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INTRODUCTION

Executive compensation may include options written on the stocks of
the firm. Index options can be used hy portfolio managers to limit the
downside risk of the portfolio. Importers and exporters negotiate options
written on foreign currencies to avoid exchange-rate risk. Producers may
hold futures options to hedge against price declines. In general, option
market participants might he interested in alternative option-pricing
theories.

Option prices obtained in this article have an inverse-coshnormal,
risk-neutral density' implicit. The literature has discussed three main
methods for the risk-neutral pricing of derivative assets. The first method
is found in Black and Scholes (1973) and Merton (197.^). It is assumed
that it is possible to construct and maintain a riskless hedge through
continuous trading. This hedging portfolio implies a partial differential
equation (PDE). Then, the price of the option is hased on the resolution
of the PDE under the appropriate houndary conditions."

The second method uses the martingale approach and was initiated
hy Cox and Ross (1976), Harrison and Kreps (1979), and Harrison and
Pliska (1981). These authors showed that a risk-neutral measure exists
in an economy where there are no arhitrage opportunities and investors
are nonsatiated. The current price of a derivative is given hy its expected
value under the equivalent martingale measure discounted at the riskless
return. It is possible to use this principle to price a contingent claim if it
is attainable or marketahle, that is, if there is a trading strategy whose
payoff replicates the payoff of the contingent claim. This means that
the First two methods, when the state space is continuous, assume that
markets are dynamically completed hy trading.^

The third method, initiated by Rubinstein (1976) and Brennan
(1979), uses the first-order conditions of a representative agenf^ to ohtain
a risk-neutral formula. A discrete-time economy with a continuous state
space is assumed, which means that markets are dynamically incomplete.
Brennan (1979, p. 54) argued that "in addition to the greater generality of

'Ux is normiilly dislribiilotl, : = ^ + A c(»sh(.Y) is an invcrsc-coshnormyl riindom \iiriablf. where 0
and A are the ihrcsliold and rcscalc |);irymcters, respectively, of ihe in\xTSC-cnsiinornud dciisily.
To review this area of research, sec Wilmotl, l>e«\iinf. and Mimison (1993). whii studied optidti

pricing from a PDE perspective.
*Cox and Vtuang (1989) provided an excellent reviow article of this investigation field.
The existence of a representative agent is a necessary condition to obtain risk neiilral option-prieing

formulae in economies not conipk'ted hy continuous trading, that is. in discrete-time, continuous,
stale-space economies, (irossman and /hou (I99h) and /hou (1998) showed that smiles, skews, or
sneers in option inarkcls might be gencralcd in economies wilh represenlalivc agents uliose ulilily
functions display decreasing ahsolule risk aversion.
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discrete-time models . . . the chief advantage of the discrete-time
approach to the pricing of contingent claims is that the restriction of
investor preferences eliminates the requirement of the continuous time
approach that an instantaneously riskless portfolio may he constructed."
This is the method explored in this article.

This article develops a discrete-time, risk-neutral valuation relation
(RNVR) for the pricing of contingent claims when preferences in
the economy are characterized by decreasing absolute risk aversion
(DARA) and aggregate consumption and the underlying variables
are bivariatc-displaced-lognormal-inverse-coshnormal-distributed. The
marginal distribution of the underlying is an inverse-coshnormal. Such
characteristics distinguish this article from the existing literature.
Pre\ious literature linked cither the power utility function to the lognor-
mal lamily of distrihutions^ or the exponential utility lunction to the nor-
mal distribution.''

Rubinstein (1976) obtained the Black—Scholes model in an econ-
omy where the representative agent has a power utility function and
aggregate consumption and the underlying are bivariate lognormal.
Turnbull and Milne (1991), under the same assumptions, extended the
discrete-time RNVR theor)' to stochastic interest rates. Camara (1999)
used the extended power utility and a bivariate-displaced lognormal for
consumption and the underlying to obtain the displaced diffusion model
of Rubinstein (1983). Brennan (1979) derived a risk-neutral valuation
equation assuming an exponential utility function and that aggregate
wealth and the underlying were bivariate-normal-distributed. All these
models are special cases of the inverse-coshnorma! RNVR from a point
of view of hoth preferences and distributions. Hence, the research devel-
oped in this article is motivated hy both preferences and option prices
(which have a risk-neutral density implicit).

Elton and Gruber (1995, p. 218) argued that "while there is general
agreement that most investors exhibit decreasing absolute risk aversion
(DARA), there is much less agreement concerning relative risk aver-
sion." Blume and Friend (1975, p. 603) reported that "households hold-
ing the most diversified portfolios of stocks display evidence of constant
proportional risk aversion (CPRA)."' According to Blume and Friend
(1975, p. 600). "if the net worth is defined more broadly to include homes,

'̂ See Huhinstein (1976). I urnluill and Milne (1991 I, antlCamara (I999|.
"See Brennan (1979).
Mehra and Prescntt (I98S), who pro\idcd several references thai document e\idcncf of

CPRA, showed that one would need a ven, large coefficient of relative risk a\ersion to explain ihc risk
premium on U.S. equities, and they raised doubts ahout the reasonahility ol such an assumption.
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there is some evidence of increasing relative risk aversion." The results of
the research carried out by Blume and Friend (1975, p. 600) also sug-
gest that "if the net worth is defined to exclude housing, there is a slight
tendency for decreasing relative risk aversion." Cohn, Lewellen, Lease,
and Schlarbaum (1975, p. 606)^ produced a "study |that] yields strong
evidence of decreasing proportional risk aversion (DPRA)." Zhou (1998,
p. 1730) presented empirical results that "justify [the] assumption that
consumer's utility function exhibits DPRA."

