I be solution
to the LP provides the optimal mix of securities and optimal rebalancing
strategy for replicating long and sbort option positions. I find tbat tbe
proportional transaction cost on tbe underlying asset would bave to be
less than tbree basis points for tbe deviations from Black-Scboles pricing
to represent a reasonably !ow-risk arbitrage opportunity to a trader. At
transaction costs above this level, no arbitrage opportunities are present.

Volatility Smile

Black and Scboles (1973) were the first to develop tbe strategy of syti-
tbetic option repHcation. Under various assumptions, including perfect
markets and no transaction costs, tbey show that the payoffs to a contin-
uously revised portfolio of stock and risk-free securities can replicate
those of a put or call option.

If the underlying asset on which several options are written bas con-
stant volatility and the options are priced according to tbe Black-Scboles
model, the volatilities tbat are implied from the market prices of
the options witb tbe Black-Scboles model sbould all be equal to tbe



Volatility Smile 1153

volatility of the underlying asset. Several studies, including tbose ot
MaclJetband Merville (1979) and Rubinstein (198S), sbow not only tbat
tbe implied volatilities are not equal but also tbat tbe deviations are sys-
tematic and form a smile or sneer sbape. Ibus, this variation in implied
volatility, known as tbe volatility smile, must be due to a violation of one
or more of tbe Black—Scboles assumptions.

To explain wby the volatility smile exists, several competing tbeories
bave been developed, each of wbicb relaxes one or more of tbe
Black-Scboles assumptions. Tbe Hrst set of tbese tbeories, such as tbose
of Rubinstein (1994) and Dcrman and Kani (1994), relax tbe constant
volatility assumption and allow for a deterministic time- and state-
dependent volatility function. Tbe time- and state-dependent volatility
function allows tbe returns of tbe underiying security to bave distribu-
tions that deviate from the constant volatility normal distribution. In
these models, the time- and state-dependent volatility function is deter-
mined by tbe fitting of tbe model to tbe observed market prices of traded
options. In tbis respect, these models are similar to the stochastic term
structure models of Ho and Lee (1986) and Heath, Jarrow, and Morton
(1992), in tbat the model can be adjusted so tbat the model prices equal
the market prices.' Dumas, Tleming, and Whaley (1998) provided
an empirical test of these time- and state-dependent volatility models
and found tbat there was a large mean square error between tbe
model and market prices. Tbey concluded tbat tbe time- and state-
dependent volatility approach did not do a good job of explaining observed
option prices.

Tbe second set of tbese models, sucb as tbose of Hull and Wbite
(1987) and Heston (1993), are based on stocbastic volatility and can also
explain the volatility smile. In contrast witb tbe models of Rubinstein
(1994) and Derman and Kani (1994), the volatility of tbe underlying asset
is not deterministic but stocbastic. If tbe volatility has a negative correla-
tion with the underlying security, then w hen the price of tbe underlying is
low, volatility will be higb, the probability of large price movements will be
bigb, and tbe lelt tail v\ill be fatter tban in tbe case of constant volatility.
Conversely, wben tbe price of tbe underlying is bigb, volatility will be low,
the probability of large price movements will be low, and the right tail will
be tbinner than in the case of constant volatility. Using tbis type of distri-
bution to price options will result in relatively bigb prices for out-of-
money puts and relatively low prices for in-tbe-money puts.

' t o r ihis 1(1 hold in Riiliinslt'in ( 1494), the limf- and stxiti'-dt'pcndt'nl vt)l;[lilily fiinclion h;is to he
del'mfd wiili as niiinv [rvc pariimclers as there are optiuns li) price so thai there is an exactly identi-
fied system of eijiiations.
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Although stochastic volatiiity models vvouic! seem to offer a good
explanation for the volatility smile, they do present a prohlem. To be ahle
to price options with no-arhitrage principles, one must be able to trade a
claim on volatility or volatility must be uncorrelated to aggregate
consumption.

Option Replication with Transaction Costs

In addition to assuming that the volatility of an asset is known and nonsto-
ehastic. Black and Scholes also assumed that one can trade securities with
no transaction costs. Oi course, markets are not perfect, and transaction
costs do exist. Instead of examining whether deviations of option prices
from the Black—Scholes model occur because of a nonconstant volatility.
I investigate whether the deviations are consistent with the absence of
arbitrage opportunities in the stock, bond, and options markets, given that
transaction costs exist. If one can show that the volatility smile is sand-
wiched between the long and short no-arbitrage hounds, the smile may be
consistent with the constant volatility Black-Scholes model, once trans-
action costs have been accounted for.

One of the Hrst studies to examine the impact of proportional
transaction costs on the price of an option was conducted by Leland
(1985). Leland used a discrete-time stock-bond replication strategy and
demonstrated that the payoff of this replication scheme converges
almost surely to that of a European call option as the revision interval
becomes inOnitesimally small. Tbe price of a European call option is
determined with the Black-Scholes formula with an inflated variance,
&" — (T''(l + ^^ /^ ) , when the transaction cost, K, is large or the time
interval between successive portfolio rebalancings. At, is small; the
adjusted volatility is large; and the price of the option is relatively high.
Although letting large amounts of time lapse between portfolio rebakmc-
ings reduces the cost of the option, it also increases the chance that the
value of the replicating portfolio will significantly deviate from the
desired payoff. Although Leland's approach is limited to derivative secu-
rities that have convex payoffs, Whaley and VVilmont (1993) presented
an analysis similar to that of Leland that can be used to replicate concave
and convex payoffs. Toft (1996) extended Leland's analysis by examining
the mean-variance tradeoff between the variance of the error, which is
reduced by more frequent rebalancing, and cost, which is increased hy
more frc(|ucnt rebalancing.

Although Leland (1985) and Whaley and Wilmont (1993) arrived at
a closed-form solution for the price of a call option, Merton (1990) took
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a slightly different approach and modeled the stock price as a two-period
binomial process. Allowing for proportional transaction costs when trad-
ing the stock, Merton then solved for the dynamic trading strategy that
exactly replicated the payoff to a call option. Merton's analysis was
extended to hinomial trees of arhitrary length by Boyle and Vorst (1992).
Using a binomial tree approach is useful for pricing American options
and exotics such as Asian options.

Option replication with transaction costs was approached differently
by Constantinides (199ii). Constantinides modeled the stock price as a
continuous-time geometric Bro\\nian motion, used a proportional trans-
action cost when purchasing or selling stock, and assiiined that the
investor has either constant-relative-risk-aversion or hyperbolic-ahsolute-
risk-aversion preferences. He then derived the investor's reservation buy
or sell price for a call option on the stock. This analysis was generalized hy
Constantinides (1996) and Constantinides and Zariphopoulou (1999),
for whom the reservation write or purchase price depended only on an
investor's utility functions being monotonie and concave, not on a specif-
ic form of the utility function.

