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This study examined whether the inclusion of an appropriate sto-
chastic volatility that captures key distributional and volatility facets
of stock index futures is sufficient to explain implied volatility smiles
for options on these markets. | considered two variants of stochastic
volatility models related to Heston (1993). These models are differ-
entiated by alternative normal or nonnormal processes driving log-
price increments. For four stock index futures markets examined,
models including a negatively correlated stochastic volatility process
with nonnormal price innovations performed best within the total
sample period and for subperiods. Using these optimal stochastic vol-
atility models, 1 determined the prices of European options. When
comparing simulated and actual options prices for these markets, 1
found substantial differences. This suggests that the inclusion of a
stochastic volatility process consistent with the objective process
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alone is insulficient to explain the existence of smiles. © 2001 John
Wiley & Sons, Inc. Jrl Fut Mark 21:43-78, 2001

INTRODUCTION

Soon after the publication of Black and Scholes’ (1973) article on option
pricing, Black (1975) pointed out that the constant volatility assumption
may be incorrect, noting that the volatility may be a function of the un-
derlying price level. Subsequent research has identified the existence of
different volatilities implied from option prices for different strike prices
and terms to maturity (see Jackwerth & Rubinstein, 1996, for a review
of this literature). This effect has been commonly called the implied vol-
atility smile (for options with the same term to expiration) and the term
structure of volatility (for options with different terms to expiration).

Generally, two possible reasons have been proposed to explain these
effects. The first approach assumes that market imperfections exist that
systematically prevent option prices from taking their true Black—Scholes
values. Such market imperfections include the introduction of errors as-
sociated with discrete hedging, transactions costs, incomplete markets,
and heterogeneous market agents with diverse expectations. Alternatively,
a number of articles have examined the implications for option prices
when the underlying asset price process differs from the lognormal dif-
fusion process or the volatility is neither constant (Black & Scholes, 1973)
nor a deterministic function (Merton, 1973). Mayhew (1995) provided a
brief review of both approaches. This research examines the latter
hypothesis.

This article examines the nature of the objective dispersion processes
l‘()r St()(_‘k in(_l{.‘x flll;lll’t‘s 'dnd })r()P()SL‘S th(‘ in(.']LlSi()n ‘)f St()(.'hilsti(_‘ \"()]Eltility
to explain these empirical facets of the objective price processes. Once
this is done, the implications for option pricing are considered. Previous
research has examined the effects of stochastic volatility (in the under-
lying objective price process) on option pricing (see Heston, 1993; Hull
& White, 1987; Johnson & Shanno, 1987; Melino & Turnbull, 1990;
Scott, 1987; Stein & Stein, 1991; Wiggins, 1987). This article extends
this line of research.

The models considered include nonnormality in the underlying log-
price process and correlated price and volatility processes. Because of the
rich nature of these models, they do not lend themselves to parameteri-
zation using standard methods (e.g., maximum likelihood methods), and
I utilized a simulated method of moments approach. I chose target em-
pirical moments to address most stylized results previously pointed out
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in the literature. Specifically, 1 considered higher moments of the return
series and dynamics of the volatility process and leverage effects. Once |
found suitable parameter values for alternative models and derived a fea-
sible risk-neutral drift adjustment, I determined options prices numeri-
cally, assuming the drift adjustment was unique.'

To allow comparisons between the simulated and actual option
prices, all prices were reexpressed as standardized implied volatilities and
were plotted as surfaces. | found substantial differences between these
surfaces for the Standard & Poor's (S&P) 500 futures market, and this
suggests that the inclusion of stochastic volatility for the objective process
alone is insufficient to explain the existence of implied volatility smiles.
However, 1 found consistent divergences between simulated and actual
implied volatility surfaces across for four markets, and this may provide
insights into the nature of market imperfections and risk premia. Scott
(1987) completed similar research on stock options and found similar
results. He suggested that further research should test the effects of sto-
chastic volatility on the pricing of options for a larger sample. This study
achieved this by the examination of four stock index futures and options
markets for a period encompassing the decade of the 1990s.

The article is organized as follows. In the first part, I briefly review
previously presented empirical evidence that indicates that stock index
futures prices do not follow an independent and identically distributed
(i.i.d.) geometric Brownian motion (GBM) process. | consider two pos-
sible models that have been proposed in the literature to explain these
results. Seven empirical attributes were selected to capture key aspects
of nonnormality and interdependence. A description of the data sources
used for this research follows. After this, I examine both possible models,
using a simulated method of moments approach to assess their ability to
explain the key attributes. Having determined the best model, I estimate
option prices consistent with these processes and then express them as
implied volatilities, using the Black (1976) formula. I compare these sim-
ulated implied volatility surfaces to the implied volatility surfaces from
traded options on the S&P 500 futures markets. Finally, | present con-

clusions and suggestions for further research.

PRICE PROCESSES FOR STOCK INDEX
FUTURES UNDER THE EMPIRICAL MEASURE

It is well established that the unconditional return series for individual
st()cks, stock indexes, and stock index futures do not conform to the as-

'A number of previous rescarchers have made similar assumptions. Scott (1987), Hull and White
(19871, and Johnson and Shanno (1987) assumed either that the market price of volatility risk was

sero or that the existence of a marketable asset perfectly correlated to volatility.
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sumptions of an i.i.d. log-normal dispersion process (see Stoll & Whaley,
1990). Returns for stock index futures usually display excess kurtosis and
(for many periods) significantly negative skewness compared to a normal
distribution. Returns for futures also display intertemporal dependence.
In the examination of absolute returns for stock index markets, significant
positive autocorrelations have been found. This result led Ding, Granger,
and Engle (1993) to conclude that “It is clear that the S&P 500 stock
market return process is not an i.i.d. process” (p. 87).

Another line of empirical research has examined the unconditional
volatility series directly. A typical approach to better understand the vol-
atility process is to examine the statistical moments of the process. Bur-
ghardt and Lane (1990) examined the variability of the unconditional
volatility process with a volatility cone approach. I extended this by look-
ing at the sampling properties (restricted to the standard deviation) of the
unconditional volatility measured at a 20-day time horizon. Using non-
overlapping data, | obtained an average estimate of the unconditional
volatility and the standard deviation of this average. Under the assump-
tion that an i.i.d. price process is generating these volatilities, the ex-
pected coefficient of variation of the 20-day volatility is known. This mea-
sures the variability of volatility for a given time horizon.

However, the time-varying dynamics of the variability of volatility as
the time horizon of estimation is extended is of additional interest. I chose
a simple log-linear form to capture these dynamics. The rate of decay in
the standard deviation of volatility implies that the maturity structure of
historical volatility experiences long-term memory (interdependence).
This can be seen as complimentary to long-term memory effects for ab-
solute returns identified by Ding et al. (1993). An additional and impor-
tant feature of these price processes is the leverage effect pointed out by
Christie (1982) among others.

