THE VALUATION
OF OPTIONS WITH
RESTRICTIONS ON
PREFERENCES AND
DISTRIBUTIONS

ANTONIO CAMARA

This article develops a discrete-time, risk-neutral valuation relation (RNVR)
for the pricing of contingent claims when preferences in the economy are
characterized by decreasing absolute risk aversion and the marginal distri-
bution of the underlying is an inverse coshnormal. The RNVR is applied to
obtain closed-form expressions for calls and puts written on nondividend-
paying stocks, futures contracts, foreign currencies, and dividend-paying
stocks. Such pricing equations contain two parameters, the threshold and
rescale parameters, not contained in the Black—Scholes valuation equation.
Inverse-coshnormal option values make the approach look interesting.
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INTRODUCTION

Executive compensation may include options written on the stocks of
the firm. Index options can be used by portfolio managers to limit the
downside risk of the portfolio. Importers and exporters negotiate options
written on foreign currencies to avoid exchange-rate risk. Producers may
hold futures options to hedge against price declines. In general, option
market participants might be interested in alternative option-pricing
theories.

Option prices obtained in this article have an inverse-coshnormal,
risk-neutral density' implicit. The literature has discussed three main
methods for the risk-neutral pricing of derivative assets. The first method
is found in Black and Scholes (1973) and Merton (1973). It is assumed
that it is possible to construct and maintain a riskless hedge through
continuous trading. This hedging portfolio implies a partial differential
equation (PDE). Then, the price of the option is based on the resolution
of the PDE under the appropriate boundary conditions.”

The second method uses the martingale approach and was initiated
by Cox and Ross (1976), Harrison and Kreps (1979), and Harrison and
Pliska (1981). These authors showed that a risk-neutral measure exists
in an economy where there are no arbitrage opportunities and investors
are nonsatiated. The current price of a derivative is given by its expected
value under the equivalent martingale measure discounted at the riskless
return. It is possible to use this principle to price a contingent claim if it
is attainable or marketable, that is, if there is a trading strategy whose
pavoff replicates the payoff of the contingent claim. This means that
the first two methods, when the state space is continuous, assume that
markets are dynamically completed by trading.?

The third method, initiated by Rubinstein (1976) and Brennan
(1979), uses the first-order conditions of a representative agent* to obtain
a risk-neutral formula. A discrete-time economy with a continuous state
space is assumed, which means that markets are dynamically incomplete.
Brennan (1979, p. 54) argued that “in addition to the greater generality of

'If % is normally distributed, = @ + A cosh (%) is an inverse-coshnormal random variable, where 6
and A are the threshold and rescale parameters, respectively, of the inverse-coshnormal density.

“To review this area of research, see Wilmott, Dewynne, and Howison (1993), who studied option
pricing from a PDE perspective.

*Cox and Huang (1989) provided an excellent review article of this investigation field.

*The existence of a representative agent is a necessary condition to obtain risk neutral option-pricing
formulae in economies not completed by continuous trading, that is, in discrete-time, continuous,
state-space economies. Grossman and Zhou (1996) and Zhou (1998) showed that smiles, skews, or
sneers in option markets might be generated in economies with representative agents whose utility
functions display decreasing absolute risk aversion.
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discrete-time models . . . the chief advantage of the discrete-time
approach to the pricing of contingent claims is that the restriction of
investor preferences eliminates the requirement of the continuous time
approach that an instantaneously riskless portfolio may be constructed.”
This is the method explored in this article.

This article develops a discrete-time, risk-neutral valuation relation
(RNVR) for the pricing of contingent claims when preferences in
the economy are characterized by decreasing absolute risk aversion
(DARA) and aggregate consumption and the underlying variables
are bivariate-displaced-lognormal-inverse-coshnormal-distributed. The
marginal distribution of the underlying is an inverse-coshnormal. Such
characteristics distinguish this article from the existing literature.
Previous literature linked either the power utility function to the lognor-
mal family of distributions” or the exponential utility function to the nor-
mal distribution.”

Rubinstein (1976) obtained the Black—Scholes model in an econ-
omy where the representative agent has a power utility function and
aggregate consumption and the underlying are bivariate lognormal.
Turnbull and Milne (1991), under the same assumptions, extended the
discrete-time RNVR theory to stochastic interest rates. Camara (1999)
used the extended power utility and a bivariate-displaced lognormal for
consumption and the underlying to obtain the displaced diffusion model
of Rubinstein (1983). Brennan (1979) derived a risk-neutral valuation
equation assuming an exponential utility function and that aggregate
wealth and the underlying were bivariate-normal-distributed. All these
models are special cases of the inverse-coshnormal RNVR from a point
of view of both preferences and distributions. Hence, the research devel-
oped in this article is motivated by both preferences and option prices
(which have a risk-neutral density implicit).

Elton and Gruber (1995, p. 218) argued that “while there is general
agreement that most investors exhibit decreasing absolute risk aversion
(DARA), there is much less agreement concerning relative risk aver-
sion.” Blume and Friend (1975, p. 603) reported that “households hold-
ing the most diversified portfolios of stocks display evidence of constant
proportional risk aversion (CPRA)."” According to Blume and Friend
(1975, p. 600), “if the net worth is defined more broadly to include homes,

’See Rubinstein (1976), Turnbull and Milne (1991), and Camara (1999).

“See Brennan (1979).

"Mehra and Prescott (1985), who provided several references that document evidence of
CPRA, showed that one would need a very large coefficient of relative risk aversion to explain the risk
premium on U.S. equities, and ll‘w_\' raised doubts about the re;lsunahi]ii_\' of such an assumption.

1093



1094

Camara

there is some evidence of increasing relative risk aversion.” The results of
the research carried out by Blume and Friend (1975, p. 600) also sug-
gest that “if the net worth is defined to exclude housing, there is a slight
tendency for decreasing relative risk aversion.” Cohn, Lewellen, Lease,
and Schlarbaum (1975, p. 606)* produced a “study [that] yields strong
evidence of decreasing proportional risk aversion (DPRA).” Zhou (1998,
p. 1730) presented empirical results that “justify [the] assumption that
consumer’s utility function exhibits DPRA.”

