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this study examined whether the iticlttsion oi an appropriate sto-
chastic volatility that captures key distributional and volatility facets
of stock index futures is sutficient to explain implied \olatility smiles
for options on these markets. I eonsidered two \ariants ofstoehastic
volatility models related to Heston (1993). These models are differ-
entiated hy alternative normal or nonnormal processes driving log-
price increments, lor four stock intlex futures markets examined,
models including a negatively eorrelated stochastic volatility process
with tionnormal price innovations performed hest within the total
sample period and ior stibiicriods. Lsing these optimal stochastic vol-
alilit\ models. I determined the prices of European options. When
comparing sinuilated and acttial options jiriccs for these markets. 1
lotind stihstantial ditlerences. lhis stjggests that the inclusion of a
stochastic volatility proeess consistent with the ohjecti\e process
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INTRODUCTION

Soon after the publication of Black and Scholes' (197.-^) article on option
pricing. Black (I97S) pointed out th;tt the constant volatility assumption
may be incorrect, noting that the \()latility may be a function of the un-
derlying price level. Subsequent research has identified the existence of
different volatilities implied from option prices for different strike prices
and terms to maturity (sec Jackwcrth & Biihinstcin. 1996, fora review
of this fitcrature). lhis effect has been commonly called the hnpUed vol-
atility smile (for options with the same term to expiration) and the term
structure of volatility (for options with different terms to expiration).

Generally, two possible reasons have been proposed to explain these
effects. Ihe first approach assumes that market imperfections exist that
systematically prevent option prices from taking their true Black—Scholes
values. Such market imperfections include the introduction of errors as-
sociated with diserete hedging, transactions eosts, incomplete markets,
and heterogeneous market agents with diverse expectations. Alternatively,
a number of articles have examined the imj^lieations for option ]irices
when the underlying asset price proeess differs from the lognormal dif-
fusion proeess or the volatility is neither constant (Black & Seholes, 1973)
nor a deterministic function (Merton, 1973), Mayhew (1 99S) provided a
brief review of both approaches. 1 his researeh examines the latter
hypothesis.

This article examines the nature ot the objective dispersion processes
for stock index futures and proposes the inclusion of stochastic volatility
t(j explain these empirical facets of the objective price processes. Once
this is done, the implications for option pricing arc considered. Pre\ious
research has examined tbe effects of stochastic volatility (in the under-
lying objective price process) t)n option pricing (see Heston, 1993; Hull
& White, 1987; Johnson & Shanno, 1987; Mclino & Turnbull, 1990;
Scott. 1987; Stein & Stein, 1991; Wiggins, 1987). This article extends
this line of research.

The models considered include nonnormality in the underlying iog-
price process and eorrelated price and volatility processes. Because of the
rich nature of these models, they do not letid themselves to parameteri-
zation using standard methods (e.g., maximum likelihood methods), and
I utilized a simulateii method ol moments approach, I cbose target em-
pirical moments to address most styli/ed results previously pointed out



Stochastic Volatility Models and Smiles 45

in the literature. Speeilie;illy, I eonsidered higher moments of the return
series and tiynamies ot the xolatility process ynd le\eragc ettects. Once 1
loLind suitable parameter values (or alternative models and derived a Fea-
sible risk-neutral drift adjustment, I determined options prices numeri-
cally, assuming the drift adjustment was unique.

Io allow eomparisons between the simidatcd and actual option
prices, all priees were reexpressed as standardized implied volatilities and
were plotted as surfaecs. I found substantial diiferences between tbese
surfaces for the Standard & Poor's (S&P) SOO futures market, and this
suggests tbat tbe inekision oi stoebastie volatility for the objective process
alone is insiilCieient to explain the existence ol implied volatility smiles.
However, I found consistent divergences between simulated and actual
implied volatility surfaces across for four markets, and this may provide
insigbls into tbe nature of market imperfecti(tns and risk premia. Scott
(1987) eonipleted similar researcb on stock options and found similar
results. He suggested tbat furtber researeb sbould test tbe effects of sto-
cbastic volatility on the pricing of options for a larger sample. Tbis study
atbieved tbis by tbe examination of four stoek index futures and options
markets for a jjcriod encompassing tbe decade of tbe 199()s.

I he article is organized as iollovvs. In the first part, I briefly review
previously presented empirical evidence tbat indicates tbat stoek index
futures prices do not follow an indej^endent and identically distributed
(i.i.d.) geometric Brownian motion ((ilJM) process. I consider two pos-
sible models that ba\e been proposed in tbe literature to explain ibese
results. Seven empirical attributes were selected to capture key aspeets
of nonnormality and interdependenec. A description of tbe data sources
used for tbis researeb follows. After tbis, 1 examine botb possible models,
using a simulated metbod ol moments approaeb to assess their ahility to
explain tbe key attributes. Having determined the hest model, I estimate
option prieos consistent witb these proeesses and then express tbem as
implied volatilities, using the Black (1 976) formula. I compare these sim-
ulated implieil volatility surlaees to tbe implied volatility suriaees from
traded options on the SKP S()(} futures markets. Finally, I present eon-
elusions and suggestions lor further researeb.

PRICE PROCESSES FOR STOCK INDEX
FUTURES UNDER THE EMPIRICAE MEASURE

It is well establisbetl tbat tbe uneonditional return series for individual
stocks, stoek indexes, and stoek index futures do not eonform to tbe as-

' A r iLimbiT oi | ) rc \ ioLis r t ' searL-hfrs hi ivc irnxdc s i m i l a r a s s u m p t i o n s . S c o l l ( 1 9 8 7 ) , H u l l ;mtl W'hi l i -
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sumptions of an i.i.d. log-normal dispersion process (see Stolf & Wbaley,
1990). Returns for stock index f uttires usually display excess kurtosis and
(for many periods) significantly negative skcwness compared to a normal
distribution. Returns for futures also display intertemporal dependence.
In the examination of absolute returns for stock index markets, significant
positive autocorrelations ba\e been found. Tbis result led Ding, CJranger,
and Engle (1993) to conclude tbat "It is clear tbat tbe S&P SOO stoek
market return process is not an i.i.d. process" (p. 87).

Anotber line of emplrieal research bas examined the uneonditional
volatility series direetly. A typieal approach to better understand tbe vol-
atility proeess is to examine tbe statistical moments of tbe process. Bur-
gbardt and Lane (1990) examined tbe variability of tbe uneonditional
volatility proeess witb a volatility cone approaeb. I extended tbis by look-
ing at the sampling properties (restricted to tbe standard deviation) of the
unconditional volatility measured at a 20-day time horizon. Using non-
overlapping data, I obtained an a\erage estimate of tbe uneonditional
volatility and tbe standard deviation of tbis average. Under tbe assump-
tion tbat an i.i.d. price proeess is generating tbese volatilities, tbe ex-
pected eoeffieient of variation of the 20-day volatility is known. This mea-
sures tbe variability ofvolatility for a given time borizon.

However, tbe time-varying dynamics of tbe variability of volatility as
the time borizon of estimation is extended is of additional interest. I ebose
a simple log-linear form t{) capture tbcsc dynamics. Tbe rate of decay in
the standard deviation ofvolatility implies tbat the maturity structure of
historical \olatility experienees long-term memory (interdependence).
I his can be seen as eomplimentary to long-term memory effcets for ab-
solute returns identified by Ding et ai. (1993). An additional and impor-
tant feature of these price processes is tfie leverage effect pointed out by
Christie (1982) among others.

Altbougb a number of theories have been proposed to explain tbese
results, three alternative bypotbeses are examined bere. I he constant
elasticity of variance (CEV) model of Cox and Ross (1976), a non-CJBM
price process model (e.g., tbe jump diffusion model proposed by Merton,
1976), and stoebastie volatility models are considered. Tbese tbree mod-
els can be nested vvithin a stoebastie voiatiiity model. Gi\en the wide
range of stoebastie voiatiiity models proposed in tbe literature (see Taylor,
1994), it was not obvious vvbieb model to seleet. As models witb eorrc-
lated processes were considered, tbe Heston (1993) model was tbe ob-
vious cboiee. Tbis model bas tbe additional benefit of baving a elosed-
form solution for the prieing of options (see Baksbi, Cao, & C'hen, 1997;
Bates, 2000; 1 leston, 1993). Variants of the Heston model proposed by
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BarndorFt-Niflsen (1997) and BarndorfF-Melscn and Shephard (1999)
are also considered.

