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empirical results indicate thiil the relative performance of the two-
factor models in predicting the luture le\cl and \ariancc of interest-
rate changes is superior to the nested models. © 2000 John \\ ilcy &
Sons. Inc.Jrl Fut Mark 20:71 7-75 1, 2000

INTRODUCTION

The short-term riskless rate of interest is rtJiidamental to the classical
approach to pricing tixed-income securities and interest-rate-sensitive
claims. However, no consensus has emerged on the dynamics of either
the level or the volatility of the short rate. In other words, the choice of
the parametric conditional mean and conditional variance of interest
rates often is arhitrar\'. The functional form of the conditional mean in
most interest-rate models is specKied to let next period s change in the
short rate depend linearly on the current short level, although there is
mounting evidence that the drift of the short-rate process is not linear.'
The speeification of the conditional varianee, however, tends to vary
widely. I here are two popular classes of models for short-term interest-
rate volatility in the linance literature. The first model helongs to the class
of continuous-time or diffusion models in which the conditional volatility
is defined only as a function of interest-rate levels.^ The one-factor dif-
fusion models tend to o\eremphasize the sensitivity of volatility to inter-
est-rate levels and fail to model adequately the serial correlation in con-
ditional variances. The second class of models, the generalized
autoregressive conditional heteroskedastieity (GARCH), parameterizes
volatility only as a function of unexpected information shocks to the in-
terest-rate market.^ The serial-eorrelation-hased (JARCH models fail to
capture the relationship hetween interest-rate levels and volatility.

In order to overcome some of the empirical weaknesses of the exist-
ing models, this article proposes an alternative class of two-factor-dis-
crete-time-stochastic-volatility models that not only allows for departures
from linearity in the conditional mean, hut also parameterizes the con-
ditional volatility as a function of hoth the interest-rate level and the

'Sci-, lur c.\am|)l<.-, Ail-Siihyliti {l9S6ii, [99(-,\i), Pfimn. Scholrtiiin. ;mcl rstlu-rnif; 119461, CVinlvy.
Hiinsen, luUmor . ynd ScheiiikmLin (1997), and Stanton {1997).

l o r ccunumftr ic eslimiilion of cont inuous-t imf inierest-riUe m(nlcls, sue Miirsh <ind Roscnfekl
(19H.^), Buronc. CUDCO, tun\ / a i i l / ik (1991), Ch^n vl al. 114921, Chen and Sc . l l (194.^). Cil.lx.ns
and Ramits\\^im\ (199.^1, fVarsun and Sun (19441, \ i f l i no (1994) . l irn/e. Scxiillft. and /akoian
( I99S) , and Rali (19991 amonj; many others.

Hor appii tal ions of CARCH and CJAIiCH-Lypc models to inloresi rale dala. st-e Kngic ct al. (1987),
CftchiMti. Cumbi , and Ki^lfuski (I9HH1, l.njilc ct al. (19921, Cai ( I944 I . Pl'ann et al. | l99f , ) . Bali
and Karam)/oglu (1999), amon^ main others. St-e also Hollcrslc\, Chou. and Kroner (1992) fo ra
comprehensive siir\cy.



Modeling the Short Rate 719

news-arrival process. 1 he now class of models introduced in this iirticle
advances the current literature in a numher ol directions. First, the dif-
fusion component oi" the short-rate process is defined flexihiy enough to
incorporate serially ct)rrclated imexpected news, asymmetry, and the in-
tcrcst-rate le\e! into the eonditional \olatility of the short rate. Second,
the drift component is specified flexihiy enoujjh to allow for nonlinear
effects in the dynamies of the short rate. 1 hird, the new class of econo-
metric specifications nests many popular existing symmetric and asym-
metric CiARCH as well as diffusion models of the short-term interest rate.
The nesting clearly shows the connection between the existing models
and the new class of models. It also allows us to determine the relative
performance of each model in predicting the future Ie\el and \ariance ol
interest-rate changes.

F.conometric specifications tiiat are more general are developed in
this study to find the proper specification of the conditional mean and
variance of the short-term interest rate. The nonlinear empirical gener-
ali/ations are employed to test nonlinearity in the conditional mean, and
serial correlation, asymmetry, and level effects in the conditional variance
of the interest-rate change. In addition to symmetric and asymmetric
CJARĈ H and diilusion models, constantly weighted and e.xponentially
weighted moving-ave rage models are used to prediet the future \olatilit\
of the short-term interest rate. 1 he two-lactor-stochastic-volatilitymodels
are compared with various existing CIARCH, diffusion, and moving-a\-
erage models in terms of the statistical fit of intcrcst-ratc data and the
out-of-sample forecasting perlormanee hy using the Iheil inequality co-
efficient and an alternati\e measure of model performanec.

The empirical results indicate that the eorrect specification of the
conditional mean is as important as that of the conditional variance in
order to capture adequately the stochastic behavior of the short rate. In
adtlition. the nested models strongly are rejected against the new class of
models, which outperlorms the existing models in forecasting the luture
le\el and \arianee oi interest-rate changes. All tbese results point to the
presence ol nonlinearity in the conditional mean, and serial correlation,
asymmetry, and level effects in the conditional variance of the short rate.

Tbis article is organized as foflows. In the next section, the existing
models of the short-term interest rate will be re\iewed. This review wili
be followed by the introduction of tbe new class of discrete-time interest-
rate models, after which the data and estimation procedures will be de-
scribed. Ihen tbe empirical results from comparing the models will he
presented and a theoretical frame\\ork for pricing interest rate scnsiti\c
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claims with the Iwo-factor-stochastic-volatility models will be introduced.
The paper closes with a conclusion.

EXISTING MODELS OF THE SHORT TER]VI
INTEREST RATE

Existing models ol the short-term interest rate capture two well-known
empirical attributes. I irst, the short rate is mean reverting. The simplest
and most-eommon way of modeling mean reversion in the existing models
is to define next period's interest-rate change as a function of the current
short-rate le\el. Second, the unconditional distribution ol interest-rate
changes is leptokurtic. l^ngie (1982) showed that a possible cause of the
leptokurtosis in the unconditional distribution is conditional heteroske-
dastieity, and two different ways of modeling this conditional heteroske-
dastieity are eommon in the literature. In various continuous-time or
diffusion models, the conditional variance of interest-rate changes is a
function of the level of the short rate. In the GARCH models, the con-
ditional variance depends upon Iagged-squared shocks to the short rate.
The two-most-common classes of interest-rate models are re\ icwcd
helow.

DifFiisiori Models

In continuous-time or diffusion models, the dynamics of the short rate is
described by the Ito stochastic differential equation:

dr, - //(r,. t) dt + (T{r,, t)dW, (1)

where r, is the instantaneous spot rate, W, is a standard Brownian motion,
H(r,, t) and C7(r,, (). the drift and diffusion functions, depend on the short
rate and possibly other state variables. Most empirical work allows for
these functions to depend on the short-rate level only, i.e., |l(r,, () = |j(r,)
and a{ri, t) = a(r,). For example, imposing |a(r,) — ao + oc^r,, and cT(r,)
= arl ^ and a{r,) — CT results in the Cox, IngersoU. and Ross (198S) and
the Vasicek (1977) m{)dels, respectively.

To eompare the performance of a w ide \ ariety of well-know n models
in capturing the stocbastie behavior of the sborl-tcrm interest rate, Chan,
Karolyi, Kongstaff, and Sanders (CKLS; 1992) used the standard linear
mean-reverting drift and the constant elasticity of variance for the dif-
fusion funetion:



Modeling the Short Rate 721

dr, = (ĉ o + a^ r,) dt + 4'rf dVV,. (2)

Chan ct al. (1992) noted that the stochastic dittcrcntial equation
in eĉ . (2) encompassed a broad class of interest-rate processes, which
included many well-known interest-rate models. I hcse models can he
obtained From imposing the appropriate parameter restrictions on a^)., cX],
and i\>.-'

Following lirennan and Schwartz. (1982), Marsh antI Rosenfekl
(1983), Dietrich-Campbell and Schwartz (1986), Sanders and Unal
(1988), and others, Chan ct al. (1992) estimated the parameters ot the
continuous-time model ^iven in eq. (2) using a discrete-time econometric
spceilication:

r, - r,_| - a,, + a^r,_^ + i:, (3a)

, i) - 0, E(;;r|Q, ,) ^ OJ - "V^rf., (3h)

where Q, [ is the information set available at time ( — I so tbat
E( . . . [n, |) represents the conditional expectation operator at time 1 —
I, and a," is the conditional \ariance oF unexpected interest-rate changes.
In this model, autoregressive eonditional heteroskedasticity enters solely
through tbe le\el ol the last period's interest rate. Revsriting the drift
function l^lr,) — a,) + a|r, _| as o:)(r, | — UQ) re\eals that a | can be
\iewed as a measure ot the speed ot mean reversion in interest-rate levels
where a,* denotes the long-run average level of r. In the CKLS model,
mean rc\crsion can be ca|)tLired by setting a | < 0 and leptokurtosis by
introdueing eonditional heteroskedasticity (setting (|> > 0). Ihe \o!atilit\
j^arameter 4^" is simpK a scale laetor tor tbe eonditional variance ot the
interest-rate change. I he parameter 4> allows the volatility lo depend on
the level ol the interest rate. At higher 4> s, the volatility is more sensitive
to interesl-ratt' levels.

