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This article is the Brst attempt to test empirically a numerical solution
to price Americiin options under stochastic volatility. The model al-
lows lor a mean-reverting siochystic-volatility process with non-zero
risk premium For the volatility risk and correlation with the underlying
process. A general solution oP risk-neulral prohahilUies and price
movements is derived, v\hich avoids the common negative-probahility
probiem in numerical-option pricing with stochastie volatility. The
empirical test shows clear evidence supporting the occurrence ofsto-
chastic volatility. The stochastic-volatility model outperforms the con-
stant-volatility model by producing smaller bias and belter goodness
of fit in both the in-sample and out-of-samplc test. It not only elim-
inates systematic moneyness bias produced by tbe constant-volatility
model, but also has better prediction power. In addition, both models
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perform well in the dynamic Inlraday hedging test. However, ihe con-
stant-volatilily model seems to have a slightly better bedging effec-
tiveness. Ibe profitability test shows that the stochastic \olatility is
ahle to capture statistiealK significant profits while the constant vol-
atility model produces losses. © 2000 John Wiley & Sons, Inc. Jrl Ttit
Mark 20:625-659. 2000

INTRODLCTION

Option pricing is one of the most exciting areas in modern financiul re-
search. Ever sinee the famous Black and Scholes (1973) study, there are
many extensions and modiiications to the option-pricing model. One of
the most important developments in this area is the assumption of sto-
chastic volatility. Wiggins (1987). Mull and White (1987), Scott (1987),
Johnson and Shanno (1987), and Stein and Stein (1991)use different
techniques such as finite difference, series solution, Monte Carlo simu-
lations, and Feynman-Kac function, and so on to model and test models
with stochastic volatility. Hcston (1993) introduces the first closed-form
solution for stochastic-volatility models with applications to European-
style options.

Stochastic-volatilily models address some of the issues such as vol-
atility smiles and skewness, as well as large kiirtosis in the tindcrlying
distribution. Finucane and Tomas (1996) developed a lattice method to
price American-eall options. They used interpolations to find out the op-
tion prices on the lattice, so recombining nodes on the tree is not an issue
in their model. Ftirthermore, tho model is able to calculate several option
prices with different underlying asset prices and volatilities from the same
lattice as long as the time lo maturity and the strike prices are the same.
Henee, this method is more eti'icient than other numerical methods, es-
pecially when working with intraday prices or performing scenario
analysis.

This article extends Finucane and Tomas's (1996) method in the
numerical pricing of American options under stochastic volatility in a
nontri\ial way involving a three-dimensional lattice. This modified Eat-
tice-Rased Approach (ERA) is an efficient and accurate ntimerical
method that is not only theoretically sound, but also easy to implement.
As far as we know, this article is the first empirical test of a numerical
method in pricing American options with stoehastic volatility. We are able
to show that the new model fits actual prices better, performs better out-
of-sample prediction, and also ser\'es as an effective benchmark to signal
under- or overpricing.
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Researchers have been looking long lor efncient numerical methods
to price stochastic-volatility models. The direct application of ihe CHR
hinomial method would be computationally explosive due tt) the nonre-
combining nature ot the stochastic-volatility model. Moreover, Amcrlean-
styie options add additional difficulties as they laek analytieal solutions
and often require numerical solutions due to the early exercise feature.
Cox, Ross, and Rubinstein (1979) introduced the standard binomial op-
tion-pricing model. Barone-Adcsi and Whalcy (1987) and Geske and Roll
(1984) have shown various methods to appro.ximate the early exercise
premium under the constant-volatility assumption.

There have been many empirical tests of stochastic-volalility models.
Chesney and Scott (1989) used the st()chastic-\'olatility model developed
by Scott (1987) to study the prices of dollar—Swiss franc exchange rate.
Melino and Turnbull (1990) used a similar model as Scott (1987) to study
the Canadian dollar to U.S. dollar options traded in Philadelphia Ex-
change. Nandi (1996) empirically tested the Heston (1993) model with
S&P 500 index options. Bates (1996) tested the stochastic-volatility
model as part of his stochastic-\olatility and jumps model using DcLitschc
mark Amerlean options. However, these empirical test either used Eu-
ropean options, or used constant-votatility-model-bascd approximations
for early exercise premium plus a stochastic-volatility-model solution for
European options to test /Vmerican options under stochastic volatility.

Milliard and Schwartz (1996) developed a transformed recombining
binomial tree. Transformations of the variables based on Nelson and Ra-
maswamy (1990) were performed to make sure tbat the nodes would
recombine. However, the \olatility of the process must be in tbe form of
a constant multiple of the instantaneous volatility nf the return of the
underlying asset. This specification is required in the transformation pro-
cess to achieve recombination of the tree. The transformation process
will increase the magnitude of the underlying asset price and volatility,
which could cause the pseudo-probabilities to be negative. In addition,
most of the computation time is wasted on those nodes with nearly zero
probabilities. Numerical methods for American options with stochastic
volatility developed in the past also are less elTicient and based on smaller
sample si/e. Our ERA method provides for improvements over these
shortcomings.