Model 1

dr = \\Fdt + <jFdZ{t) (I)

where Z{t) is a standard Wiener process and fj and a arc constants. The
return series r, is normally distributed with r, ^ |i + aZ, and Z, — i\'(0,
1). This is the assumption of the Riack (1976) model of i.i.d. GBM.

It is elear that Model 1 is a straw man. given Lhe well-known results
thai stoek index futures returns display both nonnormality and interde-
pendenee. However, this can sene as a henchmark For the relative effec-
tiveness of the alternative models and is used to assess the sampling prop-
erties of the evaluation approach. Subsequent models eonsider stoehastie
\olatility (d), which is evaluated in terms of a stochastic variance process

ijv).

Model 2

lU = ^Rlt + dFdZi (2.1)

With the variance proeess defined hy

dV - K(B - V)dt + ^,VdZ, {2.2)

where Z, and 7.> are standard Wiener proeesses vvith correlation p. lhe
term K indicates lhe rale of mean reversion of the varianee. 9 is the long-
term varianee. and t indicates lhe volatility of the variance. The terms V
and ^ V represent the varianee and volatility of the proeess, respectively.
This model is called .SV (Stoehastie \blatility) in this article.

Model 3

dF = ^iFdl + dFdN (.̂ .1)

Wilh lhe varianee proeess defined hy

dV = fe(0 - y)di + ^ , W (3.2)

where i\' represents a nonnormal priee proeess lor the underlying priee
series and. in this research, is the normal inverse Gaussian (NIG) distri-
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bution. lhis model is related to that of Barndorff-NieUen (1997), who
was the first to propose a stochastic volatility model of tbis form (subse-
quently extended by Andersson. 1999b). This approach extends the find-
ings of Bates (1996, 2000) and Ho, Perraudin, and Sorensen (1996), who
assumed the vohitilily process is subordinated in a nonnormal price pro-
cess. In this model, tbe stochastic variance process is assumed to follow
a standard Wiener process, Z, with correlation p existing between tbe two
processes. When correlated processes are considered, tbis variant of
Model 3 is related to the model for incorporating a leverage effect in a
stochastic volatility model proposed by Barndorff-Nielsen and Shepbard
(1999). This model is called j\'/(;,SV in this article. The CHV model of
Cox and Ross (1976), which allows lor the inclusion of negative corre-
lations between tbe two stochastic processes, is nested in hoth Models 2
and ?i. This allows tbe leverage effect to be captured.

CHOICE OF ATrRIBUTES AND FITTING
PARAMETER VALUES

A key problem in tbe empirical testing of stochastic volatility models is
the estimation of optimal input parameters into the model. Andersen,
Chung and S(Jrenscn (I 999) provided a good review of the approaches
used to paramcttTi/e stochastic volatility models. Many of tbe models
considered here do not lend themselves to estimation by traditional max-
imum likelihood methods. Andersen cl al. proposed the use of the effi-
cient method of moments approach suggested by Gallant and Tauchen
(I 996). I heir primary contributions were to understand the sample prop-
erties of this estimator and shov\ ibat the method was robust in larger
sample si/cs. Recently. Andersson (1999a) also examined the maximum
likelih()od estimator of the NIGSV model of Barndorff-Nielsen (1997)
and, by Monte C'arlo simulation, demonstrated that a simulated method
of moments approach is equally robust. Because of the complexities of
my models, it is not clear whether estimation of pjiranieter inputs bv
maximum likelihood techniques is feasible. Given that tbcsc articles have
demonstrated that parameter estimation via simulation can be equally
robust and that this approach may provide a better intuitive understand-
ing ol tbe estimation procftlurc, a simulated method of moments ap-
proach similar in spirit to the general method of moments (GMM) was
utilized.

- l i i i r nd r . r r i -N i f l s t ^n ( 1 4 4 7 ) a t l u i i l K i i s s t i m c d lliiil ihi- t i i u l f r k in j ; pr ic i - p r i H c s s Ifillovvs Ciii.M ; ind i h c

lo l i i i i l i t ) p r i K c s s r(>ll()\\s a n inMTSf ( ; , u i s s i i m d i s t r i l i i i i i o n , I I O W O M T . il l i u i !).• s h n u n ihi t t i h i s is

e q u i \ i i k - n t tu t h e u n d e r U i n i ; p r i c e p n i t e s s lo i low inj- i in M C , d i s i r i h u t i n n ;iiul i h a l i h c \ o l a t i l i l y p r o c e s s

t l l ( R M
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In this research, I used ;i hybrid hetween the CIMM approaeh of
Mehno and lurnhull (I 990) and the simulated method of moments ap-
proach of DufTio and Singleton (1993). I his approach suhjeetively selects
essential attrihutes, simulates price processes consistent with the alter-
native models, and assesses the sum of squared errors (SSL) hetween
simulated and empirical attrihutes. I eviunined and optimized alternative
paramctcri/atioiis of the models. Similarly to Andersen et al. (1999), I
investigated the sample properties of this estimator technique (using
Model I). This allowed me to make comparisons hetween the attrihutes
of eaeh market and the models and to draw conclusions regarding the
overall fit of each model.

At the heart of this estimation technique is the judicious choice ol
key attributes. It is crucial that tbe choice oi tbe attrihutes jointly con-
siders the relevant elements of empirical interdependence and nonnor-
mality and pro\ides a means hy which tbe salient (eatures ol the alter-
native models can be captured. Because hoth alternative price proeess
(to GBM) and stochastic volatility models ba\e been proposed to explain
excess kurtosis in returns, tbe uneonditionid kurtosis tor daily returns is
a logical attribute to cboose. Furthermore, some researeh has indicated
that negative skewness is an important attribute for describing the returns
oF stock indexes and stock index futures. Both Theodossiou (in press) and
Harvey and Siddique (1998) ehose to examine tbe skewness in addition
to tbe excess kurtosis. I bis attribute would provide evidence tor the ex-
istence of asymmetrie jimips. leverage cflects, or bf)th.

To examine both of tbese moments, price changes were estimated
with continuously compounded returns in the standard manner (with log-
priee increments). Extreme care was taken to assure tbat returns v\ere
estimated with only futures prices with the same expiration date. Witb
this time series of daily returns, tbe unconditional skewness and kurtosis
statistics were determined.

Clearly, because this researcb examined two variants of a stochastic
volatility model, attrihutes bad to be selected that would alltm the salient
features of these models to be eapturcd. This required attributes eaptur-
ing the volatility of volatility parameter, the rate of mean reversion, and
the correlation hetween the processes. For this researcb, the estimation
of the standard deviation of the returns was determined with squared
returns, and these results were annuali/ed (with the assumption ol 252
trading days in a year). A numher of attrihutes were selected to capture
critical dynamics of the volatility process.

Tbe first attrihute examines the volatility of volatiiity. I estimated a
time series of uneonditional volatilities on a dailv hasis for a time hori/on
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ol 20 days (usin^ nono\criyppin^ dyta). 1 rom this series. I estimated the
average and standard dev iation. Ik'cause of widely different levels of these
sample statistics, a coefficient of variation statistic was chosen as the key
attribute. As a basis for comparison, the cocflicient of variation of vola-
tility measured at the 20th lag would be approximately equal to 0.1622
if the underlying return series were i.i.d. [1/^(2 X 19)].