The price of the call option ohtained with the models o( Merton
(1990), Boyle and Vorst (1992), Leiand (198S), Constantinides (1996),
Constantinides and Zariphopoulou (1999), and Whaley and Wilmont
(1993) is suboptimal in three respects. First, the stock—hond replicat-
ing portfolio has to he rebalanced at each revision date. Because of the
frequent rebalancing, the replication cost grows without bound as
tbe re\ ision interval becomes smaller. When transaction costs are
present, it is sometimes optimal to not rebalance tbe replicating portfo-
lio al every single revision date. Seeond, wben transaction costs are
present, it is sometimes less expensive to produce a bigber payoff tban
is needed to exactly replicate the eail option. In a constrained opti-
mization framework, one ean think of this approach as changing the
eonstraint that the replicating portfolio exactly equals the payoff of
the call option to a constraint in v\hich the replicating portfolio equals
or exceeds the payoff of the call option. Finally, these models do not
allow for the use of other derivative securities that may be helplul in
replicating tbe call option's payoff. As sbown later, using traded puts and
calls in tbe replicating portfolio, in addition to tbe stock and the bond,
belps to lower tbe eost of replication. I be option-pricing mctbodology
described in the Metbodology section overcomes these three problems.

In contrast to these models, Bdirisinghe et al. (1993) and Bensaid,
Lesne, Pages, and Scheinkman (1992) showed that the cost of the repli-
cating portfolio may he reduced with a replicating strategy of dominating
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an option's payoff instead of exactly replicating the payoff. Payoff domi-
nation is a less expensive replication strategy when transaction costs are
high because it may be cheaper to overhedge at certain times and not to
reh;ilance the stock—bond portfolio at other times."

Although options ean be priced with a dynamic stock-bond replicat-
ing portfolio and a no-arhitrage argument, stock options can also be
priced in a now and then economy if tnarkets are complete. Although
complete markets are a convenient theoretical construction, they do not
exist in practice. In incomplete markets, where the number of states of
nature exceeds the number of securities, state prices cannot be implied
from observed prices, and stock options cannot be priced with static
replication alone. Nevertheless, Ritchken (1985) used an LP to show
that the upper and lower no-arbitrage price hounds can be computed for
an option with price information from the underlying asset and a risk-
free bond, assuming that there are no transaction costs and that tbe
positions in the two securities are maintained without revision until the
option's maturity date.^ In a related work, Cocbrane and Saa-Requejo
(2000) provided no-arbitrage bounds for option pricing in incomplete
markets by choosing a stocbastic discount factor to maximize and mini-
mize the price of a call subject to the constraints that tbe stocbastic dis-
count factor is positive and that its volatility is less than or equal to some
prespecified limit.

Prior empirical work on testing no-arbitrage bounds has focused on
put—call parity, which is a special case of static replication. For example,
Klemkosky and Resnick (1979) tested put-call parity and discovered
some violations, but they did not aecount for transaction costs. Nisbit
(1992) tested put-call parity and found tbat when hid-ask spreads
and transaction costs are accounted for. there are no violations. None
of these articles, however, has addressed tbe issue of whether the volatil-
ity smile is consistent with the absence of arbitrage opportunities within
the context of a static—dynamic replication model. An exception is a
recent study by Pefia, Rubio. and Serna (1999), who provided some
evidence that tbe shape of the volatility smile is related to transaction
costs.

Given that markets are neither perfect nor eomplete, bounds for
stock option prices can be obtained with either a dynamic stock-bond
replication argument in the presence of transactions costs, as in Boyle and

^Bcnsaid et al. (1942) presenled a simple luo-periiid binomial evample tbal nieely illiistraled tbis
point.
[n addition to tbe priee inli)rnialioii IVoni tbe stoek and risk-free bond. Ritcbken's methiid tan be

easily extended tii use the price inforniatinn contained in i)lbcr options.
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Vorst (1992). or an incomplete market static replication argument, as in
Ritcbken (1985), Coehrane and Saa-Requejo (2000), and Garman
(1976). Edirisinghe et al. (1993) and Dennis and Rendleman (1995) com-
bined both these concepts in an LP framework and showed tbat it was
possible to obtain even tighter no-arbitrage bounds for the option's priee
by tbe simultaneous use of both dynamic and static replication. Ibis arti-
cle uses the LP methodology to determine upper and lower no-arbitrage
prices for tbe Standard & Poor's (S&P) 500 Index and examine whetber
the empirically documented volatility smile is consistent with the absence
of arbitrage opportunities in the presence of transaction costs.

METHODOLOGY

Intuition Behind the LP

This section describes the LP technique used to formulate an optimal
option replication strategy. I h e objective of the LP is to determine the
lowest cost portfolio, consisting of stock, a risk-free hond, and traded
options, that replicates tbe payoffs to a nontraded option. The LP com-
bines both dynamie and static replication techniques. An example is pro-
vided here to convey tbe Intuition. A detailed description ofthe model is
provided in the appendix and in Edirisinghe et al. (1993) and Dennis and
Rendleman (1995).

Suppose tbat there exists a risky asset that has a current price
of $100 and a volatility of 20% per annum and our goal is to replicate a
1-year call witb a strike price of $100. Tbe evolution of the stock price is
modeled as a two-period binomial tree witb 0.5 year per period and is
shown in I igure I.

•132.69

• 115.19-

ioo.oo<r Cioo.oo

86.81

75.36

FIGURE 1
hinomiiil Iree on which the I,P is hast'd.
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In addition to tbe stock, tbere also exists a risk-free asset that has a
current value of $1 and that earns a continuous return of 10% per
annum. Its value at the end of tbe first period is e'""*""'^' = 1.0513, and
its value at the end ofthe second period is t-'*'!"""" - 1.1052. Finally,
tbere is a I-year call option available v\ith a striking price of S80, which
currently costs $28. A 1% transaction cost is incurred whenever the
stock, the risk-free asset, or the call are traded.

Our objective is to minimize the up-front portfolio cost, which, if
use Equation 16 and account for the \9f transaction cost, ean be
expressed as

1OIAS:J - 99AS:̂  + 1-OlAS - 0.99AS + 28 .28A; , J - 27.72AS5 (0

where Aj • represents the change in the quantity of asset v held long (L)
or short (S) alter tbe stock has moved up i times and down j times.

The first set of constraints that must be specified are tho linking
constraints, w hich link the total position of the stock and risk-free asset
in each state to tbe changes in the positions of these assets between
adjacent states. For this problem, these constraints are

A L A

jSO, ^ Af.O, _ A S O ,

^^ — (T)''\ _ t b ' ' ^ -i
1,0 — ***(U) ^(),t)

LA- _ A S A -jM _ (ijM 1 \LA- _ AS
0.0 ^0.0 + -^0,1 ^ 0 .