The rest of this article is divided into four sections. The next section
derives the stochastic volatility model. Then we will show the interpolated
lattice-based approach to implement the model. The section entitled
"Empirical Tests" reports the empirical tests and the I'mdings of the test
results, and is followed by the conclusions.
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MODEL

Underlying Assumptions

The interpolated-lattice approach in this article uses Heston's {1993) un-
derlying assumption; define the squared volatility as the instanlaneous
variance of the return of the underlying asset. Ihe underlying assets and
squared volatility are assumed to tollow the continuous-time-stochastic
processes:

dS = \iSdt + S^lvdzs (I)

dV = K(0 - V)dt + hJVdz^, (2)

where |i is the expeeted return of the underlying asset. The squared vol-
atility V is assumed to lollovv the square-root process, with long-run mean
9 and the speed of adjustment K. Therefore, the half life of the volatility
shock is In 2/K, h is the volatility ofthe squared volatility process, and p
is the correlation coefficient between the two standard Brownian motions
Zs and Zy.

Finucane and Tomas (1996) used the assumptions on diffusion pro-
cesses of Hull and White (1987), in which both the underlying assets
and squared volatility are assumed to follow the lognormal process. They
then adopted the risk-neutral probability measure and discrete time
jumps derived by Boyle (1988), which is an extension of the trinomial
tree method for a one-factor model, and applied it to 5-nomial trees for
options on two underlying assets. Boyle (1988) derived the probability
measure hased on the risk-neutral valuation principle, where the expected
returns on both underlying assets are assumed to be the risk-free interest
rate. While it is appropriate with traded assets like stocks and futures, it
is arguable whether it can he used to price the volatility, which is not
traded and unobser\'able. Many researchers believe that the market price
or risk premium ofthe volatility should be taken into account. As a result,
it is not appropriate to apply directly Boyle's probability parameters in the
stochastic-volatility situation.

While it is difficult to specify the function of the market price of the
risk of volatility, :i simplified and intuitive way is to assume thai it is a
linear function of the squared volatility. .Alter adding the market price X
to the above mean-reverting squared-volatility process, it becomes:

dV = [K{Q - V) - XV\dt + Gy^lvdzy. (3)

Equation (3) can be reduced to the same initial form as in eq (2) with
risk-neutrali/ed parameters:



stochastic Volatility 629
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So when using the square-root process, we allow for mean reversion,
correlation, and non-zero risk premium in the squared-volatility process.
However, the parameters lC* and 9* estimated from the trading prices
cannot be interpreted directly as the speed of adjustment and tbe long-
run mean of the squared-volatility process.

Risk-I\eutral Probabilities and Jumps

To approximate a continuous-time process using discrete-time jumps and
probabilities, the first and second moments ofthe two processes must be
matched. In most options-pricing literature, when the underlying asset is
assumed to follow a log-normal process, we have the Following result:

c/ In S = fr - ^aAdt + adz. (5)

We derive in Appendix A the solution for the risk-neutral probabili-
ties and additive jumps (price movements) for our problem setup:

Us = SrAt + SJ

ds = SrAt -

uy = K(9 - V)A( + h^VAi

dy - K(9 - V)At - hJVAt

P\ I = p22 = t).25 + 0.2Sp

Pi\ = P\i = O-25 - O.2Sp. (6)

wbere u^, tiy are upward jumps for S and V, d^, dy are downward jumps
for S and V, p̂ j is the joint probability of the jumps where i is I lor up
and 2 for down for the underlying asset process, and j represents the
squared-volatility process.

One nice property ofthe above solution is that the Joint probabilities
are independent on the jump sizes, so they need not be calculated at every
point on tbe lattiee. The jumps arc dependent on S, V, and other struc-
tural parameters. However, the S and V values are associated with points
on the lattice and are the same aeross time, so the jumps need to be
calculated only once. Tbe method is more efficient when compared with
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other methods attempting to get a recombining tree, in which the jumps
and prohabilitics usually need to be calculated at every node.

In addition, to make sure that the numerical approximation con-
verges to the continuous-time eounterpart, it is important to ensure that
the lour joint probabilities are witbin (0, I), and together sum to one.
This is not a problem when the volatility is assumed to he constant. 1 low-
ever, when the volatility follows a stochastic process, normal binomial
metbods extended from Cox, Ross, and Ruhenstein's (CRR) binomial
metbod tiltcn lead to probabilities that are negative or greater than one,
when probabilities need to be calculated everywbere in the tree. Not only
is it costly in computation, a single node with a negative probability will
cause tbe entire tree to hreak down. The problem is inherited partly Irom
the fact that the CRRs tree requires a constraint on the magnitude of
volatility. The problem is most severe witb metbods that use translor-
mations to achieve recombining trees (e.g.. tbe bivariate-binomial-tree
approach in 1 iilliard & Schwartz, 1996. Our solution avoids this prohlem.

INTERPOLATED LATIICE-BASED APPROACH

The option price at time intcnal t can be calculated by discounting tbe
expected option priees at time / + I. Use C, to denote the call price at
time (, p to denote the respective prohabilities of future states, and ry to
denote the risk-free rate. Mathematically, the option price is given by the
equation:

(7)

If tbe option is American-style, early exercise possibility is cbecked at
ever)' node.