Although this measured the varlahility of volatility at a single time
horizori, the time-varying dynamics of the standard deviation of voiatiiity
eould not be captured. This was instead achieved by the estimation of
the coefficient of variation of volatility with time horizons from 20 days
to 200 days in 20-day increments.^ From statistical theory, the expected
decay in the standard deviation of a volatility estimate (a*) is a square-
root function of the number of observations used for estimation (S£ -
(T*/^/2N). Given that the average level of volatility remains constant
(whieb was found empirically for these four markets), the decay in tbe
coefficient of variation sbould follow tbe same functional form. If tbe
first volatility observation is at tbe 20-diiy bori/on. tbe decay in the stan-
dard deviation of volatility from tbat point forward ean be expressed as
a,v-vN/(/V + I). In tbis formula, a^ is the standard deviation of tbe
volatilityat tbe Ntb observation, and N + I is tbe number of observations
in tbe next time bori/on {initially. (\ ^ 20 and ,\ + 1 ^ 40). I he func-
tional form of tbis decay can be expressed as a power function of the form
^E = <7*/̂  2 X N~ "'. A linear regression of (the natural logarithms of)
the time hori/on of estimation regressed on the levels of the coefficient
of variation was used to capture the empirical rate in decay This can be
expressed as

ln(d,v) - a + P(In(,\')| (4.1)

From this regression equation, tbe decay attribute follows this exponen-
tial form;

Observed divergences in tbe beta coefficient of Equation 4.2 from -O.S
give an indication of tbe degree of tbe volatility of vohitility persistence
observed in tbe unconditional process. This also provides an attribute to
capture the interaction between the rate of mean reversion and volatility
of volatility in the stochastic volatility process.

lhf fstinKilion ul ihc voLuilitifs uiis done wilh inerhippin^ data. Tliis Lntroiluffd a bias in ihe
i-slimation oflhc- suiiulard deviation of volnlilily. Ihis biiis was corrcclcd vuth iht- Uodgfsand lomp-
kins (2001)1 approach.
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Another salient feature of empirical return voiatiiity series is that
subsequent realizations may not be independent. Ib capture serial cor-
relation in absolute returns, autocorrelation dynamics were examined di-
rectly ralber tban with alternative methods that rely on maximum likeii-
bood. This was achieved tbrougb examination of tbe autocorreiograms of
absoiute returns previousiy empioycd in Taylor (1986) and i^ing el al.
(i99.^).lbisappr()acb bas the additional i)enelit of known sampling prop-
erties. Thus, a simple confidence interval test ean he used to reject the
nuii hypothesis of independence.

For the purposes of this researeh, composite measures of the auto-
correiations were required. Because the mari<els differ in the manner that
the autocorrelations decay, the averages of tbe autoeorrelations from Lag
1 to 20 and from Lag SI to 70 were fK>tb selected. Ihe first average
represents the short-term autocorrelation. The medium-term average pro-
vides an indication of how t|uickly the autocorrelations die out. Unfor-
tunately, such measures may no fonger have knov\ n sampling properties
tbat allow ior a simple parametric confidence interval test. Tberefore, to
assess tbe sample charaeteristics of these composite measures, nonpara-
metric confidence intervals were determined via simulation. These two
attributes provide additional information relevant to tbe calibration of a
slocbastic volatility model, as they capture fioth short-term and medium-
term ev idence of vofatility clustering.

The final attribute must measure tbe leverage effect and provide a
means for a correlation between tbe stocbastic processes to be captured.
There is. bowever. one problem witb the determination of tbe leverage

effect: Even if the volatility is a stationary series, the prices are not.
To solve this problem, a new variable was constructed that measures re-
cent price movements and is stationary,"^ This variable is an exponentially
weighted return series tbat indicates wbetber recent price movements are
relatively bigh or low. It can be shown that with some exponential weight-
ing scheme, where W ^ 1 - 9 and 0 = f "^ '̂̂ ', we can define a new series,
Wj. tbat can be expressed as

cOi = (0; . 1 + W{ri_\ - C0i_|) (5 )

wbere 03; is tbe exponentially weighted priee movement, r; is the daily
return, and the initial (0| is set to zero. \V represents the weight used in
tbe weighting seheme. fhis new variable was created, and the series of
20-day uneonditional volatility were compared. With an arhitrarv' weight

"•The amhiir uou ld like lo ihiirik Stc\Mirl lU.dges tUni icrs i l ; (if WarMitk) for su^gt-sling lhf usf ol

this
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(W) for ail markets imposed at 0.03. the correlation between the two
variables was estimated.^ Ibis correlation coefficient serves as an attri-
bute to measure tbe leverage effect.

Witb these seven target attributes, tbe stochastic volatility models
were parameterized via simulation. Foiiowing the three modeis proposed
previousiy, priee series of l.SOO oi)servations were generated consistent
with these models. Ihe return and voiatiiity characteristics of these sim-
uiated price series were estimated in exactly the same manner as was
done for the four stock index futures. The resuiting simuiated attributes
were then eompared to the empiricai attributes witb an SSL statistic. To
reduee scaiing impacts resulting from different levels of the ;Ulril)utes,
tbe squared errors were divided i)y tiie standard deviation of tbe attrii)utcs
across the ibur markets.'' Ibis test slatistie ean be written as

niin S(^ ' ^ ' 'j (6)

where M; is tbe attribute for tbe stock index futures market. Xj is tbe
attribute of tbe price series generated in tbe model, and a, is tbe standard
deviation of tbe attributes across ali tbe stock index iutures markets fbr
the relevant period of analysis.

Finally, SOO samples of 1 .SOO prices consistent with Model 1 (GBM)
were drawn to better understand the sampie properties of aii the attrib-
utes and tbe test statistic. Tbis provided a nonparametric estimation of
tbe standard errors of the attributes and aiiowed test statistics for com-
parisons between markets and models.

DATA SOURCES

Ibe futures markets examined inciude tbe S&P SOO and Nikkei 22S
traded at tbe C'bicago Mercanliie i:xchange. the D/\X (Deutsche --Xktien
Index) index futures traded at the Deutsche Terminhorse, and tbe FTSE
{Financiai Times Stock Excbange Index) 100 futures traded at London
International Financial Futures Excbange. Daily closing futures prices
were analyzed and were obtained directly from tbe reievant exchange, and

r̂<> sim|>lil\ lhf si-lfcliun of lhf aUrihiilf. j li\e<I woi^hl of 0.03 \*as ;i|>|)lif(l in all miirkfls and lor
iiil periods ol ariiiksis lo allow lhf lf\i.Taf;i> forrclalion faclor lo not hf suhjf i l lo dillfrinf; ufij-hls.
Ihis was closf Hi ihr nplimal wfij-hls lor ciiih markol wilh a nuivimiini liU'lihond cslimaliim pro-

fed iirf.

''In a.MilJiHi, ihc naluriil logarilhm ol" lhf iinfondilional kurUisis was cxaminfd railuT ihari lhf .ih-
soliilf lf\fls. 7his UHS donf bfcausf of wide \iiHaliinis in this sLilislic a t ross lhf lour m.irkfts.
Howf\fr . all rfstills arv prfsfnlcd as absolute l f \ i l s .
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TABLE

ts inciudccl in the Rcscarcb, l ime Periods o i t b e Dala. iind
iNLimber olOhservat ions

L!iidcrl}in<i Asset
Entire period

Htm- Period n/.\i;i(/isi\
Eir^t Date Last Date Nttmher of Ohsenations

S&P 500 futures
RSE 100 futures
DAX futures
Nikkei 225 futures

23/11/90
23/11/90
23/11/90
23/11/90

17/12/98
18/12/98
18/12/98
11/12/98

2.042
2,042
2,020
2,037

Eirst period
S&P 500 futures
FTSE 100 futures
DAX futures
Nikkei 225 futures

Eirst Dtite
23/11/90
23/11/90
23/11/90
23/11/90

hisl Date
15/12/94
16/12/94
16/12/94
08/12/94

1,029
1,029
1,016
1,023

Second period
S&P 500 futures
FTSE 100 futures
DAX futures
Nikka; 225 Eutures

I ir-^t Date

19/12/94
19/12/94
19/12/94
09/12/94

Eust Date
17/12/98
18/12/98
18/12/98
11/12/98

1,013
1.013
1.004
1.014

Nole Futures prices are the closing daily levels for the nearest-to-expiration contraci S&P = Standard & Poors, RSE
Financial Times Stock Exchange Index: DAX - Deutsche Aktien index.

the period of analysis was restricted to a period in which all four stock
index futures were traded. The underiying assets, the time period o\ anai-
ysis, and the numher of observations used in the anaiysis appear in iahie
I. To assess if results were period specific, the data were also spiit into
roughiy equai time periods from 1990 to 1994 and irom i99S to 1999.
The time periods and number of observations in tbese split periods also
appear in Table I.