The lognormal jirice assumption A (^, a) underlying the Black—
Scholes formulae has been criticized clfectively on tbe basis of empiri-
cal studies of actual data from various underlying assumptions. A natu-
ral way to extend the model is through the lognormal family of
distributions. To add flexibility to tbe model, one can tr)' to develop a
risk-neutral option-pricing equation based on a four-parameter lognor-
mal, A^(/x, (T, 0, A). Unfortunately, the so-called four-parameter lognor-
mal is really only a displaced lognormal, A'\fi, a, 6); that is, it only has
three independent parameters. I h e actual displaced lognormal is dis-
placed from the origin by its threshold parameter or lower hound 6. The
shape and the higher moments (i.e., variance, skewness, and kurtosis)
of the two actual densities (i.e., the lognormal and displaced iognormal)
are the same.'"' The actual densities are distinguished only through their
measures of location." These facts help to motivate alternative specifi-
cations for the underlying. This article proposes the inverse-coshnorma!
distribution, which has four independent parameters and contains all
the distrihutions of the lognormal family as speeial cases. The inverse-
coshnormal distrihution, because it has four independent parameters,
is able to fit accurately four moments of the actual distribution of the
underlying. Examples of this for the Standard & Poor's (S&P) 500 index
and the United States Dollar/Great Britain Pound (USD/GBP) exchange
rate will be provided later in another article.

The empirical research seems to indicate that when the Black—
Scholes equation is used to price index options, it leads to different

''Cohn et al. (1975) presented olht'r sources thai provide evidence of DPRA.
''As remarked by Johnson, Kotz, and Ralakrishnan (1994, p. 209), the four-parameter lognormal z
is dellned hy x = fx. + a ln(^-^) , where x is a unit normal variabk". This equation can be
rewritten as x - fi' + tr !n(; - 9) with /i' - n - (r In A, which is only a displaced lognormal.
Beeause neither fi nor fi' alleets ihe option-pricing equation, one concludes that the four-
parameter, lognormal option-prieing equation is exactly the same as the displaced-lognormal opiion-
prieing equation.
'"For a discussion of this and other points concerning ihc lognurmal lamily of disirihutions, see
Crow and Shimi/u (!9K8).
' 'The location characlcristics of A''{/i. a. 6) are greater hy 0 than those of A''(^, a) .
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deviates'" than when the iorniula is used to price stock options, toreign
currency options, and futures options.

Jackwerth and Rubinstein (1996) and Stutzer (1996) documented
that the Black—Scholes model overprices out-of-the-money calls and
underprices in-the-money calls in the stock index options market. In
general, the inverse-coshnormal, risk-neutral option-pricing formula,
when the threshold parameter is negative and the rescale parameter is
positive, gives a lower (higher) price for out-of-the-money (in-the-
money) call options than the Black-Scholes model. Hull (1997)
discussed the relation hetvveen the tails ol an arbitrary, risk-neutral den-
sity (relative to the lognormal. risk-neutral density) and option prices as
given hy an arbitrary valuation equation (relative to Black—Scholes
values). An arbitrary option-pricing equation that gives lower (higher)
prices for out-ol-the-money (in-the-money) call options than the
Black-Scholes model has implicit a risk-neutral density that has a fatter
(thinner) left (right) tail than tbe lognormal, risk-neutral density. It is
shown that, for a negative threshold parameter 6 and a positive rescale
parameter A, this is the behavior of tbe inverse-coshnormal, risk-neutral
density (when compared to the lognormal, risk-neutral density). Similar
patterns to this one lor the S&P 500 index options market were reported
by jackwerth and Rubinstein (1996) and Ait-Sahalia and Lo (1998). For
the same set of parameters, the inverse-coshnormal option-pricing equa-
tion is able to generate implied Black-Seholes volatilities that decrease
when the strike price increases. Dumas, I leming, and Whaley (1998) for
the S&I* SOO options market reported a sneer with this pattern.

Black (1975) and Gultekin, Rogalski, and Tinic (1982) showed tbat
the Black-Scboles equation underprices out-of-tbe-money calls and
overprices in-the-money calls in the stock options market.' Chang,
Chang, and Lim (1998) and Zhou (1998) reported similar results for the
foreign currency options market and the agricultural futures options
market, respectively. In general, the inverse-coshnormal, risk-neutral
option-pricing formula, when the threshold parameter is nonnegative

'-.Any ntill hypothesis to tcsl thf Rlack-Scholos mndfl is a joint hypolhosis ihiit (I) the
Rlack-Scholfs model is Lorrcctly specified and (2) markets itre el'iitient. 11 ihc null hypothesis is
rejected, il may be the case that (I) the Black-Scholes formulae mispriee options in an cflieient
markfl, (2) the Blaek-Sehiiles prices are ihe eorrecl ones and ihe nnirkct ilsi'lt has mispriced ihem
(in vvhieh ease, there ^^olIld iheoretieally be an arbitrage opportunity), and (-i) ihe lilaek-Stholes
equations mispriee options and markets are inelTieient. H'onc accepts that ihe option markel is elfi-
eient, ihe statement ihat the Btack—Seholes model mispriees in/out-ol-lhc-money options might
make sense.
"Opposite results in the stock options market ucre obtained by Macbeth and Mcr\ille 11979) lor a
sample of six stocks during 1976.
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and the rescale parameter is positive, gives a higher (lower) price for out-
of-the-money (in-the-money) call options than the Black—Scholes model.
This is consistent with an inverse-cosbnormal, risk-neutral density tbat
has a thinner (fatter) left (right) tail than the lognormal, risk-neutral
density. When both 0 and A are positive, tbe inverse-coshnormal option-
pricing mode! is able to generate Black-Scholes implied volatilities that
increase witb the exercise price. Chang ct al. for currency options and
Zhou for commodities futures documented sneers with such a pattern.

The goals o( this article are to (1) construct an inverse-coshnormal
distribution and discuss some of its properties, (2) establisb an RNVR
for such a distribution, (3) apply the RNVR to obtain closed-form expres-
sions for several options, and (4) simulate and analyze the model.