_ , i ,SB , ALB- _ A S C - /Q\

Constraint 2 sets the total initial position ofthe stock, <I>J)'J, — fJ'Ji. equal to
the amount of stock initially purchased, Aĵ J, - AS;),. These two quantities
must he tbe same because there was no stoek already owned at the beginn-
ing of the replication progratn. Constraints 3 and 4 apply to the risk-free
asset and traded option, respectively, and parallel Constraint 2. Constraint
5 sets tbe total amount of stock owned in state { 1. 0}, O', ,\ - <i>'|' [„ equal to
the amount of stock owned in state {0, 0}, <t>,')J, — t^,^},. plus the amount
purchased in state {1. 0}, Ai';)*̂  - A,*;}/. Constraint 6 is identical to
Constraint 5, except that it applies to the risk-free asset. Constraints 7 and
8 for state {0, 1} parallel Constraints 5 and 6 for state {1, 0).
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In addition to the linking constraints, the portfolio must be self-
financing in state {1,0} and state {(), 1}. Before we can define the self-financ-
ing constraints, we must remember to account for transaction costs. For
example, the cost of purchasing the stock in state {1, 0} is (1 1S.19)(1.01) =
116.34, and the cash inflow from shorting the stock is (115.19)(().99) =
I 14.04. The following two constraints ensure that the replicating portfolio is
self-financing in both the up and down states at time 1:

6.34A',,;/ - I l4.04A?;y

+ 1.0618A',V - I-0408A|'';/ + S^o ^ 0 (9)

+ 1.0618A!,.'j- - I.0408AS.';- + S^_, - 0 (10)

Equation 9 constrains the replicating portfolio to he self-financing in
state {I. 0). The constraint ensures that the cost of purchasing stock at
1 16.34, less the cash inflow generated from shorting stock at 1 14.04,
plus the cost of purchasing the risk-free asset at 1.0618, less the cash
inflow of shorting the asset at 1.0408, is less than or equal to zero.
Constraint 10, which applies to state (0, I}, parallels Constraint 9, which
applies to state {I, 0}. The variables S/̂ o and S]",) are nonnegative slack
variables that transform Constraints 9 and 10 from inequalities into
equalities.

To complete the LP, we must specify the constraints that ensure
that, at maturity, the payoffs of the replicating portfolio meet or exceed
those of the target. 1 he following four constraints accomplish this:

;,!' - S,'o ^ 32.69 (U)

- s,;, - o (12)

;,;; ;f' - si, - 0 (13)

74.6lOli:! - 76.12cl)i'il + l.0941<Di;j - 1.1

Constraint 1 1 applies to state {2, 0}. The positive terms in 1 1 repre-
sent the after-transaction-cost cash inflow that is generated at time 2
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from liquidating the long position in the stock at $131.36, the risk-free
asset at $1.0941, and the call option at $52.16. The negative terms in 11
represent the after-transaction-cost cash outflows from covering the
short position in the stock at $ 134.02, the risk-free asset at $ I. I 162, and
the call option at $53.52. Because S^f^ is a nonnegative slack variable,
the total cash inflows must exceed the total cash outflows by at least
$32.69, which is the target replicating portfolio value in state {2, 0).
Although Constraint I I ensures that the target value will be met or
exceeded when the stock increases from state {1,0} to state {2, 0},
Constraints 12, 13, and 14 ensure that the target value will be met or
exceeded when the stock price moves from state {1,0} to {1, i}, state
{0, 1} to {1, I}, and state {0, 1} to {0, 2}, respectively.

Objective function 1, along with the Constraints 2-14. constitutes
an LP whose solution represents the optimal cost and optimal trading
strategy for replicating a call option. In this particular case, the objective
function is $14.16 at the optimum.

DATA

The primary data set used is a subset of the Berkeley Options Data Base,
which contains both quotes and trades recorded on the floor of the
Chicago Board of Exchange from January 4, I 993 to April 30, 1993.
Each record is time-stamped to the nearest second and contains
the hid—ask quote, ticker symbol, date, time, ty]ie (put or call), strike
price, and latest value of the underlying security. The options used
are S&P 500 Index options, which are cash-settled and European in
nature. The term structure at each point in time is constructed with
bid and ask Treasury bill (T-bill) rates collected from The Wall Street
Journal.

There are two concerns that must he addressed when the subset of
options to be used for the static component of the replication is con-
structed: the depth of the market and the synchronicity of the observed
option prices. Eirst, it is important to have enough market depth so that
trading in the options does not move the price significantly. Because
most of the trading in index options occurs in the near-the-money
options, only the three closest-to-the-money calls and puts are used in
the replicating portfolio, for a maximum of six options. Eor ease of expo-
sition, let Z represent the set of six options that meets the liquidity crite-
ria described previously.

In addition to the liquidity criteria, it is also important that the
option prices are observed at the same point in time. Although it would
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be ideal to observe all option prices at the same point in time, i"̂ , in prac-
tice the prices are usually quoted at different points in time, and this
nonsynchronicity can introduce error. To minimize this error, only those
options in set Z that are closest to time (*, without heing more than 5 min
away, are used in the static component of the replication.

Once the set of options to he used for the static component of the
replication has been selected, the next step is to construct the binomial
tree that will be used to determine the dynamic part of the replication.
When the binomial tree is constructed, there are three issues that must
he addressed: the treatment of dividends, the determination of the initial
index level, and the determination of the volatility of the index.

Dividends on the S&P 500 Index must be treated with care. Harvey
and Whaley (1992) showed that there exist strong seasonal patterns in
tbe dividend payouts for the S&P 100 Index, with Fehruary, May, August,
and November having the highest dividend payouts. They also showed
that there is a strong day-of-the-week effect, with Monday having the
highest dividend payout and Wednesday having the lowest. Because of
these effects, dividends should not be treated as continuous but rather as
discrete. Daily cash dividends for the S&P 500 Index were obtained from
the S&P 500 Information Bulletin."* Although the dividends are discrete,
the binomial tree was adjusted for discrete dividends in such a way that
it recombines.^

To model the evolution of the index value with a binomial tree, both
the initial level of the index and the volatility of the index must he
known. Although each record in the Berkeley Options Data Base con-
tains the current index level, it may not represent the true level of the
underlying index. This discrepancy arises because the index is a compos-
ite of prices of 500 stt)cks. some of which do not trade that frequently.
Because of this stale quote problem, the quoted index level may not
reflect the true market consensus of what the index value is. To mitigate
this stale index problem, both the volatility and the level of the index are
jointly implied from those options that meet both the liquidity and syn-
chronicity criteria described ]>reviously by minimization of the sum-of-
squared deviations between the market prices of the options and their
model prices.''

•"Robcrl t . Whaify gratiimsK pro\idc'<l ihcsc dala.
S e e Hull (1497. pp. .̂ T4-.-iS()) lor a discussiim of I his l
''The model prices art' foniputcd wiih llic dividcnd-iidjuslcd binomial irec and the loriii structure
im|ilifd b\ I-bill p̂ L•(.'̂  Iroiii Ihc Wnlt 'direct Jinirind.
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RESULTS

Volatility Smile

Although full empirical tests are discussed in the next subsection, this
subsection gives an example of how the volatility smile can be consistent
with the absence of arbitrage opportunities in the presenee of transac-
tions costs. As long as the volatility for the traded option falls betv\een
that of tbe synthetic long and short positions, there will be no arbitrage
opportunities involving the target security and any combination of secu-
rities in the replicating portfolio. If the volatility smile is sandwiched
between the implied volatility bounds formed by the long and short syn-
thetic positions, we can conclude that the volatility smile is consistent
with the absence of arbitrage opportunities, once we have accounted for
transaction costs.