Because tbis portion t)i' tbe researcb is empiricai in nature, a major
effort was made to assure tbe vaiidity of tbe data used in tbe anaiysis and
to verify that the anaiytie methods etnpioyed were correct. This was
achieved in a number of ways. First, tbe iutures |)rice series were eom-
pared with the options (on the futures) price series for the same days to
identify oinious errors in recording either price series. This comparison
was achieved by the comparison of the put-caii parity values of the op-
tions with tbe underiying futures prices for every single date in our da-
tabase (and for ali ibur markets). A screening procedure was imposed: If
futures or options prices diverged by more tban tbe norniai i)id-offer
spread (of one tick), tbe observations were llagged. Once tbis was done,
eacb price was compared with tbe original daily price sheets to confirm
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if a key punch error hiid occurred. We discovered that only 1 to 1% of the
data had such errors. Nevertheless, these errors were of a sufficient mag-
nitude that they did influence the results and, therefore, required
correction.

The most arduous part of the data-cleaning process was the ongoing
e.xamination of the data as results of the analysis were obtained. One
reason why four stoek index futures and options markets were examined
was to allow a eross-seetional comparison. Apart from the henefit of as-
sessing general tendencies across markets, it is also possihie to use anom-
alous results as an additional eheek on data validity. This assured that the
data series employed in this research was as accurate as was humanly
possihie.

ATTRIBUTES EOR INDIVIDUAL MARKETS

For each market, the return statistics for daily returns were determined
for the entire period of analysis and for each subperiod. The results of
these analyses can be seen in Table II. Ihe first eolumn describes the
market under investigation and indieates the time period e.vamined. 1 he
second and third columns present lhe mean and standard deviation of
the return distribution. The fourth and liFth columns present the statistics
for the unconditional skewness. and these provide a signifieance level
relative to a null hypothesis oF normality. Ail skewness signifieance sta-
tistics that are significantly different From the normal assumption at a
95% level ( ± 1.96) appear in bold type. In the sixth and seventh eolumns.
the unconditional kurtosis statistic and the significance level relative to
a null hypothesis oF normalit) appear.^ When this statistic does not reject
the null hypothesis of normality at the 9')9( level or ahove, the statistic
and the signifieance levels are in hold type, lhe statistic in the eighth
column is the Bera-Jarque (BJ) statistic for detecting departures of the
data from normality. Under the null hypothesis of normality, the BJ sta-
tistie is distributed as chi-square\A ith two degrees of freedom. Ihe eritieal
value at the \'4 level is 9.21. When the BJ statistic exceeds this level, this
statistic also appears in hold type.

For all four markets, the dispersion of returns was not well descrihed
by a normal distrihution. For many oF the four markets, the skewness

Under the null h\]i()lhesis ol'norniiility. ihe skeH ness stiitislic is ^isymiUcititallv niiniKflK disiriiiuleil
" i l h siiiiidiird errors: .Sf.' = V(6/7'). where /' is lhe siimple si/c.

^ L n d e r i h f null h\ | iolhcsis of iiormiility, thf f\i:vss kurlosis stiilislic is iisymploliLally nf.rmalK tlis-
trihirletl v^ith sLincL.rtl errors; S F = 7 (24 /7 ) . « h e r c 7 is lhe sample si/o'. This vtatislic is ct|u;,l tn
lhe kiiriosis sl.ilislie ap|>eiirinf; in LiMc II minus ^.0.
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TABLE II

Statislies oi the Da\\) Returns lor hour Stock Indev I utures Markets
(I990-I99H)

iimlerhiiifi

Asset AI SD

Standard & Poor's 500 futures
Overall period

First period
Seoond period

0.00055
0.00030
0.00079

0.00907
0.00717

0,01066

Uncoinii-

ti'iiial

Skewness

- 0.4397
0.2074

-0.6477

Financial Times Stock Exchange Index 100 futures

Overail period
First period
Second period

Deutsche Aktier
Overall period
First period

Second period

0.00038
0,00014

0.00063

0,01000

0,00950
0.01048

1 Index futures

0.00043
0.00011
0.00075

Nikkei 225 futures
Overail period
First period
Second period

-0.00037

-0.00039
-0,00035

0.01272
0.01200

0.01340

0 01538
001516
0.01560

- 0 0944
0.1322

- 0.2779

-0.6466
-0.8826
-0.4865

0.1161
0.1943
0.0437

Ikanu'ss

.S/o))i/i-

ciiiice

Level

-8.11
2.72

-8.42

-1.74

1.73
-3.61

-11.86
-11.48

-6.29

2.14

2.54
0 57

Uiicoiitli-

lioiitil

l\tirt<is'ts

11.401
6.078

10.884

5.979
4.457
6.983

11.744
19.675
6.408

4.919
4.447
5.352

Kniiiisis

Sioiiifi-

ctiuce

Level

77.47
20.14
51.22

27.47
9.54

25.88

80.20
108.44

22.04

17.68
9.44

15.29

fij

Statistic

6067.18
413.14

2694.11

757.87
93.94

682.76

6572.19
11891.68

525.49

317.04
95.58

234.01

N timber

of
Ohsen'ii-

lions

2,041
1,028
1,013

2,041
1,028
1,013

2.019
1,015

1,004

2,036
1.022
1,014

Note These returns were based on closing futures prices for the nearest-to-expiration tulures contracts. The first coiumn
describes the market under investigation and the period of analysis (entire period, 1990-1998, first period, 1990-1994;
second period. 1994-1998), The second and third columns present the tirst (mean) and second (standard deviation)
moments of the returrt distribution The fourth and sixlh columns present the statistics for the unconditional skewness and
kurtosis Under the null hypothesis of normality, the skewness statistic is normally distributed with standard errors. SE -
sqrt{6/T). where T is the sample size. This appears in the last coiumn. The fifth column indicates a significance statistic
testing a normality hypothesis. If the skewness statistic rejects this at a 95% level or greater, this is indicated in bold text
Under the null hypothesis of normality, the excess kurtosis statistic is normally distributed with standard errors, SE -
S3rf!24/n This statistic IS equal to the kurtosis statistic appearing in the table minus 3.0. Column 7 indicates a significance
statistic testing the null hypothesis of normality. If the kurtosis statistic rejects this at a 95% level or above, this is indicated
in bold text. The statistic in the sixth column is the Bera-Jarque (BJ) statistic for detecting departures of Ihe data from
normality. Under the null hypothesis of normality, the BJ statistic is distributed as chi-square with two degrees of freedom.
The criticai value at the 1% ievel is 9.21 When the BJ statistic is above this level, this statistic appears in bold text.

Statistic tended to be significantly different from that of a normal distri-
bution. 1 l()\\e\er, tbe skewness was neitber eonsistentK tie«ati\e lor all
markets nor always significant. On tbe otber band, for all four markets
(and for all time periods), tbe daily returns always displayed significant
excess kurtosis. Tbese tv\(> lactors led to all BJ values exceeding their
eritical values. Tbese results are consistent wilb previous empirical ex-
amination of return series for stoek markets by Tbeodossiou (in press)
and Harvey and Siddique (1998).

As tbe remaining attributes all capture cbaraeteristiesof tbe\olaliiity
process, tbese are summarized in a single table. Table III. In this table.
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the llrst column describes the iiidMdual m;irkcl examined and the time
perit)d ol" the analysis. The next three eolumns display the average an-
nuali/ed voiatility measured at a 2()-day time hori/on. At the bottom of
these eolumns are the expeeted attributes from a ( IBM dispersion process
with constant \arianec. The attribute of interest to tbis researeh is the
eoeff'ieient of variation statistic. Ior all four markets and lor all time pe-
riods, we can compare this measure of the volatility of volatility to what
would be expected under tbe GRM assumption, liy determining^ a stan-
dard error of tbis attribute by simulation, we can reject tbe hypothesis
that the volatility process conforms to the CliiM i.i.d. assumption.