PREFERENCES AND DISTRIBUTIONS

This section begins by cbaracterizing preferences and tbe joint distribu-
tion of consumption and tbe underlying. Tbe marginal distribution of
the underlying is an inverse cosbnormal. The section concludes compar-
ing the risk-neutral, lognormal density with the risk-neutral, inverse
coshnormal density.

Definition I. The extended power marginal utility function of consump-
tion is given by

with tp < 0 and C > T. This represents increasing, constant, and decreas-
ing proportional risk aversion (denoted IPRA, CPRA, and DPRA, respec-
tively) for 7 < 0, T ^ 0, and r > 0, respectively. This utility function
represents DARA.

Definition 2. The bivariate-displaced-lognormal-inverse-coshnormal
distribution of aggregate consumption, C, and underlying, S, is defined

ln(C - T),cosh-" ^

with T < C < ^ , ^ + A < S < x , where (J .̂, a, /A,, fx, p, 0, A, and r are
constants such that - I < p < 1, 0 < (7 ,̂ 0 < a, -oc < ^^ < co,
-oc < ^ < Gc, 0 < A. -=c < 0 < X, and -cc < j < GC. Here, ^'^ signifies

'•'This representation is general in the sense that it also covers ihe singular case (i.e., «hen the
eovariancc matri.x is singular and the density does ntit exist).
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equal in distribution, and N'\m, 2) denotes an actual normal vector with
mean vector m and variance/covariance matrix 2.

Lemma 1 (the marginal inverse-coshnormal distrihution). Suppose
that consumption and the underlying variable have a displaced-
lognormal-inverse-coshnormal distribution. Then, the underlying
variable S has a marginal inverse-coshnormal distribution V''{/x, a, 0, A).
II there is il density, it is given by

/(S) = ,— , exp
V27ra-V{S - e)~ - A'

1 /cosh
(2)

for S > 0 + \, where t̂, a, 0, and A are constants such that —^ < (JL <
-X < ^ < X, 0 < (7, and 0 < A."

Proof. ThemarginaldensityofSisbydefinition/{S) = J^
where/(C, S)denotes the joint density when it exists. Solving this equation
yields the desired result."'

Because the inverse coshnormal has four independent parameters. It fits
accurately the first fotir moments of the actual data, ' whereas the
lognormal underlying the Black—Scholes formulae will probably only fit
accurately two moments of the data. Figure I display an inverse
coshnormal fit to monthly S&P 500 index returns statistics derived by
Corrado and Su (1997). The actual data (for the period 1986-1995) has
a mean of 0.1 18, a variance of 0.0222, a skewness of — 1.19, and a kur-
tosis of 9.27. Figure 2 displays an inverse coshnormal fit to the daily spf>t
exchange-rate ($/pound) statistics calculated by Sarwar and Krehbiel
(2000). The data (for the period 1993-1995) have a mean of 1.54, a
variance of 0.002916, a skewness of 0.77, and a kurtosis of 4.86.
Although this article assumes an actual inverse coshnormal, the distri-
bution that affects option prices is the risk-neutral inverse coshnormal.

As Cox and Ross (1976) first pointed out, ii an RNVR exists, the
following equality is obtained:

= Vr

'''lFnegati\t' skfutiL'Ss is desired wiih A > 0. ihfii ccish ' (^^T^) replaces cosh " '{^-^ •) . AIHTniili\fly.
A might iissiimo iiny VLIIUC on ihf reiil line with the orifjinal definition of thi- density. In this ciisf. lhe
density has positive (negative) skewness if the acliial A is positive (negative).
"•A detailed proof of the marginal and conditional distributions derived in this article is a\ailable on
request.
' 'The appendix, in the pri>ol o! lemma 2, derives the first lour moments ol Jn actual inverse-
coshnormal dislrihution.
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FIGURE 1
Inverse-coshnorniiil density function. This density
accuralt'ly (its the first four moments of monthly

S&P SOO index return stalisties (1986-1995):
£''(,S) - 0.1 18; Var''(S) - 0.222; Ske''(,S) - - 1.19;
and Kur'*(S) ~ 9.27. Ihe statistics were calculated

and reported by Corrado and Su (1997).
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Invcrsc-toslinorniiil density function. This

density iitcuralely fits the first four moments of
daily spot exehan^e rate ($/pound) statistics

(1993-1995): E'\S) = 1.54; Var''(S) - 0.0029;
Ske''(S) = 0.77; and Kur''(S) - 4.86. The

statistics were calculated and repoted by Sarwar
iind Krehbiel (2000),

where V̂  is the current value of the underlying, r is one plus the interest
rate, and the conditional expectation is taken with respect to the risk-
neutral measure Q.

The next proposition lollows from imposing the previous risk-neutral
restriction to an underlying inverse coshnormal distributed.
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Proposition 1 (the inverse-coshnormal risk-neutral density). If/(S)
is the inverse-coshnormal actual density of the underlying stochastic
variahle with parameters t̂, a, 0, and A, that is,/(S) is V''(/x, o", 6, A), then
g{S) is its inverse-coshnormal, risk-neutral density with scale para-
meter cosh~'[̂ ;̂̂ ^^^ '̂.-.,J, shape parameter a^ threshold parameter 0,
and rescale parameter A; that is, P(S) is V^*(cosh" ' l -^^V^l . o", ^. A).
The limiting properties of the inverse-coshnormal distrihution are now
investigated.

Lemma 2 (the moments of the inverse-coshnormal, risk-neutral dis-
tribution). The mean, variance, skewness,'*^ and kurtosis of the
inverse-coshnormal, risk-neutral distrihution are given hy

- Vr

(Vr- ^)'(a) - l)-l/2A-(a;- - 1

\{Vr-

- - 3

A
, ( V r - B)~{oi- 3a>-

- l ) - i / 2 A ' ( a > - - 1)]-

^ ^ + 3/8

where w = exp(tr") and
distrihution.