Although a number of theories have been proposed to explain these
results, three alternative hypotheses are examined here. The constant
elasticity of variance (CEV) model of Cox and Ross (1976), a non-GBM
price process model (e.g., the jump diffusion model proposed by Merton,
1976), and stochastic volatility models are considered. These three mod-
els can be nested within a stochastic volatility model. Given the wide
range of stochastic volatility models proposed in the literature (see Taylor,
1994), it was not obvious which model to select. As models with corre-
lated processes were considered, the Heston (1993) model was the ob-
vious choice. This model has the additional benefit of having a closed-
form solution for the pricing of options (see Bakshi, Cao, & Chen, 1997;
Bates, 2000; Heston, 1993). Variants of the Heston model proposed by
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Barndorff-Nielsen (1997) and Barndorff-Nielsen and Shephard (1999)
are also considered.

Model 1
dF = pFdt + oFdZ(t) (1)

where Z(t) is a standard Wiener process and p and ¢ are constants. The
return series r, is normally distributed with r, = p + ¢Z, and Z, ~ N(0,
1). This is the assumption of the Black (1976) model of i.i.d. GBM.

It is clear that Model 1 is a straw man, given the well-known results
that stock index futures returns display both nonnormality and interde-
pendence. However, this can serve as a benchmark for the relative effec-
tiveness of the alternative models and is used to assess the sampling prop-
erties of the evaluation approach. Subsequent models consider stochastic
volatility (&), which is evaluated in terms of a stochastic variance process

(WV).
Model 2
dF = uFdi + 6FdZ, (2.1)
With the variance process defined by
dv = x(0 — Vit + &/VdZ, (2.2)
where Z, and Z, are standard Wiener processes with correlation p. The
term K indicates the rate of mean reversion of the variance, 0 is the long-
term variance, and £ indicates the volatility of the variance. The terms V
and |V represent the variance and volatility of the process, respectively.
This model is called SV (Stochastic Volatility) in this article.
Model 3
dF = pFdt + 6FdN (3.1)
With the variance process defined by
dv = k(0 — V)dt + & /VdZ (3.2)

where N represents a nonnormal price process for the underlying price
series and, in this research, is the normal inverse Gaussian (NI1G) distri-
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bution. This model is related to that of Barndorff-Nielsen (1997), who
was the first to propose a stochastic volatility model of this form (subse-
quently extended by Andersson, 1999b). This approach extends the find-
ings of Bates (1996, 2000) and Ho, Perraudin, and Serensen (1996), who
assumed the volatility process is subordinated in a nonnormal price pro-
cess. In this model, the stochastic variance process is assumed to follow
a standard Wiener process, Z, with correlation p existing between the two
processes.” When correlated processes are considered, this variant of
Model 3 is related to the model for incorporating a leverage effect in a
stochastic volatility model proposed by Barndorff-Nielsen and Shephard
(1999). This model is called NIGSV in this article. The CEV model of
Cox and Ross (1976), which allows for the inclusion of negative corre-
lations between the two stochastic processes, is nested in both Models 2
and 3. This allows the leverage effect to be captured.

CHOICE OF ATTRIBUTES AND FITTING
PARAMETER VALUES

A key problem in the empirical testing of stochastic volatility models is
the estimation of optimal input parameters into the model. Andersen,
Chung and Serensen (1999) provided a good review of the approaches
used to parameterize stochastic volatility models. Many of the models
considered here do not lend themselves to estimation by traditional max-
imum likelihood methods. Andersen et al. proposed the use of the effi-
cient method of moments approach suggested by Gallant and Tauchen
(1996). Their primary contributions were to understand the sample prop-
erties of this estimator and show that the method was robust in larger
sample sizes. Recently, Andersson (1999a) also examined the maximum
likelihood estimator of the NIGSV model of Barndorff-Nielsen (1997)
and, by Monte Carlo simulation, demonstrated that a simulated method
of moments approach is equally robust. Because of the complexities of
my models, it is not clear whether estimation of parameter inputs by
maximum likelihood techniques is feasible. Given that these articles have
demonstrated that parameter estimation via simulation can be equally
robust and that this approach may provide a better intuitive understand-
ing of the estimation procedure, a simulated method of moments ap-
proach similar in spirit to the general method of moments (GMM) was
utilized.

*Barndorff-Nielsen (1997) actually assumed that the underlying price process follows GBM and the
volatility process follows an inverse Gaussian distribution. However, it can be shown that this is
cquivalent to the underlying price process following an NIG distribution and that the volatility process
follows GBM.
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| In this research, I used a hybrid between the GMM approach of
Melino and Turnbull (1990) and the simulated method of moments ap-
proach of Duffie and Singleton (1993). This approach subjectively selects
essential attributes, simulates price processes consistent with the alter-
native models, and assesses the sum of squared errors (SSE) between
simulated and empirical attributes. I examined and optimized alternative
parameterizations of the models. Similarly to Andersen et al. (1999), 1
investigated the sample properties of this estimator technique (using
Model 1). This allowed me to make comparisons between the attributes
of cach market and the models and to draw conclusions regarding the
overall fit of each model.

At the heart of this estimation technique is the judicious choice of
key attributes. It is crucial that the choice of the attributes jointly con-
siders the relevant elements of empirical interdependence and nonnor-
mality and provides a means by which the salient features of the alter-
native models can be captured. Because both alternative price process
(to GBM) and stochastic volatility models have been proposed to explain
excess kurtosis in returns, the unconditional kurtosis for daily returns is
a logical attribute to choose. Furthermore, some research has indicated
that negative skewness is an important attribute for describing the returns

| of stock indexes and stock index futures. Both Theodossiou (in press) and

| Harvey and Siddique (1998) chose to examine the skewness in addition

| to the excess kurtosis. This attribute would provide evidence for the ex-
istence of asymmetric jumps, leverage effects, or both.

To examine both of these moments, price changes were estimated
with continuously compounded returns in the standard manner (with log-
price increments). Extreme care was taken to assure that returns were
estimated with only futures prices with the same expiration date. With
this time series of daily returns, the unconditional skewness and kurtosis
statistics were determined.

Clearly, because this research examined two variants of a stochastic
volatility model, attributes had to be selected that would allow the salient
features of these models to be captured. This required attributes captur-
ing the volatility of volatility parameter, the rate of mean reversion, and
the correlation between the processes. For this research, the estimation
of the standard deviation of the returns was determined with squared
returns, and these results were annualized (with the assumption of 252
trading days in a year). A number of attributes were selected to capture
critical dynamics of the volatility process.

The first attribute examines the volatility of volatility. I estimated a
time series of unconditional volatilities on a daily basis for a time horizon
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of 20 days (using nonoverlapping data). From this series, 1 estimated the
average and standard deviation. Because of widely different levels of these
sample statistics, a coefficient of variation statistic was chosen as the key
attribute. As a basis for comparison, the coefficient of variation of vola-
tility measured at the 20th lag would be approximately equal to 0.1622
if the underlying return series were i.i.d. [1//(2 X 19)].