GARCH Models

There are some weaknesses ot tbe CKLS model that encompass many
popular diffusion models oF tbe short-term interest rate. First, it does not

•*K<»r f.vimplf, llif tui is lani cldslicity of variance (CEV) process introiliKt'd l>\ C'o\ ( I^TS) ^ind Co.v
iind Ross (1976) isobtiiincd fi>rm imposinjj the parameter reslricUon an = 0. I he \<iriiihie rale mode!
of Cox el al. ( I9S0) is neslcd within ihe t!KV model by ihe parameter restrict ion « | = 0 and ct> =
.^/2. Sett ing <j) = 0 jjives ihe Vasicek ( 1977) model and the Merton ( l ' )7^1 model is nested \*ilhin
the Vasicek model hy ihe parameter restriction a.\ = 0. Uolh of these modcK impK ihal the condi-
tional \olatility oi changes in ihc risklcss rale is constant . Setting (\> = 1/2 jjives the t 'ox, (n^ersiill.
and lloss ( |M,ST) square root moilel. lni]iosinn(b = I \ielils the l lrennan and Schwartz (1980) model,
and the lamiliar j^eometrie Brow nian motion ( d l l M l process ol Black and Scholes I 197.^} is nested
ui th in the Brcnnan and Schwartz model by ihe parameter restriction a,, = (1. In turn, the Dmhan
( I97K) model is nesled within ihe flRM model by ihe parameter resirietion 1*1 = ().
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allow tor nonlinear effects in the dynamics of the sbort rate heeause of

the linear specification of the drift component. Second, the discrete-time

approximation of the diffusion function given in eq. (3h) restricts the

volatility to be a function of the interest-rate level only, and not of the

news-arrival process. Therefore, the CKLS model fails to model ade-

quately the serial eorrelation in conditional variances. An alternative

model that addresses this in discrete time is the GARCH model, in which

the current volatility is a function of tbe last period s unexpected news

and the last periods volatility. A usetui feature of the GARCH model is

that it effeetively can remove the excess kurtosis in interest-rate changes.

The standard GARCt 1(1.1) model vvith linear eonditional mean takes the

following form;

r, - r , _ | = « „ + a\r,_.\ + e, (4a)

E(£,|n,_,) - 0. t'(i7|Q,_,) - ar = A, + fi, f.f_i + (i.ol., (4b)

where p,, > 0 , 0 ^ (i, < ! , ( )< p^ < U and (3, + ^2.< I- In other words,
in the ClARCH (1,1) model, the effect of an interest-rate shock on current
volatility declines geometrically over time. I he introduction of eondi-
tional heteroskedasticity as a function of unexpected interesl-ratc shocks
can capture leptokurtosis in the unconditional distribution.

In addition to the CKLS model, tbere are some weaknesses of tbe
GARCH models as well. First, in direct contrast to mucb of the theo-
retical literature, CJARCH models do not permit volatility to be a function
of interest-rate levels. Second, most empirical applications to interest-
rate data find that P| + P̂  — !• vvhicb implies tbat the conditional-
varianee proeess is not covariance stationary.'' In otber words, current
shocks atfect volatility iorecasts infinitely far into the future (or volatility
shocks persist forever). Third, GARCH models permit negative interest
rates.

Cngle. Ng, and Rothschild (1992) found Pi + P2 ^ 1.0096 for a
portfolio of U.S. Treasury securities. Koedijk, Nissen, Scbotman, and
Wolff (1997) reported j3| + P2 = MO for one-montb 7-bills, Hong
(1988) reported Pi + P2 ~ 1-073 for excess returns on tbrce-month T-
bitls over one-month T-bills, and Engle. t ilien, and Robhins (1987) found
similar results using an ARC'll (12) model on quarterly data for cxcess-
bolding yield of six-montb l-bills over three-month T-bills. Wben P, +
p2 ^ K the GARCH (1,1) volatility in equation (4h) can be rewritten as

""IJollerslev (I'JNfi) demonstrates thai lliis is tlie ease \\hen [i, + |ij is greater than ono. Nclsiin (1990)
showed thill in sueh cases shocks aceiimulatc in the sense that ti(a;̂ ,̂,,|o;̂ I —• 'J- as iii —» ^. Note,
hiiuever. that this does not imply ihat ap, „, —* ^ as \n —> ^.
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^f = A. + (I - f^z)4 1 + /Vr-i- (̂ )

Note that in this case, the unconditional variance is unciefined. Indeed,
the GARCH process in eq. (S) is a nonstationary GARCH called the
integrated GARCH (IGARCH) model, originally introduced hy Engle and
Bollerslev (1986).

A styli/ed fact of (inancial time scries is that the distribution ol in-
terest-rate changes ean he skewed. For example, the short-term interest-
rate change is skewed to the left, i.e., there are more negative than posi-
tive outlying observations/' Since, in a GARCH process given in eq. (4h),
positive and negative interest-rate shocks of the same magnitude produce
the same amount of volatility, the standard GARCH model cannot cope
with such skewness. Hence, one can expect that forecasts and forecast-
error variances from a symmetric GARCH model may he biased for
skewed time series. Also, larger interest-rate shocks forecast more vola-
tility at a rate proportional to the square of the size of the interest-rate
shock. If a positive interest-rate shock causes more volatility than a neg-
ative interest-rate shock of the same size, the symmetric GARCH model
underprediets the amount of \olatility following positive shocks and over-
predicts the amount of volatility lollowing negati\e shocks. Kurtbermore,
if large interest- rate shoeks cause more volatility than a quadratic fune-
tion allows, then the symmetric GARCH model underprediets volatility
aher a large interest-rate shoek and overpredicts volatility after a small
interest-rate shock.

Recently, a few modilications to the GARCH model, which explicitly
take account of skewed distributions, have heen proposed. In this article,
we ha\e considered two such modifications in which good news and had
news have dillerent predictahility for future volatility. The first model
proposed to capture such asymmetric effects is the Asymmetrie GARCH
(ACARCH) model introduced by Engle (1990):

af = A, + Ai(£,-i + -/)' + /?2^?_|. (6)

where (i,, > 0, 0 < pj < I, {) < p^ < I, p, + p^ < I, imd importantly y
> {) lor tbe short-rate process. The asymmetry effect in the ACiARC'H
model is captured by tbe volatility parameter y. Since y is assumed to be
positive, an unexpected rise in the short rate (positive shock) increases
predietahle volatility more than an unexpected decrease of similar mag-
nitude in the short rate (negative shock).

' ' S e t - , f o r f \ ; i m p l f , R r o / f f t ; . l . ( l y y S l . C i r a y ( I ' J S f , ) . . m d K o f d i j k i-l ; . l . I I ^ J S T ) .
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The second model is the Quadratic GARCH (QGARCH) process,
developed by Sentana (1995), whieh ensures positivityof the conditional
\ariance. The QGARCH (1,1) model takes the following form:'

^f = Ao + /̂ i 4-i + / W - i + yf;-\- (7)

where Po > 0-0 < P, < 1, 0 < P^ < L Pi + P2 < 1, and y > O/Similar
to the AGARCH model, when y > 0, positive interest-rate shocks (or e, _ ]
> 0) will have a larger impact on (jf than negative interest-rate shocks
(or £, I > 0). The time-series properties of the QGARGH model are very
similar to those ol Bollerslev's (1986) GARCH model. However, the
QGARCH model has the iidvantage thai hy adding a single parameter (in
this case, y), it can allov\ tor hoth an asymmetric effect on the conditional
varianee and higher (unconditional) kurtosis, which goes in the right di-
rection towards capturing some of the stylized facts characterizing many
finaneial time series.