In the fifth column, the beta of tbe regression of the relationship
between tbe (natural logaritbms ofthe) time hori/on ol the estimation
period against the coefficient of variation of \<)latility is shown. It markets
conform to a CiliiVl i.i.d. proeess, a deeay coefficient ol - .50 (seen at the
bottom of the eolumn) would be observed, for eacb market, tbe rate o[
decay was (statistically) significantly loss than this decay function (the
standard error of this attribute was estimated in a nonparametric manner
by simulation). In column 6. the leverage correlation coeincicnt appears.
Tliis measures the relationship between tbe 20-day uneonditional vola-
tility and tbe reeent relati\e priees. Consistent witb tbe negative leverage
effects Christie (1982) pointed out for individual stocks, stock index fu-
tures markets also seem to have had a significant negative leverage ctfeet.
The exeeptions were the I TSl: 100 and S&P SOO lutures o\er the first
period (1990-1994). These results sbould be interpreted with eare be-
eause the simulated standard error of tbis attribute was fairly high
(0.0999). Although tbese effects remained significant, it was only (barely)
at the 95' . level.

The final two columns represent the average autocorrelations of ab-
solute returns lor lagged periods from 1 to 20 days and from SI to 70
days. Underlying tbe assumption of an i.i.d. priee process, tbese have a
prior expectation of zero. For all four markets and tor all time periods,
tbese averaged autocorrelations were statistically significant and positive.
However, the degree of autocorrelations seemed to be bigber in the sec-
ond period relative to the first period.

Tbe results listed in botb Tables II and III indicate that both the
return series and the volatility process are significantly divergent from n
prior assumption of a GBM i.i.d. proeess. With these attributes as target
eonditions, tbe proposed alternative models were examined.

FITTING ALTERNATlVt: MODELS
In previous seetions, tbe models to be tested were presented. Only teeb-
nical issues in tbe simulation process and tbe parameterization of the
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stochastic volatility models remain to be discussed before proceeding di-
rectly to the results.

The simulated method of moment's approach was done in a two-
stage process. The first stage was to determine representative distribu-
tions for the later simulations. Specifically, this entailed the generation
of 500 samples oi 1 ,S00 draws from an independent normal distribution.
According to standard procedures, the random number-generation pro-
cess used a standard Box-Muller method and the antithetic approach
suggested by Boyle (1977). With these 500 samples, price series were
construeted that conformed to CRM with constant variance (with Equa-
tion 1). The distributional and time series attributes of each series were
assessed and compared to the theoretical moments of an i.i.d. GBM pro-
cess. Utilizing Equation 6. I determined the SSE between each of the
500 samples and the true attrihutes of an i.i.d. GBM process. The two
distributions \\ith tbe lowest SSCs relative to the priors were selected as
representative normal distributions. For convenience, the normal distur-
bances for the underlying price process are referred to as Zi and the
normal disturbances for the volatility process are referred to as Z2. These
two series were uncorrclated. Thereafter, whenever simulation used ei-
ther ol these distributional forms, tbe same sets of random numbers were
used (to reduce errors introduced by the selection of random numbers).
Table IV details the results of the simulated GBM price series and pro-
vides the sample standard deviation of the 500 simulated series, ln this
table, the theoretical attribute values for a CJBM process are listed as are
the average attrihute values and the standard deviations of the attributes
aeross the 500 simulations. Of crucial interest arc the sampling properties
of the attributes and especially the SSE statistic. The standard deviation
ot this statistic was found to be equal to 4.5646 and was used subse-
quently as a means to establish confidence intervals for the comparison
of the alternative models. Finally, the characteristics of the two represen-
tative draws of the GBM process appear in the bottom two rows.

To generate the NIG distributions. I generated random numbers with
the method suggested hy Rydberg (1 997). 1 hesc simulations required the
input oF the four moments of the distribution. The first moment (mean)
was set to 0.0, and the second moment (variance) was set to 1.0. The
third (skew) and iourth (excess kurtosis) moments were ehosen to be less
than the observed moments for daily returns in Tahle IIL This was done
heeause the stochastic \olatiiity interacts with the NIG distribution and
yields simulated moments tbat are amplified compared with the NIG mo-
ments. Because these effeets could not be ascertained before the simu-
lation, four NIG distributions were simulated, and all were examined as
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TABLE V

Sample Statistical Moments of Siniulatinns ol" I our Normal Inverse Gaussian
(NIG) Distributions

Nia Distrihiilitm

NIG1

NIG2

NIG3

NIG4

Al

0.01821

0.00078

-0.00665

0.0035

S/>

1.00088

0,93955

1.01818

0.99176

Skcnvues.

- 0.0049

-0.9289

-0.1936

-0.0794

Kurtosis

4.7807

8.7576

3.4129

7.627

Note' We simulated four NIG distributions with the method suggested by Rydberg (1997). This meihod requires the four
moments of the distribution fo be input. The firsf moment (mean) was set to 0 0, and fhe second moment (variance) was
sef fo 1.0. The third (skew) and fourth (excess kurtosis) moments were chosen fo be less fhan fhe observed moments for
daily returns of fhe four sfock index futures markefs This was done because fhe stochastic volatility will interacf wifh the
NIG disfnbution and amplify fhe resultant simulafed moments.

potential candidates For the tinderiying price process. These lour possihie
NIG distributions appear in Tahle V as NIC! to NIG4.

I his approach contains an apparent inconsistency; although the ran-
dom numbers estimated conform to an NIC distrihution, I simulated
prices assuming that a risk-neutrality condition exists. When the under-
lying price process follows an alternative process, such as an \ I G distri-
bution, a correction to the drill term is required to allow risk-neutral
evaluation. An appropriate risk-neutral drift adjustment is

a,_,-vA')^

where a, is the risk-neutral adjusted drift; u, p, 6. and |i are the parameters
of the NIG distrihution; and a, , is the random volatility {from the sto-
chastic volatility process in t-quation 3.2) for the previous discrete ob-
servation. A complete proof of the derivation of this drift adjustment ap-
pears in the Appendix."* This drift was then used in Equation _̂ . I with the
drift term ((i) equal to a,., from Equation 7, and the disturbances were
drawn from the NIG distrihution.

Einally, to simulate correlated processes. I estimated a new set of
random numhers (Z') for the volatility process using the usual method
lor drawing samples from a standardized hivariate distribution;

Z' - Z-p + ,/(l - p')-Z2 (8)

In the Appfncli\. il is nolecl th;il ihis is only orir uay to ndjiist [his driri lo achicvr risk nfiitnilily.

lifcausf ihis iimtlfl implit's markets [irc incamplctc . ihtTf m;i\ rnitt ' \ist ;i uniqin' ma rlinj^alc measure.

However, this is ccrlainK a k'asihic adjiistnu-iit and will alKnv rclatiM' [{imparisiins tn hf dnnsn.
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where 7 represents the ninclom disturhanees lor the underlying priee pro-
cess (lor CUJlVl, the Z| set ol normal draws; lor an NKi proeess, the draws
from one ol' the four samples). The term Zj refers to the representative
normal dtstrihution seleeted for the volatility proeess, and the term p
refers to the correlation eoefficient between the two proeesses.

Onee the distributions were drawn, the second stage of the simulated
method of moment's approach was done in three steps. The first step was
to simulate priee and volatility series tbat were eonsistent with tbe pro-
posed models, and the second was to determine the attribute values lor
this simulated series. The third step entailed var\ing the parameter inputs
into the models to minimize the SSE relative to the observed empirical
attributes, lo efficiently perform the third stej). I started hy examining
the sensitivities of the overall SSE to a small ineremental change in each
of the parameter inputs (holding the other parameters eonstant). Of the
four variables in hoth of tbe stoehastie xolatility models, 1 found tbat only
tbree of the factors were critical, lor a given long-term volatility. 0 (taken
as the average 20-day volatility in Table III), the crueial factors were tbe
rate of mean reversion, K: the volatility of the \o!atility, ^; and the cor-
relation between tbe price and volatility process, p. I found that small
changes in the level of the long-term volatility had almost no ellect on
the SSE. Because only throe parameters needed lo he varied, the pa-
rameterization simply compared tbe SSEs with tbe initial seeded param-
eter values to tbe SSE for tbe same model (and random numhers) hut
with variation of tbe tbree critical parameters (K, ̂ , and p). liy varying
only three parameters hotb up and down, I had to compare only eigbt
alternatives to the original results. IF one of the new comhlnations ol
parameters achieved a lower SSE, tbis model would replace tbe previous
model. Ibe search routine continued to search the "cube" ot eight adja-
eent alternative-parameter combinations until no new combination
yielded better results. The initial search procedure first used fairly high
inerements in the adjaeent corner seareh (e.g., 1.0 for K and 0.1 for q
and p). When optimal parameters were found, the inerements for tbe
search were progressively redueed (e.g., as low as 0.01 for K and 0.0001
for t, and p) until no furtber reduction in the SSE was achieved. When
no furtber impro\ement in tbe SSE was possible, the final combination
of parameter values was deemed the optimal estimation ol the alternative
stochastic volatility models.