Although this measured the variability of volatility at a single time
horizon, the time-varying dynamics of the standard deviation of volatility
could not be captured. This was instead achieved by the estimation of
the coefficient of variation of volatility with time horizons from 20 days
to 200 days in 20-day increments.” From statistical theory, the expected
decay in the standard deviation of a volatility estimate (6*) is a square-
root function of the number of observations used for estimation (SE =
6*/J2N). Given that the average level of volatility remains constant
(which was found empirically for these four markets), the decay in the
coefficient of variation should follow the same functional form. If the
first volatility observation is at the 20-day horizon, the decay in the stan-
dard deviation of volatility from that point forward can be expressed as
on'N/AN + 1). In this formula, oy is the standard deviation of the
volatility at the Nth observation, and N + 1 is the number of observations
in the next time horizon (initially N = 20 and N + 1 = 40). The func-
tional form of this decay can be expressed as a power function of the form
SE = ¢%//2 X N5 A linear regression of (the natural logarithms of)
the time horizon of estimation regressed on the levels of the coefficient
of variation was used to capture the empirical rate in decay. This can be
expressed as

In(6y) = a + B[In(N)] (4.1)

From this regression equation, the decay attribute follows this exponen-
tial form:

euvtlllnte\” (4.2)

Observed divergences in the beta coefficient of Equation 4.2 from —0.5
give an indication of the degree of the volatility of volatility persistence
observed in the unconditional process. This also provides an attribute to
capture the interaction between the rate of mean reversion and volatility
of volatility in the stochastic volatility process.

*The estimation of the volatilities was done with overlapping data. This introduced a bias in the
estimation ol the standard deviation of volatility. This bias was corrected with the Hodges and Tomp-

kins (2000) approach.
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Another salient feature of empirical return volatility series is that
subsequent realizations may not be independent. To capture serial cor-
relation in absolute returns, autocorrelation dynamics were examined di-
rectly rather than with alternative methods that rely on maximum likeli-
hood. This was achieved through examination of the autocorrelograms of
absolute returns previously employed by Taylor (1986) and Ding et al.
(1993). This approach has the additional benefit of known sampling prop-
erties. Thus, a simple confidence interval test can be used to reject the
null hypothesis of independence.

For the purposes of this research, composite measures of the auto-
correlations were required. Because the markets differ in the manner that
the autocorrelations decay, the averages of the autocorrelations from Lag
I to 20 and from Lag 51 to 70 were both selected. The first average
represents the short-term autocorrelation. The medium-term average pro-
vides an indication of how quickly the autocorrelations die out. Unfor-
tunately, such measures may no longer have known sampling properties
that allow for a simple parametric confidence interval test. Therefore, to
assess the sample characteristics of these composite measures, nonpara-
metric confidence intervals were determined via simulation. These two
attributes provide additional information relevant to the calibration of a
stochastic volatility model, as they capture both short-term and medium-
term evidence of volatility clustering.

The final attribute must measure the leverage effect and provide a
means for a correlation between the stochastic processes to be captured.
There is, however, one problem with the determination of the leverage

effect: Even if the volatility is a stationary series, the prices are not.
To solve this problem, a new variable was constructed that measures re-
cent price movements and is stationary.* This variable is an exponentially
weighted return series that indicates whether recent price movements are
relatively high or low. It can be shown that with some exponential weight-

WAL

ing scheme, where W = 1 — Qand O = ¢ . we can define a new series,

o;, that can be expressed as

J1

@ = o_; + Wlr,_; — o;,_;) (
where o, is the exponentially weighted price movement, r; is the daily

return, and the initial ; is set to zero. W represents the weight used in

the weighting scheme. This new variable was created, and the series of

20-day unconditional volatility were compared. With an arbitrary weight

*T'he author would like to thank Stewart Hodges (University of Warwick) for suggesting the use of
this variable.
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(W) for all markets imposed at 0.03, the correlation between the two
variables was estimated.” This correlation coefficient serves as an attri-
bute to measure the leverage effect.

With these seven target attributes, the stochastic volatility models
were parameterized via simulation. Following the three models proposed
previously, price series of 1,500 observations were generated consistent
with these models. The return and volatility characteristics of these sim-
ulated price series were estimated in exactly the same manner as was
done for the four stock index futures. The resulting simulated attributes
were then compared to the empirical attributes with an SSE statistic. To
reduce scaling impacts resulting from different levels of the attributes.
the squared errors were divided by the standard deviation of the attributes
across the four markets.” This test statistic can be written as

M; — X\
min E(;ﬁ——') (6)

where M; is the attribute for the stock index futures market, X, is the
attribute of the price series generated by the model, and 6 is the standard
deviation of the attributes across all the stock index futures markets for
the relevant period of analysis.

Finally, 500 samples of 1,500 prices consistent with Model 1 (GBM)
were drawn to better understand the sample properties of all the attrib-
utes and the test statistic. This provided a nonparametric estimation of
the standard errors of the attributes and allowed test statistics for com-
parisons between markets and models.

DATA SOURCES

The futures markets examined include the S&P 500 and Nikkei 225
traded at the Chicago Mercantile Exchange, the DAX (Deutsche Aktien
Index) index futures traded at the Deutsche Terminbérse, and the FTSE
(Financial Times Stock Exchange Index) 100 futures traded at London
International Financial Futures Exchange. Daily closing futures prices
were analyzed and were obtained directly from the relevant exchange, and

*To simplify the selection of the attribute, a fixed weight of 0.03 was applied to all markets and for
all periods ol analysis to allow the leverage correlation factor to not be subject to differing weights.
I'his was close to the optimal weights for each market with a maximum likelihood estimation pro-
cedure.

“In addition, the natural logarithm of the unconditional kurtosis was examined rather than the ab-
solute levels. This was done because of wide variations in this statistic across the four markets.

However, all results are presented as absolute levels.
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TABLE I

Markets Included in the Research, Time Periods of the Data, and

Number of Observations

Underlying Asset
Entire period

Time Period of Analysis

First Date

Last Date

Number of Observations

S&P 500 futures 23/11/90 17/12/98 2.042
FTSE 100 futures 23/11/90 18/12/98 2,042
DAX futures 23/11/90 18/12/98 2.020
Nikkei 225 futures 23/11/90 11/12/98 2,037
First period First Date Last Date

S&P 500 futures 23/11/90 15/12/94 1,029
FTSE 100 futures 23/11/90 16/12/94 1,029
DAX futures 23/11/90 16/12/94 1,016
Nikkei 225 futures 23/11/90 08/12/94 1,023
Second period First Date Last Date

S&P 500 futures 19/12/94 17/12/98 1,013
FTSE 100 futures 19/12/94 18/12/98 1013
DAX futures 19/12/94 18/12/98 1,004
Nikkei 225 Futures 09/12/94 11/12/98 1,014

Note: Futures prices are the closing daily levels for the nearest-to-expiration contract S&P = Standard & Poor’s, FTSE =
Financial Times Stock Exchange Index; DAX = Deutsche Aktien Index

the period of analysis was restricted to a period in which all four stock
index futures were traded. The underlying assets, the time period of anal-
ysis, and the number of observations used in the analysis appear in Table
I. To assess if results were period specific, the data were also split into
roughly equal time periods from 1990 to 1994 and from 1995 to 1999.
The time periods and number of observations in these split periods also
appear in Table 1.

Because this portion of the research is empirical in nature, a major
effort was made to assure the validity of the data used in the analysis and
to verify that the analytic methods employed were correct. This was
achieved in a number of ways. First, the futures price series were com-
pared with the options (on the futures) price series for the same days to
identify obvious errors in recording either price series. This comparison
was achieved by the comparison of the put—call parity values of the op-
tions with the underlying futures prices for every single date in our da-

tabase (and for all four markets). A screening procedure was imposed: If

futures or options prices diverged by more than the normal bid—offer
spread (of one tick), the observations were flagged. Once this was done,
each price was compared with the original daily price sheets to confirm
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if a key punch error had occurred. We discovered that only I to 2% of the
data had such errors. Nevertheless, these errors were of a sufficient mag-
nitude that they did influence the results and, therefore. required
correction.