The lognormal price assumption A"(u, o) underlying the Black—
Scholes formulae has been criticized effectively on the basis of empiri-
cal studies of actual data from various underlying assumptions. A natu-
ral way to extend the model is through the lognormal family of
distributions. To add flexibility to the model, one can try to develop a
risk-neutral option-pricing equation based on a four-parameter lognor-
mal, A"(u, o, 6, A). Unfortunately, the so-called four-parameter lognor-
mal is really only a displaced lognormal, AP(w, o, 8); that is, it only has
three independent parameters.” The actual displaced lognormal is dis-
placed from the origin by its threshold parameter or lower bound 6. The
shape and the higher moments (i.e., variance, skewness, and kurtosis)
of the two actual densities (i.e., the lognormal and displaced lognormal)
are the same.'” The actual densities are distinguished only through their
measures of location.'" These facts help to motivate alternative specifi-
cations for the underlying. This article proposes the inverse-coshnormal
distribution, which has four independent parameters and contains all
the distributions of the lognormal family as special cases. The inverse-
coshnormal distribution, because it has four independent parameters,
is able to fit accurately four moments of the actual distribution of the
underlying. Examples of this for the Standard & Poor’s (S&P) 500 index
and the United States Dollar/Great Britain Pound (USD/GBP) exchange
rate will be provided later in another article.

The empirical research seems to indicate that when the Black—
Scholes equation is used to price index options, it leads to different

“Cohn et al. (1975) presented other sources that provide evidence of DPRA.

“As remarked by Johnson, Kotz, and Balakrishnan (1994, p. 209), the four-parameter lognormal =
is defined by ¥ = p + o In(>"), where % is a unit normal variable. This equation can be
rewritten as X = p" + o In(Z — #) with u’ = p — o In A, which is only a displaced lognormal.
Because neither pw nor p’ affects the option-pricing equation, one concludes that the four-
parameter, lognormal option-pricing equation is exactly the same as the displaced-lognormal option-
pricing equation.

""For a discussion of this and other points concerning the lognormal family of distributions, see
Crow and Shimizu (1988).

""The location characteristics of A"(u, o, 0) are greater by 6 than those of A"(u, o) .
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deviates'” than when the formula is used to price stock options, foreign
currency options, and futures options.

Jackwerth and Rubinstein (1996) and Stutzer (1996) documented
that the Black-Scholes model overprices out-of-the-money calls and
underprices in-the-money calls in the stock index options market. In
general, the inverse-coshnormal, risk-neutral option-pricing formula,
when the threshold parameter is negative and the rescale parameter is
positive, gives a lower (higher) price for out-of-the-money (in-the-
money) call options than the Black—Scholes model. Hull (1997)
discussed the relation between the tails of an arbitrary, risk-neutral den-
sity (relative to the lognormal, risk-neutral density) and option prices as
given by an arbitrary valuation equation (relative to Black—Scholes
values). An arbitrary option-pricing equation that gives lower (higher)
prices for out-of-the-money (in-the-money) call options than the
Black—Scholes model has implicit a risk-neutral density that has a fatter
(thinner) left (right) tail than the lognormal, risk-neutral density. It is
shown that, for a negative threshold parameter 6 and a positive rescale
parameter A, this is the behavior of the inverse-coshnormal, risk-neutral
density (when compared to the lognormal, risk-neutral density). Similar
patterns to this one for the S&P 500 index options market were reported
by Jackwerth and Rubinstein (1996) and Ait-Sahalia and Lo (1998). For
the same set of parameters, the inverse-coshnormal option-pricing equa-
tion is able to generate implied Black—Scholes volatilities that decrease
when the strike price increases. Dumas, Fleming, and Whaley (1998) for
the S&P 500 options market reported a sneer with this pattern.

Black (1975) and Gultekin, Rogalski, and Tinic (1982) showed that
the Black—Scholes equation underprices out-of-the-money calls and
overprices in-the-money calls in the stock options market.'* Chang,
Chang, and Lim (1998) and Zhou (1998) reported similar results for the
foreign currency options market and the agricultural futures options
market, respectively. In general, the inverse-coshnormal, risk-neutral
option-pricing formula, when the threshold parameter is nonnegative

"“Any null hypothesis to test the Black-Scholes model is a joint hypothesis that (1) the
Black—Scholes model is correctly specified and (2) markets are efficient. If the null hypothesis is
rejected, it may be the case that (1) the Black—Scholes formulae misprice options in an efficient
market, (2) the Black—Scholes prices are the correct ones and the market itself has mispriced them
(in which case, there would theoretically be an arbitrage opportunity), and (3) the Black-Scholes
equations misprice options and markets are inefficient. If one accepts that the option market is effi-
cient, the statement that the Black—Scholes model misprices in/out-of-the-money options might
n]ilk{' sense.

”()ppnsilc results in the stock options market were obtained by Macheth and Merville (1979) for a
sample of six stocks during 1976.
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and the rescale parameter is positive, gives a higher (lower) price for out-
of-the-money (in-the-money) call options than the Black-Scholes model.
This is consistent with an inverse-coshnormal, risk-neutral density that
has a thinner (fatter) left (right) tail than the lognormal, risk-neutral
density. When both 6 and A are positive, the inverse-coshnormal option-
pricing model is able to generate Black—Scholes implied volatilities that
increase with the exercise price. Chang et al. for currency options and
Zhou for commodities futures documented sneers with such a pattern.

The goals of this article are to (1) construct an inverse-coshnormal
distribution and discuss some of its properties, (2) establish an RNVR
for such a distribution, (3) apply the RNVR to obtain closed-form expres-
sions for several options, and (4) simulate and analyze the model.

PREFERENCES AND DISTRIBUTIONS

This section begins by characterizing preferences and the joint distribu-
tion of consumption and the underlying. The marginal distribution of
the underlying is an inverse coshnormal. The section concludes compar-
ing the risk-neutral, lognormal density with the risk-neutral, inverse
coshnormal density.

Definition 1. The extended power marginal utility function of consump-
tion is given by

U'(C)=(C —7)° (1)

with ¢ < 0 and C > 7. This represents increasing, constant, and decreas-
ing proportional risk aversion (denoted IPRA, CPRA, and DPRA, respec-
tively) for 7 < 0, 7 = 0, and 7 > 0, respectively. This utility function
represents DARA.,

Definition 2. The bivariate-displaced-lognormal-inverse-coshnormal
distribution of aggregate consumption, C, and underlying, S, is defined

bvl-!
S—6 : : -
In(C — 1), cosh'( ):' =4 N'([,ul,,u,], { e p(r(_,f‘ ])
A poa, o

with7 < C <=, 0 +A < § < =, where o, 0, Bl ¥ 1y B A, and T are
constants such that —1<p <1, 0<0o, 0<0, —x<pu, < =
—e < u<o <A —2<f<x and —© < 7 < 2, Here, it signifies

"*This representation is general in the sense that it also covers the singular case (i.e., when the
covariance matrix is singular and the density does not exist).
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5 4 # 4 ] - )
equal in distribution, and N”(m, =) denotes an actual normal vector with
mean vector m and variance/covariance matrix 2.

Lemma 1 (the marginal inverse-coshnormal distribution). Suppose
that consumption and the underlying variable have a displaced-
lognormal-inverse-coshnormal distribution. Then, the underlying
variable S has a marginal inverse-coshnormal distribution V', o, 6, A).
If there is a density, it is given by

ek -1(S.= 8y _ N2
£5) = _l(cosh (o) M)J 2)

1
— ——— exp|:
Voaure (8 =9F — P 2 o

for S > 6 + A, where u, o, 8, and A are constants such that —o < u < o,
—no << 0<g,and 0 <A.”