ALTERNATIVE MODELS OF THE SHORT TERM
INTEREST RATE

In order to eompare the relative performanee of a variety of well-known
models in capturing the stochastic hehavior ot the short rate, this seetion

liiliDn tiin be intcrprt-lfd as a sftt>ncl-order I'iiylor uppnivimiilion to llie un-
known conditional viiri^incc I'unctinn u~{ ), or, altcrnativi-ly, tis ihe qiuidnitk- projection ol' the
square innovation on the information scl. Thf main purpose of the yCARC'H mi)dt'l is to use fune-
tional forms For O"l ), which ensures positivily. I o miike the nature of ihe Qt^AUC'H model more
cloar. consider QARC'H (2) process:

where % = M^,. p, = cof. [ij = 017. 7| = 2ti)(,0)|, y2 = 2o)()O),, S = 2(t)|C02- The generali/cd \ersion
oflheQARCH (2) model, which is QCIARCH (1.2). ean he wriiien as

"f = Al + /'I'-f-i + l^i'-J-i + y\E,-\ + 7ii-;-i + '5E, |C, , + li^n;.^.

*'ln ihe QGARCH (1.1) ease, aj - jiy^ + ji\ iq_ \ + (i^ <7f_ | + J'E, |. pnsitivity ot the variance is
achie\ed il p | . |3) S 0 and y S 4p(|p| (Sentana. 1995, p. iSS2). To impose these restrictions, one ean
estimate ihc likelihood Function with rsj — p^, + /'Tt'-i-i ~ / ' ' + Pi ' ^ - i - so ihat //(, = />̂ , +
/'f/*"- l^i = /'I- li> = f>i and Y = - 2pi M-

''In addition lo ACiARCH and QCARCTI models, alternative asymmetric CiAIKTI m()dels that ean
generate skewed time-series patterns are ihc so-cillcd l.\pi)ncnticil C.ARCH models (KCiARCH) pro-
posed h> Nelson (1991) and the I hrcsliold CJARfl I model (I GARCt I) inlroduced hy Ziikoian 11994)
and Glosten. Jajjannathan, and RimkJe (1993). Although we have considered these models as possihie
useful candidates at an earlier stage of the study, they were found nol to be very useful for repeated
forecasting exercises. Given the latter purpose of repeatedly spceifyingand estimaling GARCH mod-
els, an obvious requirement oF these models is that the estimation method he reasonably simple and
that parameter convergence occurs with reasonable qitiekness. Unfortitnalely, it has heen our ex-
perience while rtinning tbe estimation procedures that parameter estimation of the LtiARC'H and
I'fJARCH models can hi' tedious. In view of these difficulties, we ha\e restrided ihe specilicalion ol
asymmeir) In conditional variance to lollovi AGARCII and (JGARCII processes.



Modeling the Short Rate 725

introduces an alternative elass of discrete-time inlerest-rale models. Our
approach exploits the Fad that many diffusion and GARCH models imply
dynamics for the short-term riskless rate ihat can he nested within ihe
following lwo-factor-continu<)us-tinie-stochastie-\()latility model:

dr, - («,) + a,)-, + «2'f + « A ) '̂' + ^(rf ^VV|,, (Sa)

t/T/ = (/Co + A-, "Vf) dt + ijdW>j (8b)

where \\ ' | , and W2.1 •""'̂  independent standard Hrownian motion pro-
cesses so that d\V] I and dWi, are normal!) clistrihiiled with zero mean
and variance oi dl. Ihc specification of the shorl-ratc process in eqs. (8a)
and (8h) implies mean reversion of the interest-rate level, as well as mean
re\ersion of the \ariance of interest-rate changes.

We introduced a two-factor-interest-rate model as an extension of
the one-laetor diiiusion models of C'han et al. (1992) and Ait-Sahalia
(1996a} hy incorporating a stochastic \olatility factor in the short-rate
process. The two-faetor-discrete-time-stochastic-volatility model accom-
modates hoth the level and CJARC'H efleets. The two faetors ot the model
are the short-term interest rate and the instantaneous variance of changes
in the short-term interest rate. It is known that the current level and
\()latility of interesl-ratc changes are two most important factors in ex-
plaining movements in ihe term struetiire ol interest rates.

1 he diifiision model given in eq. (8) is a more-general version ol the
standard diilusion models. The model specifies a nonlinear-mcan-revert-
ing drilt and allows the diilusion parameter 4̂ , to vary through lime as
new information arrives. To make the model flexible enough, and to en-
compass the popular symmetric and asymmetric CARCH models, we em-
ployed the discrete-time version of the model in our empiHeal analysis.
Ihe discrete-time approximation of e(]. (8) can he written as:

'"/ + A - '"1 = («() + «!»", + «2 17 + a^/r,) A + ^,rfz\_, ;'A (9a)

^^A - ^ ' - (/v-,, + h-i 4^r)A + '/ -2j X A (9b)

where A is the length of the time interval, z^^ and 12.1 *'f̂ ' indepemlent
normal ,\(0,l) variates so that AVV| , = Z| , ^A and AVV>, = ^2, ^ A can
be viewed as normally distributed random variables v\ith zero mean and
\ariance of A. Since W] , and WT,, are assumed to be independent Wiener
processes, there is no coxariance between A \V 1 , and A VVi.i* i-*"'-- cov(A

i h i ' s h o r t r . i l c [ l r n i c s s i n u q , iH] i - \ h i h i l s n o n h r i L M r m e a n i L ' M T s i o n ii L<| S ( ) , a , S 0 , a n d a t S 0 .

I h c c h l f u s i o n [ i r o i i - s s i n <.'C|. ( S l O a K o i m p l i e s mi 'Lin r c v L T s i i i n o l i h c i n l c r c s l - r a l c v o l i i l i h l \ i l K i < 0 .
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W| ,. A Wyj) ^ 0. The time-varying scale factor 4̂ ,"+̂  in the diCi'usion

component of Ar, is dellnec] as a function of unexpected information

shocks to the interest-rate market.

A New Class of Models

To test the presence of nonlinearity and asymmetry in the diffusion func-
tion, we modified eq. (9b) hy incorporating nonlinear asymmetric dynam-
ics along with the level effect into the short-rate process, and rewrote the
two-faetor-discretetime-stochastic-volatility model as:

^̂ .A - r, = (a,, + a.r, + a, rf + a^/r,) A + T,2,r* ,'A (10a)

%^A - A, + /A(^,-, + ;•)- + l^.^yf (lob)

"yl. - Ao + ih'Vfzf + /y>4>f + yH',z, (10c)

Assuming that A — 1, the diserete-timc econometric specification of eqs.

(lOa), (10b), and (lOe) ean he written as

rt - rt-i = (a,, + a, r, \ + 0^2 rf , + a.^/r,.,) + rf_, ^h, z, (1 la)

E, = Jh, z, and z, - N{0, 1) ( l ib)

h, = A , + A,( / ; ,_ , + •/)' + Ih h,., ( l ie)

k, = / i o + ^ 1 r.f_, + f U h , _ , + y c , _ , (lid)

The p;irametcri/ation o\ the diftusion function in this model incorporates

serialK correlated unexpected news, asymmetry; and level eHects into the

eonditional \c)latility. The speeiricution of h, in eqs. ( l i e ) and ( l i d ) in-

troduce, respeetively, AGARCH and QGARCM processes to the condi-

tional volatility. The model with the nonlinear drift, fi(r,) — a,, + a | r ,_ |

+ « ! T I "*" ^^^^1 !• '̂ "'̂ 1 the nonlinear ditlusion iLinetion. a"(rj) = P,)

+ |i |{8,_, + y)^ + ^2^-0 n^-\^ is called the AGAKCII-X model. The

model with the same nonlinear drift, \x{r,) = a,, + a]r , 1 + a^ ^f-1 +

CK̂ /r, _ |, and the diffusion funetion. CT'"(r,) = (Po + p | c,"_ | + ^2^1-1 +

YE, _ 1) rf^|. is referred to as the QGARCII-X model.