However, a direet application of the above solution using the bino-
mial-tree method computationally is explosive. Since the nodes arc not
recombining, there will be 4" ' nodes after n steps. In other words, it is
more tban one trillion nodes after 19 steps. Not only that, most ol the
computations will be wasted in calculating prices of nearly zero proba-
bility because the upper part of tbe tree will have asset prices up to mil-
lions and the lower part consists of all nearly zeros. However, it is different
when we use the interpolated LBA, because the calcLrlation time only
increases linearly with the nitmber oi steps chosen, and we can set upper
and tower limits of the lattice to improve the eflieiency.
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FIGURE 1
illustration ofthe lattice-based approach.

Under the lattice-based approach, a three-dimensional lattice (see
Fig, 1) is constructed to represent the hehavior of the underlying asset
prices, and option prices are calculated from the lattice. S""" and S"""
are used to denote the upper and lower limit lor the asset price, and V'̂ '""
and V""' to denote the limits for the volatility. The continuous range of
S and V then is divided into N^ and Ny discrete intervals of length AS —
(S""" - S"''")/Ns'.-mdAV = (V""'' - V""")/Nv'-The time to maturity then
is divided into Nj + 1 points of time with intenals of A/ = TIN,. At any
point of time, (Ns + 1) (Ny + 1) option prices are determined jointly hy
Ns -\- I underlying asset prices and Nv + 1 squared-volatility values.

At maturity time T, the option price for each S and \̂  is known to
he max(S - X.O) for calls, and ma.K(X - S,0) for puts. So the {N^ +
I}(N\ -I- 1) option prices at maturity time T are knoun. For any one of
the (Ns + l)(iVv + I) option prices at t = \ — 1, e,g.. for point X in
Figure I, the option price is determined in eq (7) hy option prices at the
four points a, b, c, and d at time T, which often are not on the lattice.
We can obtain the required option prices through interpolation, lor ex-
ample, the option price at point a can be interpolated using tbe option
price of the three points A, B. and C, which is on its vertical intercept
with the three nearest S prices. The interpolation is applied again using
points 1. 2, and 3 for A, 4, 5, and 6 for 13, and 7, 8, and 9 for C. Similar
intei-|)olation can be applied to obtain option price at points b, c, and d
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as well. For S or V with values falling outside the lattice, extrapolation is
applied using the top- or bottom-three points on the lattice. The approx-
imating polynomial is a weighted average of the three nearest option
prices. The interpolation polynomial is given by tbe following equation':

fS Vl -

s - s

-1-

min

- s
iAS)

- (i

—

+

- ( '
[ 11 nil II

2)AS

+ 1

+ (i + DAS)

(H""" + iAS) - (S""" + (i + 2)AS)

S - $•'"•' - (.'AS)
•C,.,(.S -H iAS. V) + — ^

+ (/ + DAS) - (S""" + iAS)

S - S'"'" ~ (i - 2)AS

(S""" + a + DAS) - (S'"'" + i + 2)AS)

S - S""" - (AS
•C,,,,(.S""" + (i + DAS, V)

(S""" -I- (i -»- 2)A.S - (S""" + iAS)

S - S""" - (i + DAS

(S'"'" + i + 2)AS) - (S""" + U + DAS)
2)AS. V) (8)

Graphically, tbe wejgbt assigned for option price at point A is {aB •
aC)/{AB • AC), where AB is the distance from point A to B. The same
polynomial is applied three times using option values of point on tbe
lattice (points 1—9) with the nearest V and S values, respectively, to get
the option price required for eq (8). It is applied one more time to get
one of the four required option values used in eq (7). Tbe same inter-
polation technique is applied at time 0 to enable the method to obtain
several option priees with different underlying prices and volatilities at
the same time. Since the model uses extrapolation for values that fall
outside tbe lattice, the priee of the options are not ver\' sensitive to ihe
boundaries of S and V. The discrete time nature of ihe method also allows
it to price American options with discrete dividend payments. Moreover,
deltas with respect lo the underlying and the squared volatility of the
options can be calculated directly from tbe lattice using ibe two nearest
options price of different underlying prices or volatility.

There are potential problems witb tbe interpolation of call prices.
Firstly, at tbe maturity time, the option price is a kink function against
underlying asset priee, and thus is not differentiable. Secondly, if tbe
slope ol option price cbanges rapidly, which is ohsened for near-the-

I'he iquiUTiin iisfd \wtv is similar to th;il used by Finucane nnd Ioni.is (1996), except ihiil we ;idd
the lowiT hounds to llic lattice to improve eomputtition:)! efficiency.
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maturity' at-the-money options, interpolation may produce larger errors.
Interpolation may pose a probleni when the call prices are not very
smooth with respect to the underlying asset price and the volatility. Lastly,
when (he jump si/e is large with respect to the density of the lattice, the
extrapolation at the boundary of the lattice may be inaccurate. In addi-
tion, the error will multiply itself over the lite of the option due to the
nature ofthe method, and result in unacceptable option prices. However,
we solve these problems to a large extent by checking for appropriate
option priees where needed, and increasing the number of time inter\als
to decrease the size of jumps. For example, options that are slightly out
ofthe money often ohtain negative values when eq (8) is applied to obtain
tbe interpolated value. We fix this problem by checking for negative values
and setting them to zeros. The extrapolation error will be most significant
when the term to maturity is long. The options used in this article gen-
erally are short-time-to-maturity options, so tbis is not a problem, I low-
ever, we find that one possible way to deal witb the extrapolation error is
to increase the distances among the three points used in the extrapola-
tion. Instead of choosing the top or bottom three points with very small
intervals, which often exaggerates the error, we can choose some other
points with more appropriate distances between each other.

