MODELING THE
CONDITIONAL MEAN AND
VARIANCE OF THE SHORT
Rate USING DIFFUSION,
GARCH, AND MoOVING
AVERAGE MODELS

TURAN G. BALI

This article introduces a two-factor-discrete-time-stochastic-volatility
model that allows for departures from linearity in the conditional
mean and incorporates serially correlated unexpected news, asym-
metry, and level effects into the definition of conditional volatility of
the short rate. The new class of econometric specifications nests
many popular existing symmetric and asymmetric GARCH as well as
diffusion models of the short-term interest rate. This study attempts
to determine the correct specilication of conditional mean and vari-
ance of the short rate by developing a more general econometric
framework that allows for nonlinear effects in the drift of the short
rate, and that defines the conditional volatility as a nonlinear function
of unexpected information shocks and interest rate levels. The exist-
ing and alternative models are compared in terms of their ability to
capture the stochastic behavior of the short-term riskless rate. The
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empirical results indicate that the relative performance of the two-
factor models in predicting the future level and variance of interest-
rate changes is superior to the nested models. © 2000 John Wiley &
Sons, Inc. Jrl Fut Mark 20:717-751, 2000
INTRODUCTION

The short-term riskless rate of interest is fundamental to the classical
approach to pricing fixed-income securities and interest-rate-sensitive
claims. However, no consensus has emerged on the dynamics of either
the level or the volatility of the short rate. In other words, the choice of
the parametric conditional mean and conditional variance of interest
rates often is arbitrary. The functional form of the conditional mean in
most interest-rate models is specified to let next period’s change in the
short rate depend linearly on the current short level, although there is
mounting evidence that the drift of the short-rate process is not linear.'
The specification of the conditional variance, however, tends to vary
widely. There are two popular classes of models for short-term interest-
rate volatility in the finance literature. The first model belongs to the class
of continuous-time or diffusion models in which the conditional volatility
is defined only as a function of interest-rate levels.” The one-factor dif-
fusion models tend to overemphasize the sensitivity of volatility to inter-
est-rate levels and fail to model adequately the serial correlation in con-
ditional variances. The second class of models, the generalized
autoregressive conditional heteroskedasticity (GARCH), parameterizes
volatility only as a function of unexpected information shocks to the in-
terest-rate market.® The serial-correlation-based GARCH models fail to
capture the relationship between interest-rate levels and volatility.

In order to overcome some of the empirical weaknesses of the exist-
ing models, this article proposes an alternative class of two-factor-dis-
crete-time-stochastic-volatility models that not only allows for departures
from linearity in the conditional mean, but also parameterizes the con-
ditional volatility as a function of both the interest-rate level and the

'See, for example, Ait-Sahalia (1996a, 1996b), Pfann, Schotman, and Tschernig (1996), Conley,
Hansen, Luttmer, and Scheinkman (1997), and Stanton (1997).

*For econometric estimation of continuous-time interest-rate models, see Marsh and Rosenfeld
(1983), Barone, Cuoco, and Zautzik (1991), Chan et al. (1992), Chen and Scott (1993), Gibbons
and Ramaswamy (1993), Pearson and Sun (1994), Melino (1994), Broze, Scaillet, and Zakoian
(1995), and Bali (1999) among many others.

*For applications of GARCH and GARCH-type models to interest rate data, see Engle et al. (1987),
Cecchetti, Cumbi, and Figlewski (1988), Engle et al. (1992), Cai (1994), Plann et al. (1996), Bali
and Karagozoglu (1999), among many others. See also Bollerslev, Chou, and Kroner (1992) for a
comprehensive survey.
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news-arrival process. The new class of models introduced in this article
advances the current literature in a number of directions. First, the dif-
fusion component of the short-rate process is defined flexibly enough to
incorporate serially correlated unexpected news, asymmetry, and the in-
terest-rate level into the conditional volatility of the short rate. Second,
the drift component is specified flexibly enough to allow for nonlinear
effects in the dynamics of the short rate. Third, the new class of econo-
metric specifications nests many popular existing symmetric and asym-
metric GARCH as well as diffusion models of the short-term interest rate.
The nesting clearly shows the connection between the existing models
and the new class of models. It also allows us to determine the relative
performance of each model in predicting the future level and variance of
interest-rate (.‘hungcs.

Econometric specifications that are more general are developed in
this study to find the proper specification of the conditional mean and
variance of the short-term interest rate. The nonlinear empirical gener-
alizations are emploved to test nonlinearity in the conditional mean, and
serial correlation, asymmetry, and level effects in the conditional variance
of the interest-rate change. In addition to symmetric and asymmetric
GARCH and diffusion models, constantly weighted and exponentially
weighted moving-average models are used to predict the future volatility
of the short-term interest rate. The two-factor-stochastic-volatility models
are compared with various existing GARCH, diffusion, and moving-av-
erage models in terms of the statistical fit of interest-rate data and the
out-of-sample forecasting performance by using the Theil inequality co-
efficient and an alternative measure of model performance.

The empirical results indicate that the correct specification of the
conditional mean is as important as that of the conditional variance in
order to capture adequately the stochastic behavior of the short rate. In
addition, the nested models strongly are rejected against the new class of
models, which outperforms the existing models in forecasting the future
level and variance of interest-rate changes. All these results point to the
presence of nonlinearity in the conditional mean, and serial correlation,
asymmetry, and level effects in the conditional variance of the short rate.

This article is organized as follows. In the next section, the existing
models of the short-term interest rate will be reviewed. This review will
be followed by the introduction of the new class of discrete-time interest-
rate models, after which the data and estimation procedures will be de-
scribed. Then the empirical results from comparing the models will be

presented and a theoretical framework for pricing interest rate sensitive
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claims with the two-factor-stochastic-volatility models will be introduced.
The paper closes with a conclusion.

EXISTING MODELS OF THE SHORT-TERM
INTEREST RATE

Existing models of the short-term interest rate capture two well-known
empirical attributes. First, the short rate is mean reverting. The simplest
and most-common way of modeling mean reversion in the existing models
is to define next period’s interest-rate change as a function of the current
short-rate level. Second, the unconditional distribution of interest-rate
changes is leptokurtic. Engle (1982) showed that a possible cause of the
leptokurtosis in the unconditional distribution is conditional heteroske-
dasticity, and two different ways of modeling this conditional heteroske-
dasticity are common in the literature. In various continuous-time or
diffusion models, the conditional variance of interest-rate changes is a
function of the level of the short rate. In the GARCH models, the con-
ditional variance depends upon lagged-squared shocks to the short rate.
The two-most-common classes of interest-rate models are reviewed

below.

Diffusion Models

In continuous-time or diffusion models, the dynamics of the short rate is
described by the Ito stochastic differential equation:

dr, = ulr, t) dt + a(r,, 1)dW, n

where r, is the instantaneous spot rate, W, is a standard Brownian motion,
u(r,, t) and o(r,, t), the drift and diffusion functions, depend on the short
rate and possibly other state variables. Most empirical work allows for
these functions to depend on the short-rate level only, i.e., p(r, t) = p(r,)
and o(r, t) = o(r,). For example, imposing u(r,) = ay + a;r,, and o(r,)
= or)’? and 6(r,) = o results in the Cox, Ingersoll, and Ross (1985) and
the Vasicek (1977) models, respectively.