Ihe econometric specification of the tv\<)-faetor-discretc-time-inter-

est-rate model presented in eq. ( I I ) defines a hroad class of interest-rate

processes, which includes many \sell-knov\n diffusion and GARCH mod-

els. This model encompasses the diffusion, symmetric, and asymmetric

GARGH models considered in this artiele. These nested models ean be
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obtained Irom cq. ( I I ) by imposing the appropriate restrictions on the

p^irameters u's. P's. (\>, and y. More specifically, the ACARCH-X (or

QGARCH-X) model nests AGARCH (or QGARCH) model [iF cl> = 0\,

symmetric CiARCH model [il'clj - y - 0], IGARCH model [if 4) - y -

0 and P, - (I - P2)l. and C K L S model |if y - P, - P2 ^ 0 | , all of
which arc assumed to have nonlinear conditional mean. Our nonlinear

empirical generalization also encompasses the original CKLS model,

whieh uses the standard linear mean-reverting drill |iFa> — a^ — y =

PI - P2 - OJ.

Moving Average Models

A m<)\ing average is an a\erage taken over a rolling window of a fixed
number ol data points. Lach time the windov\ is rolled t)\er, the estimate
is updated by adding the observation from tbe preceding time period and
dropping tbe oldest observation. Consequently, tbe sample size remains
Rxed. Moving averages have been a useful tool in finaneial forecasting for
many years. However, recent advances in time-series analysis allow a
more critical view of the efficacy of such methods and propose a more
accurate representation of the underlying volatility. The following sub-
sections explain tbe constantly weigbted moving average (CWMA) and
exponentially weigbtcd moving average (EWMA) volatility.

CWMA \hlatility

Tbe simjilest v\ay to estimate tbe volatility of tbe interest-rate cbange is
to find tbe usual estimate of tbe standard deviation. Ibis volatility esti-
mator, labeled as CWMA, is given by:

12)
n —

Tbis met bod deseribes a simple structure on how volatility evolves

through time anil places constant weights, l/(» — 1), on past ohserva-

tions. In this study, n is chosen to be 400 montbs. For example, the first

400 observations in the sample (from January 1957 tbrougb April 1990)

arc used to compute an estimate of tbe variance for tbe 401st montb.

C'WMA volalility I'mploycd in ihis slutly is dlFfcrcnl from the standard historical volatility in the
sense that the traditional Kistoricai volatility places no structure on how volatility might evolve over
timt' and is takinj^ no account of dynamic properlit's of interest rates, i.e.. it is a completely static
model.
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There are two major drawbacks of the CWMA-voIatility-estimation
method. First, if interest-rate volatility clusters, then more recent rates
should be given more weight. Interest rates in recent periods provide more
information about tbe current volatility than the ones in the distant past.
Seeond, the ehoiee of the length ol the observation period, n, is somewbat
arbitrary. A constant weight, \/{n — 1), is given to obser\ations tbat occur
vvitbin tbe most recent n periods, wbile no weigbt is given to obser\ations
beyond tbis window. 1 bis procedure appears to be ad hoc at best.

EWMA Volatility

An EWMA volatility places more weigbt on more recent observations,
and tbis weighting is done by using a smoolhing constant (or a dampening
parameter) X, wbere 0 < X, < I. Tbe larger tbe value of X. tbe more weigbt
is placed on past ohser\ations, and so the smootber tbe series becomes.
An ^-period EWMA volatility of tbe interest-rate cbange is defined as

/ \ i _i_ •/ \~ j _ ~2/ \1
V ( - I *"( 2' ' ^-v'l 2 ~ ^1 V ' ' ' -"vi .1 ~ f~i_^}~

Since t he d e n o m i n a t o r ol eq. (13) e o n \ e r g e s to 1/(1 — X) as n —> ^ , an

infinite E W M A c a n be rewr i t ten as ~

fjf = {\ - / ) 2 ^• ' " ' i^t-i - n - i - i ) ' - (14)
( = 1

of course, tbe interest-rate series must be truncated sinee only a finite
number ol observations are available for estimation. In tbis study, follow-
ing J. P. Morgans RiskMetries'^', tbe dampening parameter A, is cbosen
to be 0.90 for tbe 400-montb estimation period.

DATA AND ESTIMATION

I be data used in tbis study are three-montb U.S. Treasury bil! rates ob-
tained from tbe IMF International Financial Statistics. Tbe data are

~'l"he infinite KAVMA mudel ^i\en in eq. 1 I ^) is almost identical to the ICJARC'M riHKlel presented
in eq. (S). I h e similiirily ol these two models ean i)e shown hy repeated suhstilutions in ei|. (5) hy
replaeiny (ij \\ith X:

When [Jo = 0. the reprcscntatinn in S' is equivalent t(i the iiWMA model in cq. (1.^). While in
RiskMetrics'" the porameter X is estimated in a sub-npiimal way (see Alexander, 1996. p.237), the
eslimation prntedLire f(ir the KiARC'H model results in optinial snioolhin;^ laitor.
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montbly and cover tbe period from Januar\' 1957 to December 1997,
giving a total of 492 observations. Tbe three-month Treasury bill rates
expressed in annualized form are discount on new issues of three-month
bills, and they are based on averages of end-of-tbe-month bid and ask
prices. Figure I plots the data, illustrating the dramatic changes in in-
terest rates that occurred during the Federal experiment and the OPEC
oil crises. Figure 1. lower panel, contains plots of monthly changes in
short-term interest rates. Again, the xolatility associated w ith the f oderal
experiment is striking. Volatility also Is noticeably higher than average
during the I973-197S period (the time of the OPEC oil crisis) and im-
mediately after the Oetober 1987 stock-market crash.

Table I displays the means, standard deviations, and lirst six auto-
correlations of the three-month yield and the monthly cbanges in the
three-montb yield. We also reported the skewness and excess kurtosis
statisties for testing the distributional assumption of conditional normal-
ity. Tbe unconditional average level of the tbree-montb yield is 5.843^
witb a standard deviation of 2.761%, wbereas tbe montbly yield cbange
averaged i)A)i)4'i witb a standard deviation of O.S229f. Tbe autocorrela-
tions For tbe level decay slowly, and tbose of tbe first differences arc
generally smail and are not systematically positive or negative. The sta-
tisties given in Table I shov\ tbat tbe montbly changes in the sbort-term
interest rates are negatively skewed, althougb tbe skewness statistics are
not large. The excess kurtosis values are larger tban zero, implying tbat
tbe distribution of interest-rate levels and changes has fat tails compared
witb tbe normal distribution.

The discrete-time econometric specifications are estimated using tbe
maximum-likelibot)d mctbod with tbe Berndt—Hall—Hall—Hausman al-
goritbm. Tbe procedure used in tbis study for estimating tbe parameters
of tbe interest rate models closely follows tbat of earlier studies, altbough
tbe present study differs from its predecessors in an important respect.
Former studies computed tbe level and variance of interest-rate ebanges
if the parameters in the drift and dilfusion were independent ol time.
Whereas this study, in addition to the entire sample estimation, uses a
rolling-regression procedure and generates one-step-ahead forecasts by
estimating tbe time-varying parameters oi tbe drift and diffusion
functions.

"l ine iiiterest-nile ehanjje tends tii exhihil iion-normal iineimdiliDn^il siimplin^ dislrihiiti'ins in the
lorm nf skew ness, hut is more pronnuneed in ihe torm ol exeess kurlosis. I he eondilional nornitilily
iissumplion in CIARC'U jjenerales some decree ul iincnnditicinal exeess kurlnsis, hut t\pieallj less
than adequate to aceount iully lor ihe tat-liiiied properties of the daUi. One solution lo ihe kurtosis
prohlem is ihe adoption of eonditional distributions v\ith falter tails than the normal distrihution.
Other attempts lo mode! the exeess eondilional kurtosis in the interest-rate ehange include the
estimaU's of the ACiARC'H and the QCIARC'H models, as \\ell as a more general lersiim i>f these.
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3
Data

S ^- t*i ^ hn t-^
a Ol tfi Oi <jt

0.02

0.01

-0,04

FIGURE 1
Three-Month Trfiisury Bill fields.

1 he top panel cotitains a time-series plot of iuinuali/ed three-tTionlli U.S. Treasury bill
rates. The first dUTerenccs of this series are shown in the bottom panel. The sample

period is Jiinuary 1957 to December 1997, a total of 492 ol)ser\'alions.
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TABLE

Suiiiiiiarv Statistics

Variables n Mean
Sluiuiii rd E.vct'.s,^

Deviation Skewness Kurtosis Pt,

r,
r.-r,.