Tables VI tbrough IX display the empirical attributes (taken from
Tahios II and III) and the results of the models for each of the stoek index
futures markets. These results are split into tbe tbree periods of analysis.
In eacb of these tables, tbe three time periods of analysis appear. On the
left-hand side, the parameterization of each of the three models appears.
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Only the parameter values and the NIC. distribution that had the lowest
SSH are presented. On the right-hand side, the simulated attributes of
each model appear with the empirieal attributes directly above for com-
parison. In tbe column immediately to the right of this, the SSE for each
model appears. The final column indicates a T-test statistic comparing
Models 2 and 3 to the GBi\I assumption. This was computed by taking
the difference in the SSE for the models compared to the GBi\l case and
dividing this by tbe simulated standard error of tbe SSE statistic found
in Table IV.

As was expected, tbe GBM model witb eonstant variance was re-
jeetcd in favor of Models 2 and 3. Tbe T statistics indicate a rejection at
well above a 99^ confidence intcr\'al. If tbe model witb tbe lowest SSE
is assumed optimal, of 12 data sets Model 3 (NIGSV) is tbe best in 9 and
Model 2 (SV) is tbe best for tbe remaining 3. For al! 12 data sets, cor-
related processes were indicated.

Ibcsc comparisons provide insigbts into wbieb attributes arc ad-
dressed by tbe facets of tbe proposed models. Tbe pure stochastic voia-
tiiity model (SV) addresses the volatility clustering effects measured by
tbe two autocorrelation attributes as well as otber volatility dynamics (the
volatility ofvolatility (CoV attribute] and tbe decay of this over time [line
fit]). Tbe inclusion of correlated processes allows tbe leverage elTect and
the negative skewness in the returns to be captured. However, this mode!
still fails to generate sufficient excess kLirtosis. Model ^ (NIGSV) is able
to capture all seven attributes.

Comparisons between Models 2 and ^ ean be made by examination
of tbe T-test statistics in Tables VI tbrougb IX. As the T-test statistics
provide an indication of tbe improvement in tbese models relative to tbe
GRM case, taking tbe differences between tbese statistics provides in-
sigbts into marginal improvement of Model 3 to Model 2. In 9 of tbe 12
cases. Model 3 bad a bigber T statistic. However, tbe differences were
small. For all attributes except tbe excess kurtosis, both models performed
equally well. What appears to be most critical is tbe inclusion of corre-
lations between tbe underlying price and vo!ati!lty processes. ! bese cap-
ture the !e\erage and a portion of the skewness effect.

IMPLICAI IONS FOR OPTION PRICING

From the preceding section, a more reaMstic price process for the four
stock index futures markets has thus been uncovered. This wil! sene as
a prior process for the estimation of option values. The next step is to
examine tbe implications for options based on tbese assets. Because tbe
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parameter estimation of the stochastic volatihty models relies on simu-
lalion. it is a simple matter to use a similar simulation technique to es-
timate option prices. This simulation approach determines European call
and put options numerically {a Monte Carlo approach) over a variety of
strike prices and times to expiration. This is similar in spirit to the ap-
proach used hy |ohnson and Shanno (1987).

In the preceding section, I demonstrated that in almost all instances.
Model 3 (NIGSV) was optimal; therefore, only this was eonsidered for
the estimation of option values.'*' The choice of the appropriate input
parameters ior this model was taken from the pre\ious seetion and was
based on the results for the entire period of analysis.

An apparent inconsistency for this approach is that the use ol Monte
Carlo simulations to price options assumes that a risk-neutrality condi-
tion e.xist. Ihis suggests that the state space is continuous and spanned
across that space by existing securities. I lowever. ior the model examined,
stoehastie \olatility, correlated proeesses, and (negative) jumps have been
introduced into the state space. Because no seeurities exist that allow the
state space to be spanned when the volatility displays such dynamics,
these models do not permit us (in the strictest sense) to use the risk-
neutrality argument to price the options. This is an apparent theoretical
inconsistency. However, the determination of the risk-neutral drift ad-
justment for the NIGSV process in Equation 7 does allow limited com-
parisons of the simulated options priees to he made actual option prices,
which are evaluated under the risk-neutral measure. Although the equiv-
alent risk-neutral measure in Liquation 7 is eertainly feasible, it may not
be unique. In this research, I examined whether this measure is unique
hy first assuming that hoth simulated and actual option prices are eval-
uated under an equivalent risk-neutral measure. If this is the case, we
ean assess if this alternative price process alone is sufficient to explain
the existence of implied volatility smiles. If this is not the case, this may
suggest that the equivalent risk neutral measure is not unique and mar-
kets are incomplete.

In this simulation, price series of three months in length were de-
termined. Because the estimation of the uneonditional (historical) dis-
persion processes was completed tor trading days, options were also
priced with trading time instead of ealendar time. The assumed number
of trading days in a year is 252. Option prices were estimated at time
horizons from f week (5 trading days) to 3 months (in 5-day inerements).

' " .A l i hd i i ^h (nr ^ ( i l ' i hu 12 I\AU\ s f l s lUv S \ m o i l f l \^,is m i i rg ina l l y !.u|it.Tii)r to t he MC iSV n i o i l i ' l , th is
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Such options would correspond to typiciil terms to maturity oF actively
traded options on stoek index futures.

To gain a better understanding oF the impacts of the alternative mod-
els across strike prices. I examined 1 5 strike prices. The median strike
price was centered al the starting value of the simulation and was equal
to 100. As the assumed underlying assets were futures or forward con-
tracts, the interest rate was assumed to zero. This corresponds to an at-
the-money option relative to the forward price.

The impacts of the mode! on options with different strike prices were
of additional interest. The analysis was restricted solely to out-of-the-
money strike prices. Thus, when the strike price was equal to or helow
the starting value of 100. the option evaluated was a European put. and
when the strike priee was above 100, the option evaluated was a European
call. A nontrivial problem was the choice of strike prices so that as ma-
turities of options varied, meaningful comparisons could he drawn. In
previous articles on the impacts of stochastic volatility on option priees,
strike price determination has taken one of two forms. Authors have ei-
ther chosen to fix a single maturity and vary the strike prices in terms of
moneyness (see Hull ik White. 1988) or fixed the degree of moneyness
(or strike prices) and examined the impaets across different mattirities
(see Henker& Kazemi, 1998).

Unfortunately, both methods do not allow meaningful conclusions
to he drawn ahout the impacts of the models on option prices across time
and a consistent measure of moneyness. Natenhcrg (1994) and Tompkins
(1997) proposed a more consistent measure of strike price. This was
slightly modified to

(9)
a,T/252

where X is the strike priee of the option. F is the underlying futures price,
and the square root of the time factor reflects the pereentage in a trading
year of the remaining time until the expiration of the option. Sigma (a)
is the at-the-money volatility.

This adjustment notes that the distance of an option strike price to
the level of the underlying asset is relative in respect to the eurrent priee
of the underlying, the time to expiration, and the level of expected vola-
tility. This adjustment converts all strike prices into a mctrie that can he
interpreted as a standard deviation. Thus, in this analysis the strike priee
ranges ±.^.5 standard deviations away from the at-the-moncy level were
examined in O.S standard deviation inerements. This ehanse in measure
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allowed a more direct compiirison of model impiicts on option prices
where the time to maturity \aried but the reluti\c strike prices remained
the same.''

For the simulations, the volatility parameter chosen was equal to the
level of volatility used in the parameter determination ot ail models tor
eaeh ol" the lour markets for [he entire period of analysis. Because ot the
extremely wide range ot volatilities across the four markets, the standartl-
i/ation ot the strike prices allowed direct comparisons to he made and
allowed subsequent comparisons to be made w ith actual implied \olatiiity
surtaces.