[(Vr-

denotes that S has an inverse-coshnormal

Proof. See the appendix.

The mean of any risk-neutra! distrihution is Vr. The limits of the
variance, skewness, and kurtosis of the inverse-coshnormal distri-
bution when A approaches zero from the right are, respectively, the

'"If ihe density is positively (negatively) skewed, the skewness has the sign + ( - ) ,
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variance, skewness, and kurtosis of the displaced-lognormal, risk-neutral
density A^(!n(Vr - 8) - ^o"^, o", 8). If, additionally, ^ ^ 0, the moments
of the lognormal, risk-neutral density implicit in the Black—Scholes
model is obtained, as one can see in the next proposition.

Proposition 2 (tbe limits of tbe risk-neutral variance, skewness,
and kurtosis). Suppose that there is a positively skewed, inverse-
coshnormal, risk-neutral distribution.

j . Let A ^ 0.1 hen.

lim

ii. Let both A ̂  0 and ^ = 0. Then,

lim

lim
A-.0

where S^ and SA denote that S has a displaced-lognormal distribution
and a lognormal distribution, respectively.

Proof. It follows from using standard limit properties, tbe moments of
the risk-neutral lognormal, and the results of lemma 2.

It is interesting to investigate whether it is possible to derive stronger
results than the convergence of the variance, skewness, and kurtosis.
Such results are presented in the next proposition.

Proposition 3 (tbe limit of tbe inverse-cosbnormal, risk-neutral
density). Suppose tbat there is a positively skewed, inverse-coshnormal,
risk-neutral density.

(. Let A-> 0. Then,

lim cossh
Vr - 0

-, ^. A =
_ A exp(y) _

ii. Let both A ̂  0 and 0^0. Then,

Vr- $
lim V l̂ cosh
A^O V • A exp(y) .

, ^, A ) -

ln(Vr -8) (T~, O-, 8

f=a\ In V + In r - -a^a
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FIGURE 3
This figure displays two risk-neutral densities v\ith tbe same
mean t"^(S) ^ 1 1 0 and variance Var^'(S) ^ 493.1: an inverse

coshnormal ^(S) - V^ (4.3H, 0.056. -290 . 10) and a
lognormal ^(.S) ~ A5/.,| (4.68,0.2). 'I'be picture "is

consistent v\jth the S&P 500 index distribution having a
fatter left tail and a thinner right tail tban a lognormal

distribution has" (Stutzer, 1996, p. 16.^4).

0.08
Lognormal

Inverse Coshnormal

100 110 120 130

FIGURE 4
This figure displays tv\o risk-neutral densities witb the same mean

^ = I 10 and variance Var^\S) = 24.6: an inverse eoshnormal
'̂ 1-746, 0,175, 80, iO) and a lognormal

Ay« = ,, (4.69, 0.045).

Proof. The results follow from using standard limit properties.

Tbis proposition sbows that the inverse-coshnormal, risk-neutral den-
sity is an extension of the lognormal, risk-neutral density. Next, it is he
seen that the inverse-coshnormal density has the features of the state-
price density observed empirically. Figures 3 and 4 display two risk-
neutral densities with the same mean and standard deviation: an
inverse coshnormal and a lognormal. The inverse coshnormal has a
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thinner or fatter right tail and a fatter or thinner left tail than the log-
normal, meaning less or more skewness than tbe one implied by the
Black-Scholes equation.'"* Jackwerth and Rubinstein (1996), Stutzer
(1996), and Ait-Sahalla and Lo (1998) documented that the distribu-
tion implied by S&P SOO option prices has a fatter left tail and a thin-
ner right tail than the lognormal, indicating an implicit density by
option market prices with less skewness than that predicted by tbe
Black—Scholes model. Zhou (1998) presented results for agricultural
options tbat are consistent witb an implied density by option market
prices with a thinner left tail and ii fatter right tail than the lognormal.
Similar results for currencies are obtained by Chang et al. (1998), indi-
cating an implicit density by option market prices with more skewness
than the predicted hy the Black—Scholes model.

GENERAL VALUATION MODEL

This section assumes that the aggregation problem is already solved,
which is a sufficient condition for prices to he derived in a representative
agent economy."" The representative individual, who has a time-additive
separable utility function of consumption, optimizes the expected utility
function of consumption both at the beginning and end of the economy:

where

C, - (Wo - Co)r + ^J^n^iC.iSj,) - P,/]

and E^ {.) is the expectations operator under the true probability meas-
ure; Cy is the aggregate consumption at the heginningof the period; C, is
the aggregate consumption at the end of the period; U{C^^) is the utility
for beginning-of-period consumption of tbe representative agent; L/(C|)
is tbe utility for end-of-period consumption of the representative agent;
Wo is tbe initial wealth of the representative agent; r is the riskless return,
or one plus the interest rate;"' H -̂ is the demand for units of claims
(k = 1,. . . .Kforal l j ) ; Cl.{S•^) is the end-of-period payoff associated

'''An Linalysis similiir to this could be done with iho skeuncss prfmium derived by Bates (1991).
•^"rhf a^grc^iition proltlcm is solved when pricL's in the economy iirc determined independently of
thf distrihution oK initi^il wealth. See, (or cvamplf, I liianf" and I it/enher^tT (198S) for a review of
thf liltTiiliirc. Ruhinstcin (1974) deri\ed sufikifnt conditions ihat were subsequently shown by
Brennan and Kraus (197iS) to also be nfcessary. I hose conditions arv that all investors ba\c identical
cautiousness and beliefs or ihat inveslors bine fxponenlial utility Junctions,
•'The inleresl ralf is c()nst;int as in the Biack-Seboles economy. Hence, the price oi a bond that
pays $1 ill the cnd-of-period is B = -.
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with the contingent claim k us a function of the underlying variable j ; P .̂
is ihe current price of the claim Cĵ lS-,); and S'., is the cnd-of-period value
of an arhitrary underlying variahle j . " " Maximizing the expected utility of
consLmi|ition ol the representative agent yields the current price of indi-
vidual claims in terms of their end-of-period payoffsr'

(3)

where

E''[U'(C)|SJ

defines the pricing kernel."""̂  In particular, the underlying risks S can
themselves he priced with a particular application of the general formula:

V-r-'E^[SZ(S)] (5)

where V is the current value o( a nondividend-paying underlying."^
The remaining results of this article are derived under the following

assumption.