492 0.05843
491 0.00004

0.02761 1.2007
0.00522 -1.6489

4.7440 0.981 0.952 0.927 0.906 0.885 0.864
24.742 0 277 - 0 106 -0.094 -0.043 0.045 -0.188

Means, standard deviations, skewness, excess kurtosis, and autocorrelations of monthly Treasury bill yields and yield
changes are computed from January 1957 Io Deoember 1997 The variable r, denotes the annuahzed yield on Treasury
bills maturing jn three month and r, - r, , is the monthly yield change, p. represents the autocorrelation coefficient of order
/ n represents the number of observations used.

The construction of time-varying iorecasts ol the tutiire le\el and
variance oi interest-rate ehanges ean be expiaincd as iollows. The totai
sampie ot 492 observations is spilt into two parts: the i'lrst 400 ohserva-
tions (from January i957 through April i990) were used for estimation
of the parameters of tiie model, and then a one-step-ahead forecast was
calcLiiated. The sample tiien was roiied forward hy remo\ing the first
ohser\'ation ol tiie samjile and adding one to the end, and another one-
step-ahcad forecast of the ne\t month s eonditionai mean antl \ariance
was made, this "recursive' modeiing and foreeasting procedure was re-
peated untii a forecast for ohservation 492 had been made using data
available at time 49 i. Computation of forecasts using a roliing window
of data ensures that the iorecasts are matie using modeis whose param-
eters have heen estimated using aii the information avaiiahle at that time,
whiie not incorporating old data.

EMPIRICAL RESULTS

This seetion iirst presents the ma\imum-lii<eiihood-estimation results
f̂ rom estimating the conditional mean and varianee of the interest-rate
models and comjiares tiie existing models (diffusion and CARCfH with
the two-laclor-stoehastic-v()Iatilit\ modeis (ACiAi?CH-X and QGARCH-
X) using the maximized iog-iiiveiihood funetions. Second, the discrete-
time econometric modeis are eompared in terms of their abiiity to iorecast
the future volatiiity of the interest-rate ehange using the Theii inequaiity
coefficient and an alternati\e measure of modei performance. Tbird, the
pricing implications of tbe stochastic voiatiiity modeis are discussed.

Estimation Results and Model Comparisons

Tahies II and III present, respeetiveiy, the in-sampie and whole-sample
parameter estimates, asytnptotie (-statistics, maximized iog-iikelihoods
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for the unrestricted models (AGARCH-X and QGARCH-X) and For each
of the nested models (AGARCH. QGARCH, GARCII. IGARCH. and
CKLS), and the likelihood ratio tests comparing the nested models with
the unrestricted models.'"^ The coefTieients of the variables in hoth the
conditional mean and conditional variance of the interest-rate models
usually are signifieant statistically at the 5-% level. Both the in-sample
and whole-sample parameter estimates of the AGARCH-X and
QGARCH-X models turn out to be almost the same. The drift parameters
a2 and a^ in each econometric specification considered in the article are,
respectively, negative and positive, as well as signifieant, suggesting the
presence ot mean reversion and nonlinearity in the conditional mean.
The asymmetry parameter y in the quadratic form in the AGARCH and
AGARCH-X models, and the coefficient on the last period's unpredictable
interest-rate change, e, ,, in the QGARCH and QGARCH-X models are
signifieant and positive. The symmetric GARCH model has lower maxi-
mized-log-likelihood values than the asymmetric GARCH model, sug-
gesting the existence of asymmetrie volatility responses to shocks in the
short-rate process. In addition, the sensiti\ity parameters, <[) s, in the con-
ditional varianee of the AGARCH-X, QGARCH-X, and CKLS models also
are significant and positive. AH these results are consistent with the hy-
pothesis that positive interest-rate shocks cause higher volatility than neg-
ative shoeks, and volatility tends to he higher when the short rate is high.

Rased on the ma\imi/ed-log-likelihood values, the AGARCH-X and
QGARCH-X models introduced in this study performed the best com-
pared to the nested models.'"" According to the likelihood ratio test sta-
tistics presented in Tables II and III, the nested models are rejected
strongly against the more-ilexible AGARCH-X or QGARCH-X models for
both the in-sample and whole-sample estimation periods. Among the
nested models, the relative performance of the asymmetric GARCH mod-
els (AGARCH and QCJARCH) in modeling the eonditional distribution
of short rates is found to be superior to the symmetric GARCH, IGARCH,
and CKLS models. Overall, the nonlinear empirical generalizations out-
perform ail other models in capturing the dynamic behavior of the three-
month U.S. T-bill rates. All these results point to the presence of nonlin-

""AS discussed in Kxislinji Models ol' thf Short-lfrm Inturosl Rate, the CKLS niddel eiicompiisses
m^ny piipul.ir C()nliniiiKiS'iimt' modt'ls ol' ihf shnrl-li-rm intert-st rale. Sincf ihe (^KI.S mndcl is
ni-stcd Hilhin our mnrv (kwililf modt'ls. and il covers most t>i' ihv siihni'slcd models (t'.jf., Rrcnnan &
Sihwiirl/, 1980: Coy. l97S:Co\& Moss, 197ft; Ciox el al., 19S(), |9SSi Diufian, 1 "-ITS; Merlon. 197.^;
Rendlcmann & IJartUT, 1980; Vasicek. 1977) we will not compare the relalive performance ol'these
subnested models with ihe ni'wly proposed discrete-lime interest-rate models.

For the entire sample estimation, the maximized-log-likelihood values lor the nonlinear mean
AGARCH-X and QCiARCJH-X models are ahout 2623.98, whereas the maximized lo^ likelihoods lor
the nonlinear mean CIARCH and t'Kl.S models are ahoiil 2ftl7.09 and 2482.20, respectively.
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earity in tbe eonditional mean, and serial correlation, asymmetry; and
le\el eltects in the conditional \ariance ol the short rate.

We found For the three-month Treasury-bill data that the volatility
of the short-term interest rate is not as highly sensitive to the level of the
short rate, as mentioned hy Chan et al. (1992). In fact, the volatility of
interest-rate changes was found to be more sensiti\e to Line.vpected news
in the interest-rate market than to the level of the riskless rate. This can
he understt)od simply by comparing the ma.vimi/ed-Iog-Iikelihood \alues
of the CKLS and CiARCH models. The empirical results also suggested
that the diffusion models (like the CKLS model with linear or nonlinear
drift) tend to overemphasize the sensitivity of volatility to interest-rate
levels. F"or examjile, as presented in Tahles II and III, the unconstrained
estimate of the sensitivity parameter (t> in the CKLS model is around I .T2
or 1.S4 lor the in-sample or \\bole-sample estimation period, whereas
when the sensitivity of volatility to interest-rate levels depends on infor-
mation flows (i.e., when h, = p,) + P|(c,_ i + y)" + ^> h,_ | or /i, = p,,
+ PI cf I + P> /j,-i + ye,-i) as in tbe case of the AGARCH-X or
QGARCH'X models where tbe parameter (\) reduces to 0.39 or 0.3S for
the in-sample or whole-sample estimation period.

In order to determine tbe correct specification ot both the drift and
diffusion functions of the short-rate process, tbe nonlinearity in tbe con-
ditional mean, asymmetrv', and level effects in the conditional variance of
interest-rate cbanges formally were tested for the in-sample and whole-
sample estimation periods using the Likelihood Ratio (LR) test. Accord-
ing to the \ H test statistics demonstrated in Table IV, the models with
the standard linear mean-reverting drift were rejected strongly against
those with the nonlinear conditional mean. In addition, the LR statistics
indicated tbe strong presence oi asymmetry and le\el elfects in the con-
ditional variance of the short rate since the symmetric GARCH models
were rejected against the asymmetric GARCH models, and the models
(AC;ARCI I and QGARCII) that do not relate the \olatility to interest-rate
levels are rejected against the A ( ; A R C H - X and QGARCH-X models that
incorporate tbe level effect into the diffusion function.