To compare the performance of a wide variety of well-known models
in capturing the stochastic behavior of the short-term interest rate, Chan,
Karolyi, Longstaff, and Sanders (CKLS; 1992) used the standard linear
mean-reverting drift and the constant elasticity of variance for the dif-
fusion function:
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dr, = (ag + a, r,) dt + Pr? dW,. (2)

Chan et al. (1992) noted that the stochastic differential equation given
in eq. (2) encompassed a broad class of interest-rate processes, which
included many well-known interest-rate models. These models can be
obtained from imposing the appropriate parameter restrictions on o, o,
and ¢.*

Following Brennan and Schwartz (1982), Marsh and Rosenfeld
(1983), Dietrich-Campbell and Schwartz (1986), Sanders and Unal
(1988), and others, Chan et al. (1992) estimated the parameters of the
continuous-time model given in eq. (2) using a discrete-time econometric

specification:
1, — ] = &g @ t & (3a)
Elel,_ ) = 0, EEQ,_) = ¢ = ¥4, (3b)
where Q, | is the information set available at time t — | so that
E(...|€,_ ) represents the conditional expectation operator at time t —

I, and o7 is the conditional variance of unexpected interest-rate changes.
In this model, autoregressive conditional heteroskedasticity enters solely
through the level of the last period’s interest rate. Rewriting the drift
function u(r,) = oy + oy, as a;(r,_; — «f) reveals that a; can be
viewed as a measure of the speed of mean reversion in interest-rate levels
where af denotes the long-run average level of r. In the CKLS model,
mean reversion can be captured by setting a; < 0 and leptokurtosis by
introducing conditional heteroskedasticity (setting & = 0). The volatility
parameter 7 is simply a scale factor for the conditional variance of the
interest-rate change. The parameter ¢ allows the volatility to depend on
the level of the interest rate. At higher &'s, the volatility is more sensitive
to interest-rate levels.

GARCH Models

There are some weaknesses of the CKLS model that encompass many
P )
popular diffusion models of the short-term interest rate. First, it does not

*For example, the constant elasticity of variance (CEV) process introduced by Cox (1975) and Cox
and Ross (19761 is obtained form imposing the parameter restriction «, = 0. The variable rate model
of Cox et al. (1980) is nested within the CEV model |1_\ the parameter restriction o) = 0 and & =
3/2. Setting & = 0 gives the Vasicek (1977) model and the Merton (1973) model is nested within
the Vasicek model by the parameter restriction a; = 0. Both of these models imply that the condi-
tional volatility of changes in the riskless rate is constant. Setting & = 1/2 gives the Cox, Ingersoll,
and Ross (1985) square root model. Imposing & = 1 vields the Brennan and Schwartz (1980) model,
and the familiar geometric Brownian motion (GBM) process of Black and Scholes (1973} is nested
within the Brennan and Schwartz model by the parameter restriction o, = 0. In turn, the Dothan
(1978) model is nested within the GBM model by the parameter restriction oy = 0.
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allow for nonlinear effects in the dynamics of the short rate because of
the linear specification of the drift component. Second, the discrete-time
approximation of the diffusion function given in eq. (3b) restricts the
volatility to be a function of the interest-rate level only, and not of the
news-arrival process. Therefore, the CKLS model fails to model ade-
quately the serial correlation in conditional variances. An alternative
model that addresses this in discrete time is the GARCH model, in which
the current volatility is a function of the last period’s unexpected news
and the last period’s volatility. A useful feature of the GARCH model is
that it effectively can remove the excess kurtosis in interest-rate changes.
The standard GARCH (1,1) model with linear conditional mean takes the
following form:

R o = &) e Q)T r & (43)
E(g|Q_1) = 0, E(]|Q,_)) =0 = o + By e, + fro?, (4b)

where B, > 0,0=8,<1,0=p, < 1,and B, + B, < . In other words,
in the GARCH (1,1) model, the effect of an interest-rate shock on current
volatility declines geometrically over time. The introduction of condi-
tional heteroskedasticity as a function of unexpected interest-rate shocks
can capture leptokurtosis in the unconditional distribution.

In addition to the CKLS model, there are some weaknesses of the
GARCH models as well. First, in direct contrast to much of the theo-
retical literature, GARCH models do not permit volatility to be a function
of interest-rate levels. Second, most empirical applications to interest-
rate data find that B, + B, = 1, which implies that the conditional-
variance process is not covariance stationary.” In other words, current
shocks affect volatility forecasts infinitely far into the future (or volatility
shocks persist forever). Third, GARCH models permit negative interest
rates.

Engle, Ng, and Rothschild (1992) found B, + B, = 1.0096 for a
portfolio of U.S. Treasury securities. Koedijk, Nissen, Schotman, and
Wolff (1997) reported B; + B> = 1.10 for one-month T-bills, Hong
(1988) reported B, + P, = 1.073 for excess returns on three-month T-
bills over one-month T-bills, and Engle, Lilien, and Robbins (1987) found
similar results using an ARCH (12) model on quarterly data for excess-
holding vield of six-month T-bills over three-month T-bills. When B, +
B, = 1, the GARCH (1,1) volatility in equation (4b) can be rewritten as

“Bollerslev (1986) demonstrates that this is the case when B, + Ba is greater than one. Nelson (1990)
showed that in such cases shocks accumulate in the sense that E(cf, ,|of) — = as m — =. Note,
however, that this does not imply that 0,‘1‘ w2 Xasm — x,
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(‘le = fo + (1 — ﬁl)'qfl 1 T ﬁlalz L (5)

Note that in this case, the unconditional variance is undefined. Indeed,
the GARCH process in eq. (5) is a nonstationary GARCH called the
integrated GARCH (IGARCH) model, originally introduced by Engle and
Bollerslev (1986).

A stylized fact of financial time series is that the distribution of in-
terest-rate changes can be skewed. For example, the short-term interest-
rate change is skewed to the left, i.e., there are more negative than posi-
tive outlying observations.” Since, in a GARCH process given in eq. (4b),
positive and negative interest-rate shocks of the same magnitude produce
the same amount of volatility, the standard GARCH model cannot cope
with such skewness. Hence, one can expect that forecasts and forecast-
error variances from a symmetric GARCH model may be biased for
skewed time series. Also, larger interest-rate shocks forecast more vola-
tility at a rate proportional to the square of the size of the interest-rate
shock. If a positive interest-rate shock causes more volatility than a neg-
ative interest-rate shock of the same size, the symmetric GARCH model
underpredicts the amount of volatility following positive shocks and over-
predicts the amount of volatility following negative shocks. Furthermore,
if large interest- rate shocks cause more volatility than a quadratic func-
tion allows, then the symmetric GARCH model underpredicts volatility
after a large interest-rate shock and overpredicts volatility after a small
interest-rate shock.

Recently, a few modifications to the GARCH model, which explicitly
take account of skewed distributions, have been proposed. In this article,
we have considered two such modifications in which good news and bad
news have different predictability for future volatility. The first model
proposed to capture such asymmetric effects is the Asymmetric GARCH
(AGARCH) model introduced by Engle (1990):

nf = By + Bile,_, + 1) + /)’_]rrf_,. (6)

where B, > 0,0=8,<1,0=8, < I, B, + B, < I, and importantly y
> 0 for the short-rate process. The asymmetry effect in the AGARCH
model is captured by the volatility parameter y. Since 7y is assumed to be
positive, an unexpected rise in the short rate (positive shock) increases
predictable volatility more than an unexpected decrease of similar mag-
nitude in the short rate (negative shock).