Validity of LBA

Because interpolation is used, any analytical assessment of the validity of
the method will be extremely complicated. A numerical comparison be-
tween a known analytical solution is useful lo sbow its numerical con-
vergence when the analytical solution is assumed to be tbe true price.

Firstly, the LBA model is compared with the Black-Scholcs Model
in valuing a European call option. We shall recognize that the LBA is
actually a general form of the constant-volatility model. When the param-
eters K, 0, h and p are all set to zero, the LBA is effectively valuing a
constant-volatility option. In the comparison, N^, Ny, and N7 are set to
100, 50, and 200, respeetively, S""̂ "̂  and S "̂'" are set to 1.5 X Xand 0,5
X X, respeetively, and V'*̂ * and V""" are set to 5 X Vand 0, respectively."^
The CBB model with 200 steps also is used to priee the options. As we
can see lrom Table I, the two numerical methods' prices are very close lo
the true price. The average absolute-percentage pricing error is around
0.1%.

•^liniiiiinc and l o m a s (1996) used 2 X X for S""" Hiid /t-ro Inr .S""", which is i

oplions with larRe underlyinR prices. Wo followed th i i r l>niind,try st-t lor \\ i.e., 5V for V'"^' and 0
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TABLE 1

Comparison Between BS, CRR.and LBA Models

LBA
S =
S =

S =
s =
s =

CRR
S =
s =
s =
s =
s =

90
95
100
105
110

90
95
100
105
110

a - 0.2

0.0886
0 6552
2.5101
5.9894

10,5206

0.0869
0.6563
2.5092
5.9881

10,5202

Black-Schotes
S =
S =
s =
s =
s =

90
95
100
105
110

ErrorLBA
S =
S =
s =
s -
s =

90
95
100
105
110

Mean

Error CRR
S =
s =
s =
s =
s =

90
95
100
105
110

Mean

0.0878
0.6557
2.5121
5.9901

10.5202

0,90%
- 0.08%
-0.08%
- 0 , 0 1 %

0.00%

0 06%

-0.98%
009%

- 0 . 1 1 %
-0-03%
-0.00%

0.00%

T = \l\2

a = 0.3

0,4896
1.5593
3.6666
6,8851

10.9790

0.4910
1.5537
3,6543
6.8775

10.9800

0.4902
1,5534
3.6586
6.8810

10,9799

-0.12%
0,38%
0.22%
0 06%
0,01%

MAE

0.17%
0,01%

-0,12%
- 0,05%

0.00%

MAE

a - 0.4

1.1451
2.5568
4.8082
7.9056

11.7168

1.1476
2.5541
4.7996
7.8985

11.7159

1,1451
2.5547
4.8053
7.9036

11 7163

- 0.00%
0,08%
0.06%
0.03%
0.00%

0.09%

0.22%
-0-02%
-0.12%
- 0 06%
- 0.00%

0,10%

a = 0.2

0.8982
2.2753
4.6195
7,9250

11.9877

0,8990
2,2745
4.6100
7.9268

11.9893

0.8975
2.2712
4.6150
7.9229

11.9883

0.07%
0.18%
0-10%
0.03%

- 0 . 0 1 %

RMSE

0.17%
0.14%

- 0 . 1 1 %
0.05%
0.01%

RMSE

T . , y / t ^1 — .i/ 1 d

a = O.i

2.3063
4,1069
6,5820
9.7130

13.4022

2.3032
4.1114
6.5756
9.7168

13.4079

2.3087
4.1053
6.5831
9.7123

13.4025

-0,10%
D.04%

- 0,02%
0,01%

-0,00%

0.18%

-0,24%
0,15%

- 0 , 1 1 %
0.05%
0.04%

0.18%

o = 0.4

3.9322
5 9838
8.5547

11.6154
15.1122

3.9358
6.9840
8.5427

11,6187
15.1168

3,9316
5,9823
8,5526

11,6130
15,1097

0.01%
0.03%
0.02%
0,02%
0,02%

0.10%
0.03%

-0.12%
0.05%
0.05%

(T = 0.2

2.3474
4.2559
6,8856

10.2024
14.0729

2.3508
4.2602
6.8817

10.2071
14.0772

23494
4.2545
6.8887

10.2013
14.0754

-0.08%
0.03%

-0.05%
0.01%

-0.02%

0.06%
0.13%

-0.10%
0.06%
0.01%

Y = 61\2

(T = 0.^

4,7143
6,9293
9.6366

12,8006
16.3684

4.7219
6.9342
9.6244

12.8072
16.3663

4,7140
6.9282
9.6349

12.7986
16,3655

0,01%
0,02%
0,02%
0,02%
0.02%

0.17%
0.09%

- 0 . 1 1 %
0.07%
0.01%

o = 0.4

7.2063
9.6218

12,4094
15.5466
19.0055

7.2091
9,6150

12-3711
15.5105
18.9471

7.1993
96072

12.3850
15.5057
18,9359

0.10%
0,15%
0.20%
0.26%
0.37%

0,14%
0.08%

- 0 . 1 1 %
0.03%
0.06%

This table shows and compares European-call-option prices under constant-volatility assumption calculated using diHeren!
models, namely the Black-Scholes model (BS) the Cox, Ross, and Rubinsiem model {CRR). and our Latlice-Based Ap-