Proof. The marginal density of S is by definition f(S) = [ f(C, S) dC,
where f(C, S) denotes the joint density when it exists. Solving this equation
yields the desired result.'

Because the inverse coshnormal has four independent parameters, it fits
accurately the first four moments of the actual data,'” whereas the
lognormal underlying the Black—Scholes formulae will probably only fit
accurately two moments of the data. Figure 1 display an inverse
coshnormal fit to monthly S&P 500 index returns statistics derived by
Corrado and Su (1997). The actual data (for the period 1986—-1995) has
a mean of 0.118, a variance of 0.0222, a skewness of —1.19, and a kur-
tosis of 9.27. Figure 2 displays an inverse coshnormal fit to the daily spot
exchange-rate ($/pound) statistics calculated by Sarwar and Krehbiel
(2000). The data (for the period 1993-1995) have a mean of 1.54, a
variance of 0.002916, a skewness of 0.77, and a kurtosis of 4.86.
Although this article assumes an actual inverse coshnormal, the distri-
bution that affects option prices is the risk-neutral inverse coshnormal.

As Cox and Ross (1976) first pointed out, if an RNVR exists, the
following equality is obtained:

EQ[S|V] = Vr

1f negative skewness is desired with A > 0, then cosh ™' (*5°) replaces cosh ™ '(*-"). Alternatively,
A might assume any value on the real line with the original definition of the density. In this case, the
density has positive (negative) skewness il the actual A is positive (negative).

A detailed proof of the marginal and conditional distributions derived in this article is available on
request.

"The zlp]u‘l‘ltlix, in the ])r(mr of lemma 2, derives the first four moments of an actual inverse-
coshnormal distribution.
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FIGURE 1
Inverse-coshnormal density function. This density
accurately fits the first four moments of monthly
S&P 500 index return statistics (1986—1995):
E*(S) = 0.118; Var"(S) = 0.222; Ske"(S) = —1.19;
and Kur"(S) = 9.27. The statistics were calculated
and reported by Corrado and Su (1997).
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FIGURE 2
Inverse-coshnormal density function. This
density accurately fits the first four moments of
daily spot exchange rate ($/pound) statistics
(1993-1995): EP(S) = 1.54; Var'(8) = 0.0029;
Ske"(S) = 0.77; and Kur”(S) = 4.86. The
statistics were calculated and repoted by Sarwar

and Krehbiel (2000).

where V is the current value of the underlying, r is one plus the interest
rate, and the conditional expectation is taken with respect to the risk-
neutral measure Q.

The next proposition follows from imposing the previous risk-neutral
restriction to an underlying inverse coshnormal distributed.
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Proposition 1 (the inverse-coshnormal risk-neutral density). If f(S)
is the inverse-coshnormal actual density of the underlying stochastic
variable with parameters p, o, 6, and A, that is, f(S) is V'(u, o, 6, A), then
a(S) is its in\'erqe coshnormal, risk-neutral density with scale para-

:\L\p(rr/’a
and rescale parameter A; that is, g(S) is V¥(cosh™' g et o, 0, A).

plrr /2
The limiting properties of the inverse-coshnormal dislrl})utmn are now

meter cosh '[- |, shape parameter o, threshold parameter 6,

investigated.
Lemma 2 (the moments of the inverse-coshnormal, risk-neutral dis-
tribution). The mean, variance, skewness,'® and kurtosis of the
inverse-coshnormal, risk-neutral distribution are given by
E%(Sy) = Vr
Varg(Sy) = (Vr — 0)*(w — 1)—1/2A%(e? — 1)

(@ + 2)(w — 1)

Ske2(Sy) = + :
Sl [1 — 1/2A2 = Lp/2

(Vi — H)( 1)%(w — 1)'/2
[(Vr — 0)% — 1/2/\ + 1)]32

— 3/4X°

o'+ 20 + 30® — 3
[1 - 1/2X8%5 )

Il

Kur?(Sy)

(Vr — 0)* (@ — 30 + 30 — &)
[(Vr — 8)%(w — 1)—1/2A%(0* — 1)]?

+ A2

1/80* — 1/2w* + 3/8

+ A?
(VI = 0)(w—1) — 1/2A%(e® — 1)]?

where w = exp(o?) and Sy denotes that S has an inverse-coshnormal
distribution.
Proof. See the appendix.

The mean of any risk-neutral distribution is Vr. The limits of the
variance, skewness, and kurtosis of the inverse-coshnormal distri-
bution when A approaches zero from the right are, respectively, the

"If the density is positively (negatively) skewed, the skewness has the sign + (=),
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variance, skewness, and kurtosis of the displaced-lognormal, risk-neutral
density A2(In(Vr — ) — 1o, o, ). If, additionally, # = 0, the moments
of the lognormal, risk-neutral density implicit in the Black—Scholes
model is obtained, as one can see in the next proposition.

Proposition 2 (the limits of the risk-neutral variance, skewness,
and kurtosis). Suppose that there is a positively skewed, inverse-
coshnormal, risk-neutral distribution.

i. Let A = 0. Then,

)l\in;l,VarQ(Sv) = Var?(§,)

)]‘1_:2(11 Ske?(Sy) = Ske(S,)

lin}) Kur?(Sy) = Kur?(S,)
ii. Let both A = 0 and # = 0. Then,

}m(lJ Var4(Sy) = V‘&I‘Q(S;\~ )
lim Ske2(Sy) = Ske?(S,, )
lim Kur®(Sy) = Kur?(S,, )

where §, and S, _ denote that § has a displaced-lognormal distribution
and a lognormal distribution, respectively.

Proof. It follows from using standard limit properties, the moments of
the risk-neutral lognormal, and the results of lemma 2.

It is interesting to investigate whether it is possible to derive stronger
results than the convergence of the variance, skewness, and kurtosis.
Such results are presented in the next proposition.

Proposition 3 (the limit of the inverse-coshnormal, risk-neutral
density). Suppose that there is a positively skewed, inverse-coshnormal,
risk-neutral density.

i. Let A = 0. Then,
Vr-—:8

|
lim VQ(C()Sh{ - ] a, 0, A) = AQ[ln(Vr —0) — —o?, o, HJ
A—0 Aexp(%) 2
ii. Let both A = 0 and @ = 0. Then,

Vr — 0 |
lim VQ(cc)sh_'[ri_.], o, 0, A) = Aff’:u(ln V+Inr——o" U)
il Aexp(%) 2
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FIGURE 3

This figure displays two risk-neutral densities with the same
mean EY(S) = 110 and variance Var%(S) = 493.1: an inverse

coshnormal g(S) ~ V¥ (4.38, 0.056, —290, 10) and a

lognormal g(S) ~ A%, (4.68,0.2). The picture “is
consistent with the S&P 500 index distribution having a
fatter left tail and a thinner right tail than a lognormal
distribution has” (Stutzer, 1996, p. 1634).