“See, for example, Broze et al. (1995), Gray (1996), and Koedijk et al. (1997).
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The second model is the Quadratic GARCH (QGARCH) process,
developed by Sentana (1995), which ensures positivity of the conditional
variance. The QGARCH (1,1) model takes the following form:”

af = fo+ P&y + Poiy + ye o

where B > 0,0=8,<1,0=B,<1,B, + B, <1, and y > 0.% Similar
to the AGARCH model, when y > 0, positive interest-rate shocks (or g,
> 0) will have a larger impact on 6 than negative interest-rate shocks
(or g = 0). The time-series properties of the QGARCH model are very
similar to those of Bollerslev's (1986) GARCH model. However, the
QGARCH model has the advantage that by adding a single parameter (in
this case, v), it can allow for both an asymmetric effect on the conditional
variance and higher (unconditional) kurtosis, which goes in the right di-
rection towards capturing some of the stylized facts characterizing many

o

financial time series

ALTERNATIVE MODELS OF THE SHORT-TERM
INTEREST RATE

In order to compare the relative performance of a variety of well-known
models in capturing the stochastic behavior of the short rate, this section

"The QGARCH formulation can be interpreted as a second-order Taylor approximation to the un-
known conditional variance function o*( ), or, alternatively, as the quadratic projection of the
square innovation on the information set. The main purpose of the QGARCH model is to use func-
tional forms for 6*( ), which ensures positivity. To make the nature of the QGARCH model more
clear, consider QARCH (2) process:

) ) 2 ) .
o; = (Wy + W& + wa8_3)" = fo + Piery + Paki s+ &+ 282 + 0 E_ 162

where By = 0, B, = of. fo = 0, 7, = 2000,, Y2 = 2040, § = 2w,0,. The generalized version
of the QARCH (2} model, which is QGARCH (1,2), can be written as

af = o+ el + fait s + Pigg + yag2 + 06 & 2 + faoi )

fIn the QGARCH (1,1) case, af = f, + i & + B, o, + e, positivity of the variance is
achieved if By, B, = 0 and v = 4pyp, (Sentana, 1995, p. 652). To impose these restrictions, one can
estimate the likelihood function with af = p§ + pile,_, — w)?* + p3 i |, so that fi, = pt +
pid By = pi By = piandy = —2pju.

“In addition to AGARCH and QGARCH models, alternative asymmetric GARCH models that can
generate skewed time-series patterns are the so-called h\punt’nlia] GARCH models (EGARCH) pro-
posed by Nelson (1991) and the Threshold GARCH model (TGARCH) introduced by Zakoian (1994)
and Glosten, Jagannathan, and Runkle (1993). Although we have considered these models as possible
useful candidates at an earlier stage of the study, they were found not to be very useful for repeated
forecasting exercises. Given the latter purpose of repeatedly specifying and estimating GARCH mod-
els, an obvious requirement of these models is that the estimation method be reasonably simple and
[hill pi]l'd"1l‘|k'r convergence occurs \\ilh r(‘i]SUﬂﬂl)iU qlli(‘l\'"k’ﬁs. Llnr(lfll”li‘ﬂk'l_\‘, it h'dS h(,‘[’]] our ex-
perience while running the estimation procedures that parameter estimation of the EGARCH and
TGARCH models can be tedious. In view of these difficulties, we have restricted the specification of
asymmetry in conditional variance to follow AGARCH and QGARCH processes.



Modeling the Short Rate

725

introduces an alternative class of discrete-time interest-rate models. Our
approach exploits the fact that many diffusion and GARCH models imply
dynamics for the short-term riskless rate that can be nested within the
following two-factor-continuous-time-stochastic-volatility model:

dr, = (ag + ayry + ayrf + ay/r,) dt + ‘Par;ﬁ dw,, (Sa)
d¥? = (ko + K W) dt + 5dWy, (Bh)

where W, and W, are independent standard Brownian motion pro-
cesses so that dW, , and dW, , are normally distributed with zero mean
and variance of dt. The specification of the short-rate process in eqgs. (8a)
and (8b) implies mean reversion of the interest-rate level, as well as mean
reversion of the variance of interest-rate changes.'”

We introduced a two-factor-interest-rate model as an extension of
the one-factor diffusion models of Chan et al. (1992) and Ait-Sahalia
(1996a) by incorporating a stochastic volatility factor in the short-rate
process. The two-factor-discrete-time-stochastic-volatility model accom-
modates both the level and GARCH effects. The two factors of the model
are the short-term interest rate and the instantaneous variance of changes
in the short-term interest rate. It is known that the current level and
volatility of interest-rate changes are two most important factors in ex-
plaining movements in the term structure of interest rates.

The diffusion model given in eq. (8) is a more-general version of the
standard diffusion models. The model specifies a nonlinear-mean-revert-
ing drift and allows the diffusion parameter W, to vary through time as
new information arrives. To make the model flexible enough, and to en-
compass the popular symmetric and asymmetric GARCH models, we em-
ployed the discrete-time version of the model in our empirical analysis.
The discrete-time approximation of eq. (8) can be written as:

Fooa — 1 = (ayg + ayry + an 1P + aslr) A + ‘{',r,d’:“ JA  (9a)

b}

W2, — ¥ = (kg + Ky YDA + p 2y, JA (9b)
where A is the length of the time interval, z| ; and z,, are independent
normal N(0,1) variates so that AW, , = z,, /A and AW,, = z,, VA can
be viewed as normally distributed random variables with zero mean and
variance of A. Since W, , and W, , are assumed to be independent Wiener
processes, there is no covariance between A W, , and A W, ,, i.e., cov(A

Bexr . s " . o - - =
. I'he short rate process in eq. (8) exhibits nonlinear mean reversion if o5y = Q, Q=0 and Oy = DL

The diffusion process in eq. (8h) also implies mean reversion of the interest-rate volatility if ¥, < 0.



W,,, A W,,) = 0. The time-varying scale factor W7, , in the diffusion
component of Ar, is defined as a function of unexpected information
shocks to the interest-rate market.

A New Class of Models

To test the presence of nonlinearity and asymmetry in the diffusion func-
tion, we modified eq. (9b) by incorporating nonlinear asymmetric dynam-
ics along with the level effect into the short-rate process, and rewrote the
two-factor-discrete-time-stochastic-volatility model as:

Fon — 1 = (g + ayr, + ay 1t + asfr) A + Wzr? \“A (10a)

Vi, = fo + BiWz + % + B¥? (10b)
Via = Bo + /i + B¥E + ¥ (10c)

Assuming that A = 1, the discrete-time econometric specification of eqs.
(10a), (10b), and (10¢) can be written as

BT = (a(] + o)1 <+ (25} r,J' 1 + a_;/r,_i) + r:b_, \;hj Z (] I':l)

& = \E z, and z, - N(O, 1) (11b)
hy = Bo + Bile_y + )* + By by, (11e)
hy=Po+Piei+ Py + 76, (11d)

The parameterization of the diffusion function in this model incorporates
serially correlated unexpected news, asymmetry, and level effects into the
conditional volatility. The specification of h, in egs. (11¢) and (11d) in-
troduce, respectively, AGARCH and QGARCH processes to the condi-
tional volatility. The model with the nonlinear drift, u(r,) = oy + ar,_,
+ oy 17, + ay/r, 1, and the nonlinear diffusion function, 6%(r,) = B,
+ Bile,  + 7% + Bohy ) 2%, is called the AGARCH-X model. The
model with the same nonlinear drift, u(r) = oy + ayr, | + ayr? | +
ay/r, 1, and the diffusion function, 6%(r,) = (By + By &2, + P h, | +
ve, ) 12, is referred to as the QGARCH-X model.