proach (LBAt To illustrate the accuracy cl the model, we calculated prices (or call options under ditferenl moneyness by
choosing the underlying stock price from 90 to 110. under different volatilities by choosing o of 0,2.0.3. and 0,4, and under
ditterent time !o maturities of 1 monlh. 3 months- and 6 months. Values chosen for common parameters are X = 100 and
r = 0.05 The prices are simulated using Ihese parameters. Two-hundred sleps are used lor both the CRR model and the
LBA. For LBA, Ng and Ny are set io 100 and 50. respectively The Pncing Error is measured as percentage of {model price
- true price)/true price, taking the BS price as the true price. Mean Error (f̂ ;1E), Mean Absolute Error {MAE), and RoolMean
Squared Error (RMSE) ot the percentages are reported for the entire sample.
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Secondly, to assess the LBA model's ability to priee European oplions
with stochastic volatility, it is compared with Heston's (1993) solution For
valuing European options with stoehastie volatility. The standard hino-
mial-tree method Is not used here hecause it is not computationally fea-
sible to priee oplions with stochastic volatility. As we can see from Table
II, the LBA priees are very close to the true prices calculated usin^ the
analytical solution. Except for three cases ofthe out-of-the-money option,
the absolute-percentage pricing errors are below 0.2%. Sinee there is no
analytieal solution or other known erfieient and yet accurate numerieal
methods avaiUible, we cannot assess directly the validity of the LIJA in
valuing American options under stochastic volatility. However, it should
be consistent with its accuracy in valuing European options.

However, one should note that, due to the interpolation, the rela-
tionship between the density anti the boundary- of the lattice and the
accuracy of the method is not so straightforward. For example, since there
are three dimensions of the lattice, just increasing one dimension will not
necessarily increase the accuracy. Our simulated \alidity test result shows
that our choice of the houndaries of the lattice, us well as Ns, N/, and
Ny is reasonably good in terms of holh accuracy and computational
speed/

Lastly, we show graphically the effect of stochastic volatility on
(American) options in Figure 2. The upper-left graph shows us the surface
of European-call-option prices over time and across different moneyness.
The European call options are calculated using the Black-Scholes for-
mula using X ^ 100, r = 0.05. a = 0.2, a dividend yield of O.OS, with
S ranges from 90 to I 10, and time to maturity from O.S lo 0. Using a
dividend yield that is equal to the risk-free interest rate is the same as
valuing a futures option. As we can see, at the maturity {t = T), the option
value is actually a kink function of S. As the time to maturity increases,
the kinky line smoothes out and the time value increases. If we look
carefully enough, we also can see that the time value of at-the-money
option (S = X — 100) is the largest compared to in-the-money or oul-
of-the money options.

When taking stochastic volatility into consideration, the surface of
the option value is basically the same as the constant-volatility value,
since the differences are small wilh respect to the option values, so a
separate graph is not shown. However, when we just look at the differ-
ences, there are some interesting patterns. The upper-right graph shows
the differences of the European-call-options value with stochastic vola-

1 hf alsnrilhms urc implcmenUH! [Kirlly in MiitLiI) iirui [larlly in f. The i.BA model losts ut'iiiin(.i 1
second on J i'onlium il .W^Mh/ PC for oiif .̂ 1) lattice simulation.
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TABLE II