Fundamental assumption (DARA and bivariate-displaced-lognormal-
inverse-coshnormal distrihution). The representative agent has an
extended power utility function of consumption and, in particular,
an extended power marginal utility function of consumption given
hy Equation 1, and aggregate consumption and the random payoff
of the underlying variahle are hivariate-displaced-lognormal-inverse-
coshnormal-distrihuted as in Definition 2.

^•'Later, ihf arhitrary underlying variahle S is furlhcr spctil'icd lo dcriM' cqtiations for option prices
written on stocks, futures, and foreign curroncifs.

I he subscripts associated with the claims are dropped henceforth.
^''This equation is standard in the preference-hased option-pricing litcralurc. Sec, for cxiimplc,
Brennan (1^79, pp. S?. 59, li<|tiation 14). Rrcnnan (1979. p. S7) defined Z(S) as ihc "conditional
expccU'd relative marginal utility iunctinn" or the "conditional marginal ulility function." I he equa-
tion is ohtained wilh ihc law of iterated fxpuctations in the price of the claim.

^^Kt|Uiition T. if r is an interest rate compounded continuously, is V = f ''t'''|SZ(,S)|. and a similar
adjustment should be done in Lquation ^. Ibcrc HTV alternative versions of tqualion 5 depending
(in what the underlying is, Ii the undfrlyinji is a futures contract, Kquation S is given hy F =
£ '[LSZ(.S)|, where f- is the futures price. If the underlying is the spot exchange rate (i.e., the current
price in dollars of one unit of foreign currency). Equation S is given by V-' = <• ' ' ''"£*''|S2l,S)), where
Tj is the risk-free interest rate in tbe foreign currency. If the underlying is a stock that pays a known
dividend, where D is the present value uflhe dividends discounted at the riskless rate, tiqiialion S is
V = D + e "E |SZ(S)|. Ihe miiturity ulthc bank accounts and the maturity of the opiion contracts
sboiild coincide with the end lA ihf fconomy.
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The RNVR is derived in two steps. The first step evaluates the pricing
kernel (Equation 4).

Lemma 3 (the form of the pricing kernel). Suppose that the funda-
mental assumption holds. Then, the pricing kernel (Equation 4) can be
written as'*'

Z(S) — exp
(7

cosh s - e 1
(6)

Proof. See the appendix.

Proposition 4 (sufficient condition for the discrete-time RNVR).
Suppose that the fundamental assumption holds. Then, there is a risk-
neutral valuation reliitionship:

£''[C(S)Z(S)] - £^1C(S)]

where E^{.) is the expectations operator with respect to the inverse-
coshnormal, risk-neutral density.

Proof. Assume that the fundamental assumption holds. Then, hy
Lemma 1 the marginal distrihution of S is an inverse coshnormal with
the density given hy Equation 2.

The current value ofthe underlying stochastic variahle (Equation 5),
which has a marginal inverse coshnormal distribution as in Equation 2,
after the pricing kernel (Equation 6) is used and the resulting expression
is simplified is given hy

Vr =
1

X exp

lira

I
2a' cosl

s - e dS [7]

The underlying equilibrium of the risk-averse economy is obtained when
Equation 7 is evaluated. It follows directly that

p. = cosh - e (8)

The current value of lhe contingent claim (Equation 3). hecause the
underlying variable has a marginal inverse-coshnormal distribution as in

an (1979, Equations 1 7 imd .̂ 1) dorivoil cquatiims of ihis lypc Inr ihf pricing; kernel under
the assumptinns of a bivarialc normal and ;i bivariate l(>f;n"""rn'il- Ihf pricinj; kcrnt'l has nn fxpo-
ncnlial form and, ihtTflorc, is always positive.
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Equation 2, after the pricing kernel (Equation 6) is used and the result-
ing expression is simphfied, can be written as

C{S)
1

X exp
2a'

cosh

£1 \ - \ ^
U f A

s -e- I + dS (9)

Using the equilibrium relation (Equation 8) lo eliminate preference
parameters from the valuation equation (Equation 9) yields

Pr C(S)
1

X exp
2a'

- ey- - Â

s -
— cosh

Vr - 0
dS (10)

which is an RNVR.
This R W H is consistent v\ith the result given hy Proposition 1

because it has an inverse-coshnormal, risk-neutral density implicit. The
next section applies the RNVR to obtain closed-form expressions for
calls and puts written on nondividcnd-paying stocks, futures contracts,
foreign currencies, and dividend-paying stocks.

APPLICATIONS

The RNVR derived in the last section is general in the sense that it can
be used to price any derivative. Two applications with particular interest,
on the basis of continuously compounded interest rates, are given in the
next corollary.

Corollary 1 (call and put option prices on a nondividend-paying
stock). Suppose that the fundamental assumption holds. Then,

i. The price of an European call option written on a nondividend-
paying stock is given by the formula

+ Vyf - 1 ) " ' N ( T . - ir

(U)
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ii. lhe price of an European put option written on a nondividend-paying
stock is given by the formula

A ,,.

A „.
(y, + V y f - 1 ) " ' N ( - y 2 + (rVt) (12)

where

Ve" - 0

72 =
a Vt

K is the exercise price, and N{.) is the cumulative distribution func-
tion of a standard normal random variable.

Proof. Bccauscs(S) - V ^ \ c o s h - ' [ ; ^ ^ ^ ] , aVt, e, A), the desired
result is obtained.