The econometric specification of the two-factor-discrete-time-inter-
est-rate model presented in eq. (11) defines a broad class of interest-rate
processes, which includes many well-known diffusion and GARCH mod-
els. This model encompasses the diffusion, symmetric, and asymmetric
GARCH models considered in this article. These nested models can be
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obtained from eq. (11) by imposing the appropriate restrictions on the
parameters «'s, s, &, and 7. More specifically, the AGARCH-X (or
QGARCH-X) model nests AGARCH (or QGARCH) maodel [if & = 0],
symmetric GARCH model [if = v = 0], IGARCH model [if b = y =
0 and B, = (I — B,)]. and CKLS model [if y = B, = B, = 0], all of
which are assumed to have nonlinear conditional mean. Our nonlinear
empirical generalization also encompasses the original CKLS model,
which uses the standard linear mean-reverting drift [if o, = a3 = v =

By = B> = 0]

Moving Average Models

A moving average is an average taken over a rolling window of a fixed
number of data points. Each time the window is rolled over, the estimate
is updated by adding the observation from the preceding time period and
dropping the oldest observation. Consequently, the sample size remains
fixed. Moving averages have been a useful tool in financial forecasting for
many vears. However, recent advances in time-series analysis allow a
more critical view of the efficacy of such methods and propose a more
accurate representation of the underlying volatility. The following sub-
sections explain the constantly weighted moving average (CWMA) and
exponentially weighted moving average (EWMA) volatility.

CWMA Volatility

The simplest way to estimate the volatility of the interest-rate change is
to find the usual estimate of the standard deviation. This volatility esti-
mator, labeled as CWMA, is given by:

n

2 Wy = "zfifl)l

[ . (12)
n — 1

This method describes a simple structure on how volatility evolves
through time and places constant weights, 1/(n — 1), on past observa-
tions. In this study, » is chosen to be 400 months. For example, the first
400 observations in the sample (from January 1957 through April 1990)
are used to compute an estimate of the variance for the 401st month."'

MOWMA volatility emploved in this study is different from the standard historical volatility in the
sense that the traditional historical volatility places no structure on how volatility might evolve over
time and is taking no account of dynamic properties of interest rates, i.e., it is a completely static
model.
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There are two major drawbacks of the CWMA-volatility-estimation
method. First, if interest-rate volatility clusters, then more recent rates
should be given more weight. Interest rates in recent periods provide more
information about the current volatility than the ones in the distant past.
Second, the choice of the length of the observation period, n, is somewhat
arbitrary. A constant weight, 1/(n — 1), is given to observations that occur
within the most recent n periods, while no weight is given to observations
beyvond this window. This procedure appears to be ad hoc at best.

EWMA Volatility

An EWMA volatility places more weight on more recent observations,
and this weighting is done by using a smoothing constant (or a dampening
parameter) A, where O < & < 1. The larger the value of &, the more weight
is placed on past observations, and so the smoother the series becomes.
An n-period EWMA volatility of the interest-rate change is defined as

(o, — 1y 1)3 + Moo — 1 _%)'2 + ’:~2(ﬁ 3 — "r—-l]z
. + v + A" — Ty 7)
OT) = (I n i n-ll (13)

1 + A4+ 2+ o0, + 4"

Since the denominator of eq. (13) converges to 1/(1 — &) as n — =, an

infinite EWMA can be rewritten as'?

=1 -3 F (e — (14)
=]

Of course, the interest-rate series must be truncated since only a finite
number of observations are available for estimation. In this study, follow-
ing J. P. Morgan’s RiskMetrics™, the dampening parameter A is chosen
to be 0.90 for the 400-month estimation period.

DATA AND ESTIMATION

The data used in this study are three-month U.S. Treasury bill rates ob-
tained from the IMF International Financial Statistics. The data are
'"“The infinite EWMA model given in eq. (13) is almost identical to the IGARCH model presented

in eq. (5). The similarity of these two models can be shown by repeated substitutions in eq. (5) by
replacing By with 4:

ol =By + (1 — ek, + Ay + (1 — Dgla + Afy + (1 — etz + Al...
=B/l — A + (1 — Dlel, + A&l + A% + ... (5")

When f; = 0, the representation in 5" is equivalent to the EWMA model in eq. (13). While in
RiskMetrics™ the parameter A is estimated in a sub-optimal way (see Alexander, 1996, p.237), the
estimation procedure for the IGARCH model results in optimal smoothing factor.
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monthly and cover the period from January 1957 to December 1997,
giving a total of 492 observations. The three-month Treasury bill rates
expressed in annualized form are discount on new issues of three-month
bills, and they are based on averages of end-of-the-month bid and ask
prices. Figure 1 plots the data, illustrating the dramatic changes in in-
terest rates that occurred during the Federal experiment and the OPEC
oil crises. Figure 1, lower panel, contains plots of monthly changes in
short-term interest rates. Again, the volatility associated with the Federal
experiment is striking. Volatility also is noticeably higher than average
during the 1973-1975 period (the time of the OPEC oil erisis) and im-
mediately after the October 1987 stock-market crash.

Table | displays the means, standard deviations, and first six auto-
correlations of the three-month yield and the monthly changes in the
three-month vield. We also reported the skewness and excess kurtosis
statistics for testing the distributional assumption of conditional normal-
ity. The unconditional average level of the three-month vield is 5.843%
with a standard deviation of 2.761%, whereas the monthly vield change
averaged 0.004% with a standard deviation of 0.522%. The autocorrela-
tions for the level decay slowly, and those of the first differences are
generally small and are not systematically positive or negative. The sta-
tistics given in Table | show that the monthly changes in the short-term
interest rates are negatively skewed, although the skewness statistics are
not large. The excess kurtosis values are larger than zero, implying that
the distribution of interest-rate levels and changes has fat tails compared
with the normal distribution."?

The discrete-time econometric specifications are estimated using the
maximum-likelihood method with the Berndt—Hall-Hall-Hausman al-
gorithm. The procedure used in this study for estimating the parameters
of the interest rate models closely follows that of earlier studies, although
the present slud}-‘ differs from its prcdecessnrs in an important respect.
Former studies computed the level and variance of interest-rate changes
if the parameters in the drift and diffusion were independent of time.
Whereas this study, in addition to the entire sample estimation, uses a
rolling-regression procedure and generates one-step-ahead forecasts by
estimating the time-varying parameters of the drift and diffusion
functions.

YThe interest-rate change tends to exhibit non-normal unconditional sampling distributions in the
form of skewness, but is more pronounced in the form ol excess kurtosis. The conditional normality
assumption in GARCH generates some degree of unconditional excess kurtosis, but typically less
than nduqu;ilu to account I'L|”‘\ for the fat-tailed properties of the data. One solution to the kurtosis
problem is the adoption of conditional distributions with fatter tails than the normal distribution.
Other attempts to model the excess conditional kurtosis in the interest-rate change include the
estimates of the AGARCH and the QGARCH models, as well as a more general version of these.
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FIGURE 1

Three-Month Treasury Bill Yields.

The top panel contains a time-series plot of annualized three-month U.S. Treasury bill
rates. The first differences of this series are shown in the bottom panel. The sample

period is January 1957 to December 1997, a total of 492 observations.
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TABLE |

Summary Statistics

Standard Excess
Variables n Mean Deviation Skewness Kurtosis — p), P " P4 Ps g
r, 492 0.05843 0.02761 1.2007 4.7440 0981 0.952 0927 0906 0885 0.864

r—r_, 491 0.00004 0.00522 -1.6489 24742 0277 —-0.106 —0.094 —0.043 0.045 —0.188

Means, standard deviations, skewness, excess kurtosis, and autocorrelations of monthly Treasury bill yields and yield
changes are computed from January 1957 to December 1997 The variable r, denotes the annualized yield on Treasury
bills maturing in three month and r, — r, , is the monthly yield change, p, represents the autocorrelation coefficient of order
J. nrepresents the number of observations used

The construction of time-varying forecasts of the future level and
variance of interest-rate changes can be explained as follows. The total
sample of 492 observations is split into two parts: the first 400 observa-
tions (from January 1957 through April 1990) were used for estimation
of the parameters of the model, and then a one-step-ahead forecast was
calculated. The sample then was rolled forward by removing the first
observation of the sample and adding one to the end, and another one-
step-ahead forecast of the next month's conditional mean and variance
was made. This “recursive” modeling and forecasting procedure was re-
peated until a forecast for observation 492 had been made using data
available at time 491. Computation of forecasts using a rolling window
of data ensures that the forecasts are made using models whose param-
eters have been estimated using all the information available at that time,
while not incorporating old data.