Table I shows the market prices on January 4, 1993 at 2:00 p.m. A
proportional transaction cost of 0.5% is used for the underlying index,
and no transaction cost, other than the bid—ask spread, is used for the
index options and risk-free asset. The transaction cost of 0.5% was
chosen simply to illustrate this example. In the empirical tests in the
next section, the transaction cost is continuously lowered until an arbi-
trage is possible. I his level of transaction cost can then be compared to
actual costs that traders incur to see if arbitrage is feasible at realistic
transaction-cost levels.

TABLE I
Data Used in the Replication Program Example

Annual risk-free rate
Volatilily of index
Index level
Number of periods for binomial tree
Time to expiration

Option Number

1
2
3
4
5

Bid

10.25
7-13
4.63
7.25
9.63

2.97% per year
10.76% per year
434.50
8
46 days

Ask

10.75
7.25
5.00
7.75

10.13

Strike

430.00
435.00
440.00
435.00
440.00

Type

Call
Call
Call
Put
Put

Note. This table contains the data used to generate ttie results in Table II. Ttie upper panel specities thie dala necessary
to construct the binomial lattice. Ttie lower panel contains prices of near-the-money Standard & Poor's 500 Index options at
2;00 p.m. on January 4, 1993. The options mature in 46 days.
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Table II shows the no-arbitrage volatiUty bounds computed for
February calls with striking prices ranging from 420 to 4S0. The prices for
the synthetic calls in the table are constructed with the data for the stock,
bond, and options I-S in Iable I. Tbe upper and lower panels sbow repli-
cating costs and implied volatilities ior long and sbort positions, respec-
tively. In eacb panel, tbe first column lists tbe strike price from 420 to
450. Tbe second column contains tbe syntbetic price of a long call witb
tbe stock, bond, and options 1—5 in Table I. Tbe tbird column contains
the bid price (or tbe option tbat was quoted closest to 2:00 p.m. Ibe
fourtli and filtb columns contain tbe implied volatility for ibc prices in
tbe second and tbird columns.

Tbere are several observations that can be made about tbe upper
panel of Table II. First, tbe volatility smile is evident in tbe observed bid
prices. Tbe implied volatility is 1 1.25% at a strike of 420 and declines to
a value of \().?>y/c at a strike of 450. Second, at most strike prices, tbe
cost to syntbetically create a long position is greater tban tbe casb inflow

TABLE II
Syntbetic Costs and Implied Volatilities as ii lunction of tbe Strike Price

Target Strike

420
425
430
435
440
445
450

Tarfiet Strike

420
425
430
435
440
445
450

Costs

Long Synthetic Call

18.222
14.400
10.781
7 793
5.148
2.870
1.958

Costs

Short Synthetic Call

16.691
13.292
9.433
6751
4.281
2.010
0.903

Ohsened Hid

17.63
14.00
10.25
7.13
4.63
2.88
1.75

Obsen'eUAsk

18.38
14.63
10.75
7.25
5.00
3.25
2.00

Implied

Long Synthetic

12.70
12.56
12.03
11.79
11.21
10.23
10.80

Vohililities {%)

Call Ohserved Bid

11.25
11.77
11.11
10.71
10.35
10.25
10,33

Implied Volatilities (%)

Short Synthetic

8.44
10.32
9,67

10.09
9.77
8.57
8.18

Call ObserxedAsk

13,08
13.01
11.98
10,90
10.96
10.94
10.90

Note. Long and short prices of synthetic options with various strike prices having 46 days to maturity are computed with
the data in Table I. The linear program uses both a dynamic strategy with the stock and bond and a static strategy with
options 1-5. Observed bid and ask prices for the corresponding traded options are also shown. Implied volatilities are
obtained with the Black-Scholes formula.
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that would be realized by shorting a traded option at tbe bid price. For
example, it would cost $18,222 (implied volatility of 12.709^) to syntbe-
size a long call struck at 420, but only $17.63 (implied volatility of
11.25%) eould be generated by shorting tbe option in the market.
Hence, there is no arbitrage opportunity. The one exception to this is the
case where the strike price is 445. Here the synthetic cost of a long call
is 2.870, but the call has a bid price of 2 7/8 (2.875). This implies that
even after a transaction cost of 0.5%, an arbitrage profit is possible. This
may not be a true arbitrage opportunity, however, for two reasons.
First, the option is so far out of the money that one may not be able to
sbort the option at 2 7/H because of a thin market. Second, even if one
can short the option at 2 7/8 there will be error introduced into the hedge
because the binomial model is only an approximation to the actual sto-
chastic process followed by the stock. As long as the stocks price evolves
according to the binomial model, the LP replication will be exact. If,
however, the stock's price path deviates from the binomial lattice at some
future date, hedging error will be introduced. The impact of this hedging
error on the transaction cost necessary for arbitrage opportunities to
exist is discussed in the Hedging Effectiveness suhsection.

The lower panel of Table II is similar to the upper panel, except that
it contains the costs of synthetic short positions and the ask prices of the
traded options. As in the upper panel, the volatility smile is evident in the
observed ask prices. Also, at each strike price, the cost to purchase a iong
option in the market is greater than the cash inflow that would be real-
ized by the synthetic creation of a short position. Hence, the volatility
smile is bounded below by the implied volatilities of the synthetic short
positions. Because the volatility smile is hounded above by the implied
volatilities of the synthetic long positions (except for the case in which
the strike is 445) and is boimded below by the implied volatilities of the
synthetic short positions, the volatility smile is consistent with the
absence oi arbitrage opportunities, once transaction costs have been
accounted for.

Transaction Costs Necessary to Permit Arbitrage

This subsection discusses the minimum level of transaction costs
such that the deviations from Black—Scholes model are still consistent
with the constant volatility model and the absence of arbitrage. To deter-
mine these costs, the analysis outlined in the previous subsection could
be repeated at successively lower transaction costs until an arbitrage
opportunity was detected. This would be extremely time-consuming, as
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the LP would have to he rerun several times at each level of transaction
costs to recreate the bounds on the smite. An alternative approach to
detecting arbitrage opportunities is to reformulate the LP to minimize
the up-front cost of the replicating portfolio subject to the constraint that
a nonnegative payoff be generated at each state at the maturity of the
repficating portfolio. If a portfolio can be found that satisfies the non-
negativity constraint at the replicating portfolio's maturity and has a neg-
ative price today (i.e., a cash inflow), an arbitrage opportunity has been
detected. At high levels of transaction costs, no arbitrage opportunities
exist. As transaction costs fall, a point will be reached at which an arbi-
trage opportunity is possible. This method is more efficient because the
LP only has to be rerun t)nce at each transaction-cost level.