Corollary 2 (Rubinstein, 1983, and Black & Scholes, 1973).
Assume the hypothesis of Corollary I.

i. Eet A —> 0. Then, the price of a call (put) option given by the inverse-
coshnormal, risk-neutral equation [Equation 11 (12)] converges to
the price of a call (put) option given by the displaced diffusion model
of Rubinstein (1983).

ii. Eet A —>0 and 6 — 0. Then, the price of a cull (put) option given by
the inverse-coshnormal, risk-neutral equation [Equation 11 (I2)j
converges to tbe price ot a call (put) option given hy the Black—
Scholes (1973) model.

Proof. See tbe appendix.

Corollary 3 (call and put option prices on a futures contract).
Suppose that the fundamental assumption holds. Then, the prices of
European call and put options written on a futures contract are given by
Equations 1 1 and 12, where y^ '^ given by Equation I 3 and

F - 0
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Proof. Because g{S) ~ V^(cosh" ' ^ Ĵ ^̂ .̂ "̂ ^ J , aVt, 0, A), the desired
result is obtained.

Corollary 4 (eall and put option prices on a foreign eurrency).
Suppose that the (undamental assumption holds. Then, the prices of
European call and put options written on a foreign currency are given hy
Equations I I and 12, where y, is given hy Equation 13 and

Proof. Becauses(S) - V^(cosh-'[^^^^j;4y^], aVt, (̂ . A), the desired
result is ohtained.

Corollary 5 (Black, 1976, and Garman & Kolilhagen, 1983).
Assume the hypothesis of Corollaries 3 and 4.

i. Let A—>0 and 0 = 0. Then, the price of a call (put) option on a
futures contract given by the inverse-coshnormal, risk-neutral equa-
tion converges to the price of a call (put) option given hy the Black
(1976) model.

ii. Let A^O and 6 — 0. Then, the price of a call (put) option on a
foreign currency given hy the inverse-coshnormal, risk-neutral equa-
tion converges to the price of a call (put) option given by the Garman
and Kohlhagen (1983) model.

Proof. The results follow with arguments similar to those applied in
the proof of Corollary 2.

Corollary 6 (call and put option prices on a dividend-paying stock).
Suppose that the fundamental assumption holds. Then, the prices
of European call and put options written on a dividend-paying stock
arc given by Equations I 1 and 12, where y^ is given by Equation 13 and

(V-D)e^ - d

Aexp(y()

Proof. Because s(S) - V^{cosh-^[^^j^^^^\, aVt, d, \), the desi-
red result is obtained.

To compare these equations with the Black—Scholes family of valuation
equations, the inverse-coshnormal call option-pricing formula is
simulated, holding both the risk-neutral mean and the risk-neulral
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variance constant, for several combinations of IT, 5, and A. It is assumed
that £^(Sv) = 1 10 and Var^{Sv) = 493.1. It is also assumed that the
underlying is a nondividend-paying stock, that / — 1, and that an interest
rate of 10% is compounded once a year; that is, one plus the interest rate r
is 1.1. Then, the current value of the underlying V'' is 100. Displaced dilfu-
sion and Black—Scholes call prices are calculated with the same formula
with A = 0.001. Black-Scholes prices have implicit a threshold parameter
^ = 0, which implies a volatility parameter a of 20%. Tahle I presents the
call option prices for several values of the rescale parameter A. Table Ii
presents the call option prices as a percentage of the Black—Scholes values
for the same values of the rescale parameter. The two main conclusions
from the analysis of the results ot the simulations are the following:

/. If the actual 0 of the underlying variable is negative and A > 0, the
Black—Scholes model overprices out-of-the-money calls and under-

TABLEI
Call Option Prices

Panel A: A
0

- 5 0
- 3 0
- 1 0

0
10
30
50

Panel B: A

- 5 0
- 3 0
- 1 0

0
10
30
50

Piinel C, A
ti

- 5 0
-30
-10

0
10
30
50

K

- 0.001
IT

0,138
0.158
0.184
0.200
0.220
0.273
0.359

- \0
IT

0.138
0.158
0,184
0,201
0.221
0,275
0,364

- M)
<r

0.141
0.161
0.190
0.208
0.230
0.294
0-416

80

27,800
27.759
27.707
27.674
27.637
27-541
27.411

27.799
27,758
27,704
27,671
27.632
27,532
27-394

27.789
27.743
27.681
27.641
27-592
27.456
27-272

90

19-850
19.795
19-721
19.674
19-617
19.460
19-201

19-848
19-793
19-718
19-669
19.611
19-447
19.168

19-836
19,773
19.686
19.627
19,552
19.319
18-787

100

13.138
13.094
13,033
12.992
12.943
12.800
12,546

13.137
13.092
13,030
12.988
12.937
12.789
12.516

13,128
13.077
13.004
12.954
12,890
12.681
12.167

no

8,014
8.000
7.980
7.965
7.946
7.885
7.760

8.014
8,000
7.979
7.964
7.944
7-881
1.1 Al

8,012
7.996
7-972
7.954
7.929
7.842
7.596

120

4-500
4,519
4-542
4.554
4-568
4.597
4-616

4,501
4,520
4-543
4.556
4-570
4.600
4,620

4,506
4.527
4,554
4.569
4.587
4.626
4.651

liO

2,332
2.370
2,418
2.447
2.481
2.564
2,677

2.333
2,372
2.420
2.450
2.485
2.571
2,691

2.342
2.385
2,441
2.476
2-519
2.634
2-824
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TABLE II
Call Option Prices as a Percentage ofthe Black—Scholes Values