EMPIRICAL RESULTS

This section first presents the maximum-likelihood-estimation results
from estimating the conditional mean and variance of the interest-rate
models and compares the existing models (diffusion and GARCH) with
the two-factor-stochastic-volatility models (AGARCH-X and QGARCH-
X) using the maximized log-likelihood functions. Second, the discrete-
time econometric models are compared in terms of their ability to forecast
the future volatility of the interest-rate change using the Theil inequality
coefficient and an alternative measure of model performance. Third, the
pricing implications of the stochastic volatility models are discussed.

Estimation Results and Model Comparisons

Tables 11 and 111 present, respectively, the in-sample and whole-sample
) I |
parameter estimates, asymptotic t-statistics, maximized log-likelihoods
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for the unrestricted models (AGARCH-X and QGARCH-X) and for each
of the nested models (AGARCH, QGARCH, GARCH, IGARCH, and
CKLS), and the likelihood ratio tests comparing the nested models with
the unrestricted models.'* The coefficients of the variables in both the
conditional mean and conditional variance of the interest-rate models
usually are significant statistically at the 5-% level. Both the in-sample
and whole-sample parameter estimates of the AGARCH-X and
QGARCH-X models turn out to be almost the same. The drift parameters
a, and a; in each econometric specification considered in the article are,
respectively, negative and positive, as well as significant, suggesting the
presence of mean reversion and nonlinearity in the conditional mean.
The asymmetry parameter v in the quadratic form in the AGARCH and
AGARCH-X models, and the coefficient on the last period's unpredictable
interest-rate change, €, |, in the QGARCH and QGARCH-X models are
significant and positive. The symmetric GARCH model has lower maxi-
mized-log-likelihood values than the asymmetric GARCH model, sug-
gesting the existence of asymmetric volatility responses to shocks in the
short-rate process. In addition, the sensitivity parameters, ¢'s, in the con-
ditional variance of the AGARCH-X, QGARCH-X, and CKLS models also
are significant and positive. All these results are consistent with the hy-
pothesis that positive interest-rate shocks cause higher volatility than neg-
ative shocks, and volatility tends to be higher when the short rate is high.

Based on the maximized-log-likelihood values, the AGARCH-X and
QGARCH-X models introduced in this study performed the best com-
pared to the nested models."> According to the likelihood ratio test sta-
tistics presented in Tables Il and 111, the nested models are rejected
strongly against the more-flexible AGARCH-X or QGARCH-X models for
both the in-sample and whole-sample estimation periods. Among the
nested models, the relative performance of the asymmetric GARCH mod-
els (AGARCH and QGARCH) in modeling the conditional distribution
of short rates is found to be superior to the symmetric GARCH, IGARCH,
and CKLS models. Overall, the nonlinear empirical generalizations out-
perform all other models in capturing the dynamic behavior of the three-
month U.S. T-bill rates. All these results point to the presence of nonlin-

1 As discussed in Existing Models of the Short-Term Interest Rate, the CKLS model encompasses
many popular continuous-time models of the short-term interest rate. Since the CKLS model is
nested within our more flexible models, and it covers most of the subnested models (e.g., Brennan &
Schwartz, 1980; Cox, 1975: Cox & Ross, 1976; Cox et al., 1980, 1985; Dothan, 1978: Merton, 1973;
Rendlemann & Bartter, 1980; Vasicek, 1977) we will not compare the relative performance of these
subnested models with the newly proposed discrete-time interest-rate models,

"SFor the entire sample estimation, the maximized-log-likelihood values for the nonlinear mean
AGARCH-X and QGARCH-X models are about 2623.98, whereas the maximized log likelihoods for
the nonlinear mean GARCH and CKLS models are about 2617.09 and 2482.20, respectively.
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earity in the conditional mean, and serial correlation, asymmetry, and
level effects in the conditional variance of the short rate.

We found for the three-month Treasury-bill data that the volatility
of the short-term interest rate is not as highly sensitive to the level of the
short rate, as mentioned by Chan et al. (1992). In fact, the volatility of
interest-rate changes was found to be more sensitive to uncxpoctcd news
in the interest-rate market than to the level of the riskless rate. This can
be understood simply by comparing the maximized-log-likelihood values
of the CKLS and GARCH models. The empirical results also suggested
that the diffusion models (like the CKLS model with linear or nonlinear
drift) tend to overemphasize the sensitivity of volatility to interest-rate
levels. For example, as presented in Tables Il and 111, the unconstrained
estimate of the sensitivity parameter ¢ in the CKLS model is around 1.52
or 1.54 for the in-sample or whole-sample estimation period, whereas
when the sensitivity of volatility to interest-rate levels depends on infor-
mation flows (i.e., when b, = By + By, + 7)* + Ba by or by = By
+ By &2, + Ba by + vg_,) as in the case of the AGARCH-X or
QGARCH-X models where the parameter & reduces to 0.39 or 0.38 for
the in-sample or whole-sample estimation period.

In order to determine the correct specification of both the drift and
diffusion functions of the short-rate process, the nonlinearity in the con-
ditional mean, asymmetry, and level effects in the conditional variance of
interest-rate changes formally were tested for the in-sample and whole-
sample estimation periods using the Likelihood Ratio (LR) test. Accord-
ing to the LR test statistics demonstrated in Table 1V, the models with
the standard linear mean-reverting drift were rejected strongly against
those with the nonlinear conditional mean. In addition, the LR statistics
indicated the strong presence of asymmetry and level effects in the con-
ditional variance of the short rate since the symmetric GARCH models
were rejected against the asymmetric GARCH models, and the models
(AGARCH and QGARCH) that do not relate the volatility to interest-rate
levels are rejected against the AGARCH-X and QGARCH-X models that

incorporate the level effect into the diffusion function.