Comparison Bclwccn Mcston and LBA Models

LBA
S = 90
S = 95
S = 100
S = 105
S = 110

Heston
S = 90
S = 95
S = 100
S = 105
S = 110

a = 0.2

0.0865
0.6504
2.5088
59938

10.5244

0.0857
0.6509
2.5107
5.9944

10,5241

Percentage Error
S = 90
S = 95
S = 100
S == 105
S = 110

Mean

0.96%
- 0.07%
- 0.08%
- 0 . 0 1 %

0.00%

0.07%

T = 1/12

a = 03

0.4331
1.4623
3.5552
6,7944

10.9245

0.4335
1,4551
3.5455
6.7897

10.9253

-0.09%
0,49%
0.27%
0,07%

- 0 . 0 1 %

MAE

a = 0.4

1.0123
2.3730
4.6061
7,7231

11.5778

1.0115
2.3696
4.6017
7.7198

11,5766

0,08%
0,15%
0.10%
0,04%
0,01%

0,09%

a = 0.2

0.8859
2.2631
4.6151
7.9310

11.9998

0.8852
2.2588
4.6105
7.9290

12,0006

0,08%
0,19%
0.10%
0.03%

- 0 , 0 1 %

RMSE

V - ,V/2

CT - O.i

1.9028
3.6178
6.0719
9.2412

13.0099

1.9023
3.6147
6.0703
9.2385

13.0087

0.027o
0.09%
0.037o
0,03%
0,01%

0,18%

CT = 0.4

3.1373
5.0855
7,6212

10,7125
14,2906

3.1355
5,0826
7,6177

10.7087
14,2873

0.06%
0.06%
0.05%
0.03%
0.02%

CT = 0 . 2

2.3263
4,2374
6.8810

10.2071
14,0896

2.3272
4.2367
6.8817

10.2068
14.0910

- 0.04%
0.02%

-0 .01%
0.00%

-0 ,01%

T = 6//2

a = 0.3

3.6462
5.7545
8.4396

11.6580
15.3362

3.6447
5,7520
8,4366

11,6550
15,3337

0.04%
0,04%
0.04%
0,03%
002%

CT = 0.4

5.1797
7.4444

10.1737
13.3332
16,8742

5.1748
7.4382

10.1664
13.3245
16.8632

0.09%
0.08%
0.07%
0.06%
0.07%

This table shows and compares European-call-option prices under stochastic volatility using the Heston model and the
Lattice-Based Approach (LBA) Standard models like BS and CRR carino! handle stochastic volatility. Values chosen for
common paramelers are X = 100. r = 0.05. r = {1/12. 3/12, 6/12). ./U = (0.2. 0,3. 0 4), K = 3, 0 - 0.04, fa = 0.1. p =
-0 ,1 For the LBA. N^= 100, W, = 200, and /V,, = 50. The prices are Simulated using these parameters. The Pricing Error
is measured as percentage of (model price - true price)/true pries, taking the Heston price as the true price Mean Error
(ME), Mean Absolute Error (fvlAE). and Root fvlean Square Error (RfvflSE) of the percentages are reported for the entire
sample.

tility minus the option values with constant volatility. For the additional
parameters of the LBA, we use K = 1, 6 = 0.04, h = 0.3, p ^ - 0 . 3 ,
N-\' = Ny - so, and Ns = 100. We can see thai the constanl-xnUHilily
model systematically undcrprices in-lhe-monoy calls and overprices out-
of-the-money ealls with respect to stochastic-volatility models. The de-
gree of mispricing increases proportionately with the time to maturity and
the absolute moneyness. The findings are just the opposite when the
correlation is positive, as shown in the lower-left graph. The constant-
volatilily model overprices in-the-money calls and undorpricesout-of-the-
money options.

TTie lower-right graph of Figure 2 shows us the early exercise pre-
mium of the American option over its European counterjiart. As we can
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FIGURE 2
Effects of stochastic volatility in pricing (American) options.

sec, the premium decreases as the option approaches the maturity, and
is largest for long time-to-niattirity and in-the-moncy options.

EMPIRICAL TEST

We empirically test the LBA model. As a comparison, the CRR model is
used to perform an empirical test of the constant-volatility model.

Empirical Data

The empirical test of the model is performed with intraday trading prices
of S&P SOO futures options at the Chicago Mercantile Exchange (CME)
from Januarv' 4, 1995 to March 16, 1995. We chose the data i)ased on
two considerations, firstly, the options were actively traded American
options. Secondly, S&P 500 index and S&P 500 futures options are used
widely in existing literature. Both the underlying futures and the options
on futures expired on March 16, 1995. There are very few trades hefore
the sample period.

Option prices were matched with the nearest corresponding futures
price preceding the option transaetion. Both the futures and the options
prices are quoted in index points. The futures prices in the sample period
ranged irom 460.-^5 to 492.1, and the most actively traded options over
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the life o( ihc lutures uerc al-the-money options, which had strike priees
ranging Trom 475 to 495. There were 3742 call option prices in the sam-
ple. Several eommon filtering rules were applied to the raw sample hefore
the data were used in the study.

Firstly, call prices that were less than six days to maturity were taken
out of the sample to avoid possihic liquidity-related hias. In laet, we oh-
served many eases in the last few days when the eall prices moved in the
opposite direetion ofthe underlying asset priee movements. This can only
he explained as relatively large intraday fluctuations of ihc volatility,
which may have potentially distorted the parameter estimation. This is
one ofthe filtering rules used hy IJakshi, Cao, and Chen (1997).

Secondly, eall priees that were less than 0.5 were not used to mitigate
the impaet of priee disereteness (the tiek size for S&P 500 futures option
is 0.05). This is because most option-pricing models assume continuous
priee movements, while in real world the prices move in ticks, Nandt
(1996) used this rule with his S&P index options data.

Lastly, the options with a time lag of more than 30 seconds with the
corresponding futures were eliminated to ensure the eoncurrence be-
tween the option and its underlying asset. A similar rule was applied in
Chang, Chang, and LJm (1998). Due to the more frequent trading of the
futures, this rule did not exclude many options from the sample. The
filtered sample eonsists of 2957 eall priees. A more-detailed breakdown
of the raw data and filtered data statistics aceording to moneyness and
time-to-maturity is shown in Table 111.

The risk-free rate was calculated from quotes of U.S. Treasury Bill
priees best matehing the options maturity. The U.S. Treasury Bill used in
this study matured on Mareh 23, 1995. The quotes were obtained
through Reuters l̂ ixed Income 3000. The average of bid and ask discount
quotes was used to calculate the yield."*

Parameter Estimation

Io implement ojition-pricing models, the spot volatility and other utioh-
servable struetural parameters need to be backed out implicitly using the
observed-traded-option priees on each day. Since the models here assume
that tbe structural parameters are eonstant, there is some internal incon-
sistency between the models and this daily estimation. However, as daily
estimations greatly increased the fit. we followed many existing empirical
studies to use this method.^

I here arc liiiir niissiiiK data in iht̂  46 wimpic days, \\ IUTO the averafjcs nC the Iwo nt-iiri'sl yields are
used.
S e e Itiikshi et al. ( 1997) jind ClhiiriR el ;»1. ( 1998).
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Moneyness S/X