0.08
Lognormal
0.06 /
Inverse Coshnormal
0.04
W A e

100 110 120 130

FIGURE 4
This figure displays two risk-neutral densities with the same mean
EC(S) = 110 and variance Var%(§) = 24.6: an inverse coshnormal
2(8) ~ V¥ (1.746, 0.175, 80, 10) and a lognormal
2(S) ~ AY,_, (4.69, 0.045).

Proof. The results follow from using standard limit properties.

This proposition shows that the inverse-coshnormal, risk-neutral den-
sity is an extension of the lognormal, risk-neutral density. Next, it is be
seen that the inverse-coshnormal density has the features of the state-
price density observed empirically. Figures 3 and 4 display two risk-
neutral densities with the same mean and standard deviation: an
inverse coshnormal and a lognormal. The inverse coshnormal has a
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thinner or fatter right tail and a fatter or thinner left tail than the log-
normal, meaning less or more skewness than the one implied by the
Black—Scholes equation.'” Jackwerth and Rubinstein (1996), Stutzer
(1996), and Ait-Sahalia and Lo (1998) documented that the distribu-
tion implied by S&P 500 option prices has a fatter left tail and a thin-
ner right tail than the lognormal, indicating an implicit density by
option market prices with less skewness than that predicted by the
Black—Scholes model. Zhou (1998) presented results for agricultural
options that are consistent with an implied density by option market
prices with a thinner left tail and a fatter right tail than the lognormal.
Similar results for currencies are obtained by Chang et al. (1998), indi-
cating an implicit density by option market prices with more skewness

than the predicted by the Black-Scholes model.

GENERAL VALUATION MODEL

This section assumes that the aggregation problem is already solved,
which is a sufficient condition for prices to be derived in a representative
agent economy.”’ The representative individual, who has a time-additive
separable utility function of consumption, optimizes the expected utility
function of consumption both at the beginning and end of the economy:

max EF{U(C,, C))}

where

C, = (Wp — Co)r + 3, 2 ni[Cy(S;)) — Pyrl
ko

and E” (.) is the expectations operator under the true probability meas-
ure; C, is the aggregate consumption at the beginning of the period: C, is
the aggregate consumption at the end of the period; U(C,) is the utility
for beginning-of-period consumption of the representative agent; U(C))
is the utility for end-of-period consumption of the representative agent;
W, is the initial wealth of the representative agent; r is the riskless return,
or one plus the interest rate;*' ny; is the demand for units of claims
(k=1,...,Kforallj); Cy(S;) is the end-of-period payoff associated

“An analysis similar to this could be done with the skewness premium derived by Bates (1991).
*"The aggregation problem is solved when prices in the economy are determined independently of
the distribution of initial wealth. See, for example, Huang and Litzenberger (1988) for a review of
the literature. Rubinstein (1974) derived sufficient conditions that were subsequently shown by
Brennan and Kraus (1978) to also be necessary. These conditions are that all investors have identical
cautiousness and beliefs or that investors have exponential utility functions.

“'The interest rate is constant as in the Black-Scholes economy. Hence, the price of a bond that
pays $1 at the end-of-period is B = L
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with the contingent claim k as a function of the underlying variable j; P,
is the current price of the claim C,(S;)); and S, is the end-of-period value
of an arbitrary underlying variable j.** Maximizing the expected utility of
consumption of the representative agent yields the current price of indi-
vidual claims in terms of their end-of-period payoffs:**

P = r'EP[C(S)Z(S)] (3)
where

2(5) = E[U'(C)|S] (@)
T EU©o)]

defines the pricing kernel.** In particular, the underlying risks S can

themselves be priced with a particular application of the general formula:

V = r IEP[SZ(S)] (5)

. N T . . 25
where V is the current value of a nondividend-paying underlying.*
The remaining results of this article are derived under the following
assumption.

Fundamental assumption (DARA and bivariate-displaced-lognormal-
inverse-coshnormal distribution). The representative agent has an
extended power utility function of consumption and, in particular,
an extended power marginal utility function of consumption given
by Equation 1, and aggregate consumption and the random payoff
of the underlying variable are bivariate-displaced-lognormal-inverse-
coshnormal-distributed as in Definition 2.

*Later, the arbitrary underlying variable § is further specified to derive equations for option prices
written on stocks, futures, and foreign currencies.

*The subscripts associated with the claims are dropped henceforth.

**This equation is standard in the preference-based option-pricing literature. See, for example,
Brennan (1979, pp. 57, 59, Equation 14). Brennan (1979, p. 57) defined Z(S) as the “conditional
expected relative marginal utility function” or the “conditional marginal utility function.” The equa-
tion is obtained with the law of iterated expectations in the price of the claim.

“Equation 5, if r is an interest rate compounded continuously, is V = ¢ "E"[SZ(S)], and a similar
adjustment should be done in Equation 3. There are alternative versions of Equation 5 depending
on what the underlying is. If the underlying is a futures contract, Equation 5 is given hy F =
EP[SZ(S)], where F is the futures price. If the underlying is the spot exchange rate (i.e., the current
price in dollars of one unit of foreign currency), Equation 5 is given by V = ¢ " " EP[SZ(S)], where
ryis the risk-free interest rate in the foreign currency. If the underlying is a stock that pays a known
dividend, where D is the present value of the dividends discounted at the riskless rate, Equation 5 is
V=D + e "EP[SZ(S)]. The maturity of the bank accounts and the maturity of the option contracts
should coincide with the end of the economy.
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The RNVR is derived in two steps. The first step evaluates the pricing
kernel (Equation 4).

Lemma 3 (the form of the pricing kernel). Suppose that the funda-
mental assumption holds. Then, the pricing kernel (Equation 4) can be
written as”®

S—6 1

S e"p[w {“’"h (T) - ‘”“] B E‘P*rfpi] (6)

Proof. See the appendix.
Proposition 4 (sufficient condition for the discrete-time RNVR).

Suppose that the fundamental assumption holds. Then, there is a risk-
neutral valuation relationship:

E'[C(S)Z(S)] = E?[C(S)]

where EY(.) is the expectations operator with respect to the inverse-
coshnormal, risk-neutral density.

Proof. Assume that the fundamental assumption holds. Then, by
Lemma 1 the marginal distribution of S is an inverse coshnormal with
the density given by Equation 2.