For the Monte Carlo simulation, random numbers consistent with a
GliiVl process were determined with a IJo.v-Muller technique, and the
antithetic approach suggested hy Boyle (1977) was employed for hoth.
This series was later used to determine the l)i\ariate distrihution used to
estimate the stochastic volatilities. This scries of random numbers was
stored and used for all subsequent estimations of stochastic volatility. For
eaeh of the three NK i distributions. lO.OOO were drawn with the method
suggested by Bydberg (1997). the same approaeh was used lor the esti-
mation of the optimal stochastic volatility parameters in the previous see-
tion. These were also stored and used for all analysis that used that par-
tieular NIC! distrihution. Then, the hivariate distrihution was estimated
for the \()latility series with Equation 7 and the optimal parameters of
Model ?> for the stock index futures in Tables VI through IX (for the entire
period ot analysis).

With the appropriate NIC! distrihution and the estimated hivariate
distrihution for the stochastic \()latility, \olatilitics and prices were esti-
mated with an Luler approach (discrete Form of Equations ^. 1 and 3.2).
With the prices of each model estimated, the payoffs of the IS options
(at eaeh point in time) were determined, and the result was averaged. As
interest rates were assumed to he zero, there was no need to diset)unt the
result to present \alue.

In parallel, I estimated the priees of all the options for each market
with the Blaek (1976} model with the same strike prices as the simulation,
the same term to e.xpiration, and volatility equal to the same long-term
volatility used in the simulations. Ihe underlying futures prices used in
the determination of the Blaek (1976) priee were equal to the average
Futures price in the simulation at the same point in time. Because the

' ' I iiis mimruT ol' i-'xpressin^ ihc slrikf pritc is similar lo llu- tli I ITIII llial .i]>[ii-iirs in tlu> ISkick-

Scholcs lormula. Il is itimmon markfl practitc in iht-curri'my oplions iiiiirkd Uii-\prcss strike prices

in ItTms nl' ihc ilflla |J\'|((J|) ^md qLii>tc implied volalililics rclaliM- to this. I his Lipproximiilfly c.\-

prt'SM's |-,(|ii<iti(»n I Lis Li prol>al)ilit\.
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underlying asset was a futures contract, the interest rate and dividend
yield was set to zero (the same assumptions were made for the estimation
of the Model 3 option prices).

Although standardization of the strike prices simplified comparisons
between the four markets, the sheer amount of mtormation made such
comparisons cumbersome. Thus, only the results for a single market, the
S&P SOO, arc presented. Furthermore, to simplify comparisons between
simulated and actual implied volatility surfaces, the simulated option
prices were expressed as implied volatilities. I further standardized these
implied volatilities by indexing them to the constant volatility assumed in
the Black (1976) model (dividing each of the implied volatilities by the
assumed constant \olatility and multiplying hy I 00). The indexed implied
volatilities were then presented as a continuous surface relative to the
standardized strike prices and time to expiration. I his surface for the S&P
'iOO tutures appears in the middle panel of Figure I and is titled Siunt-
latc'd Implied \olatilil\ Surface. This figure has been scaled to allow direct
comparison to actual implied volatility surfaces of options on the S&V
500 futures (which appears in the upper panel).

The simulated implied voiatility surface for the S&P SOO appeared
to display some of the teatures reported hy Dcrman and Kani (I 994) and
Corrado and Su (1996). The characteristic curvature of volatility smiles
was found, and there was some degree of negative skewness (especially
for longer maturity options). Although I have not explicitly discussed the
impacts of this model across a cross section of option priees, this figure
implicitly displays these impacts. For all the markets, the Black (1976)
pricing model overAalued options that were at-the-money and within a
significant range around (and ahove) the at-the-money level. The shaded
areas below 100 represent this in the graphs. For out-of-the-money op-
tions, the Black (1976) model tended to undervalue option prices (es-
peeiatly tor options with lower strike prices), and the overpricing bias
tended to increase the longer the term to e.vpiration was. These results
are eonsistent with the biases of stochastic volatility on option prices
found elsewhere (Hull & White. 1988). Similar results were found for
the other three stock index futures markets

In the top panel of t igure 1. the actual implied volatility surface
associated with options on S&P 500 futures appears. To construct this
surface, implied volatilities were estimated with the Black (1976) model
for all (out-of-the-money) options on the S&P 500 futures. The period
of analysis was from iNo\emher 1990 to December 1998 (contempora-
neous with the period of analysis of the S&P 500 futures). Analysis was
restricted solely to options with the same terms to expiration used for the



stochastic Volatility Models and Smiles 71

ActuaP Implied Volatility Smiles
Options on S&P 500 Futures

Simulated Implied Volatility Surfaces
sap 500 Futufss

Difference* In Implied Volatility SmllM
SAP 500 Futures and Options

FIGURE 1
I[n|)lk'd \()liitility surt'iices i'or Standard & Puur\ (S&l*) TOO (tilurfs and options: Acli ial,

simulated, and dilTcrences. The top panel presents the actual implied \(»latilit\ surfaee assoeiated
with options on S&P SOO futures for the period from \o\eni l jer ! 490 to Dt-cemher 1998.

Implied volalilities and strike priees v\ere siandardi/ed. I lie middle panel represents a simulated
implied \oli it i! it\ surlace eonsistenl u i th the \ K i S \ ' model (sec the text), with parameter \alues
determined with the entire period oFanalysis ( 1490-1998). Implied \()latililies were estimated

ui th the iJlaek (1976) model. I he strike priees were expressed in standard dexiation terms (away
(rom the a\craj;e simulated futures priee). and the volatilities were indexed to the constant level

ol 2O'(. I he bottom panel displays the differences hetween the actual and simulated implied
\()latility surfaces for the same relntixe strike prices

and terms to expiration.
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simulated option prices (5 days-3 months in 5-day increments) and ex-
cluded all options prices that allowed arbitrage (see Jackwerth & Rubin-
stein, 1996). Ihe strike prices v\ere then converted to the same stan-
dardized torm as was ilone tor the simulated implied volatility surtaces
(with Equation 9), and tiie ievels ol implied volatility were indexed to the
level of the at-the-money implied volatility. Then, the indexed implied
volatilities were grouped hy the same term to expiration. Finally, tor each
term to expiration, a polynomial fitting procedure (see Shimko, 1993;
tompkins. t999) was implemented to yield an implied \()latility smile.
These were then combined, and the volatility surface was drawn.

rt)r the actLial implied xolatiiity surface associated with options on
the S&P 500, it is elear that the degree of cur\ature was most extreme
when the options were closest to expiration and became more linear with
longer expirations. For the simulated surfaces, the effect was the opposite.
Furthermore, the implied voiatility surfaces for the aetual options market
were mueh more curved that For the simulated surfaces.

Another important ditterenee is that the actual implied volatility sur-
tace displayed much greater asymmetry than the simulated surface. Oji-
tions w ith strike prices below the current futures price had higher implied
volatilities than options with higher strike priees. Similar results v\ere
tound lor the other three markets.

These dillerences are a consequence of the model chosen under the
ohjective measure. Eet us eonsider each facet ot the iS'tCSV model sep-
arately. The NtC. proeess for returns captures the effects ot nonnormality
in daily returns. Therefore, if subsequent disturbances are independent,
this proeess will rapidly approach that ot a normal distrihution from the
central limit theorem. If the higher moments of the chosen NIG process
were sutficiently extreme, a more curved (and skewed) shape would he
observed for options with short terms to expiration and would become
more linear as the time hori/on ot the option were extended, lor S&P
500 futures, the optimal NKi price proeess for the S&P 500 (NIC! 1) was
insutficiently nonnormai to produce the biases found with actual smiles.
One interpretation of this result is that the higher moments from the risk-
neutral pix)eess are dilferent (more extreme) trom those tor the (risk-
neutral adjusted) objeetive process.