An Alternative Measure of Model Performance

In order to measure further the relative performanee of the nested models
against the more-general AGARCH-X and QGARCH-X models, we tested
their predictive power for squared interest-rate changes, whieh provided
a simple ex-post measure of interest-rate volatility. This was done by first
computing tbe time-varying eonditional variance oi the monthly yield
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Whole-SampI

i^ouUnearity
d.f = 2 '

(LR = 10.228)
AGARCH-X

(linear vs nonlinear)

{LR = 10.228)
QGARCH-X

(linear vs nonlinear)

(LR = 8.468)
AGARCH

(linear vs nonlinear)

(LR = 8,468)
QGARCH

(linear vs nonlinear)

(LR - 6,565)
GARCH

(linear vs nonlinear)
(LR = 6,130)

IGARCH
(linear vs nonlinear)

(LR = 8,478)
CKLS

(iinear vs nonlinear)

e Estimates iu

Level
d.f = 1

(LR = 7.975)
AGARCH-X
vs AGARCH
(nonlinear)

(LR = 7.975)
QGARCH-X
vs QGARCH
(noniinear)

(LR - 6.216)
AGARCH-X
vs AGARCH

(Iinear)
(LR = 6.216)
OGARCH-X
vs QGARCH

(linear)

TABLE IV

Likelihood

= 492)

As\ltIml'tr^
d.f = /'

(LR = 5.813)
AGARCH

vs GARCH
(noniinear)

(LR = 5,813)
QGARCH
vs GARCH
(nonlinear)

(LR = 3,910)
AGARCH

vs GARCH
(linear)

(LR = 3.910)
QGARCH
vs GARCH

(iinear)

1 Ratio Tests

lii-StniipU'

i^onlinetirit-i
d.f = 2 '

(LR = 8 365)
AGARCH-X

(linear vs nonlinear)

(LR = 8.365)
QGARCH-X

(Iinear vs nonlinear)

(LR = 8.964)
AGARCH

(Iinear vs nonlinear)

(LR = 8.964)
QGARCH

(iinear vs nonlinear)

(LR = 7,940)
GARCH

(iinear vs nonlinear)
(LR = 9.893)

IGARCH
(linear vs noniinear)

(LR = 8,358)
CKLS

(iinear vs nonlinear)

Estiwales (n —

Level
d.f = }

(LR = 4,908)
AGARCH-X
vs AGARCH
(noniinear)

(LR = 4.908)
QGARCH-X
vs QGARCH
(nonlinear)

(LR = 5.507)
AGARCH-X
vs AGARCH

(linear)
(LR = 5.507)
QGARCH-X
vs QGARCH

(iinear)

400)

Asymmetry
d.f = 1

(LR = 4.023)
AGARCH

vs GARCH
(nonlinear)

(LR = 4.023)
QGARCH
vs GARCH
(nonlinear)

(LR = 3,999)
AGARCH

vs GARCH
(linear)

(LR = 3.999)
QGARCH
vs GARCH

(iinear)

This table displays Ihe Likelihood Ralio {LR) test stalistics for testing nonlinearity in the conditional mean, level and asym-
metry in the conditional variance o( the interest-rate ciiange with the whole-sample and in-sample estimates. The critical
values at the 5% level of significance are/,,„.,,.„ = 3.84 and/,;,,;,,,, ^ 5 99 with 1 and 2 degrees of freedom, respectively.

changes for each model using the fitted values of the discrete-time econo-
metric specifications descrifx'd previously. We then computed the pro-
portion of the total variation in squared yield ehanges that ean be ex-
plained hy the estimated conditional variances. We refer to this as the
coefficient of determination R~. The R~ values iti this article provide in-
formation ahout how well each model is able to forecast the future vol-
atility of the short-term interest-rate change.

The predictive power of the unrestricted and restricted models is
evaluated hy estimating a series of OLS regressions of the form:

a, ^ + «i'̂ r,/" +
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where o," — (r| — r, ])~ is the squared interest-rate changes at time (,
af/ is the forecast of af, and £,, is the forecast error. In addition to com-
paring the determination eoefficients {)f the regressions for each interest-
rate model, we also tested whether the estimates of ctf) and «, are equal
to zero and one, respectively, in order to determine if the models' forecasts
of conditional variances are "unhiased." The Wald test was used to de-
termine whether <Jfj is an unhiased estimator of C'.

The results are presented in Tahle V. The AGARCH-X and
QGARCH-X models (with linear and nonlinear drift) appear the same in
their forecasting ability for the variance of interest-rate changes, although
the predictive power of these models with linear conditional mean is
found to be inferior to those with nonlinear drift. The eoefficients of
determination for the nonlinear mean AGARCH-X or QGARCH-X mod-
els were around 56 and ^C/f for the whole-sample and out-of-sample
forecasting, whereas the corresponding R" values for the linear mean
AGARCH-X or QGARCf I-X models v\ere about S2 and 49%. The explan-
atory power of the asymmetric and symmetric GARCH models turned
out to be almost the same, although the forecasting ability of these re-
stricted models was found to be sligbtly inferior to the AGARCH-X or
QGARCH-X models in both the whole-sample and out-of-sample fore-
casting. The predictive power of the nonlinear mean IGARCH model,
w ith fi~"s about S3 and 46 /̂̂  for the w hole-sample and out-of-sample fore-
casting, was found to be slightly inferior to the asymmetric and symmetric
GARGH models.

Among the nested models, the predictive power of the CKI ,S model,
which parameterizes the \olatility only as a function of interest-rate levels,
turned out to be the lowest, since it does not incorporate the effect oi
serially correlated unexpected news and asymmetry into the definition of
volatility. The proportion of the total variation in volatility captured by
tbe C'KLS model with nonlinear drift is about 12 and 19% in tbe out-of-
sample and in-sample forecasting, respectively. With the standard linear
mean-reverting drift, these R^ values were reduced to I 1 and 16% for the
C'KI.S model. Since there was no variation in the conditional volatility of
the short rate for the moving average models, we could not calculate the
coefficient of determination for tfie constantly weighted (CWMA) and
exponentially weighted (EWMA) moving-average models. However, for
out-of-sample forecasting, when the rolling-regression procedure was ap-
plied to the CWMA and EWMA models, the time-varying conditional
variance of the interest-rate change and, in turn, the corresponding R~
values were obtained. In out-of-sample forecasting, the relative perlor-
mance of the EWMA model, with R^ = 23%, in forecasting the future
volatility turns out to be considerably superior to the CWMA model, with
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TABLE V

Alternative Measure of Model Performance for ilie C'onditional Variance

Model

AGARCH-X
(nonlinear)
QGARCH-X
(noniinear)
AGARCH
(nonlinear)
QGARCH
(nonlinear)
GARCH
(nonlinear)
IGARCH
(noniinear)
CKLS
(noniinear)
AGARCH-X
(linear)
QGARCH-X
(linear)
AGARCH
(linear)
QGARCH
(linear)
GARCH
(linear)
IGARCH
(linear)
CKLS
(linear)
EWMA

CWMA

Wliole-Sampie Foreaislitiji (n

-0,00001
(-1,5498)
- 0 00001

(-1.5498)
-0,00001

(-1,9313)
-0.00001

(-1.9313)
-0,00001

( - 1,9526)
- 0 00001

(-1.9344)
-0.00004

(-3.3231)
-0.00001

( - 1,8965)
-0,00001

(-1.8969)
-0.00001

( - 1.8869)
-0.00001

(-1.8869)
-0.00001

(-1.3054)
-0.00001

(-1.8458)
- 0,00003

(-3,2632)
—

—

" 1

0.8894
(24.739)

0.8894
(24,739)

1.0821
(24.658)

1.0821
(24 658)

1 0924
(24.652)

1.2869
(23.585)

2.8851
(9.7896)
1.1145

(23.095)
1,1146

(23.097)
1.1073

(23.077)
1,1073

(23,077)
0 8798

(22.870)
1.2696

(22.158)
2.9746

(8,8563)
—

—

H-

0 5559

0.5559

0,5542

0,5542

0.5541

0.5322

0,1977

0.5217

0.5218

0.5213

0.5213

0,5168

0,5010

0.1678

—

—

= 492)

WALD

16.686

16.686

5.4032

5,4032

6.1026

27.668

24.124

6.9275

6.9417

6.3950

6,3950

15.831

22.171

28.023

—

—

OuUofS.