The current value of the underlying stochastic variable (Equation 5),
which has a marginal inverse coshnormal distribution as in Equation 2,
after the pricing kernel (Equation 6) is used and the resulting expression
is simplified is given by

= J “Vama V(s - 87 - X

: > [cosh_'(s -~ H) (w + t,D(T“p(T)] }d% (7)
a* A

X exp[—

-

The underlying equilibrium of the risk-averse economy is obtained when
Equation 7 is evaluated. It follows directly that

Vr—B}

8
exp(50?%) 8)

¢o, po + u = cosh '[

The current value of the contingent claim (Equation 3), because the
underlying variable has a marginal inverse-coshnormal distribution as in

*Brennan (1979, Equations 17 and 31) derived equations of this type for the pricing kernel under
the assumptions of a bivariate normal and a bivariate lognormal. The pricing kernel has an expo-
nential form and, therefore, is always positive.
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Equation 2, after the pricing kernel (Equation 6) is used and the result-
ing expression is simplified, can be written as

I

C(S)
Jx V2maoV (S — 0)% — A2

I §-=9 .
X exp[—z z [cosh_'( " ) - (po po + ,U«)} }ds (9)
o

Pr =

Using the equilibrium relation (Equation 8) to eliminate preference
g q q I
parameters from the valuation equation (Equation 9) vields

oc

Pr = J C(S) l

V2maV (S — 0)2 — A2

I 8= Vr—0 |7
X e\p[— - {cosh ’( 6) - cosh"'[rl,” st (10)
20° A Aexp(50°)

which is an RNVR.
This RNVR is consistent with the result given by Proposition 1

because it has an inverse-coshnormal, risk-neutral density implicit. The
next section applies the RNVR to obtain closed-form expressions for
calls and puts written on nondividend-paying stocks, futures contracts,
foreign currencies, and dividend-paying stocks.

APPLICATIONS

The RNVR derived in the last section is general in the sense that it can
be used to price any derivative. Two applications with particular interest,
on the basis of continuously compounded interest rates, are given in the
next corollary.

Corollary 1 (call and put option prices on a nondividend-paying
stock). Suppose that the fundamental assumption holds. Then,

i. The price of an European call option written on a nondividend-
paying stock is given by the formula

A L p)
P.=Se My + Vyi = DNy, + o V1)
My, + Vi — 1) 'Niy, — o Vi)

— (K — 8)e "N(y,) (1)

+

o>
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ii. The price of an European put option written on a nondividend-paying
stock is given by the formula

Pp = (K == 9)(3 n[\?(_}"2)
¥ —
- EG(??F“('}’] t YT — I)N(=y, — a\Vt)

- %e:‘:‘—ru(% + VY — 1) 'N(=y, +oV)  (12)

where
Ve — 0
Aexp(5t)
exp (% | (15)
B cosh™'(y,) — cosh™' (%)
Yz = (T\[f

K is the exercise price, and N(.) is the cumulative distribution func-

tion of a standard normal random variable.

Proof. Because g(S) ~ V(cosh '["5-L2 ], o V4, 6, A), the desired

A u,\‘p{ﬂ"'!/_’ )
result is obtained.
Corollary 2 (Rubinstein, 1983, and Black & Scholes, 1973).
Assume the hypothesis of Corollary 1.

i. Let A — 0. Then, the price of a call (put) option given by the inverse-
coshnormal, risk-neutral equation [Equation 11 (12)] converges to
the price of a call (put) option given by the displaced diffusion model
of Rubinstein (1983).

ii. Let A—0 and 0 = 0. Then, the price of a call (put) option given by
the inverse-coshnormal, risk-neutral equation [Equation 11 (12)]
converges to the price of a call (put) option given by the Black—
Scholes (1973) model.

Proof. See the appendix.

Corollary 3 (call and put option prices on a futures contract).
Suppose that the fundamental assumption holds. Then, the prices of
European call and put options written on a futures contract are given by
Equations 11 and 12, where v, is given by Equation 13 and

F—6

- Aexp(5t)
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Proof. Because g(S) ~ V¥(cosh | E—f 1 V1,0, A), the desired

Al‘\p(rrilfli
result is obtained.

Corollary 4 (call and put option prices on a foreign currency).

Suppose that the fundamental assumption holds. Then, the prices of

European call and put options written on a foreign currency are given by
Equations 11 and 12, where vy, is given by Equation 13 and

‘/’(4}'1 r, " . H
P i e
1 Aexp(5t)
Proof. Because g(S) ~ VQ(C()shfl{;‘\—:;P-lﬁ], oV, 0, A), the desired

result is obtained.

Corollary 5 (Black, 1976, and Garman & Kohlhagen, 1983).
Assume the hypothesis of Corollaries 3 and 4.

i. Let A—0 and 6 = 0. Then, the price of a call (put) option on a
futures contract given by the inverse-coshnormal, risk-neutral equa-
tion converges to the price of a call (put) option given by the Black
(1976) model.

ii. Let A—0 and @ = 0. Then, the price of a call (put) option on a
foreign currency given by the inverse-coshnormal, risk-neutral equa-
tion converges to the price of a call (put) option given by the Garman
and Kohlhagen (1983) model.

Proof. The results follow with arguments similar to those applied in
the proof of Corollary 2.

Corollary 6 (call and put option prices on a dividend-paying stock).
Suppose that the fundamental assumption holds. Then, the prices
of European call and put options written on a dividend-paying stock
are given by Equations 11 and 12, where v, is given by Equation 13 and

(V—D)e" — 8
/\exp('!_,"t)

Y =

Proof. Because g(S) ~ V¥(cosh '[u-"”—ﬂl, oV1, 6, A), the desi-

AL'\p(fJ’AJl/..).}
red result is obtained.

To compare these equations with the Black—Scholes family of valuation
equations, the inverse-coshnormal call option-pricing formula is

simulated, holding both the risk-neutral mean and the risk-neutral

1107
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variance constant, for several combinations of &, @, and A. It is assumed
that E(Sy) = 110 and Var%(Sy) = 493.1. It is also assumed that the
underlying is a nondividend-paying stock, that t = 1, and that an interest
rate of 10% is compounded once a year; that is, one plus the interest rate r
is 1.1. Then, the current value of the underlying Vis 100. Displaced diffu-
sion and Black—Scholes call prices are calculated with the same formula
with A = 0.001. Black—Scholes prices have implicit a threshold parameter
# = 0, which implies a volatility parameter o of 20%. Table I presents the
call option prices for several values of the rescale parameter A. Table 11
presents the call option prices as a percentage of the Black—Scholes values
for the same values of the rescale parameter. The two main conclusions
from the analysis of the results of the simulations are the following:

I. 1If the actual # of the underlying variable is negative and A > 0, the
Black—Scholes model overprices out-of-the-money calls and under-