Table I I I shows the results from 20 replicating portfolios that were
constructed at I p.m. on each trading day during January 1993 and the

TABLE III
Transaction Costs Needed to Permit Arbitrage: January 1993

Date of
Optirni Quote

930104
930105
930106
930107
930108
930111
930112
930113
930114
930115
930118
930119
930120
930121
930122
930125
930126
930127
930128
930129

M

Days to
Expiniiiott

11
10
44
43
42
39
38
37
36
35
32
31
30
29
28
25
24
23
22
21

Break-Ei'en
Transaction

Cost

0,0003777
0.0001236
0.0000206
0.0008995
0.0007141
0,0016479
0,0005630
0.0005630
0.0010506
0.0010025
0.0000961
0.0007484
0.0010506
0.0007690
0.0009132
0.0000893
0,0008446
0.0004875
0,0001099
0.0000412

0.0005756

M Hedging
Error

10
731
322

77
524
234
900
405
291
290

-131
143
272
275

2,115
254

46
435
146
151

374

SD of Hedging
Error

5,240
5,181
1,046
4,491
4.614
1,792
3,584
3,433
2.438
3.252
1,631
1,207
2,694
2.273

21.503
1,940
1,568
5,834
1.081
1,162

3,798

Ratio of
M to SD

0.00
0.14
0.31
0,02
0.11
0.13
0.25
0,12
0.12
0.09

-0.08
0.12
0.10
0.12
0.10
0.13
0.03
0.07
0.14
0.13

0.11

Note. Ttiis table presents the levels of transaction costs necessary lo permit arbitrage for portfolios with cross sections ot
Standard & Poor's 500 Index options formed daily at t p,m, during January 1993. Arbitrage is possible wtien a casti inflow
can be produced today with no future liability. Ttie transaction costs presented in the table are the proportional one-way
costs ofi the underlying asset. Ttiere are no transaction costs on the risk-free asset and traded options other than the
bid-ask spread.
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t ransact ion-cost levels at wh i ch arbi t rage oppor tun i t ies exist. Tbe

options in the repl icat ing port fo l io were selected according to the l iqu id-

ity and synchronici ty cr i ter ia out l ined in the Data section. There is no

transact ion cost placed on the risk-free asset, other than the b id -ask

spread obtained f rom The Wall Street Journal, and tbere is no transaction

cost placed on tbe traded opt ions, other than the bid—ask spread

obtained f rom tbe Berkeley Opt ions Data Base. The level of transaction

cost at wh ich arbitrage opportunit ies exist is determined by the sett ing of

the in i t ia l transaction cost on the index to a very high level and the low-

ering of the cost unt i l an arbitrage opportuni ty is detected. ' 1 his trans-

ac t ion cost is then compared to the bid—ask spread and commiss ion

costs for trading the index.

The first three columns in Table ITI list the date that the repl icat ing

port fo l io was constructed, the number o f days to matur i ty for the repl i-

cat ing por t fo l io , and the break-even t ransact ion cost. Tbe break-even

transaction cost represents the largest cost at which arbitrage is feasible

w i th in the eontext of the binomial model. For example, if, on January 4,

1993, a trader incurred a one-way transaction cost of 3.78 basis points or

lower, there would be an arbitrage opportunity. Ibe average transaction

cost at wh ich arbitrage is feasible is roughly six basis points. It is useful

to compare these costs to costs that wou ld actual ly be incur red by

traders. The typical bid—ask spread was around two to three t icks

( 0 . 1 0 - 0 . I S ) on S&P SOO Index futures in 1993,'' and the commission

per contract was roughly $30. This gives a one-way transaction cost o f

around (4^oHsnoi • "•" roughly three basis points per trade, lo see if

tbe results are robust through t ime, I repeated the arbitrage analysis pre-

viously presented for observations dur ing Januar\' i99S. Ibe results are

presented in Table IV. The results for January 1995 indicate that the

average transaet ion eost at w h i c h arbi t rage is feasible is roughly f ive

basis points, wh ich is on the same order of magnitude as the transaction

cost for January 1993.

Al though it appears f rom these data that arbitrage is economical ly

feasible, a trader may not be able to take advantage of these oppor tuni -

ties. Because the model is a binomial appro.ximation to tbe cont inuous-

t ime process being used, these arbitrage posit ions may not be ent irely

risk-free. As discussed in the next subsection, the transaction costs have

to be much lower than three basis points to have a reasonably low-risk

arbitrage opportunity.

V.iryinK tlic Iransai'lion cosl on all thret' types of securities complicates niatlt'rs hcciiu.se there are

ihrec choice variables insleiid ofont".

Ihis figure was nbtxiincLl Ironi the t'hicajin Mercantile Evchan^e.
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TABLE IV

Transaction Costs Needed to Permit Arbitrage: January 1995

Date nf Option Quote

950103
950104
950105
950106
950109
950110
950111
950113
950116
950117
950118
950119
950120
950123
950124
950125
950126
950127
950130
950131

M

Days to Expiration

17
16
15
14
11
10
37
35
32
31
30
29
28
25
24
23
22
21
18
17

Break-Even Transaction Cost

0 0006592
0.0008720
0.0011055
0.0007278
0.0006798
0.0000755
0.0019089
0.0005219
0.0001373
0.0004532
0.0003708
0.0005424
0-0006386
0.0007280
0.0002609
0.0001991
0.0001785
0.0000481
0.0000412
0.0000961

0.0005122

Note. This table presents the levels of transaction costs necessary to permit arbitrage for portfolios with cross sections ot
Standard & Poor's 500 Index options formed daily at 1 P.M. during January 1995. Arbitrage is possible when a cash inflow
can be produced today with no future liability. The transaction costs presented in the table are the proportional one-way
costs on the underlying asset. There are no transaction costs on the risk-free asset and traded options other than Ihe
bid-ask spread.

Hedging Effectiveness

In the previous subsection, it was shown that arhitrage opportunities
could be detected if we constrain the replicating portfolio to produce a
nonnegative payoff in each state and then gradually lower the transaction-
cost levels to discover at what point the up-front replicating portfolio has
a negative price. One of the problems with this is that the LP model is
necessarily based on the assumption that the price of the imderlying stock
follows a binomial process when, in fact, the binomial model is being used
as an approximation to a continuous lognormal distribution. The arbi-
trage trading is guaranteed to work perfectly if the actual stock price out-
comes fall exactly on the nodes of the binomial tree. If, however, the stock
price outcomes do not fall exactly on the binomial tree, as is the case if the
true stock price is lognormally distributed, any arbitrage opportunities
that are detected mav not be risk-free. In this subsection, Monte Carlo
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simulations are used to determine the magnitude of the risk introduced
by the binomial approximation.