"a

-0,00001
(-2.8360)
-0.00001

(-2.8360)
-0.00001

(-2,6015)
-0.00001

(-2.6016)
-0,00001

( 2.4116)
-0.00001

(-2.6669)
0.00003

(3.1235)
-0.00001

(-2,7909)
-0,00001

(-2.7909)
-0.00001

(-2.3887)
-0.00001

(-2.3887)
-0.00001

(-2.4499)
-0,00001

(-2.6513)
0.00001

(2,9982)
-0.00001

(-1.7561)
-0.00013

(-1.7765)

iiDiftle f orectistiu^

1.2767
(9.3957)
1.2768

(9,3957)
1,1815

(9.4054)
1,1816

(9.4052)
1.1142

(9,2254)
1.2921
8 8601
0.3122

(3,5231)
1,2755

(9 3540)
1.2755

(9.3540)
1.1188

(9.1716)
1.1188

(9,1716)
1.1638

(9.1538)
1.3354

(8.6557)
0.4221

(3.4213)
1.4927

(5.2798)
3.9942

(1,8234)

H-

0.4952

0,4952

0.4929

0.4929

0.4833

0,4631

0,1212

0.4930

0.4930

0.4803

0.4803

0.4794

0.4515

0,1151

0.2345

0.0356

((I - 92)

\\.\LD

8.2930

8.2930

7.9928

7,9919

8.5655

7.2324

59.032

7,9987

7,9987

8.2085

8.2085

7,3492

7,0317

48.112

3.2223

2889.8

The predictive power of the discrete-time interest-rate models for the ex-post measure of the variance of the interest rate
change, (7; = {r, - r,.,)"', is tested by the following regression:

n-. = a,, + a, rxf, + I,

where n\ and a-;, are tiie ex-post measure and forecasted vaiues of the variance of (r, - r, ,), respectively, ff is the coefficient
of determination from the regression. The f-statistics in parentheses retiecl standard errors computed using Ihe White( 1980)
correction for heteroskedasticity. WALD is the Waid test statistic for determining whether<T;', IS an unbiased estimator of
f7?. The critical values for the Wald test are/;;, ,,,, = 5.99 and/r...,,iiii = 9 21.

R~ = 4%. The predictive power of the EWMA model also uiis found to
be substantially higher than the explanatory power of the CKl.S model.

The Wald test statistics shown in Table V imply that the estimated
conditional variances, af,, obtained from the new elass of models and the
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ncslcd models usually were biased estimators ui'af. In terms oFproducing
"unbiased" Forecasters oF tbe actual variance oF tbe interest-rate ebange,
tbe perFormance oFtbe AC.ARCH model vvitb nonlinear mean was Found
to be superior to the other models. In particular. CKIS and moving-
average models yield strong!) biased estimators ol a,".

As an alternative to R~ measures, we also eomputed tbe I beil in-
equality eoeFficient (TIC) For the eonditional variance oF tbe sbort-term
interest-rate change. The Theil inequality eoeFficient always lies between
0 and I, where 0 indicates a perFcet fit:

TIC = — ^ ^ ^ = ^ = (16)

where af and CT;", denote, respectively, tbe actual and Forecasted values
oF squared interest-rate ebange. I be TIC values deseribe tbe fit oF the
discrete-time models For the actual variance of ibe interest rate change.

Tbe results lor tbe diFFusion, GARCH, and moving-average models
arc presented in lable VI. Tbe TIC values shown in Table VI bigbligbt
tbe Forecasting superiority oF tbe new elass oF models (ACARCH-X and
QCARCH-X) versus the CARCH and CKLS models. Among tbe nested
models, tbe asymmetric CARCH models bavc sligbtly more explanatory
power than the symmetric CARCH and IGARCH models. Rotb tbe asym-
metric and symmetric GARCH models turn out to be mucb superior to
tbe CKLS and mo\ ing-average models in eapturing tbe stocbastie hebav-
ior oF interest rates. As presented in Fables V and VI, tbe ranking of tbe
models based on tbeir predictive power For tbe Future volatility oi interest-
rate cbanges is aligned closely to tbe ranking implied hy tbe ma.\imi/cd
log-likclibood values oF these models.

We also computed tbe bias, vuriunce, and coniriance proportions of
the Forecast errors For the discrete-time models discussed in the article.

" ' i lit' mi'iin M|iJiirod forecast crriir Liin hf dt'(i>mp()sod as

^ {CJ,; - r j , ) - / , , = (o,- - tf)- + {SI - S I - + 2 (1 - /J)S,S

wlu-re fTf, ft, Sj. and S arc ihf means and standnrd dfviations ul' a, and a, rfspeclivcly, and (i is ihf
corrt'latinn cofrfk-icnl lictnt-en and C, and a. The prtjpnrlions ihcn arc dt'Cinfd as

i^j - s')' ,, . (S- - -̂ '̂
liias prop.: . Variance prop.: .

- />)S| S
L.Dvanancc prop.;
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TABLE VI

riicil Inequality Coefficient for horecasting the Conditional Variance

Model

AGARCH-X
(nonlinear)
QGARCH-X
(nonlinear)
AGARCH
(nonlinear)
QGARCH
(nonlinear)
GARCH
(nonlinear)
IGARCH
(nonlinear)
CKLS
(nonlinear)
AGARCH-X
(linear)
QGARCH-X
(linear)
AGARCH
(linear)
QGARCH
(linear)
GARCH
(linear)
IGARCH
(linear)
CKLS
(linear)
EWMA
CWMA

Whol

TK:

0.3554

0.3554

0.3832

0,3832

0.3860

0.4326

0 8060

0.3746

0.3746

0.4057

0.4057

0.4067

0,4466

0.8071

—

—

f-Sample f-drccuslin^ ti

Bias
Proportion

0.0143

0.0143

0.0039

0 0039

0.0035

0.0001

0.0036

0.0120

0.0120

0.0028

0,0028

0.0026

0.0001

0 0039

—

—

\ariitnce
Proportion

0,0571

0.0571

0.2164

0,2164

0.2253

0,3804

0.8407

0,0672

0,0672

0 2501

0.2501

0,2559

0.3761

0,8409

—

—

( - -^92)

Coviiriaiicc
Proport ion

0.9306

0,9306

0.7818

0 7818

0,7732

0.6217

0.1577

0 9228

0 9228

0,7491

0,7491

0 7435

0,6259

0.1573

—

—

O n ,

TK

0.3375

0.3375

0.3393

0.3393

0.3401

0.3602

0.6107

0.3389

0.3389

0.3423

0.3423

0.3428

0.3689

0.6138

0 5130
0.7657

.of.Sa,,>plc

Bicis
Proportion

0,0757

0.0757

0.0581

0.0581

0,0446

0,0317

0.6409

0.0719

00719

0.0420

0.0420

0,0565

0.0226

0.6498

0.0015
0.9691

h'ori'castiniJ (ii

\ ariancc (.'

Proportion P

0,2535

0.2535

0.3021

0,3022

0.3842

0.3912

0.0001

0.2591

0,2591

0.3816

0.3816

0.2952

0,4227

0.0001

0,4750
0.0028

= 92)

ovarimice
rf>pon ion

0.6708

0.6708

0.6398

0,6397

0,5817

0.5771

0.3629

0.6690

0,6690

0 5870

0.5870

0.6483

0 5547

0.3539

0.5234
0 0021

This table demonslrates the Theil Inequality Coefficienls (TIC) for the discrele-time inlerest-rate models TIC always lies
between zero and one, where zero mdicales a perfect fit These TIC values provide information about how well each model
is able to foreoast the actual monthly change in T-bill rates

TIC =

where ff:' and ir̂ , and the ex-post measure and foreoasted values of Ihe variance of (r, - r,..), respectively. The proportions
are defined as

Bias prop -, Vanance prop.
(S. - Sj-

Covariance prop
2(1 -

X (";, - T-;)

where T ''. a. \ Sand S,are the means and standard deviations ofiT,' andn;,,, respectively, and/i is the correlation coefficient
between n^ and ni-. The bias, variance, and covarianoe proportions must add up to one. If the forecast is good, the bias
and variance proportions should be small so that most of the bias should be concentrated on the covariance proportion.
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FIGURE 2
I'ort'casts oC Three-Month 'i rcasur\-Bill Voialilily Using the CK! S Model.

This Hĵ urt- presenis the tinie-serit's plot oi' the t-x-posl \olntility Iso/iii titit'), vvhifh is
measured as the absolute value of the month-to-month change in the three-month

Treasur}' bill yield, and the volatility foreeast {dasiwd Ihic), which is the square root of
the conditional variance implied hy the estimates of the CKLS model Irom Januar\'

I9S7 lo [)eceniher 1997.

As shown in Table VI, the bias proportion that tells us how far the mean
of the forecast is from the mean of aetual scries is always mueh lower for
the A(iARCH-X or QCARC'-H-X models than lor the nested and moving-
average models. The varianee proportion that measures how far the vari-
ation of the foreeast is from the variation of the aetual series is also much
Io\\er for the new class of models. In other words, the predictive power
of our empirical generalizations is higher than the existing models since
the hias and \ariance pro|)ortlons are very small for the AGAHCH-X or
Q(iARCH-X models so that most of the bias is concentrated on the co-
varianee proportion that measures the remaining unsystematic errors.