<0.98
Number
Mean
Standard Deviation

0.98-0.99
Number
Mean
Standard Deviation

0.99-1.00
Number
Mean
Standard Deviation

1.00-1.01
Number
Mean
Standard Deviation

1.01-1.02
Number
Mean
Standard Deviation

>1.O2
Number
Mean
Standard Deviation

AN Moneyness
Number
Mean
Standard Deviation

7 >

CKK

401
1,804
0 767

241
3.031
0.762

194
4.782
0.654

71
7.005
0.754

42
10.255
0,864

—
NaN
NaN

949
3.488
2-260

LBA

388
1.836
0.752

239
3.026
0,749

189
4.788
0 657

70
7.012
0.757

41
10.271
0-869

—
NaN
NaN

927
3.509
2.250

TABLE III

Sample

,̂ S >

cnn

67
1.170
0.197

295
1.909
0,516

391
3.539
0-789

257
5.958
0,973

92
9.150
1.121

74
13.049
1.130

1.176
4,561
3.168

Statistics

7 > / S

LBA

65
1.174
0.198

282
1-903
0.515

384
3.537
0.786

260
5.965
0.977

89
9.140
1.124

74
13.049
1,130

1,144
4.582
3.184

61
0.385
0.101

250
0,945
0,293

610
1,813
0.906

474
3,646
1-465

153
7.323
1.459

69
12.812
2,688

1.617
3.153
2.980

> 7

LBA

6
0.608
0.038

212
0.997
0,271

376
2,322
0.706

215
4.679
1.059

55
7,963
1.422

22
11.691
0.907

886
3.148
2.431

AU Maturily

CRR

529
1.560
0.822

786
1.947
0.993

1.195
2.860
1.415

802
4.684
1,804

287
8.338
1.715

143
12,935
2.032

3.742
3,680
2.942

LBA

459
1.726
0.743

733
2.007
0,972

949
3.305
1.173

535
5.585
1.278

185
9.041
1.432

96
12.738

1.221

2,957
3.816
2.769

The sample data are intraday trading prices d S&P 500 futures options at the Chicago Mercanlile Exchange (CME) Ifom
January 4. 1995 to March 16, 1995. They are divided into 3 time-to-maturity and 6 moneyness groups so we have 3 + 6
= 9 subgroups, 3 x 6 = J8 subsubgroups. 1 grand total, 28 groups altogether. Number of observations, mean, and
standard deviation are given for each group.

I or the LBA model, five parameters of the process V, K, 0, and p
needed to be implied from the traded-option prices. For the CRR model,
only the volalility needed to be implied/'

Severul possibie objeetive-fiinetion candidales needed to be mini-
mized in order to imply out the volatility and other necessary parameters.

.-ilgorithms of the LD.A iire impifmenttcl in t" PnigniiniiiLnjj I iin;iiinyt' fur (ntiipiitiiliojial ff
cienty. Ihe opLiiYti/iition procedure uses Sequemial Quadratic Programming melhods in Matlab.
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Mean
Std Deviation

CRli

a

0,10
0.01

TABLE IV

Parameter Estimation

;V h

0.09 0.61
0.01 0.19

Rcsiills

LBA

K

3.04
0.90

n

0.03
0,01

/'

-0.52
0,13

For example, the parameters could be estimated by minimizing the sum
of squared-pereentage pricing error. This metbod would put more weight
on matching the eheaper options since the same dollar pricing error
would lead to larger percentage pricing errors on cheaper options. /\ltcr-
natively, we couid minimize the sum of sijuared-index-point pricing error.
However, this would lead to more weight on matching the more expensive
options. We followed tbe convention in most researeh to minimize tbe
sum of squared-index-point error.

The nonlinear optimization result achieved using tbe Sequential
Quadratic Programming method did not ensure a global minimum of tbe
objective function, and to some extent was dependent on tbe initial
guesses. Since our objective surface was very irregular, and we WQTC es-
timating five variables at tbe same time, tbe estimated parameters were
very sensitive to tbe initial values. To ensure stability of the estimates, we
added a constraint on the long-run mean and tbe volatility: 0 — CT"" <
O.OS. Tbis is not a restrictive constraint since the estimated fl is about
0.09. After we imposed tbe constraint, tbe sample implied parameters
appeared to be in order. Due to the compulational lime constraint, we
performed a two-step estimation. Firstly, we estimated the parameters
using the results of previous studies witb similar data as tbe initial values.
After tbat, we re-estimated tbe parameters using tbe average of tbe pre-
vious estimates as tbe initial values.

Tbe same metbod was used to obtain tbe daily implied volatility of
tbe standard-binomial-tree model for comparison purpose.

Theestimatesof parameters of tbe l.BAand CRR model are reported
in Table IV.