The positive relationship hetween the degree ot curvature in the sim-
ulated implied volatility surfaces and the time to expiration was most

'"IntTipkins (1999) used n mndfl I'xpantiins Shimko <199.M lo infludc highor moments ;ind time/
strike price interaclions. When implied \iiiiUility suH îees were stiindardi/ed (relaliM- io the ATM
\(ihiiilityl. lhis miidfl v\ns iilik- tu explain 9S'̂ ^ of I he varianee in the implied vol:ilility surfnee of ihe

(H). iind lompkins (19991 tlfmonstraled thai lhis ile^rcf !>!'e\planator\ power is retiiined
ol sample.
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likely due to the inclusion ot the stochastic volatility process. As pointed
out hy Mull and White (1988), the degree of bias in option pricing in-
creases with the time to expiration ol the option. 1 his would prodtice an
implied volatility surface that would display more eurvature w ith a longer
term to expiration. Because the volatility process in Equation 3.2 assumes
a Ciauss—Wiener process, this effect should he symmetrical. However, the
simulated surfaec displayed an asymmetry relationship with the time to
expiration. This asymmetry was due to ctfccts oF the negative correlation
hetween the proeesses. Clearly, the tonger the period was, the greater the
impact of the negative correlation was. Similar results were found for the
other three stock index options markets.

The di\ergence hetween the patterns of implied xolatility surlaees
suggests that the inclusion of our proposed stochastic volatility models
in option pricing is insufficient to explain the existence of implied vola-
tility smiles. Ihe most obvious conclusion is that I have the wrong model
and that some alternative approach may hetter deserihe the unconditional
price process for the underlying futures. I lowe\cr, it is unclear what the
alternative approaches would he. The models tested here included non-
normality in the return proeess, stochastic xolatilit), and eorrelated pro-
cesses. Most models proposed in the literature to explain the ohjeeti\e
price and volatility proeesses are nested in the model examined here.

A seeond possihility is that models I examined arc correct hut that
my method of parameter estimation has yielded incorrect model inputs.
Ihe potential problems with parameter estimation eould he due either to
inadequacies of the simtilated method of moments approaeh or the se-
lection ol inappropriate (or incomplete) target moments. As the former
has heen extensively examined in the literature and dismissed, this is
unlikely. I he choiec of target moments was determined hy inclusion of
all relevant facets of nonnormality and volatility that have been pointed
out in the empirical literature; it is unclear what additional attributes
would he included.

The third possihility Is that e\en it the jiriee process of the underlying
asset was correctly modeled, it is not ob\ious that option prices would
conform to this jirocess. Ihe Cox and Boss (1976) link betv\een the oh-
jeetive and risk-neutral processes would be incomplete in the presence
of nontraded sources of risk. For the models examined here, the intro-
duction inlo the state space of nonconstant volatility, jump processes,
and correlations between the two processes would introduce just such
nontraded sou rees of risk. Thus, it is clear that my assumption of a unique
martingale measure is incorrect. Because this is the case, a logieal next
step would be to better understand the nature of tbis risk. Scott (1987)
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explicitly examined the dynamics ofthe risk premium when \o!alih'ly was
stochastic and was not a traded security. I examine the nature ofthe risk
premium implicitly hy examining the differences in the simulated and
actual implied volatility surfaces.

The simple difference hetween these two surfaces appears in the
hottom panel of Figure 1. Standardization ot hoth surfaces simplifies in-
terpretation as the percentage dilTerenee in the (standardized) le\el of
implied \olatility. Ihe actual implied volatilities were hetween 10 and 70%
higher than those associated with the implied volatilities consistent with
the ohjective price proeess. Tor the shortest lime-to-expiration options,
almost none of the curxature in the actual implied volatility surface was
explained hy the model ofthe ohjective process, liven so, the divergences
hetween the surfaces were relatively symmetrical relative to the ATM (at
the money) le\el tor options with a short time period to expiration (out
to 15 days to expiration). One possible interpretation of this is that the
skew clfect for options on stock index futures \%ith short time periods to
expiration might ha\c heen due primarily to an alternative price process
(an NIG process with negative skev\ncss). For longer terms to expiration,
approximately one half of the curvature in the actual implied volatility
surface was addressed hy the ohjective price proeess model. Houc\cr, tor
longer dated options, the divergence in the surfaces was asymmetric. The
inclusion of correlated processes should address this. Even so (and with
the use of an appropriate measure of the ohjecti\c le\erage effect), this
appears insufficient to completely explain this effect. For options with
higher strike ]irices and a longer term to expiration (.-iS—90 days), the
divergence between the two surtaees was small. However, the taet that
e\ery'wherc the diFFerencc hetween the surtaees was positive could he
interpreted as evidence for the existence of a risk premia. Alternatively,
this difference could he associated with transaction costs or could he
eaused hy other sources ot market impertections or frictions. For the
other three stock index futures markets, the differences in the simulated
and actual implied volatility surfaees displayed similar patterns, with the
exception that lor two of the other markets, the divergence seemed rela-
tivelv time invariant (Nikkei and FTSE 100 futures).

SUM\1ARY AND SUGGESTIONS FOR FUTURE
RESEARCH

This article examined the nature ot the ohjective dispersion jirocesses,
which can be ohser\ed lor tuturos contracts on Pour stock indexes. To
capture tbe multifaeeted nonnormality and interdependence of the em-
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pirical disjiersion proeesses, se\'en attributes were identified. Witb tbese
attributes for eaeb ol tbe lour markets, two alternative stocbastie volatility
models were examined. I found tbat all four markets were best understood
witb a model tbat assumed tbe price proeess follows an NIG process and
tbat tbe stocbastie process driving xolatilitics was negati\ely correlated to
tbis NKl [jrocess.

On tbe basis ol an optimal parameleri/ation olthis model, Luropcan
options were determined numerieally for eaeb market. Significant diver-
gences from tbe Black (1976) values were observed. For all markets, tbis
option pricing model tended to inerease tbe priees of options witb lower
strike prices relative to Black (1976) priees and decrease tbe value of
AIM and bighcr strike price options. 1 be results of tbis research points
out for tbe first time tbe relative biases associated witb tbe option pricing
model proposed by Barndorff-Nielsen and Sbcpbard (1999). Tbis extends
tbe researeb of Mull and Wbite (I9S8) to consider a ricbcr class of sto-
cbastie volatility models.

()|ition priees eonsistent witb tbe model v\ere tbcn expressed as stan-
dardized implied volatility surfaces and comparetl to actual implied vol-
atility surfaces from options on tbe S&P SOO. Altbougb tbe simulated
implied volatility surfaces display some styli/cd lacts similar to actual
surfaces, dif ferenees were obser\ed tbat were similar across all four mar-
kets. For tbe entire surfaces, tbe actual option prices bad bigber implied
volatilities tban for option prices consistent witb tbe model. Tberefore, I
rejected tbe hypotbesis tbat tbe stoebastic volatility models proposed
were sufficient to explain tbe existence of implied volatility smiles. Of
interest is tbat tbe differences bctv\cen tbe implied volatility surfaces
consistent witb tbe objective and risk-neutral processes appeared to dis-
play similar dynamics for all four markets. Ibe nature of this difference
sbould provide a useful starting j^oint for future researcb into tbe nature
of the risk premium in options prices and shoufd provide insights into
the relationship between tbe objective and risk-neutral processes.

APPENDIX: DERHATION OF THE RISK-
NED I RAL DRIM ADJLSTIVIENT EOR AN NIG
PROCESS

I be process S, generated b\ tlie NIC distribution, should be a martingale.
In tbe discrete time setting, tbis means

,, ,
J = S,,. , . J ^ \,2.^...n ( A l )
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with ŝ, ^ denoting the intormation at time Ij f Because both the drift

term, a, and the volatility, a, arc known at time tj . , and the variance of

the series V'̂  is independent from the history leading up until î  |, this is

equivalent to

e"; '-^'wia,. , ,:A0 - 1 (A2)

where m{x) = E[e -'\ is the moment generating Function ofthe NKl {[i.
6, a, (5) distribution. This function is

mix) - exp(r)-(,.a- - /;- - , . ( r - (/i + A)- ) + /̂ -v) (A3)

So the appropriate choice of drift is

^ (A4)

Comhining equations A.̂  and .\4 leads to

- ^ X

As a final note, adjusting the dritt is only one way to ohtain a martingale

(tor risk-neutral valuation), (liven tbe models examining suggest markets

arc incomplete, there arc alternative approaches. Eor example, lor the

constant volatility NIG proeess in continuous time, the natural approach

would he to estimate the parameters, \x, 6, a. and (3 from the ohservalions

ot S and adjust P to obtain a risk-neutral valuation.
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