An Alternative Measure of Model Performance

In order to measure further the relative performance of the nested models
against the more-general AGARCH-X and QGARCH-X models, we tested
their predictive power for squared interest-rate changes, which provided
a simple ex-post measure of interest-rate volatility. This was done by first
computing the time-varying conditional variance of the monthly vield
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TABLE IV

Likelihood Ratio Tests

Whole-Sample Estimates (n = 492) In-Sample Estimates (n = 400)
Nonlinearity Level Asymmetry Nonlinearity Level Asymmetry
df =2 df =1 df. =1 df. =2 df =1 df =1
(LR = 10.228) (LR = 7.975) (LR = 5.813) (LR = 8.365) (LR = 4.908) (LR = 4.023)
AGARCH-X AGARCH-X AGARCH AGARCH-X AGARCH-X AGARCH
(linear vs nonlinear) vs AGARCH vs GARCH  (linear vs nonlinear) vs AGARCH vs GARCH
(nonlinear) (nonlinear) (nonlinear) (nonlinear)
(LR = 10.228) (LR = 7.975) (LR = 5.813) (LR = 8.365) (LR = 4.908) (LR = 4.023)
QGARCH-X QGARCH-X QGARCH QGARCH-X QGARCH-X QGARCH
(linear vs nonlinear) vs QGARCH  vs GARCH  (linear vs nonlinear) vs QGARCH  vs GARCH
(nonlinear) (nonlinear) (nonlinear) (nonlinear)
(LR = 8.468) (LR = 6.216) (LR = 3.910) (LR = 8.964) (LR = 5.507) (LR = 3.999)
AGARCH AGARCH-X AGARCH AGARCH AGARCH-X AGARCH
(linear vs nonlinear) vs AGARCH vs GARCH  (linear vs nonlinear) vs AGARCH vs GARCH
(linear) (linear) (linear) (linear)
(LR = 8.468) (LR = 6.216) (LR = 3.910) (LR = 8.964) (LR = 5.507) (LR = 3.999)
QGARCH QGARCH-X QGARCH QGARCH QGARCH-X QGARCH
(linear vs nonlinear) vs QGARCH vs GARCH  (linear vs nonlinear) vs QGARCH vs GARCH
(linear) (linear) (linear) (linear)
(LR = 6.565) (LR = 7.940)
GARCH GARCH
(linear vs nonlinear) (linear vs nonlinear)
(LR = 6.130) (LR = 9.893)
IGARCH IGARCH
(linear vs nonlinear) (linear vs nonlinear)
(LR = 8.478) (LR = 8.358)
CKLS CKLS

(linear vs nonlinear)

(linear vs nonlinear)

This lable displays the Likelihood Ratio (LR) test statistics for testing nonlinearity in the conditional mean, level and asym-
metry in the conditional variance of the interest-rate change with the whole-sample and in-sample estimates. The critical
values at the 5% level of significance are z,, ., = 3.84 and y,,.,, = 5.99 with 1 and 2 degrees of freedom, respectively

changes for each model using the fitted values of the discrete-time econo-

metric specifications described previously. We then computed the pro-
portion of the total variation in squared yield changes that can be ex-
plained by the estimated conditional variances. We refer to this as the
coefficient of determination R*. The R? values in this article provide in-
formation about how well each model is able to forecast the future vol-

atility of the short-term interest-rate change.

The predictive power of the unrestricted and restricted models is

evaluated by estimating a series of OLS regressions of the form:

2 2
C; = ag + a\oi5 + &

(15)
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where 67 = (r; — r, ;)? is the squared interest-rate changes at time t,
G,"__,' is the forecast of o7, and £, is the forecast error. In addition to com-
paring the determination coefficients of the regressions for each interest-
rate model, we also tested whether the estimates of a, and a, are equal
to zero and one, respectively, in order to determine if the models’ forecasts
of conditional variances are “unbiased.” The Wald test was used to de-
termine whether G,“)J- is an unbiased estimator of o7.

The results are presented in Table V. The AGARCH-X and
QGARCH-X models (with linear and nonlinear drift) appear the same in
their forecasting ability for the variance of interest-rate changes, although
the predictive power of these models with linear conditional mean is
found to be inferior to those with nonlinear drift. The coefficients of
determination for the nonlinear mean AGARCH-X or QGARCH-X mod-
els were around 56 and 50% for the whole-sample and out-of-sample
forecasting, whereas the corresponding R* values for the linear mean
AGARCH-X or QGARCH-X models were about 52 and 49%. The explan-
atory power of the asymmetric and symmetric GARCH models turned
out to be almost the same, although the forecasting ability of these re-
stricted models was found to be slightly inferior to the AGARCH-X or
QGARCH-X models in both the whole-sample and out-of-sample fore-
casting. The predictive power of the nonlinear mean IGARCH model,
with R%'s about 53 and 46% for the whole-sample and out-of-sample fore-
casting, was found to be slightly inferior to the asymmetric and symmetric
GARCH models.

Among the nested models, the predictive power of the CKLS model,
which parameterizes the volatility only as a function of interest-rate levels,
turned out to be the lowest, since it does not incorporate the effect of
serially correlated unexpected news and asymmetry into the definition of
volatility. The proportion of the total variation in volatility captured by
the CKLS model with nonlinear drift is about 12 and 19% in the out-of-
sample and in-sample forecasting, respectively. With the standard linear
mean-reverting drift, these R? values were reduced to 11 and 16% for the
CKLS model. Since there was no variation in the conditional volatility of
the short rate for the moving average models, we could not calculate the
coefficient of determination for the constantly weighted (CWMA) and
exponentially weighted (EWMA) moving-average models. However, for
out-of-sample forecasting, when the rolling-regression procedure was ap-
plied to the CWMA and EWMA models, the time-varying conditional
variance of the interest-rate change and, in turn, the corresponding R*
values were obtained. In out-of-sample forecasting, the relative perfor-
mance of the EWMA model, with R? = 23%, in forecasting the future
volatility turns out to be considerably superior to the CWMA model, with
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TABLE V

Alternative Measure of Model Performance for the Conditional Variance

Whole-Sample Forecasting (n = 492) Out-of-Sample Forecasting (n = 92)

Model aq a R? WALD a a R? WALD

AGARCH-X  —0.00001 0.8894 0.5559 16.686 —0.00001 12767 0.4952 8.2930

(nonlinear)  (—1.5498) (24.739) (—2.8360) (9.3957)

QGARCH-X  —0.00001 0.8894  0.5559 16.686 —0.00001 1.2768 0.4952 8.2930

(nonlinear)  (—1.5498) (24.739) (—2.8360) (9.3957)

AGARCH —0.00001 1.0821 05542 54032 -0.00001 1.1815 0.4929 7.8928

(nonlinear)  (—1.9313) (24.658) (—2.6015) (9.4054)

QGARCH —0.00001 1.0821 05542 54032 -0.00001 1.1816 0.4929 7.9919

(nonlinear)  (—1.9313) (24.658) (—2.6016) (9.4052)

GARCH —0.00001 1.0924 0.5541 6.1026 —0.00001 1.1142 0.4833 8.5655

(nonlinear)  (—1.9526) (24.652) (—2.4116) (9.2254)

IGARCH —0.00001 1.2869 0.5322 27668 -0.00001 1.2921 0.4631 7.2324

(nonlinear)  (—1.9344) (23.585) (—26669) 8.8601

CKLS —0.00004 2.8851 0.1977 24.124 0.00003 0.3122 0.1212 59.032

(nonlinear)  (-3.3231) (9.7896) (3.1235) (3.5231)

AGARCH-X  —0.00001 1.1145 05217 6.9275 ~-0.00001 1.2755 0.4930 7.9987

(linear) (—1.8965) (23.095) (—2.7909) (9.3540)

QGARCH-X  —0.00001 1.1146 05218 6.9417 -0.00001 1.2755 0.4930 7.9987

(linear) (—1.8969) (23.097) (—2.7909) (9.3540)

AGARCH —0.00001 1.1073 05213 6.3950 -—0.00001 1.1188 0.4803 8.2085

(linear) (—1.8869) (23.077) (—2.3887) (9.1716)

QGARCH —0.00001 1.1073 05213 6.3950 -0.00001 1.1188 0.4803 8.2085

(linear) (—1.8869) (23.077) (—2.3887) (9.1716)

GARCH —0.00001 0.8798 0.5168 15.831 —0.00001 1.1638 0.4794 7.3492

(linear) (—1.3054) (22.870) (—2.4499) (9.1538)

IGARCH —0.00001 1.2696 0.5010 22171 —0.00001 1.3354 04515 7.0317

(linear) (—1.8458) (22.158) (—26513) (8.6557)

CKLS —0.00003 2.9746 0.1678 28.023 0.00001 0.4221 0.1151 48,112

(linear) (—3.2632) (8.8563) (2.9982) (3.4213)

EWMA — — — — —0.00001 1.4927 0.2345 3.2223
(—1.7561) (5.2798)

CWMA — — — — —0.00013 3.9942 0.0356 2889.8
(—1.7765) (1.8234)

The predictive power of the discrete-time interest-rate models for the ex-post measure of the variance of the interest rate
change, a7 = (r, — r,_,) is tested by the following regression:

g =8, + a o} + ¢

where a; and a7, are the ex-post measure and forecasted values of the variance of (r, — r, ), respectively. A is the coefficient
of determination from the regression. The t-statistics in parentheses reflect standard errors computed using the White (1980)
correction for heteroskedasticity. WALD is the Wald test statistic for determining whether a7, is an unbiased estimator of
w = 599 and yi gy, = 9.21

ai. The critical values for the Wald test are y/,

R.’.