The most arduous part of the data-cleaning process was the ongoing
examination of the data as results of the analysis were obtained. One
reason why four stock index futures and options markets were examined
was to allow a cross-sectional comparison. Apart from the benefit of as-
sessing general tendencies across markets, it is also possible to use anom-
alous results as an additional check on data validity. This assured that the
data series employed in this research was as accurate as was humanly
possible.

ATTRIBUTES FOR INDIVIDUAL MARKETS

For each market, the return statistics for daily returns were determined
for the entire period of analysis and for each subperiod. The results of
these analyses can be seen in Table I1. The first column describes the
market under investigation and indicates the time period examined. The
second and third columns present the mean and standard deviation of
the return distribution. The fourth and fifth columns present the statistics
for the unconditional skewness, and these provide a significance level
relative to a null hypothesis of normality.” All skewness significance sta-
tistics that are significantly different from the normal assumption at a
95% level (+1.96) appear in bold type. In the sixth and seventh columns.
the unconditional kurtosis statistic and the significance level relative to
a null hypothesis of normality appear.® When this statistic does not reject
the null hypothesis of normality at the 95% level or above, the statistic
and the significance levels are in bold type. The statistic in the eighth
column is the Bera—Jarque (B]) statistic for detecting departures of the
data from normality. Under the null hypothesis of normality, the B] sta-
tistic is distributed as chi-square with two degrees of freedom. The critical
value at the 1% level is 9.21. When the B] statistic exceeds this level, this
statistic also appears in bold type.

For all four markets, the dispersion of returns was not well described
by a normal distribution. For many of the four markets, the skewness

"Under the null hypothesis of normality, the skewness statistic is asymptotically normally distributed
with standard errors: SE = V(6/T), where T is the sample size,

"Under the null hypothesis of normality, the excess kurtosis statistic is asvmptotically normally dis-
tributed with standard errors: SE = V(24/T), where T is the sample size. This statistic is equal to
the kurtosis statistic appearing in Table 11 minus 3.0.
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TABLE Il

Statistics of the Daily Returns for Four Stock Index Futures Markets
(1990-1998)

Skewness Rurtosis Number
Uncondi-  Signifi- Uncondi- Signifi- of
Underlying tional cance tional cance BJ Observa-
Assel M SD Skewness  Level Kurtosis ~ Level Statistic tions

Standard & Poor's 500 futures

Overall period 0.00055 0.00907 -—0.4397 -8.11 11.401 77.47 6067.18 2041
First period 0.00030 0.00717 0.2074 2.72 6.078 20.14 413.14 1028
Second period 0.00079 0.01066 —0.6477 -8.42 10.884 51.22 2694.11 1,013

Financial Times Stock Exchange Index 100 futures

Overall period 0.00038 0.01000 -0.0944 ~1.74 5.979 27.47 757.87 2041
First period 0.00014 0.00950 0.1322 1.73 4.457 9.54 93.94 1028
Second period  0.00063 0.01048 -0.2779 -3.61 6.983 25.88 682.76 1013

Deutsche Aktien Index futures

QOverall period 000043 001272 -0.6466 -11.86 11.744 80.20 6572.19 2019
First period 000011 001200 —-0.8826 -11.48 19.675 108.44 11891.68 1015
Second period  0.00075 001340 -0.4865 —6.29 6.408 22.04 525.49 1004

Nikkei 225 futures

Overall period —-0.00037 001538 0.1161 2.14 4.919 17.68 317.04 2036
First period —-0.00039 0.01516 0.1943 2.54 4.447 9.44 95.58 1,022
Second period —0.00035 0.01560 0.0437 (0fyd 5.352 15.29 234.01 1,014

Note: These returns were based on closing futures prices for the nearest-to-expiration futures contracts. The first column
describes the market under investigation and the period of analysis (entire period, 1990-1998; first period, 1990-1994
second period, 1994-1998). The second and third columns present the first (mean) and second (standard dewviation)
moments of the return distribution. The fourth and sixth columns present the statistics for the unconditional skewness and
kurtosis. Under the null hypothesis of normality, the skewness statistic is normally distributed with standard errors, SE =
sqri(6/T), where T is the sample size. This appears in the last column. The fifth column indicates a significance statistic
testing a normality hypothesis. If the skewness statistic rejects this at a 95% level or greater, this is indicated in bold text
Under the null hypothesis of normality, the excess kurtosis statistic 1s normally distnbuted with standard errors, SE =
sart(24/T). This statistic is equal to the kurtosis statistic appearing in the table minus 3.0. Column 7 indicates a significance
statistic testing the null hypothesis of normality. If the kurtosis statistic rejects this at a 95% level or above, this is indicated
in bold text. The statistic in the sixth column is the Bera-Jarque (BJ) statistic for detecting departures of the data from
normality. Under the null hypothesis of normality, the BJ statistic is distributed as chi-square with two degrees of freedom
The critical value at the 1% level is 9.21. When the BJ statistic is above this level, this statistic appears in bold text

statistic tended to be significantly different from that of a normal distri-
bution. However, the skewness was neither consistently negative for all
markets nor always significant. On the other hand, for all four markets
(and for all time periods), the daily returns always displayed significant
excess kurtosis. These two factors led to all BJ values exceeding their
critical values. These results are consistent with previous empirical ex-
amination of return series for stock markets by Theodossiou (in press)
and Harvey and Siddique (1998).

As the remaining attributes all capture characteristics of the volatility
process, these are summarized in a single table, Table 111. In this table,
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the first column describes the individual market examined and the time
period of the analysis. The next three columns display the average an-
nualized volatility measured at a 20-day time horizon. At the bottom of
these columns are the expected attributes from a GBM dispersion process
with constant variance. The attribute of interest to this research is the
coefficient of variation statistic. For all four markets and for all time pe-
riods, we can compare this measure of the volatility of volatility to what
would be expected under the GBM assumption. By determining a stan-
dard error of this attribute by simulation, we can reject the hypothesis
that the volatility process conforms to the GBM i.i.d. assumption.

In the fifth column, the beta of the regression of the relationship
between the (natural logarithms of the) time horizon of the estimation
period against the coefficient of variation of volatility is shown. If markets
conform to a GBM i.i.d. process, a decay coefficient of —.50 (seen at the
bottom of the column) would be observed. For each market, the rate of
decay was (statistically) significantly less than this decay function (the
standard error of this attribute was estimated in a nonparametric manner
by simulation). In column 6, the leverage correlation coefficient appears.
This measures the relationship between the 20-day unconditional vola-
tility and the recent relative prices. Consistent with the negative leverage
effects Christie (1982) pointed out for individual stocks, stock index fu-
tures markets also seem to have had a significant negative leverage effect.
The exceptions were the FTSE 100 and S&P 500 futures over the first
period (1990-1994). These results should be interpreted with care be-
cause the simulated standard error of this attribute was fairly high
(0.0999). Although these effects remained significant, it was only (barely)
at the 95% level.