Panel A.
B
50

- 3 0
- 1 0

0
10
30
50

rtnwl B:
fl

50
30

- 1 0
0

10
30
50

Panel C:
a

- 5 0
-30
- 1 0

0
10
30
50

K

A - 0 . 0 0 /

0.138
0.158
0.184
0.200
0.220
0.273
0.359

A = 10
(T

0.138
0.158
0.184
0-201
0-221
0.275
0-364

A = iO

0-141
0.161
0-190
0.208
0.230
0294
0.416

HO

100.46%
100.31%
100.12%
100.00%
99-87%
99.52%
99-05%

100-45%
100-30%
100.11%
99.99%
99.85%
99.49%
98-99%

100-42%
100-25%
100.03%
99.88%
99-70%
99-21%
98.55%

90

100.89%
100.62%
100.24%
100.00%
99.71%
98.91%
97-60%

100.88%
100.60%
100.22%
99.97%
99.68%
98-85%
97,43%

100.82%
100.50%
100.06%
99.76%
99,38%
98.20%
95.49%

101.12%
100.79%
100.32%
100.00%
99.62%
98.52%
96,57%

101,12%
100,77%
100.29%
99.97%
99.58%
98.44%
96,34%

101.05%
100.65%
100.09%
99.71%
99,21%
97.61%
93.65%

/ / O

100-62%
100-44%
100-19%
100-00%
99-76%
99.00%
97-43%

100-62%
100,44%
100.18%
99-99%
99-74%
98,95%
97.26%

100-59%
100,39%
100.09%
99-86%
99-55%
98-46%
95-37%

98,81%
99.23%
99.74%

100.00%
100,31%
100,94%
101.36%

98,84%
99.25%
99.76%

100.04%
100.35%
101.01%
101.45%

98,95%
99,41%

100,00%
100,33%
100.72%
101.58%
102.13%

no

95,30%
96.85%
98,81%

100.00%
101.39%
104.78%
109.40%

95.34%
96.94%
98.90%

100.12%
101.55%
105.07%
109.97%

95,71%
97,47%
99,75%

101.19%
102.92%
107.64%
115.41%

prices in-the-money calls. This is consistent with iin underlying
having a distrihution with a thinner right tail and a fatter left tail
than the distrihution implied hy the Black—Scholes equation (Hull,
1997. pp. 492-494.), that is, with Figure 3. Stutzer (1996), assum-
ing efficient markets, documented that the Black—Scholes model
overprices out-of-the-money calls and underprices in-the-money
calls in the S&P 500 index options market.

IF either (a) 0 > 0 or (h) 6 = i) and the actual A of the underlying is
positive, the Black—Scholes model underprices otit-of-the-money
calls and overprices in-the-money calls. I his is consistent with an
underlying having a distrihution with a fatter right tail and a thinner
left tail than the distrihution implied hy the Black—Scholes equation
(Hull, 1997, pp. 492-494.), that is, with Figure 4. Assuming effi-
cient markets. Black (1975) and Gultekin et al. (1982) showed that
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the Black—Scholes equation underprices out-of-the-money calls and
overprices in-the-money calls in the stock options market. However,
results opposite to the ones just mentioned were ohtained hy
Macbeth and Merville {1979) for a sample of six stocks during 1976.
Chang et al. (1998) documented that the Black—Scholes model
overprices in-the-money calls and underprices out-of-the-money
calls on foreign currencies. Zhou (1998), on the hasis of 1995
prices, reported implied volatilities hy futures options consistent
with a market where the Black—Scholes equation underprices out-
of-the-money calls and overprices in-the-money calls.

The inverse-coshnormal distrihution gives rise to implied volatility sneers
(skews or smiles). To illustrate this effect, implied volatilities are calcu-
lated lor the option prices of Tahte I with the Black—Scholes formula.
Typical volatility sneers are plotted in Figures S and 6 (which are consis-
tent with the figures of the implied densities). Figure 5 shows a typical
volatility sneer generated hy an inverse coshnormal with ^ < 0 and
A > 0. For S&P 500 options, this is totally consistent with "the sneer pat-
tern displayed in Figure l , . . . w i t h call option implied volatilities
decreasing monotonically as the call goes deeper out of the money"
(Dumas et al., 1998). Figure 6 shows a typical volatility sneer generated by
a positively skewed inverse coshnormal with ^ > 0 and A > 0. As remarked
hy Zhou (1998, p. 1709), "for agricultural options, implied volatility is an
increasing function of option strike price." Sneers with similar patterns
were documented hy Chang et al. (1998) for currency options.

Strike Rice

FIGURE 5
This flfiurt' displays a lypiciil pallfrn ol implied Black-Scholes

voltUilitifS geiieralfd by ihe inverse-coshnormal option-
pricing model when 0 < 0 and A > 0- In this context, Dumas

et al. (1998, p. 2062) hi^hlif;ht thai such "sneer . . is
indicative of the pattern [seen in the S&P 5{)() option market]
since the crash, with call option implied volatility decreasing

monotonically as the call goes deeper out of the money."
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FIGURE 6
This figure displays a typical pattern of implied

Black-Scholes volatilities generated hy the inverse-
coshnormal t)|)tion-pricinji model when ^ > 0 and A > 0.
Such a pattern is eonsisk nt with recent findings in some
commctdities markets. As Zhou (I9S8, p. 1709) reported,

"hor agricultural optictns, implied volatility is an increasing
function ol option strike price."

CONCLUSIONS

This article obtained new option-pricing results hased on the following
fundamental assumption: The representative agent has an extended
power utility function of consumption, and aggregate consumption and
the underlying asset are bivariate-displaced-Iognormal-inverse coshnor-
mal distributed.

The same pricing formulae might he ohtained under another set of
hypotheses, namely, that the representative agent has a negative exponen-
tial utility function of consumption and aggregate consumption and the
underlying asset are hivariate-normal-inverse-coshnormal-distrihuted. In
particular, the following two definitions replace Definitions 1 and 2:

Definition. The negative exponential marginal utility function of con-
sumption is given by

U'{C) - 14)

with ^ < 0. This utility function represents constant absolute risk
aversion.