It is important to recognize that the LP solution based on the
binomial model determines not only the initial set of portfoho holdings
for the replicating portfolio but also tbe optimal holdings in each sub-
sequent binomial state. In the simulations, it is assumed that the
investor expects stock returns to follow binomial outcomes and also
expects to resolve the LP at the end of each binomial period on the
basis of future anticipated binomial outcomes. In fact, this procedure is
implicit in the optima! binomial-based LP solution. Actually, bowever,
stock return outcomes are generated from a normal distribution. At the
end of the first binomial period, the actual stock price is likely to be dif-
ferent from either of the two binomial outcomes that had been origi-
nally anticipated and reflected in the initial LP solution. As such, the
LP, based on T — I remaining periods, must be resolved with the simu-
lated stock price realized at the end of the first binomial period and
with the security positions carried forward from time zero. Because the
binomial model is being used as an approximation of a continuous-time
stochastic process, most of the time the random return will not fall
exactly on the up or down nodes of the binomial tree. Hence, the repli-
cating portfolio will most likely not be self-financing, and cash will have
to be added to. or withdrawn from, the replicating portfolio at the end
of the first binomial period.

Having solved for the optimal replicating portfolio at the end of the
first period, we then realize a random return (or the stock at the end of
the second binomial period, a T — 2 period binomial tree is constructed,
and the process is repeated. This algorithm is continued until the matu-
rity of the option being replicated is reached. The sum of the future
value of the cash infusions or withdrawals at each time represents a
hedging error for some price path realization from the continuous-time
stoehastic process. By drawing M random sample paths from the true
stochastic process and computing the hedging error for each sample
path, we can determine the hedging precision of the LP model, defined
as the standard deviation of the future value of the M hedging errors. To
generate a series of normally distributed random returns for the stock,
uniform random deviates are generated with the RAi\2 routine from
Press, Teukolsky, Vetterling, and Flannery (1992). This random number
generation routine pro\'ides random numbers that have a periodicity of
about 2.i X lO'"". Ihe uniform random deviates are transformed into
normal random numbers via tbe Box—Muller transformation by tbe
CASDEV routine from Press et al. (1992).
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The initial replicating portfolio, which may consist of stock, bonds,
and options, is constrained to produce a zero payoff in each of the 13
possible states at the end of the binomial lattice. If the LP is used as it is
formulated in the Intuition Behind the LP section, an arbitrage opportu-
nity will result in an unbounded objective function.' If the purpose of
the LP is only to detect the presence of an arbitrage opportunity, as in
tbe previous subsection, the fact that the solution is unbounded does not
matter. If one is interested in the composition of the optimal arbitrage
portfolio, however, the solution to LP cannot be unbounded. This is pre-
vented by the addition of a constraint to the LP to ensure that the value
of the objective function cannot be lower than — LOO, thereby ensuring
that the solution to the LP will be bounded. This constraint also
standardizes the initial arbitrage profit to be Sl.OO for various levels of
transaction costs because, when an arbitrage opportunity is present, the
constraint will be binding.

We can generate lognormally distributed stock price outcomes by
starting witb tbe initial value of the asset and generating subsequent val-
ues for the asset with S, + i - s,e'''^^'"-^^\ where : ~ i\(O,l) and r^ is the
risk-free rate determined from the midpoint of the T-bill bid—ask spread
observed at time (. The volatility used for the asset's returns is the
implied volatility described in the Data section. The transaction cost on
the underlying asset is taken from Column ?> in ral)le 111. which is the
largest cost where arbitrage is still possible.

The fourth and fifth columns of Table III contain tbe mean and
standard deviation of the hedging error after 100 simulated price paths.
The magnitude of the standard deviation of the hedging error is quite
large. To understand this, one must consider that to realize $1 of jjrofit at
tbe largest transaction-cost level at wbich arbitrage is still possible, very
large positions must be taken in the underlying securities. This is
because transaction costs consume most of the profit. Typical initial
positions are shown in Table V. The first column shows the positions that
must be taken wben the transaction costs are just below the break-even
point. As can be seen from the first column, tbe magnitudes of the posi-
tions are quite large. Because a volume of 10,000 for an S&P 500 Index
option is pretty heavy, there is not even enough liquidity to make some of
the positions feasible at the observed prices.

"T̂ n sec this, let us say thai there exists some portfolio thai satisfies the tonstraints and has a value
ol -IT tiiday. Doubling the portfolio positions will result in a value loday of —27r yet still satisfy all
the constraints. Because the objective Is to minimize the up-lront portfolio cost, the value of the
objective limction at the optimum will be —™.
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TABLE V

Initial Replicating Portfolio Positions: January 4,

Total stock
Total bond
Option 1 value
Option 2 value
Option 3 value
Option 4 value
Option 5 value

At Break-Even
Transaction Cost

-7247
3,146,657

0
4102

-128,263
61,426

41

10% Below Break-Even
Transaction Cost

- 8 1
-36.628

308
0

-4,326
2,607

0

50% Below Break-Even
Transaction Cost

- 5 9
26,042

22
0

1,082
500

0

Note. This table presents the magnitude of the initial positions in the stock, bond, and options needed to realize the
arbitrage opportunity at various levels of transaction costs, A negative sign indicates a short position in that particular
security.

TABLE VI

Summary Statistics for Ibtal I [edging Lrrors Associated v\ith I 2-Pt'riod
Binomial Approximation

Transactiou-Cost
Level

AT BETC
10% below BETC
50% below BETC

Aver(l^e
transaction

Cost

0.0005756
0.0005181
0.0002878

M
Error

{$)

374
101
85

SD
of Error ($)

3,798
1.394

623

Percent
Negative

51
49
43

Average Loss
if Negative (S)

-1.629
-876
-257

Note. This table contains summary statistics for the Monte Carlo simulation results for Ihe 20 trading days in January
1993. For each day. 100 price paths were generated at the break-even transaction cost (BETC) and at costs of 10 and 50%
below this level. The percent negative column represents the percentage of time that the trading strategy lost money (a neg-
ative hedging error), and the average loss column is the dollar loss conditional on the hedging error being negative.

The lust column ot Table III contains the ratio of the mean error to
the standard deviation. Althougii the replicating strategy produces a posi-
tive mean hedging error, the magnitude of the mean hedging error is small
compared with the magnitude ol the standard deviation, indicating that
there is a good chance of large losses. The first row of Tahle VI summa-
rizes the data in Table III and contains two additional statistics. The first
is the percentage of time that the hedging error is negative. In the case in
which the transaction cost is just below the break-even point, the arbi-
trage strategy loses money roughly half of the time. The second is the dol-
lar loss conditional on the hedging error being negative. At the break-even
transaction-cost level, the average dollar loss is $ 1,629. This Is a large risk
to make $ I in arbitrage profit.