The final two columns represent the average autocorrelations of ab-
solute returns for lagged periods from 1 to 20 days and from 51 to 70
days. Underlying the assumption of an i.i.d. price process, these have a
prior expectation of zero. For all four markets and for all time periods,
these averaged autocorrelations were statistically significant and positive.
However, the degree of autocorrelations seemed to be higher in the sec-
ond period relative to the first period.

The results listed in both Tables Il and I indicate that both the
return series and the volatility process are significantly divergent from a
prior assumption of a GBM ii.d. process. With these attributes as target
conditions, the proposed alternative models were examined.

FITTING ALTERNATIVE MODELS

In previous sections, the models to be tested were presented. Only tech-
nical issues in the simulation process and the parameterization of the
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stochastic volatility models remain to be discussed before proceeding di-
rectly to the results.

The simulated method of moment's approach was done in a two-
stage process. The first stage was to determine representative distribu-
tions for the later simulations. Specifically, this entailed the generation
of 500 samples of 1,500 draws from an independent normal distribution.
According to standard procedures, the random number-generation pro-
cess used a standard Box-Muller method and the antithetic approach
suggested by Boyle (1977). With these 500 samples, price series were
constructed that conformed to GBM with constant variance (with Equa-
tion 1). The distributional and time series attributes of each series were
assessed and compared to the theoretical moments of an i.i.d. GBM pro-
cess. Utilizing Equation 6, I determined the SSE between each of the
500 samples and the true attributes of an i.i.d. GBM process. The two
distributions with the lowest SSEs relative to the priors were selected as
representative normal distributions. For convenience, the normal distur-
bances for the underlying price process are referred to as Z, and the
normal disturbances for the volatility process are referred to as Z,. These
two series were uncorrelated. Thereafter, whenever simulation used ei-
ther of these distributional forms, the same sets of random numbers were
used (to reduce errors introduced by the selection of random numbers).
Table 1V details the results of the simulated GBM price series and pro-
vides the sample standard deviation of the 500 simulated series. In this
table, the theoretical attribute values for a GBM process are listed as are
the average attribute values and the standard deviations of the attributes
across the 500 simulations. Of crucial interest are the sampling properties
of the attributes and especially the SSE statistic. The standard deviation
of this statistic was found to be equal to 4.5646 and was used subse-
quently as a means to establish confidence intervals for the comparison
of the alternative models. Finally, the characteristics of the two represen-
tative draws of the GBM process appear in the bottom two rows.

To generate the NIG distributions, I generated random numbers with
the method suggested by Rydberg (1997). These simulations required the
input of the four moments of the distribution. The first moment (mean)
was set to 0.0, and the second moment (variance) was set to 1.0. The
third (skew) and fourth (excess kurtosis) moments were chosen to be less
than the observed moments for daily returns in Table I11. This was done
because the stochastic volatility interacts with the NI1G distribution and
vields simulated moments that are amplified compared with the NIG mo-
ments. Because these effects could not be ascertained before the simu-
lation, four NIG distributions were simulated, and all were examined as
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TABLE V

Sample Statistical Moments of Simulations of Four Normal Inverse Gaussian

(NIG) Distributions

NIG Distribution M SD Skewness Kurtosis
NIG1 0.01821 1.00088 —0.0049 4.7807
NIG2 0.00078 0.93955 0.9289 8.7576
NIG3 —0.00665 1.01818 —-0.1936 3.4129
NIG4 0.0035 0.99176 -0.0794 7.627

Note: We simulated four NIG distributions with the method suggested by Rydberg (1997). This method requires the four
moments of the distribution to be input. The first moment (mean) was set to 0.0, and the second moment (variance) was
set to 1.0. The third (skew) and fourth (excess kurtosis) moments were chosen to be less than the observed moments for
daily returns of the four stock index futures markets, This was done because the stochastic volatility will interact with the
NIG distribution and amplify the resultant simulated moments

potential candidates for the underlying price process. These four possible
NIG distributions appear in Table V as NIG1 to NIG4.

This approach contains an apparent inconsistency; although the ran-
dom numbers estimated conform to an NIG distribution, I simulated
prices assuming that a risk-neutrality condition exists. When the under-
lying price process follows an alternative process, such as an NIG distri-
bution, a correction to the drift term is required to allow risk-neutral
evaluation. An appropriate risk-neutral drift adjustment is

* [ [ 2 ) et 5 2 G
I\'Cl_ — (B~ + g, 1° \‘."Il'ﬁf)s - \‘-Cd o B J o —_ll
JAt

—_
~I
—

where a, is the risk-neutral adjusted drift; «, B, 8, and p are the parameters
of the NIG distribution; and o, | is the random volatility (from the sto-
chastic volatility process in Equation 3.2) for the previous discrete ob-
servation. A complete proof of the derivation of this drift adjustment ap-
pears in the Appendix.” This drift was then used in Equation 3.1 with the
drift term (u) equal to a,_, from Equation 7, and the disturbances were
drawn from the NIG distribution.

Finally, to simulate correlated processes, 1 estimated a new set of
random numbers (Z') for the volatility process using the usual method
for drawing samples from a standardized bivariate distribution:

Z''=Zp+ J0 - p»-Z, (8)

9 . PO . . - . - [ - . .
In the Appendix, it is noted that this is only one way to adjust this drift to achieve risk neutrality.
Because this model implies markets are incomplete, there may not exist a unique martingale measure.
However, this is certainly a feasible adjustment and will allow relative comparisons to be drawn.
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where Z represents the random disturbances for the underlying price pro-
cess (for GBM, the Z, set of normal draws; for an NI1G process, the draws
from one of the four samples). The term Z, refers to the representative
normal distribution selected for the volatility process, and the term p
refers to the correlation coefficient between the two processes.

Once the distributions were drawn, the second stage of the simulated
method of moment’s approach was done in three steps. The first step was
to simulate price and volatility series that were consistent with the pro-
posed models, and the second was to determine the attribute values for
this simulated series. The third step entailed varying the parameter inputs
into the models to minimize the SSE relative to the observed empirical
attributes. To efficiently perform the third step, I started by examining
the sensitivities of the overall SSE to a small incremental change in each
of the parameter inputs (holding the other parameters constant). Of the
four variables in both of the stochastic volatility models, I found that only
three of the factors were critical. For a given long-term volatility, 0 (taken
as the average 20-day volatility in Table I11), the crucial factors were the
rate of mean reversion, k; the volatility of the volatility, &; and the cor-
relation between the price and volatility process, p. I found that small
changes in the level of the long-term volatility had almost no effect on
the SSE. Because only three parameters needed to be varied, the pa-
rameterization simply compared the SSEs with the initial seeded param-
eter values to the SSE for the same model (and random numbers) but
with variation of the three critical parameters (x, &, and p). By varying
only three parameters both up and down, I had to compare only eight

alternatives to the original results. If one of the new combinations of

parameters achieved a lower SSE, this model would replace the previous
model. The search routine continued to search the “cube” ol eight adja-
cent alternative-parameter combinations until no new combination
yielded better results. The initial scarch procedure first used fairly high
increments in the adjacent corner search (e.g., 1.0 for k and 0.1 for &
and p). When optimal parameters were found, the increments for the
search were progressively reduced (e.g., as low as 0.01 for k and 0.0001
for £ and p) until no further reduction in the SSE was achieved. When
no further improvement in the SSE was possible, the final combination
ol parameter values was deemed the optimal estimation of the alternative
stochastic volatility models.