Definition. The hivariate-normal-inverse-coshnormni distrihution of
aggregate consumption, C. and underlying, S\ is defined hy

C, cosh
S - 0 pa-cr.
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The joint distributions imply that the marginal distribution of the
underlying asset is an inverse eoshnormal. This is a four-parameter dis-
trihution that depends on a scale parameter jLt, a shape parameter a, a
threshold parameter Q, and a rescale parameter A. This article shows
that the lognormal, risk-neutral density implied hy the Black—Scholes
model is the limit oF the inverse-coshnormal. risk-neutral density when
the threshold parameter is zero and the rescale parameter approaches
zero.

This article establishes a risk-neutral valuation relation when either
set of assumptions holds, which means that option prices have an
inverse-coshnormal, risk-neutral density implicit. Then, closed-form
expressions for calls and puts written on nondividend-paying stocks,
futures, foreign currencies, and dividend-paying stocks are derived.

There are five related reasons the valuation equations derived in this
article might he useful to some market participants:

/. The inverse coshnormal accurately fits four moments of the actual
data, whereas the lognormal underlying Black—Scholes prohuhly
only fits accurately tuo moments (see Figs. 1 and 2).

2. The tails of the densities implied hy option market prices and the
tails of the densities implied by inverse-coshnormal option prices
have similar behaviors compared with the risk-neutral lognormal
implicit in the Black—Scholes model (see Figs. 3 and 4).

?>. The direction of the deviates of the Black-Scholes prices compared
with option market prices is the same as the direction ol the deviates
of the Black—Scholes prices compared with inverse-coshnormal
option prices (see Tables I and 11). Inverse-coshnormal option prices
when the threshold parameter is negative and the rescale parameter
is positive are consistent with tbe empirical results provided by
Stiitzer (1996) for the S&P 500 options market. Inverse-coshnormal
option prices when the threshold parameter and the rescale parame-
ters are positive are in line with the empirical results provided hy
Chang et al. (1998) for currency options.

4. The inverse-coshnormal option model is able to generate sneers
similar to those observed in tbe market (see Figs. S and 6).

5. Tbe inverse-cosbnorma! valuation equation preserves tbe risk-
neutral property underlying Black—Scboles and bas Black—Scboles
as a special case (see Corollaries 1 and 2).

In-sample tests and out-of-sample prediction tests of the valuation equa-
tions derived in this article (vs tbe Black—Scboles family of equations)
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sbould be done in future researcb. Estimates For tbe model {cr, 0. A) can
be obtained with Whaleys (1982) metbod, wbicb minimizes tbe sum of
squares of price deviates.'^'' Then, tbe following null bypotbesis sbould
be tested:

1. Tbe estimated parameters are statistically equal to zero.

2. Tbere is no difference between risk-neutral parameters (implicit in
option market prices) and actual parameters (estimated from tbe
observed realizations of the underlying).

3. The estimated parameters depend systematically on some option
market-related variahles (e.g., underlying value, strike price, time to
maturity, volume of trade, and open interest).

4. The market price might be expressed as a linear function of tbe
model price (witb intercept 0 and slope 1).

5. Price deviates depend systematically on some option-pricing inputs
(e.g., estimated parameters, strike price, time to maturity, interest
rate, and underlying value).

6. The root-mean-squared valuation error (RMSVE) and the Akaike
inFormation criterion give better results for tbe inverse-cosbnormal
model tban For tbe Black—Scboles model.

In addition. Further research might develop and test new error-based
statistics (oF the RMSVE type) to measure tbe ability of the model to
generate sneers or smiles and to reproduce Bates' skev\ness premiums. A
study of risk management applying the hedge portFolio error analysis oF
Dumas et al. (1998) can also he perFormed.

APPENDIX

Proof of Lemma 2

Let X ~ V(/x, cr, 0 — 0, A — I ) be a standardized inverse coshnorniai.
Tbe moan, variance, skewness, and kurtosis oF,v are given by

' :\ dL'\i;itt' or ;in crrDr is. In tlt 'lmilinn, the clillLTt'nci' lu'twccn a market ^alLlc iind a ihcorctitiil or

modi'l viilijL-.
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3 / 8

Ske(.) ^ jLti/zA^", Kur(.) - /X4//X2, i l ^ cosh(/x), and a> =
exp(o" ). For an arbitrary, positively skewed inverse cosbnormal/(S) — V
ifjLy (T, 6, X) the mean, variance, skewness, and kurtosis are given by

E''(Sv) ^ 0

Var''(SV) - A

For an arbitrary, negatively skewed inverse cosbnormal f(S) ~ V()U,, (T,
d, A), altbougb tbe variance and kurtosis are given by previous expres-
sions, tbe mean and skewness are given by

Proof of Lemma

Suppose tbat tbe fundamental assumption bolds. Tbe marginal
distribution oF consumption is by deFinition /(C) = J^^ /{C, S) dS.
Hence, tbe marginal distribution oF consumption is a tinivariate-
displaced-Iognormal distribution A^'iji^., ix̂ ,. T). Using tbe definition of
tbe ip moment about T OF a univariate-displaced-lognormal random vari-
ahle yields

E[U'{C)] - exp + - (
'^

The conditional distribution of consumption given the value of the

underlying variable is by definition /(C|S) = /̂̂ '. . Tben, tbe condi-
tional distribution of consumption is a univariate-displaced-lognormal
distribution; that is, C S is

y, r

ith cfritmi momfnl ol ihe nindom viiriuhlf ;II)OLH its first moinenl is
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Using the definition of the tp moment ahout r of a univariate-displaced-
lognormal random variable yields

E[U'(C)|S] - exp COS b-' S ~ 6

Then, the pricing kernel (Equation 4) can be put in the desired form.

Proof of Corollary 2

Simplifying, taking tbe limits, and simplifying again yield

lim P, = (V - - e-"{K - e)N{d,.

where

which is the displaced diFfusion call price equation."** When ^ = 0,
the Black-Scholes call price is obtained. Tbe prooF for tbe put is
similar.
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