TABLE |
Call Option Prices

K 80 90 100 110 120 130

Panel A: A = 0.001

f
—50
—-30
=10

0]
10
30
50

a

0.138 27.800 19.850 13.138 8.014 4.500 2.332
0.158 27.759 19.795 13.094 8.000 4.519 2.370
0.184 27.707 19.721 13.033 7.980 4.542 2.418
0.200 27.674 19.674 12.992 7.965 4.554 2.447
0.220 27.637 19.617 12.943 7.946 4.568 2.481
0.273 27.541 19.460 12.800 7.885 4.597 2.564
0.359 27.411 19.201 12.546 7.760 4.616 2.677

Panel B: A = 10

]
=50
—30
-10

0

10

30

50

o

0.138 27.799 19.848 13.137 8.014 4.501 2.333
0.158 27.758 19.793 13.092 8.000 4.520 2.372
0.184 27.704 19.718 13.030 7.978 4.543 2.420
0.201 27.671 19.669 12.988 7.964 4.556 2.450
0.221 27.632 19.611 12.937 7.944 4.570 2.485
0.275 27.532 19.447 12.789 7.881 4.600 2.571
0.364 27.394 19.168 12.516 7.747 4.620 2.691

Panel C: A = 30

&)
—50
-30
-10

0
10
30
50

o

0.141 27.789 19.836 13.128 8.012 4.506 2.342
0.161 27.743 19.773 13.077 7.996 4.527 2.385
0.190 27.681 19.686 13.004 7.972 4.554 2.441
0.208 27.641 19.627 12.954 7.954 4.569 2.476
0.230 27.592 19.552 12.890 7.929 4.587 2.519
0.294 27.456 19.319 12.681 7.842 4.626 2.634

0.416 27.272 18.787 12.167 7.596 4.651 2.824
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TABLE Il
| Call Option Prices as a Percentage of the Black—Scholes Values

K 80 90 100 110 120 130

Panel A: A = 0.001

f o
50 0.138 100.46% 100.89% 101.12% 100.62% 98.81% 95.30%
—30 0.158 100.31% 100.62% 100.79% 100.44% 99.23% 96.85%
=10 0.184 100.12% 100.24% 100.32% 100.19% 99.74% 98.81%
0 0.200 100.00% 100.00% 100.00% 100.00% 100.00% 100.00%
10 0.220 99.87% 99.71% 99.62% 99.76% 100.31% 101.39%
30 0.273 99.52% 98.91% 98.52% 99.00% 100.94% 104.78%
50 0.359 99.05% 97.60% 96.57% 97.43% 101.36% 109.40%

Panel B: A = 10

) a

-50 0.138 100.45% 100.88% 101.12% 100.62% 98.84% 95.34%
-30 0.158 100.30% 100.60% 100.77% 100.44% 99.25% 96.94%
—10 0.184 100.11% 100.22% 100.29% 100.18% 99.76% 98.90%
0 0.201 99.99% 99.97% 99.97% 99.99% 100.04% 100.12%
10 0.221 99.85% 99.68% 99.58% 99.74% 100.35% 101.55%
30 0.275 99.49% 98.85% 98.44% 98.95% 101.01% 105.07%
50 0.364 98.99% 97.43% 96.34% 97.26% 101.45% 109.97%
Panel C: A = 30
f o
-50 0.141 100.42% 100.82% 101.05% 100.59% 98.95% 95.71%
-30 0.161 100.25% 100.50% 100.65% 100.39% 99.41% 97.47%
-10 0.190 100.03% 100.06% 100.09% 100.09% 100.00% 99.75%
0 0.208 99.88% 99.76% 99.71% 99.86% 100.33% 101.19%
10 0.230 99.70% 99.38% 99.21% 99.55% 100.72% 102.92%
30 0.294 99.21% 98.20% 97.61% 98.46% 101.58% 107.64%
50 0.416 98.55% 95.49% 93.65% 95.37% 102.13% 115.41%
prices in-the-money calls. This is consistent with an underlying
having a distribution with a thinner right tail and a fatter left tail
than the distribution implied by the Black—Scholes equation (Hull,
1997, pp. 492-494.), that is, with Figure 3. Stutzer (1996), assum-
ing efficient markets, documented that the Black—Scholes model
overprices out-of-the-money calls and underprices in-the-money
calls in the S&P 500 index options market.
2. If either (a) @ = 0 or (b) & = 0 and the actual A of the underlying is

positive, the Black—Scholes model underprices out-of-the-money
calls and overprices in-the-money calls. This is consistent with an
underlying having a distribution with a fatter right tail and a thinner
left tail than the distribution implied by the Black—Scholes equation
(Hull, 1997, pp. 492-494.), that is, with Figure 4. Assuming effi-
cient markets, Black (1975) and Gultekin et al. (1982) showed that



1110

Camara

the Black—Scholes equation underprices out-of-the-money calls and
overprices in-the-money calls in the stock options market. However,
results opposite to the ones just mentioned were obtained by
Macbeth and Merville (1979) for a sample of six stocks during 1976.
Chang et al. (1998) documented that the Black—Scholes model
overprices in-the-money calls and underprices out-of-the-money
calls on foreign currencies. Zhou (1998), on the basis of 1995
prices, reported implied volatilities by futures options consistent
with a market where the Black—Scholes equation underprices out-

of-the-money calls and overprices in-the-money calls.

The inverse-coshnormal distribution gives rise to implied volatility sneers
(skews or smiles). To illustrate this effect, implied volatilities are calcu-
lated for the option prices of Table 1 with the Black—Scholes formula.
Typical volatility sneers are plotted in Figures 5 and 6 (which are consis-
tent with the figures of the implied densities). Figure 5 shows a typical
volatility sneer generated by an inverse coshnormal with # < 0 and
A = 0. For S&P 500 options, this is totally consistent with “the sneer pat-
tern displayed in Figure 1,...with call option implied volatilities
decreasing monotonically as the call goes deeper out of the money”
(Dumas et al., 1998). Figure 6 shows a typical volatility sneer generated by
a positively skewed inverse coshnormal with 6 > 0 and A > 0. As remarked
by Zhou (1998, p. 1709), “for agricultural options, implied volatility is an
increasing function of option strike price.” Sneers with similar patterns
were documented by Chang et al. (1998) for currency options.

w
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FIGURE 5
This figure displays a typical pattern of implied Black—Scholes
volatilities generated by the inverse-coshnormal option-
pricing model when 8 < 0 and A > 0. In this context, Dumas
et al. (1998, p. 2062) highlight that such “sneer . . is
indicative of the pattern [seen in the S&P 500 option market|
since the crash, with call option implied volatility decreasing
monotonically as the call goes deeper out of the money.”
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FIGURE 6

This figure displays a typical pattern of implied
Black—Scholes volatilities generated by the inverse-
coshnormal option-pricing model when # > 0 and A > 0.
Such a pattern is consistent with recent findings in some
commodities markets. As Zhou (1988, p. 1709) reported,
“For agricultural options, implied volatility is an increasing
function of option strike price.”