F'urther useful insights can he gained from Kigures 2, .̂ . and 4. whieh
present the time-series plot of the absolute value of the interest-rate

I'hc bias, variance, and favar iantf proiHirlioiis imisl add (i|i Ici one. II llif lorftiisl is ^^ood. llio bias

and variance ]>ri>porli<)ns should be small so ihal mosf tii ih r bias sbimld bi' conccnlraU-d on ibi'

Crtvariancc pruportion.
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FIGURE 3
Foretasts of Ihree-lVIonth Tre;dsury-Rill \ol;itility Using ihc CiARCH Model.

This figure presents the tiim--series plot of the tw-posl \okitiliL\ {solid linv), \\hich is
ine;tsLtrecl iis the absoltite vnkie of the inonth-to-month t hi:ing,e in the thrt'c-monlh

lreiisun.' hill yield, iiiid the vohitility forecast (ihislwd line), which is the square root of
the eonditional variance implied by the estimates of the GARCH model from January

1957 to December 1997.

change (i.e., the c\-post volatility) and the estimated conditiotial volatility
ohtained from the CKl.S, GARCH, and AGARCH-X models, respeetixely.
Ihe ex-post volatility is measured as the absolute value of the month-to-
month change in the three-month Treasury hill yield and the forecasted
conditional volatility, a, /, is the square root of the conditional variance
implied hy the estimates, off, from the aforementioned models. To keep
the graphs readable, we did not show all the volatility estimates In the
same figure. The striking observation from these graphs is that in several
periods, especially 1980 through 1983, the CKLS model in Figure 2 mis-
represents realized volatility. In contrast, the GARCH model in I igure ^
tracks realized volatility much better during this period. The time-series
plots of the estimated conditional volatilities along with the cx-post mea-
sure of the short-rate volatility depicted in Figure 4 suggest that the new
class of models that explicitly allows for departures from linearity in the
conditional mean, and incorporates serially correlated unexpected news.
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O.MSO

FIGURE 4
Forecasts of I hrcr -Monlh rreasiin-Bill X'oliililily Usinfj the ACiARCII-X Model.

This figure presents llie time-series plot of llie e\-[)<isl \okililily {sf>lid liiie). which is
meiisiired iis ihe ;)l)solule \;ilLie of the monlli-Io-niuruh chiinuf in the lliree-month

Treasury bill yield, and the volalility foreeast {iiashecl line), which is the sqiiiire root ol
the eonditional variance implied by the estimates of iht- A G A R C l I - \ mocltl from

January 19^7 to Decemher 1997.

asymmetry, and level elTects into the dilTusion function is superior to
either ot the haseline models (i.e., CKl.S and GAiiCH).

Pricing Implications of the Stochastic Volatility
Models

This section introduces a theoretical framework for the two-factor-sto-
chastic-volatility model that values intercst-rate-sensitive security. Ib ex-
plain how it works, we concentrated on valuing options on /ero-coupon
bonds. We discuss how the two-factor model uses current interest rates
and their volatilities as input to determine itsoutptit, the value of interest-
rate-sensitive options, I his model, like other arbitrage-free interest-rate
models, uses two sets of input: a yield citne (the yields tor a set of /ero-
coupon Treasury securities) and a volatility cun'c (the estimated yield
volatilities for these same securities). These two cur\ es together are called
the term stuicture. The model uses today's term structure to determine
the expected means and standard de\ iations of future short rates.
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For pricing implications, we used a restricted version of the two-

tactor-continuous-time model because the original model with nonlinear

drift does not yield analytical solutions that can be used in the pricing of

interest-rate derivatives. Ihe tvvo-factor-continuous-time model with the

usual linear mean-reverting drift is given by eq. (17).

dr, - {a^, + a^r,) dt + "V.rf'dW^_, (17a)

d'¥f - (A-,, + /.-, T,-) dt + fjdW^,,. (17b)

The evolution of the short rate process presented in eqs. (I 7a) and (I 7b)

can be approximated via the binomial representation:

+ ^^''•^ v'̂ = probabilitv 1/2 , , ^ .
A. ~ ' f I <Sa)

- T,rf ;A; probability 1/2

where

'o + i<\ %")A + A/, A; prohability 1/2 .,

-,, + K\ T,-)A - A/̂ A; probability 1/2

At time t. if the interest-rate level is r,, then one period later, using eq.
(18a), the short rate will be either:

rĴ A - h = (ao + «!'-,) A -K T,rf ^ (19a)

or

rtT - r, = (a,, + tt,r,)A - T,rf ,A (19b)

Subtracting eq. (19b) from eq. (19a) yields lUc sensitivity formula, which
shows how the \olatility of interest rate changes, G,{r,). in our stochastic-
volatility model is determined by the spread between the two possible
interest rates at time t + A:

In this model, following Black. Derman, and Toy (1990), we used the
local-expectations bypothesis (LEH), which is consistent with no arbi-
trage. Applied to the valuation of interest-rate derivatives, the LEH yields
the valuation formula:
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where P,{T) is the price o\' a l-maturity claim Ht time /. which is iiissumcd
after A-period to move up to P,. ^{7y'l' or down to P, , ̂ (7)''"'"' with eijual
prohahility of 1/2. With the help of an iterati\e procedure, the valuation
and sensitivity formulas are used to determine the evolution ol the short-
rate tree.

This model, like other arbitrage-tree models, must ensure that model
prices for interest-rate derivatives match market prices. In addition, the
model's term structure of volatilities should match an empirical orj^iven-
term structure of volatilities, lor example. Black et al. (1990) used a
given-term structure based on the traditional historical volatilities that do
not vary through time, although time-varying volatilities would match
more closely the true underlying volatility structure. The use of time-
\ arying volatilities leads, however, to a non-recombining tree. To illustrate
this, consider the evolution of the short-rate process at time / -I- 2A:

nil _ u — irv -I- v̂ r 'MA -̂  4^" (r" ')'* 'A

u —irv -4- ,v r" )A - ^'" i r" ) ' ' ' A

r^'" — r'' - ity + n r'' lA + 4^'' (r'' )''' A

Jd _ J _ (^ 4. ,y J \A _ lu'' iJ \* 'A
U + lA ^ + A ~ ' • ^ 0 ^ « | ' / . A ' ^ ^ ^ ^ \ \ ' l ^ ^ ' \ ^

Using eqs. (20), {22a), (22b), (22e). and (22d), one ean sbow that

(23b)

^ r'-'- + -̂M (23c

where a, - T,rf ,A, a j ' , , - 4^;',, {r\\ ̂ )'>> .A and &! ̂ , - r/._, (r'/.J'*'
^A. The mean reversion parameter. a| , appears in eq. (23c). However,
sinee it is a widely aeeepted idea that a | is a very small figure, we deeided
to eliminate it to simplify the framework.

An iterative procedure is used to find the expeeted future short rates
and bond prices that will be consistent with the current market-term
structure. Given a market-term structure and the resulting binomial tree
of short rates, the model then ean be used to price options on zero-coupon
bonds. First, the zero-eoupon bond priees at various times are found.
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These prices arc used lo determine the option's value at expiration. Given
the values of a eall or put option at expiration, their possible values before
expiration can be caleulated as a present value of the future payoffs.

CONCLUSIONS

1 his article analyzes one potential source of misspecification of existing
models ot the short-term interest rate and introduces a new class of dis-
crete-time econometric specifications that nests many existing interest-
rate models as speeial eases. In existing continuous-time or time-series
econometric models, the structural form of conditionaf means and vari-
anees is relatively inflexible in the sense that the existing models do not
allow lor departures from linearity in the eonditional mean, and they do
not parameterize the diffusion function flexible enough to incorporate
serially correlated unexpected news, asymmetry, and level effects into the
definition of conditional volatility. This study attempts to model the con-
ditional distrihution ol interest rates by specifying a more general econo-
metric framework that allows for nonlinear effects in the dynamics of the
short rate and defines the eonditional volatility as a nonlinear function
of unexpeeted information shocl<s and interest-rate levels. The empirieal
results point to the presence of nonlinearity in the conditional mean, and
serial correlation, asymmetry, and level effects in the conditional \ariance
of the short rate. In addition, the relative performance of the new class
of models in predieting the future level and variance of interest-rate
changes has been found to be superior to the nested models.
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