= 4%. The predictive power of the EWMA model also was found to
be substantially higher than the explanatory power of the CKLS model.
The Wald test statistics shown in Table V imply that the estimated
conditional variances, 67 , obtained from the new class of models and the
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nested models usually were biased estimators of 67. In terms of producing
“unbiased” forecasters of the actual variance of the interest-rate change,
the performance of the AGARCH model with nonlinear mean was found
to be superior to the other models. In particular, CKLS and moving-
average models yield strongly biased estimators of o7

As an alternative to R? measures, we also computed the Theil in-
equality coefficient (T1C) for the conditional variance of the short-term
interest-rate change. The Theil inequality coefficient always lies between

0 and 1, where 0 indicates a perfect fit:
I n § : :
2 (of — aip?
n -1 '
TIC = (16)

l n v I n , ,
> (¥ + = 2 (oip?

n - N =1

where 67 and 67 denote, respectively, the actual and forecasted values
of squared interest-rate change. The TIC values describe the fit of the
discrete-time models for the actual variance of the interest rate change.

The results for the diffusion, GARCH, and moving-average models
are presented in Table VI. The TIC values shown in Table VI highlight
the forecasting superiority of the new class of models (AGARCH-X and
QGARCH-X) versus the GARCH and CKLS models. Among the nested
models, the asymmetric GARCH models have slightly more explanatory
power than the symmetric GARCH and IGARCH models. Both the asym-
metric and symmetric GARCH models turn out to be much superior to
the CKLS and moving-average models in capturing the stochastic behav-
ior of interest rates. As presented in Tables V and VI, the ranking of the
models based on their predictive power for the future volatility of interest-
rate changes is aligned closely to the ranking implied by the maximized
log-likelihood values of these models.

We also computed the bias, variance, and covariance proportions of

the forecast errors for the discrete-time models discussed in the article.'®

'The mean squared forecast error can be decomposed as
R ] - -ty v 2 v
2, (ap, — @) = (G a)y + (8 — 8 + 2(1 — p)§6

where @, @, S, and § are the means and standard deviations of o and o, respectively, and p is the
correlation coefficient between and o7 and 6. The proportions then are defined as

(@ — 4?2 (8 — 8
Bias prop.: ) , Variance prop.: 1’——
(n‘,”r — o2 2‘”';1.1 — al)n
201 — p)§¢ S

Covariance prop.:
3.3
Eﬂf_, — a7 ) in
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TABLE VI
Theil Inequality Coefficient for Forecasting the Conditional Variance
Whole-Sample Forecasting (n = 492) Oui-of-Sample Forecasting (n = 92)
Bias Variance Covariance Bias Variance  Covariance
Maodel TIC  Proportion Proportion Proportion  TIC  Proportion Proportion  Proportion

AGARCH-X 0.3554 0.0143 0.0571 0.9306 0.3375 0.0757 0.2535 0.6708
(nonlinear)
QGARCH-X 0.3554 0.0143 0.0571 09306 03375 0.0757 0.2535 0.6708
(nonlinear)
AGARCH 03832 0.0039 0.2164 0.7818 0.3393 0.0581 0.3021 0.6398
(nonlinear)
QGARCH 0.3832 0.0039 0.2164 0.7818 0.3393 0.0581 0.3022 0.6397
(nonlinear)
GARCH 0.3850 0.0035 0.2253 0.7732  0.3401 0.0446 0.3842 0.5817
(nonlinear)
IGARCH 0.4326  0.0001 0.3804 0.6217 03602 0.0317 0.3912 0.5771
(nonlinear)

CKLS 0.8060 0.0036 0.8407 0.1577  0.6107 0.6409 0.0001 0.3629
(nonlinear)
AGARCH-X 0.3746 0.0120 0.0672 0.9228 0.3389 0.0719 0.2591 0.6690
(linear)
QGARCH-X 0.3746 0.0120 0.0672 09228 03389 0.0719 0.2591 0.6690
(linear)
AGARCH 04057 0.0028 0.2501 0.7491  0.3423 0.0420 0.3816 0.5870
(linear)
QGARCH 0.4057 0.0028 0.2501 0.7491 0.3423 0.0420 0.3816 0.5870
(linear)

GARCH 0.4067 0.0026 0.2559 0.7435 0.3428 0.0565 0.2952 0.6483
(linear)
IGARCH 0.4466  0.0001 0.3761 0.6259 0.3689 0.0226 0.4227 0.5547

(linear)
CKLS 0.8071 0.0039 0.8409 0.1573 0.6138 0.6498 0.0001 0.3539
(linear)
EWMA — - — — 0.5130 0.0015 0.4750 0.5234
CWMA — — — — 0.7657  0.9691 0.0028 0.0021

This table demonstrates the Theil Inequality Coefficients (TIC) for the discrete-time interest-rate models. TIC always lies
between zero and one, where zero indicates a perfect fit. These TIC values provide information about how well each model
is able to forecast the actual monthly change in T-bill rates.

where o7 and o7, and the ex-post measure and forecasted values of the variance of (r, — r, .), respectively. The proportions
are defined as
R 5;— &) 8 —
Bias prop.: u Variance prop.: —( . , Covariance prop ‘__—( &S
(ai, — ai¥in 2 (0, — a2)in E (@ — G2Rin

wherea 7 g, *, Sand S, are the means and standard deviations ofa; ande?,, respectively, and p is the correlation coefficient
between a7 and a7.. The bias, variance, and covariance proportions must add up to one. If the forecast is good, the bias
and variance proportions should be small so that most of the bias should be concentrated on the covariance proportion.
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FIGURE 2
Forecasts of Three-Month Treasury-Bill Volatility Using the CKLS Model.

This figure presents the time-series plot of the ex-post volatility (solid line), which is
measured as the absolute value of the month-to-month change in the three-month
Treasury bill vield, and the volatility forecast (dashed line), which is the square root of
the conditional variance implied by the estimates of the CKLS model from January
1957 to December 1997.