CONCLUSIONS

This article obtained new option-pricing results based on the following
fundamental assumption: The representative agent has an extended
power utility function of consumption, and aggregate consumption and
the underlying asset are bivariate-displaced-lognormal-inverse coshnor-
mal distributed.

The same pricing formulae might be obtained under another set of
hypotheses, namely, that the representative agent has a negative exponen-
tial utility function of consumption and aggregate consumption and the
underlying asset are bivariate-normal-inverse-coshnormal-distributed. In
particular, the following two definitions replace Definitions 1 and 2:

Definition. The negative exponential marginal utility function of con-
sumption is given by

U'(C) = exp(¢C) (14)

with ¢ < 0. This utility function represents constant absolute risk
aversion.

Definition. The bivariate-normal-inverse-coshnormal distribution of
aggregate consumption, C, and underlying, S, is defined by

S—-6 ) 2 |
[C. cosh 1(__#)} =il N'([#m ad, [ T, pcrc])‘(J)
A pua, 0 7
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The joint distributions imply that the marginal distribution of the
underlying asset is an inverse coshnormal. This is a four-parameter dis-
tribution that depends on a scale parameter u, a shape parameter o, a
threshold parameter #, and a rescale parameter A. This article shows
that the lognormal, risk-neutral density implied by the Black—Scholes
model is the limit of the inverse-coshnormal, risk-neutral density when
the threshold parameter is zero and the rescale parameter approaches
7€ro0.

This article establishes a risk-neutral valuation relation when either
set of assumptions holds, which means that option prices have an
inverse-coshnormal, risk-neutral density implicit. Then, closed-form
expressions for calls and puts written on nondividend-paying stocks,
futures, foreign currencies, and dividend-paying stocks are derived.

There are five related reasons the valuation equations derived in this
article might be useful to some market participants:

I. The inverse coshnormal accurately fits four moments of the actual
data, whereas the lognormal underlying Black—Scholes probably
only fits accurately two moments (see Figs. 1 and 2).

0]

The tails of the densities implied by option market prices and the
tails of the densities implied by inverse-coshnormal option prices
have similar behaviors compared with the risk-neutral lognormal
implicit in the Black—Scholes model (see Figs. 3 and 4).

3. The direction of the deviates of the Black—Scholes prices compared
with option market prices is the same as the direction of the deviates
of the Black—Scholes prices compared with inverse-coshnormal
option prices (see Tables I and I1). Inverse-coshnormal option prices
when the threshold parameter is negative and the rescale parameter
is positive are consistent with the empirical results provided by
Stutzer (1996) for the S&P 500 options market. Inverse-coshnormal
option prices when the threshold parameter and the rescale parame-
ters are positive are in line with the empirical results provided by
Chang et al. (1998) for currency options.

4. The inverse-coshnormal option model is able to generate sneers

similar to those observed in the market (see Figs. 5 and 6).

5. The inverse-coshnormal valuation equation preserves the risk-
neutral property underlying Black—Scholes and has Black—Scholes
as a special case (see Corollaries 1 and 2).

In-sample tests and out-of-sample prediction tests of the valuation equa-

tions derived in this article (vs the Black—Scholes family of equations)
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should be done in future research. Estimates for the model (4, 8, A) can
be obtained with Whaley's (1982) method, which minimizes the sum of
squares of price deviates.”” Then, the following null hypothesis should
be tested:

I. The estimated parameters are statistically equal to zero.

]

There is no difference between risk-neutral parameters (implicit in
option market prices) and actual parameters (estimated from the
observed realizations of the underlying).

3. The estimated parameters depend systematically on some option
market-related variables (e.g., underlying value, strike price, time to
maturity, volume of trade, and open interest).

4. The market price might be expressed as a linear function of the
model price (with intercept 0 and slope 1).

5. Price deviates depend systematically on some option-pricing inputs
(e.g., estimated parameters, strike price, time to maturity, interest
rate, and underlying value).

6. The root-mean-squared valuation error (RMSVE) and the Akaike

information criterion give better results for the inverse-coshnormal
model than for the Black—Scholes model.

In addition, further research might develop and test new error-based
statistics (of the RMSVE type) to measure the ability of the model to
generate sneers or smiles and to reproduce Bates’ skewness premiums. A
study of risk management applying the hedge portfolio error analysis of
Dumas et al. (1998) can also be performed.

APPENDIX

Proof of Lemma 2

Let x ~ V(u, 0,0 = 0, A = 1) be a standardized inverse coshnormal.
The mean, variance, skewness, and kurtosis of x are given by
2 )
1
Ef(xy) = w:Q)
1

Var'(xy) = 00w — 1) — E(w2 - 1)

o (@+ 2)(w— 1) (w— 1)"*w+ 1)*

SI\'" X ) - T A ) 2
ks g L ash 4 a1 — 1/2851)3%3

“"A deviate or an error is, by deflinition, the difference between a market value and a theoretical or
model value.
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4+2m‘+%w"—3+ ®— 30+ 30 — o
(1 — Tpge 00 [ — 1)~ 17255

1/8w" — 1/2w* + 3/8
[P (w — 1) — 1/2(0® — 1)]?

Kur®(xy) =

where®® Ske(.) = us/ud?, Kur(.) = py/u3, Q = cosh(n), and o =
exp(a?). For an arbitrary, positively skewed inverse coshnormal f(S) ~ V
(m, o, 6, A) the mean, variance, skewness, and kurtosis are given by

E*(Sy) = 0 + AE"(xy)
Var’(Sy) = A*Var®(xy)
Ske”(Sy) = Ske”(x¢)
Kur”(S¢) = Kur”(xy)

For an arbitrary, negatively skewed inverse coshnormal f(S) ~ V(u, o,
6, A), although the variance and kurtosis are given by previous expres-
sions, the mean and skewness are given by
EP(Sy) = 6 — AEP(xy)
Skef(S¢) = —Skef (xy)

Proof of Lemma 3

Suppose that the fundamental assumption holds. The marginal
distribution of consumption is by definition f(C) = [* f(C, S) dS.
Hence, the marginal distribution of consumption is a univariate-
displaced-lognormal distribution A"(u,, o, 7). Using the definition of
the ¢ moment about 7 of a univariate-displaced-lognormal random vari-

able yields

l 2 2
E[U(C)] = exp[cp,u.L + 5@‘0’;]

The conditional distribution of consumption given the value of the

ﬂr((:;]. Then, the condi-

tional distribution of consumption is a univariate-displaced-lognormal
distribution; that is, C|S is

Ap[p. - pg—‘;(cnsh'(u) — ,u) (o%(1 — p“’))i T
1 o /\ ? [+ L

“*The ith central moment of the random variable about its first moment is T

underlying variable is by definition f(C|S)
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Using the definition of the ¢ moment about 7 of a univariate-displaced-
lognormal random variable vields

I o, S0
E[U(C)|S] = exp| ¢u. + Pe cosh 2 ~ B

l ) ) )
Ik Ecp"(f;“ = p")]

Then, the pricing kernel (Equation 4) can be put in the desired form.