Tables VI through IX display the empirical attributes (taken from
Tables 11 and 111) and the results of the models for each of the stock index
futures markets. These results are split into the three periods of analysis.
In cach of these tables, the three time periods of analysis appear. On the
left-hand side, the parameterization of each of the three models appears.
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66 Tompkins

Only the parameter values and the NIG distribution that had the lowest
SSE are presented. On the right-hand side, the simulated attributes of
each model appear with the empirical attributes directly above for com-
parison. In the column immediately to the right of this, the SSE for each
model appears. The final column indicates a T-test statistic comparing
Models 2 and 3 to the GBM assumption. This was computed by taking
the difference in the SSE for the models compared to the GBM case and
dividing this by the simulated standard error of the SSE statistic found
in Table IV.

As was expected, the GBM model with constant variance was re-
jected in favor of Models 2 and 3. The T statistics indicate a rejection at
well above a 99% confidence interval. If the model with the lowest SSE
is assumed optimal, of 12 data sets Model 3 (NIGSV) is the best in 9 and
Model 2 (SV) is the best for the remaining 3. For all 12 data sets, cor-
related processes were indicated.

These comparisons provide insights into which attributes are ad-
dressed by the facets of the proposed models. The pure stochastic vola-
tility model (SV) addresses the volatility clustering effects measured by
the two autocorrelation attributes as well as other volatility dynamics (the
volatility of volatility [CoV attribute| and the decay of this over time [line
fit]). The inclusion of correlated processes allows the leverage effect and
the negative skewness in the returns to be captured. However, this model
still fails to generate sufficient excess kurtosis. Model 3 (NIGSV) is able
to capture all seven attributes.

Comparisons between Models 2 and 3 can be made by examination
of the T-test statistics in Tables VI through IX. As the T-test statistics
provide an indication of the improvement in these models relative to the
GBM case, taking the differences between these statistics provides in-
sights into marginal improvement of Model 3 to Model 2. In 9 of the 12
cases, Model 3 had a higher T statistic. However, the differences were
small. For all attributes except the excess kurtosis, both models performed
equally well. What appears to be most critical is the inclusion of corre-
lations between the underlying price and volatility processes. These cap-
ture the leverage and a portion of the skewness effect.

IMPLICATIONS FOR OPTION PRICING

From the preceding section, a more realistic price process for the four
stock index futures markets has thus been uncovered. This will serve as
a prior process for the estimation of option values. The next step is to
examine the implications for options based on these assets. Because the
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parameter estimation of the stochastic volatility models relies on simu-
lation, it is a simple matter to use a similar simulation technique to es-
timate option prices. This simulation approach determines European call
and put options numerically (a Monte Carlo approach) over a variety of
strike prices and times to expiration. This is similar in spirit to the ap-
proach used by Johnson and Shanno (1987).

In the preceding section, | demonstrated that in almost all instances,
Model 3 (NIGSV) was optimal; therefore, only this was considered for

' The choice of the appropriate input

the estimation of option values.
parameters for this model was taken from the previous section and was
based on the results for the entire period of analysis.

An apparent inconsistency for this approach is that the use of Monte
Carlo simulations to price options assumes that a risk-neutrality condi-
tion exist. This suggests that the state space is continuous and spanned
across that space by existing securities. However, for the model examined,
stochastic volatility, correlated processes, and (negative) jumps have been
introduced into the state space. Because no securities exist that allow the
state space to be spanned when the volatility displays such dynamics,
these models do not permit us (in the strictest sense) to use the risk-
neutrality argument to price the options. This is an apparent theoretical
inconsistency. However, the determination of the risk-neutral drift ad-
justment for the NIGSV process in Equation 7 does allow limited com-
parisons of the simulated options prices to be made actual option prices,
which are evaluated under the risk-neutral measure. Although the equiv-
alent risk-neutral measure in Equation 7 is certainly feasible, it may not
be unique. In this research, 1 examined whether this measure is unique
by first assuming that both simulated and actual option prices are eval-
uated under an equivalent risk-neutral measure. If this is the case, we
can assess if this alternative price process alone is sufficient to explain
the existence of implied volatility smiles. If this is not the case, this may
suggest that the equivalent risk-neutral measure is not unique and mar-
kets are incomplete.

In this simulation, price series of three months in length were de-
termined. Because the estimation of the unconditional (historical) dis-
persion processes was completed for trading days, options were also
priced with trading time instead of calendar time. The assumed number
of trading days in a year is 252. Option prices were estimated at time

horizons from 1 week (5 trading days) to 3 months (in 5-day increments).

"Although for 3 of the 12 data sets the SV maodel was marginally superior to the NIGSV model, this

difference was statistically significant.
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Such options would correspond to typical terms to maturity of actively
traded options on stock index futures.

To gain a better understanding of the impacts of the alternative mod-
els across strike prices, | examined 15 strike prices. The median strike
price was centered at the starting value of the simulation and was equal
to 100. As the assumed underlying assets were futures or forward con-
tracts, the interest rate was assumed to zero. This corresponds to an at-
the-money option relative to the forward price.

The impacts of the model on options with different strike prices were
of additional interest. The analysis was restricted solely to out-of-the-
money strike prices. Thus, when the strike price was equal to or below
the starting value of 100, the option evaluated was a European put, and
when the strike price was above 100, the option evaluated was a European
call. A nontrivial problem was the choice of strike prices so that as ma-
turities of options varied, meaningful comparisons could be drawn. In
previous articles on the impacts of stochastic volatility on option prices,
strike price determination has taken one of two forms. Authors have ei-
ther chosen to fix a single maturity and vary the strike prices in terms of
moneyness (see Hull & White, 1988) or fixed the degree of moneyness
(or strike prices) and examined the impacts across different maturities
(see Henker & Kazemi, 1998).

Unfortunately, both methods do not allow meaningful conclusions
to be drawn about the impacts of the models on option prices across time
and a consistent measure of moneyness. Natenberg (1994) and Tompkins
(1997) proposed a more consistent measure of strike price. This was
slightly modified to

In(X,/F)

; 9)
0,/1/252 (

where X is the strike price of the option, F is the underlying futures price,
and the square root of the time factor reflects the percentage in a trading
vear of the remaining time until the expiration of the option. Sigma (o)
is the at-the-money volatility.

This adjustment notes that the distance of an option strike price to
the level of the underlying asset is relative in respect to the current price
of the underlying, the time to expiration, and the level of expected vola-
tility. This adjustment converts all strike prices into a metric that can be
interpreted as a standard deviation. Thus, in this analysis the strike price
ranges * 3.5 standard deviations away from the at-the-money level were
examined in 0.5 standard deviation increments. This change in measure
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allowed a more direct comparison of model impacts on option prices
where the time to maturity varied but the relative strike prices remained
the same."!

For the simulations, the volatility parameter chosen was equal to the
level of volatility used in the parameter determination of all models for
cach of the four markets for the entire period of analysis. Because of the
extremely wide range of volatilities across the four markets, the standard-
ization of the strike prices allowed direct comparisons to be made and

allowed subsequent comparisons to be made with actual implied volatility

surfaces.