As shown in Table VI, the bias proportion that tells us how far the mean
of the forecast is from the mean of actual series is always much lower for
the AGARCH-X or QGARCH-X models than for the nested and moving-
average models. The variance proportion that measures how far the vari-
ation of the forecast is from the variation of the actual series is also much
lower for the new class of models. In other words, the predictive power
of our empirical generalizations is higher than the existing models since
the bias and variance proportions are very small for the AGARCH-X or
QGARCH-X models so that most of the bias is concentrated on the co-
variance proportion that measures the remaining unsystematic errors.
Further useful insights can be gained from Figures 2, 3, and 4, which
present the time-series plot of the absolute value of the interest-rate

I'he bias, variance, and covariance proportions must add up to one. I the forecast is good, the bias
and variance proportions should be small so that most of the bias should be concentrated on the

covariance proportion.
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FIGURE 3

Forecasts of Three-Month Treasury-Bill Volatility Using the GARCH Model.
This figure presents the time-series plot of the ex-post volatility (solid line), which is
measured as the absolute value of the month-to-month change in the three-month
Treasury bill yield, and the volatility forecast (dashed line), which is the square root of
the conditional variance implied by the estimates of the GARCH model from January
1957 to December 1997.

change (i.e., the ex-post volatility) and the estimated conditional volatility
obtained from the CKLS, GARCH, and AGARCH-X models, respectively.
The ex-post volatility is measured as the absolute value of the month-to-
month change in the three-month Treasury bill yield and the forecasted
conditional volatility, o, ;, is the square root of the conditional variance
implied by the estimates, 67, from the aforementioned models. To keep
the graphs readable, we did not show all the volatility estimates in the
same figure. The striking observation from these graphs is that in several
periods, especially 1980 through 1983, the CKLS model in Figure 2 mis-
represents realized volatility. In contrast, the GARCH model in Figure 3
tracks realized volatility much better during this period. The time-series
plots of the estimated conditional volatilities along with the ex-post mea-
sure of the short-rate volatility depicted in Figure 4 suggest that the new
class of models that explicitly allows for departures from linearity in the
conditional mean, and incorporates serially correlated unexpected news,
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! FIGURE 4
Forecasts of Three-Month Treasury-Bill Volatility Using the AGARCH-X Model.
This figure presents the time-series plot of the ex-post volatility (solid line), which is
measured as the absolute value of the month-to-month change in the three-month
Treasury bill vield, and the volatility forecast (dashed line), which is the square root of
the conditional variance implied by the estimates of the AGARCH-X model from
January 1957 to December 1997,

asymmetry, and level effects into the diffusion function is superior to

cither of the baseline models (i.e., CKLS and GARCH).

Pricing Implications of the Stochastic Volatility
Models

This section introduces a theoretical framework for the two-factor-sto-
chastic-volatility model that values interest-rate-sensitive security. To ex-
plain how it works, we concentrated on valuing options on zero-coupon
bonds. We discuss how the two-factor model uses current interest rates
and their volatilities as input to determine its output, the value of interest-
rate-sensitive options. This model, like other arbitrage-free interest-rate
models, uses two sets of input: a yield curve (the yields for a set of zero-
coupon Treasury securities) and a volatility curve (the estimated yield
volatilities for these same securities). These two curves together are called
the term structure. The model uses today's term structure to determine
the expected means and standard deviations of future short rates.
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For pricing implications, we used a restricted version of the two-
factor-continuous-time model because the original model with nonlinear
drift does not yield analytical solutions that can be used in the pricing of
interest-rate derivatives. The two-factor-continuous-time model with the
usual linear mean-reverting drift is given by eq. (17).

dl", =] (a(, + alr,) dt o ‘{’,r;b ci'H/“ (l?a)
d¥Y? = (ko + x, W) dt + pdW,,. (17b)

The evolution of the short rate process presented in eqgs. (17a) and (17b)
can be approximated via the binomial representation:

(@y + ayr)A + W JA; probability 1/2
Foon — 1 = LV - (18a)
(g + ayr)A — Wp" JA: probability 1/2
where
: o P2 ‘A ability 1/2
T [(;\“ + K l]’,)]A + P;\é, probability 1/ (18b)
(kg + xy WP)A — nyA; probability 1/2

At time t, if the interest-rate level is r,, then one period later, using eq.
(18a), the short rate will be either:

e, — 1 = (g + ayry) A + ‘l",rf" \,E (19a)
or
r{JL’X” -1 = (ay + ayr)A — Pr? \Z (19b)

Subtracting eq. (19b) from eq. (19a) yields the sensitivity formula, which
shows how the volatility of interest rate changes, o,(r,), in our stochastic-
volatility model is determined by the spread between the two possible
interest rates at time t + A:

(P, — tf7™2 = Bl JA = 6r). (20)
In this model, following Black, Derman, and Toy (1990), we used the
local-expectations hypothesis (LEH), which is consistent with no arbi-
trage. Applied to the valuation of interest-rate derivatives, the LEH yields
the valuation formula:

EfPyss ()] _ (U2P, (T + (1/2)P,, 4Ty

P(T) = = |
(D I + r I + % (21)
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where P,(T) is the price of a T-maturity claim at time ¢, which is assumed
after A-period to move up to P, ,(1)"" or down to P, A4 with equal
probability of 1/2. With the help of an iterative procedure, the valuation
and sensitivity formulas are used to determine the evolution of the short-
rate tree.

This model, like other arbitrage-free models, must ensure that model
prices for interest-rate derivatives match market prices. In addition, the
model’s term structure of volatilities should match an empirical or given-
term structure of volatilities. For example, Black et al. (1990) used a
given-term structure based on the traditional historical volatilities that do
not vary through time, although time-varying volatilities would match
more closely the true underlying volatility structure. The use of time-
varying volatilities leads, however, to a non-recombining tree. To illustrate
this, consider the evolution of the short-rate process at time t + 2A:

A= (ag + an"DA + PR DY A (22a)
rdy =, = (e + g JA = W )° (A (22b)
Ay — = g + ol JA + W)Y VA (220)
Ad, A = (g + e A - WA DA (22d)

Using egs. (20), (22a), (22b), (22¢), and (22d), one can show that
L rml )
(;‘%__) — J;r_ A (23&{)
’Jll‘lz. o fdi{;
(L‘—)'_‘ = g4 , (23b)
i lu 1 1
Feeda — r:ah) (Ur-/\ + 041_«.) .
L ol . . — M R )2
( 5 | T, . 5 (23c)
\\h(‘rt’ g, = LP,r, A ot,a = Piia (1h0)¢ \3 and (I‘tt. AT ‘P‘riﬂ;\ (ﬁl- .A)dJ

JA. The mean reversion parameter, «, appears in eq. (23c). However,
since it is a widely accepted idea that a; is a very small figure, we decided
to eliminate it to simplify the framework.

An iterative procedure is used to find the expected future short rates
and bond prices that will be consistent with the current market-term
structure. Given a market-term structure and the resulting binomial tree
of short rates, the model then can be used to price options on zero-coupon
bonds. First, the zero-coupon bond prices at various times are found.




748 Bali

These prices are used to determine the option’s value at expiration. Given
the values of a call or put option at expiration, their possible values before
expiration can be calculated as a present value of the future payoffs.

CONCLUSIONS

This article analyzes one potential source of misspecification of existing
models of the short-term interest rate and introduces a new class of dis-
crete-time econometric specifications that nests many existing interest-
rate models as special cases. In existing continuous-time or time-series
econometric models, the structural form of conditional means and vari-
ances is relatively inflexible in the sense that the existing models do not
allow for departures from linearity in the conditional mean, and they do
not parameterize the diffusion function flexible enough to incorporate
serially correlated unexpected news, asymmetry, and level effects into the
deflinition of conditional volatility. This study attempts to model the con-
ditional distribution of interest rates by specifying a more general econo-
metric framework that allows for nonlinear effects in the dynamics of the
short rate and defines the conditional volatility as a nonlinear function
of unexpected information shocks and interest-rate levels. The empirical
results point to the presence of nonlinearity in the conditional mean, and
serial correlation, asymmetry, and level effects in the conditional variance
of the short rate. In addition, the relative performance of the new class
of models in predicting the future level and variance of interest-rate
changes has been found to be superior to the nested models.
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