It is natural to ask if the situation can be improved if a trader incurs a
lower transaction cost. Two observations can be made. First, the si/eof the
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positions required ior arhitrage is lower at the reduced transaction cost.
Table V shows the positions required for arbitrage on a typical day when
transaction costs are 10 and 50% below the break-even level. Although rel-
atively smaller positions are required at these lower transaction-cost
levels, they are still large compared with the typical daily \olume in the
S&P 500 Index options market. Second, although the arbitrage transac-
tions are relatively less risky at these lov\ er transaction-cost levels, tbey are
still quite risky on an absolute basis. The second row of lable VI shows tbe
summary statistics tor 100 price path simulations on each day of January
1993. The results were obtained in tbe same manner as tbosc in tbe first
row of the table, except that the transaction cost used for each of the
simulations is 10''̂  less tban the break-even transaction cost tor that
particular day. Although the standard deviation of the error is reduced
dramatically, it is still much larger than the mean. I he percentage of
time tbat a trader loses money does not change and is still around 50%.
Furthermore, the dollar loss conditional on the bedging error being neg-
ative is $867. which is stiil quite large compared with the $1 of arbitrage
protU. The last row contains the results when the transaction cost is low-
ered by 50% from the break-even value to three basis points. Fven at tbis
level of transaction costs, tbere is still a large risk, with a loss occurring
43% of the time and averaging $257.

This analysis suggests tbat although arbitrage may at first appear
feasible, it is by no means risk-free. Aithougb arbitrage opportunities
were detected at a transaction-cost level averaging six basis points, the
positions in the replicating porttolio bave to be so large to reali/e $1 in
profit tbat a small amount of model misspecification can induce very
large errors. Fven as the transaction costs are lowered to 50% less than
the break-even value, any attempt at arbitrage is still very risky.

CONCLUSION

Ihis article shows that the deviations of option prices from those given by
a constant-volatility option model, sucb as the Black—Scbt»les model, can
i)e consistent with tbe absence of arbitrage in the presence of transaction
costs. Specitically, an LP is used to determine tbe optimal dynamic and
static replication method to synthesize long and short positions for an
S&P 500 Index option. As long as the bid price is above the synthetic
short price and the ask price is below the synthetic long price, there is no
way to make an arbitrage profit. If. bowever, either of tbese conditions is
\iolated, it is possible to make an arbitrage profit, althougb the arbitrage
opportunity may not be entirely risk-free. The use of both dynamic and
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static rephcation allows tor stronger tests of the existence of arbitrage
opportunities than either one alone.

With a I2-period binomial model used to capture the price dynam-
ics of a continuous-time process, one-way transaction costs, inclusive of
the bid—ask spread, would have to be lower than six basis points for the
volatility smile to be inconsistent witb tbe absence of arbitrage. Although
an arbitrage opportunity may be detected at this transaction-cost level, it
may not be risk-free because of model misspecification. Monte Carlo
simulations are used to assess tbe risk induced with a binomial tree to
approximate a continuous-time process. Altbougb an arbitrage opportu-
nity may be present at a transaction-cost level of six basis points, such
large positions have to be taken to realize a $ 1 profit tbat tbe arbitrage is
very risky. Even at transaction-cost levels lower than three basis points,
which is roughly what traders would incur, there are no reasonably risk-
free arbitrage opportunities.

APPENDIX: LP DETAILS

This appendix describes the LP technique used to formulate an f)ptimal
option replication strategy. The objective of the LP is to determine the
lowest cost portfolio consisting of stock, a risk-free bond, and traded
options that replicates the payoffs to a nontraded option. The LP com-
hines both dynamic and static replication techniques.'"

The uncertainty in the future stock price is represented with a bino-
mial model as in Cox, Ross, and Rubinstein (1979) and Rendleman and
Bartter (1979). Figure 2 shows a three-period binomial price process. Let
AQQ denote tbe current price of the underlying stock and A- • denote tbe
price of tbe underlying stock after it has increased in value / times and
decreased in value j times. Let r represent the length ot one binomial
period in years, T represent the total number of binomial periods, and a
represent tbe annual volatility of tbe stock's returns. The future price of
the stock after t ups and j downs is given byAj ^ — Aon^"''" '̂̂ "^- Assume
tbat a risk-free asset exists that has an annual continuously compounded
return of r per year. Let its value at time zero be denoted fi,,,, and its value
in state i,j be denoted B- •. The future value ot the price ot the risk-free
asset is given by B^j = Bn.o '̂"''''"^-

Although the LP methodology can accommodate both fixed and
proportional transaction costs, tbe model described here will locus on

' " S e e t t l i r i s i n ^ h e e t a l . ( 1 4 9 . ^ ) ^md D e n n i s iirnl R e n i l l c m a n ( I 9 9 S ) .
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FIGURE 2
Examplf of il thR'L'-pcriod binomial model ol the slock

proportional costs only. Define p.̂  as the proportional cost of trading the
underlying stock, p^ as the proportional cost of trading the risk-free asset,
and i\'(j as the proportional cost of trading an option on the underlying
stock. Assume tbat tbere are N ĵ options that trade in secondary markets
available for inclusion in the replicating portfolio. Let the symbol
K\J{KI'J) represent the total cash outflow (intlow). after all transaction
costs, of going long (short) one share of the stock in state {i,j}. The cash
outflow (intlow) of going long (short) one share ol the risk-free asset is
represented by K,'J('<̂ ,̂ f)» iind the cash outflow (inflow) of going long
(short) option k, which costs O; ,. is represented by klj'-(kfj'')y where each
option is written on one share of stock.

In the LP, it is assumed that options that are in the replicating portfo-
lio can be traded only at time zero and at their maturity (T^). At these two
times, the prices of the options are known with certainty. If any options
arc mispriced, however, there is no way to know in advance how they will
be priced in any binomial state prior to maturity. Therefore, to avoid need-
ing to estimate the option s price at intermediate times and needing to
take into account convergence to equilibrium pricing, we assume that all
option positions are maintained until maturity without revision.

To account for this aspect of trading in the LP, let 6^^ be an indicator
variable tbat takes on a value of one when option k is available for trade
at time zero and 7, and zero otherwise:

I if/ + ; - Oori + j - 1\

0 otherwise

By multiplying ĵ ̂  by the cost of going long or short an option, we can
write tbe LP compactly; when df: is multiplied by tbe after-transaction-cost
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option price, the option will not appear in the LP at any time other than
time zero and T^.

We now define the cash outflow (inflow), the net of transaction costs,
of going long (short) one share of the stock, one share of the risk-free
asset, or one option of type k after the imderlying stock has increased in
value i times and decreased in value j times:

Ki " A.j(l - PA)

K!j = Bi..,(i + Pti)
(15)

k^'l = Bi^{\ - p,j)

fc'"'-^-X;(l + Po)

3̂** " Ĵ̂ ĵ tî ' " Po)

In the LP, separate decision variables are needed to denote long and
short positions in each asset because LP requires that all decision vari-
ables be nonnegative.