For the Monte Carlo simulation, random numbers consistent with a
GBM process were determined with a Box—=Muller technique, and the
antithetic approach suggested by Boyle (1977) was employed for both.
This series was later used to determine the bivariate distribution used to
estimate the stochastic volatilities. This series of random numbers was
stored and used for all subsequent estimations of stochastic volatility. For
cach of the three NIG distributions, 10,000 were drawn with the method
suggested by Rydberg (1997). The same approach was used for the esti-
mation of the optimal stochastic volatility parameters in the previous sec-
tion. These were also stored and used for all analysis that used that par-
ticular NIG distribution. Then, the bivariate distribution was estimated

for the volatility series with Equation 7 and the optimal parameters of

Model 3 for the stock index futures in Tables VI through IX (for the entire
period of analysis).

With the appropriate NIG distribution and the estimated bivariate
distribution for the stochastic volatility, volatilities and prices were esti-
mated with an Euler approach (discrete form of Equations 3.1 and 3.2).
With the prices of each model estimated, the payoffs of the 15 options
(at each point in time) were determined, and the result was averaged. As
interest rates were assumed to be zero, there was no need to discount the
result to present value.

In parallel, 1 estimated the prices of all the options for each market
with the Black (1976) model with the same strike prices as the simulation,
the same term to expiration, and volatility equal to the same long-term
volatility used in the simulations. The underlying futures prices used in
the determination of the Black (1976) price were equal to the average
futures price in the simulation at the same point in time. Because the

""This manner of expressing the strike price is similar to the dy term that appears in the Black—
Scholes formula. It is common market practice in the currency options market to express strike prices
in terms of the delta (N|d,]) and quote implied volatilities relative to this. This approximately ex-
presses Equation | as a probability.
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underlying asset was a futures contract, the interest rate and dividend
vield was set to zero (the same assumptions were made for the estimation
of the Model 3 option prices).

Although standardization of the strike prices simplified comparisons
between the four markets, the sheer amount of information made such
comparisons cumbersome. Thus, only the results for a single market, the
S&P 500, are presented. Furthermore, to simplify comparisons between
simulated and actual implied volatility surfaces, the simulated option
prices were expressed as implied volatilities. I further standardized these
implied volatilities by indexing them to the constant volatility assumed in
the Black (1976) model (dividing each of the implied volatilities by the
assumed constant volatility and multiplying by 100). The indexed implied
volatilities were then presented as a continuous surface relative to the
standardized strike prices and time to expiration. This surface for the S&P
500 futures appears in the middle panel of Figure 1 and is titled Simu-
lated Implied Volatility Surface. This figure has been scaled to allow direct
comparison to actual implied volatility surfaces of options on the S&P
500 futures (which appears in the upper panel).

The simulated implied volatility surface for the S&P 500 appeared
to display some of the features reported by Derman and Kani (1994) and
Corrado and Su (1996). The characteristic curvature of volatility smiles
was found, and there was some degree of negative skewness (especially
for longer maturity options). Although I have not explicitly discussed the
impacts of this model across a cross section of option prices, this figure
implicitly displays these impacts. For all the markets, the Black (1976)
pricing model overvalued options that were at-the-money and within a
significant range around (and above) the at-the-money level. The shaded
areas below 100 represent this in the graphs. For out-of-the-money op-
tions, the Black (1976) model tended to undervalue option prices (es-
pecially for options with lower strike prices), and the overpricing bias
tended to increase the longer the term to expiration was. These results
are consistent with the biases of stochastic volatility on option prices
found elsewhere (Hull & White, 1988). Similar results were found for
the other three stock index futures markets

In the top panel of Figure 1, the actual implied volatility surface
associated with options on S&P 500 futures appears. To construct this
surface, implied volatilities were estimated with the Black (1976) model
for all (out-of-the-money) options on the S&P 500 futures. The period
of analysis was from November 1990 to December 1998 (contempora-
neous with the period of analysis of the S&P 500 futures). Analysis was
restricted solely to options with the same terms to expiration used for the
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Actual Implied Volatility Smiles
Options on S&P 500 Futures

Simulated Implied Yolatility Surfaces
S&P 500 Futures

B NDIED

Differences in Implied Volatility Smiles
S&P 500 Futures and Options

FIGURE 1
Implied volatility surfaces for Standard & Poor's (S&P) 500 futures and options: Actual,
simulated, and differences. The top panel presents the actual implied volatility surface associated
with options on S&P 500 futures for the period from November 1990 to December 1998.
Implied volatilities and strike prices were standardized. The middle panel represents a simulated
implied volatility surface consistent with the NIGSV model (see the text), with parameter values
determined with the entire period of analysis (1990-1998). Implied volatilities were estimated
with the Black (1976) model. The strike prices were expressed in standard deviation terms (away
from the average simulated futures price), and the volatilities were indexed to the constant level
of 20%. The bottom panel displays the differences between the actual and simulated implied
volatility surfaces for the same relative strike prices
and terms to expiration.
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simulated option prices (5 days—3 months in 5-day increments) and ex-
cluded all options prices that allowed arbitrage (see Jackwerth & Rubin-
stein, 1996). The strike prices were then converted to the same stan-
dardized form as was done for the simulated implied volatility surfaces
(with Equation 9), and the levels of implied volatility were indexed to the
level of the at-the-money implied volatility. Then, the indexed implied
volatilities were grouped by the same term to expiration. Finally, for each
term to expiration, a polynomial fitting procedure (see Shimko, 1993;
Tompkins, 1999) was implemented to vield an implied volatility smile.
These were then combined, and the volatility surface was drawn.'?

For the actual implied volatility surface associated with options on
the S&P 500, it is clear that the degree of curvature was most extreme
when the options were closest to expiration and became more linear with
longer expirations. For the simulated surfaces, the effect was the opposite.
Furthermore, the implied volatility surfaces for the actual options market
were much more curved that for the simulated surfaces.

Another important difference is that the actual implied volatility sur-
face displayed much greater asymmetry than the simulated surface. Op-
tions with strike prices below the current futures price had higher implied
volatilities than options with higher strike prices. Similar results were
found for the other three markets.

These differences are a consequence of the model chosen under the
objective measure. Let us consider each facet of the NIGSV model sep-
arately. The NIG process for returns captures the effects of nonnormality
in daily returns. Therefore, if subsequent disturbances are independent,
this process will rapidly approach that of a normal distribution from the
central limit theorem. If the higher moments of the chosen NIG process
were sufficiently extreme, a more curved (and skewed) shape would be
observed for options with short terms to expiration and would become
more linear as the time horizon of the option were extended. For S&P
500 futures, the optimal NIG price process for the S&P 500 (NIG 1) was
insufficiently nonnormal to produce the biases found with actual smiles.
One interpretation of this result is that the higher moments from the risk-
neutral process are different (more extreme) from those for the (risk-
neutral adjusted) objective process.