Proof of Corollary 2

Simplifying, taking the limits, and simplifying again vyield

lim P, = (V — e ")NW,) — e (K — 0)N(d,)

A—0
where
Vet — 9 )
I ——=") +50%
cr\/f

which is the displaced diffusion call price equation.”” When 6 = 0,

L{] —

the Black—Scholes call price is obtained. The proof for the put is
similar.

BIBLIOGRAPHY

Ait-Sahalia, Y., & Lo, A. (1998). Nonparametric estimation ol state-price
densities implicit in financial asset prices. Journal of Finance, 53,
499-547.

Bates, D. (1991). The crash of '87; Was it expected? The evidence from options
markets. Journal of Finance, 46, 1009-1044.

Black, F. (1975). Fact and fantasy in the use of options. Financial Analysts
Journal, 31, 3641, 61-72.

Black, F. (1976). The pricing of commodity contracts. Journal of Financial
Economics, 3, 167-179.

Black, F., & Scholes, M. (1973). The pricing of options and corporate liabilities.
Journal of Political Economy, 81, 637-654.

Blume, M., & Friend, 1. (1975). The asset structure of individual portfolios and
some implications for utility functions. Journal of Finance, 30, 585-603.

Brennan, M. (1979). The pricing of contingent claims in discrete time models.
Journal of Finance, 34, 53-68.

“This can be verified in two steps. First, define @ = bV, and substitute this in Equation 18. Second,
-

define 1 — be a, and substitute this in the previous expression.

1115



1116

Camara

Brennan, M., & Kraus, A. (1978). Necessary conditions for aggregation in
security markets. Journal of Financial and Quantitative Analysis, 13,
407-418.

Camara, A. (1999). An extended set of risk neutral valuation relationships for
the pricing of contingent claims. Review of Derivatives Research, 3, 67—83.

Chang, C., Chang, J.. & Lim, K. (1998). Information-time option pricing:
Theory and empirical evidence. Journal of Financial Economics, 48,
211-242,

Cohn, R., Lewellen, W., Lease, R., & Schlarbaum, G. (1975). Individual
investor risk aversion and investment portfolio composition. Journal of
Finance, 30, 605-620.

Corrado, C., & Su, T. (1997). Implied volatility skews and stock index skewness
and kurtosis implied by S&P 500 index option prices. Journal of
Derivatives, 4, 8—19.

Cox, J., & Huang, C. F. (1989). Option pricing theory and its applications.
In S. Bhattacharya & G. M. Constantinides (Eds.), Theory of valuation
(Vol. 1, pp. 272-288). Savage, MD: Rowman & Littlefield.

Cox, J., & Ross, S. (1976). The valuation of options for alternative stochastic
processes. Journal of Financial Economics, 3, 145-166.

Crow, E., & Shimizu, K. (1988). Lognormal distributions. New York: Marcel
Dekker.

Dumas, B., Fleming, J., & Whaley, R. (1998). Implied volatility functions:
Empirical tests. Journal of Finance, 53, 2059-2106.

Elton, E., & Gruber, M. (1995). Modern portfolio theory and investment
analysis (5th ed.). New York: Wiley.

Garman, M. B., & Kohlhagen, S. W. (1983). Foreign currency option values.
Journal of International Money and Finance, 2, 231-237.

Grossman, S., & Zhou, Z. (1996). Equilibrium analysis of portfolio insurance.
Journal of Finance, 51, 1379-1403.

Gultekin, B., Rogalski, R., & Tinic, S. (1982). Option pricing model estimates:
Some empirical results. Financial Management, 11, 58-69.

Harrison, J., & Kreps, D. (1979). Martingales and arbitrage in multiperiod
securities markets. Journal of Economic Theory, 20, 381-408.

Harrison, J., & Pliska, S. (1981). Martingales and stochastic integrals in the
theory of continuous trading. Stochastic Processes and Their Applications,
11, 215-260.

Huang, C. F., & Litzenberger, R. H. (1988). Foundations for financial econom-
ics. Upper Saddle River, NJ: Prentice-Hall.

Hull, J. C. (1997). Options, futures, and other derivatives (3rd ed.). Upper
Saddle River, NJ: Prentice-Hall.

Jackwerth, ]. C., & Rubinstein, M. (1996). Recovering probability distributions
from option prices. Journal of Finance, 51, 1611-1631.

Johnson, N., Kotz, S., & Balakrishnan, N. (1994). Continuous univariate distri-
butions (Vol. 1). New York: Wiley.

MacBeth, J. D., & Merville, L. J. (1979). An empirical examination of the
Black—Scholes call option pricing model. Journal of Finance, 34,
1173-1186.



Valuation of Options

Mehra, R., & Prescott, E. (1985). The equity premium: A puzzle. Journal of
Monetary Economics, 15, 145-161.

Merton, R. (1973). Theory of rational option pricing. Bell Journal of Economics
and Management Science, 4, 141-183.

Rubinstein, M. (1974). An aggregation theorem for securities markets. Journal
of Financial Economics, 1, 225-244,

Rubinstein, M. (1976). The valuation of uncertain income streams and the
pricing of options. Bell Journal of Economics and Management Science, 7,
407-425.

Rubinstein, M. (1983). Displaced diffusion option pricing. Journal of Finance,
38, 213-217.

Sarwar, G., & Krehbiel, T. (2000). Empirical performance of alternative pricing
models of currency options. Journal of Futures Markets, 20, 265-291.
Stutzer, M. (1996). A simple nonparametric approach to derivative security val-

uation. Journal of Finance, 51, 1633-1652.

Turnbull, S. M., & Milne, F. (1991). A simple approach to interest rate option
pricing. Review of Financial Studies, 4, 87—120.

Whaley, R. (1982). Valuation of American call options on dividend-paying
stocks. Journal of Financial Economics, 10, 29-58.

Wilmott, P., Dewynne, J., & Howison, S. (1993). Option pricing: Mathematical
models and computation. Oxford: Oxford Financial Press.

Zhou, 7. (1998). An equilibrium analysis of hedging with liquidity constraints,
speculation, and government price subsidy in a commodity market. Journal
of Finance, 53, 1705-1736.

1117



Copyright of Journal of Futures Markets is the property of John Wiley & Sons, Inc. /
Business and its content may not be copied or emailed to multiple sites or posted to a
listserv without the copyright holder's express written permission. However, users may
print, download, or email articles for individual use.