The decision variables Oj ,̂  and *J>,̂ ĵ  denote tbe total number of
shares of the risky asset held long (short) in state {ij}. The variables Oj ' '
and ^]''l are identical to <t',' ĵ  and ^l^ except tbat tbey apply to tbe risk-
free asset. Similarly, tbe variables 't^J^' and ^'ij'' denote the total number
of tbe feth option held long (short). In addition to determining the levels
of each asset in each binomial state, the LP must determine the changes
in the positions of each asset between binomial states. The decision vari-
ables Aj ĵ  and A^;'^ represent an increase in the long (short) position in
the stock in state {(. j}, Ajj* and A,̂ -* represent an increase in the long
(short) position in the risk-free asset, and Al"*̂ ^ and A,̂ '*' represent an
increase in the long (short) position of the feth option. An additional
superscript of + or — is used in connection with all variables for al!
states for which i + j > 0 to indicate that tbe last stock price move was
an increase ( + ) or a decrease ( —). For example. Aĵ ^^ denotes the
increase in the long position of the stock in state {2. 1} where the last
move was an up. I bis implies that the prior state had to have been {I, I},
not {2, 0}.

In tbe LP. tbe objective is to minimize the initial cost of tbe
replicating portfolio. The relevant decision variables for establisbing the
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up-front cost of the replicating portfolio are the change variables (A).
Therefore, the objective function can be stated as

MINIMIZE

0.0
LO, _ xSO, SO,\

The first term in the objective function is the cost of cstablisbing a
long position in tbe underlying stock. I be second term represents tbe
casb infiow from establishing a short position in the underlying stock. The
third and fourth terms are the costs and cash inflows of establishing long
and short positions in the risk-free asset, respectively. The terms in the
summation represent the cost of establishing positions in the i\'(, options.
The cost of establishing the replicating portlolio is simply the sum of the
si/e of tbe long (sbort) position of eacb security in the portfolio multiplied
by tbe appropriate unit cost (cash inflow) of acquiring the position.

I here are three t\q)es of constraints that tbe solution to the LP must
satisfy. I irst. the portfolio must he self-financing, so that when tbe port-
folio is rebalanced, there is enough income from the sale of existing
securities held in the portfolio at time t to cover both the purchase of
new securities at time t + I and all transaction costs. The following two
constraints ensure that this is the case:

Alf KM - A;;f K̂ ? + Al;"^!" - A^'r^H

( ! > « ' « V ^ ; ' ) S,:, = 0 (17)

k-l

The first term in Constraint 17 represents the total cost of financing
a change in the long position of the underlying stock. Note that terms
that are greater than zero represent a cash outflow; whereas terms less
than zero represent cash inflow. The second term represents the casb
inflow generated by shorting A,̂ *̂ shares of the underlying stock. Tbe
third (fourth) term represents the cash outflow (inflow) of increasing the
long (short) position in the risk-free asset. The terms inside the summa-
tion represent the unwinding of option positions at maturity that were
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cstablisbed at time zero. Long options provide income of K '' per option,
wbereas short options have to be covered at a cost of K '' per option. Tbe
final term, S;̂ ,, represents tbe amount by wbich casb inflow exceeds cost
and converts tbe inequality to an equality. Constraint 17 applies to the
case in which the stock increased in value from time i + j — 1 to time
i + ;. Constraint I 8 is identical to 1 7 except that it pertains to the case in
which the stocks value decreased from time i + ; — 1 to time i + j .
Constraints 17 and 18 must hold for all i, J | i + j < T and i + j > 0.

The second set of constraints are called linking constraints because
they link changes in the positions of each security between consecutive
trading times (A) to the total holdings of that security at one particular
time (4>). These constraints simply state that tbe total number of sbares
of a security at time t = i + j must be the total number of sbares in tbe
previous state at time t = i + j — I plus any changes made to that posi-
tion at time t = i + j . Linking constraints are not needed tor the options
because no changes are made in the option positions after time zero.

The linking constraints for the LP are

^ 0 , 1 ) ^ 0 , 0 ^ 0 . 0 '^D.O ^ '(1.0 v ' ^ '

^ 0 , ( 1 ^ 0 , 0 ^ 0 , 0 ^D.O ^ '(),() \'^^)

^0,(1 ^0.0 ^0,0 ^O.C) ^ '(),{) I ' ^ W

(I)f̂  - (I)̂ -.̂  - (I)!-'\ . - (t'--^ . + A'-'̂ + - A '̂'̂ + (22)

-K Af'" - A'^''^ (23)

^^ I.I '-I ^ ^ ( . ( - 1 ' : ( 1 '-I ''J \ ' ^ ^ /

I.) ' . ; ^ * ^ J . ( — I * ^ J . ; — I I.I I-1 V ^ - * '

The left-hand side of Constraint 19 represents the initial net position of
the underlying stock, and the right-hand side represents the net number
of sbares purchased. The parameter /(J,, is the number of shares already
owned at time zero and. therefore, is not a decision variable for the LP. It
is necessary to include the number of sbares already owned if one uses
the LP to optimally rebalance a replicating portfolio when the portfolio
already contains some amoLint of the underlying stock and risk-free
bonds.

Constraint 20, wbich applies to tbe risk-free asset, and Constraint 21,
which applies to the feth traded option, parallel Constraint 19, which
applies to the risky asset. Constraint 22 applies to an upward move in the
stockprice.Thc left-band side of Constraint 22 represents the net position
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in tbe underlying stock in state {i,j}, wbicb must be equal to tbe number
of sbares in the previous state, ^I'ji i j ~ (Pji | |, plus tbe net change in
position due to trading in stale {i,j}y Aji\̂ j — Aj'î ĵ. Constraint 23 for
the risk-free asset parallels Constraint 22 for the risky (underlying)
stock. Constraints 24 and 25 are identical to 22 and 23 except that they
link the total positions in adjacent states when the stock price moves
down in price. Constraints 22-25 must hold for all i, j I i + j < T and
i + j > 0.

The third constraint that the LP needs to satisfy is that the payoffs
of the replicating portfolio must equal or exceed the payoffs of the secu-
rity being replicated (tbe target). Let G- represent tbe value of tbe
target security in state {(,;"} I / + J — T. Constraint 26 applies to the
case in which the stocks value increases from time i + j — 1 to time
i + j . The first (second) term in 26 is the cash flow from liquidating
(covering) tbe total long (short) position in stock .4. The tbird (fourtb)
term in 26 is tbe casb ffow (rom fiquidating (covering) tbe totaf long
(sbort) position in risk-free security B. The term inside the summation
represents the cash flow Irom li(|uitlating the feth option. The final term,
S^j, represents the amount by which the value of tbe repficating portfo-
lio exceeds that of the target in state {i,j}. Constraint 27 is identical to
26, except that it pertains to the case in which the stock s value decreas-
es from time / + j — 1 to time i + j . Both Constraints 26 and 27 must
hold for all (,j Ii + j = T:

(ftLA S.\ _ (J,SA LA I (J)LB SB _ ^ S B LB

f M V A - (I>«V'-̂ 'O - S" = C • (26)

4- y f^^V'A - q>:̂ *AK">) - S". = G . (27)

The objective function, along with Constraints 19—27. constitutes an LP
whose solution provides the lowest cost strategy for replicating the pay-
offs lo an option.
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