The positive relationship between the degree of curvature in the sim-
ulated implied volatility surfaces and the time to expiration was most

"*Tompkins (1999) used a model expanding Shimko (1993) to include higher moments and time/
strike-price interactions. When implied volatility surfaces were standardized (relative to the ATM
volatility), this model was able to explain 95% of the variance in the implied volatility surface of the
S&P 500, and Tompkins (1999) demonstrated that this degree ol explanatory power is retained

outside ol .-.umplv.
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likely due to the inclusion of the stochastic volatility process. As pointed
out by Hull and White (1988), the degree of bias in option pricing in-
creases with the time to expiration of the option. This would produce an
implied volatility surface that would display more curvature with a longer
term to expiration. Because the volatility process in Equation 3.2 assumes
a Gauss—Wiener process, this effect should be symmetrical. However, the
simulated surface displayed an asymmetry relationship with the time to
expiration. This asymmetry was due to effects of the negative correlation
between the processes. Clearly, the longer the period was, the greater the
impact of the negative correlation was. Similar results were found for the
other three stock index options markets.

The divergence between the patterns of implied volatility surfaces
suggests that the inclusion of our proposed stochastic volatility models
in option pricing is insufficient to explain the existence of implied vola-
tility smiles. The most obvious conclusion is that I have the wrong model
and that some alternative approach may better describe the unconditional
price process for the underlying futures. However, it is unclear what the
alternative approaches would be. The models tested here included non-
normality in the return process, stochastic volatility, and correlated pro-
cesses. Most models proposed in the literature to explain the objective
price and volatility processes are nested in the model examined here.

A second possibility is that models 1 examined are correct but that
my method of parameter estimation has vielded incorrect model inputs.
The potential problems with parameter estimation could be due either to
inadequacies of the simulated method of moments approach or the se-
lection of inappropriate (or incomplete) target moments. As the former
has been extensively examined in the literature and dismissed, this is

unlikely. The choice of target moments was determined by inclusion of

all relevant facets of nonnormality and volatility that have been pointed
out in the empirical literature; it is unclear what additional attributes
would be included.

The third possibility is that even if the price process of the underlying
asset was correctly modeled, it is not obvious that option prices would
conform to this process. The Cox and Ross (1976) link between the ob-
jective and risk-neutral processes would be incomplete in the presence
of nontraded sources of risk. For the models examined here, the intro-
duction into the state space of nonconstant volatility, jump processes,
and correlations between the two processes would introduce just such
nontraded sources of risk. Thus, it is clear that my assumption of a unique
martingale measure is incorrect. Because this is the case, a logical next
step would be to better understand the nature of this risk. Scott (1987)
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explicitly examined the dynamics of the risk premium when volatility was
stochastic and was not a traded security. I examine the nature of the risk
premium implicitly by examining the differences in the simulated and
actual implied volatility surfaces.

The simple difference between these two surfaces appears in the
bottom panel of Figure 1. Standardization of both surfaces simplifies in-
terpretation as the percentage difference in the (standardized) level of
implied volatility. The actual implied volatilities were between 10 and 70%
higher than those associated with the implied volatilities consistent with
the objective price process. For the shortest time-to-expiration options,
almost none of the curvature in the actual implied volatility surface was
explained by the model of the objective process. Even so, the divergences
between the surfaces were relatively symmetrical relative to the ATM (at
the money) level for options with a short time period to expiration (out
to 15 days to expiration). One possible interpretation of this is that the
skew effect for options on stock index futures with short time periods to
expiration might have been due primarily to an alternative price process
(an NIG process with negative skewness). For longer terms to expiration,
approximately one half of the curvature in the actual implied volatility
surface was addressed by the objective price process model. However, for
longer dated options, the divergence in the surfaces was asymmetric. The
inclusion of correlated processes should address this. Even so (and with
the use of an appropriate measure of the objective leverage effect), this
appears insufficient to completely explain this effect. For options with
higher strike prices and a longer term to expiration (35-90 days), the
divergence between the two surfaces was small. However, the fact that
everywhere the difference between the surfaces was positive could be
interpreted as evidence for the existence of a risk premia. Alternatively,
this difference could be associated with transaction costs or could be
caused by other sources of market imperfections or frictions. For the
other three stock index futures markets, the differences in the simulated
and actual implied volatility surfaces displayed similar patterns, with the
exception that for two of the other markets, the divergence seemed rela-
tively time invariant (Nikkei and FTSE 100 futures).

SUMMARY AND SUGGESTIONS FOR FUTURE
RESEARCH

This article examined the nature of the objective dispersion processes,
which can be observed for futures contracts on four stock indexes. To
capture the multifaceted nonnormality and interdependence of the em-
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pirical dispersion processes, seven attributes were identified. With these
attributes for each of the four markets, two alternative stochastic volatility
models were examined. I found that all four markets were best understood
with a model that assumed the price process follows an NIG process and
that the stochastic process driving volatilities was negatively correlated to
this NIG process.

On the basis of an optimal parameterization of this model, European
options were determined numerically for each market. Significant diver-
gences from the Black (1976) values were observed. For all markets, this
option pricing model tended to increase the prices of options with lower
strike prices relative to Black (1976) prices and decrease the value of
ATM and higher strike price options. The results of this research points
out for the first time the relative biases associated with the option pricing
model proposed by Barndortt-Nielsen and Shephard (1999). This extends
the research of Hull and White (1988) to consider a richer class of sto-
chastic volatility models.

Option prices consistent with the model were then expressed as stan-
dardized implied volatility surfaces and compared to actual implied vol-
atility surfaces from options on the S&P 500. Although the simulated
implied volatility surfaces display some stylized facts similar to actual
surfaces, differences were observed that were similar across all four mar-
kets. For the entire surfaces, the actual option prices had higher implied
volatilities than for option prices consistent with the model. Therefore, |
rejected the hypothesis that the stochastic volatility models proposed
were sufficient to explain the existence of implied volatility smiles. Of
interest is that the differences between the implied volatility surfaces
consistent with the objective and risk-neutral processes appeared to dis-
play similar dynamics for all four markets. The nature of this difference
should provide a useful starting point for future research into the nature
of the risk premium in options prices and should provide insights into
the relationship between the objective and risk-neutral processes.

APPENDIX: DERIVATION OF THE RISKk-
NEUTRAL DRIFT ADJUSTMENT FOR AN NIG
PROCESS

The process S, generated by the NIG distribution, should be a martingale.
In the discrete time setting, this means

ELS, )%, =8, pi=1,23...n (A1)
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with §, | denoting the information at time t; . Because both the drift
term, a, and the volatility, 6, are known at time t; | and the variance of
the series V; is independent from the history leading up until t; , this is
equivalent to

Af) = ] (e\.Z)

& A
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where m(x) = E[e*] is the moment generating function of the NIG (p,
8, a, PB) distribution. This function is

)

m(x) = expd(Ja? — f* — J&@ — (B + x)?) + ux) (A3)

So the appropriate choice of drift is

| ' 1
a = —In (——) (A4)
A m(a, | |At)

N

Combining equations A3 and A4 leads to
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As a final note, adjusting the drift is only one way to obtain a martingale
(for risk-neutral valuation). Given the models examining suggest markets
are incomplete, there are alternative approaches. For example, for the
constant volatility NIG process in continuous time, the natural approach
would be to estimate the parameters, 1, 6, «, and § from the observations
of S and adjust B to obtain a risk-neutral valuation.
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