As was mentioned before, tbe risk-neutralized theta eannot be in-
terpreted directly as tbe long-run mean of volatility. However, using eq
(4). it can be inferred tbat tbe true long-run mean will be larger than our
estimates for any positively defined, unobservable market price of tbe risk
of volatility. We found that the long-run mean of the squared volatility, G,



stochastic Volatility 641

004
71 69 65 62 58 56 52 50 46 44 42 38 36 34 30 2B 23 21 17 15 13 9 7

Days to Maturity

FIGURE 3
Impl ied volat i i i ly esl imalcs.

is always larger than the squared volatility. This implies that the volatility
has a tendency to increase during tbe life of tbe futures. Tbis also is
reflected by tbe lower mean of tbe implied volatilities of tbe LBA in re-
lation to tbe CRR because the implied volatility for the LBA is just tbe
initial volatility, and tbat of tbe CRR is tbe average volatility over tbe life
of tbe option. We can see from Figure ^ the increasing trend in the im-
plicd-volatility time series of the LBA. To verify this point, we ran a simple
OLS regression of the implied volatility over the days to maturity. The
coefficient was negative (indicating an increasing trend (»f the volatility),
and statistically different from zero at \% significance level for both the
LBA and CRB. Tbe balf life of tbe volatility shock, as measured in days,
is 365 • In 2/K, or 83.1 days.

Tests of Model Performance

The model's performance was examined using four tests: in-sample test,
oul-of-sampie test, dynamic intraday-hedging-performance test, and prof-
itability test. We divided tbe moneyness into six subeategories, and tbe
time-to-maturity into tbree. Including botb tbe subtotals and grand totals,
there are 28 categories. For tbe first tbrec tests, we reported the Mean
error, Mean of Absolute Lrror (MAE), and Root Mean Square Error
(RMSE) statistics, in terms of botb index and percentage points to assess
different aspects of tbe error. For the profitability test, tbe mean profit/
loss for eacb category is reported. Tbe index point error is defined as tbe
difference between actual price and model price, and tbe pereentage error
is tbe index point error divided by the model price. Some studies base the
percentage error on the actual price. Mathematically,
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Ei - C« - C,» (9)

c - c
% = -^,—- X 100% (10)

where C,, is tbe actual option price, C,,, is the model option price, E; is
tbe index point error, and Ê - is the percentage error.

fnSam-ple Test

The in-sample test is to assess tbe goodness of fit of tbe model price
compared to actual prices using tbe parameter estimated employing all
tbe data in tbe same day. We expected ibat ibe stocbastic volatility model
would iit tbe prices better simply because it uses more parameters and
therefore allows for more degree of freedom. Moneyness and Timc-Ib-
Maturity biases were examined to assess the extent of model
misspecification.

The in-sample test results are shown in Table V. The LBA model
shows better goodness-oi-iit witb no evidence of bias related to money-
ness or maturity. In contrast, tbe CRR model displays evidence of money-
ness bias.

Bins. The overall in-sample jierformances sbowcd no significant bias
ior both models. The mean errors in index-point terms and percentage
terms of all call options in the sample for both models were very small.
There was no significant maturity bias for botb models. I bis is partly due
to tbe relatively overall sbort time to maturity of tbe options on futures.
However, we noticed that the CRR model displayed systematic bias in
terms of moneyness. In ever)' time-to-maturily eategory, the C'RR motiel
overpriced (shown by a negative number) out-of-money calls and under-
prieed in-tbe-money calls, and the degree of mispricing was proportional
to the moneyness. The bias was evident according to hoth the mean errors
for index points and percentage. This finding is consistent with Macbeth
and Merville(1979).

As we expected, the moneyness bias disappeared wben we took into
account the stocbastic volatility. Tbcrc was no obvious pattern of money-
ness related bias for tbe LHA model. In addition, tbe LBA produced a
mucb smaller bias. Tbe CRR model's degree of bias was generally 10
times more than that of the LBA model.

We also found that the relative magnitude of the mean-absolute-
index-points pricing error with respect lo its mean-index-points pricing
error was larger in each subcategory for the LBA tban tbe CRU model.
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For example, in the first category in Table V (Panel A), where T ^ 3S and
S/X< 0.98, CRR produces an MAE of 0.18 and a Mean o f - 0 . 1 4 , while
LBA has 0.06 and 0.003. respectively. If we take MAE/Mean, we ohtain
1 .^ for CRR iind 20 for IBA. This also can he interpreted as the evidence
of CRR model's l)ias. When most of the errors are oi the same sign within
each moneyness eategory, ihe mean-index-points error will be close to the
mean-absolute index-points error, and viee versa. The LBA model's prie-
ing error is distributed more evenly around the true price, so the mean-
index-points error is much smaller than ihe mean-ahsokUe-index-points
error.

Goodness of Fit. The overall mean-absolute-index-points prieingerror
of" CRR is 0.18, while it is 0.08 for the LBA. In pereentage terms, the
mean al)snlute error is 2.9% for LBA and 6.19? for the CRR model. The
findings in the RMSli measure are consistent with this, hurlhermore, ihe
LRA dominates the CRR in almost all the categories.

We reported the MAE as well as RMSE to measure the model's good-
ness of fit. Mean of absolute error gives us ihe sense of the expecled
average error. On the other hand, RMSE punishes larger errors hecause
larger errors receive more weights when squared, so it is more appropriate
for use with risk-averse investors. In both measures, the LBA shows better
goodness of fit, as was expected. The findings in terms of the index points
are eonsistent with the percentage error.

Implications. The smaller bias and the better goodness of lit in the
in-sample test for the LBA over the CRR show that there is some evidence
of stochastic volatility in the S&P 500 futures options. The stochastic-
volatility model is a better specification than the constant-volatility
model. However, we still are not sure whether the helter performance ol
the LBA is only an illusion due to more degrees of freedom from more
parameters. The question is answered by the result from the out-of-sam-
ple test.

Oiit-of-Sample Test

We test the out-of-sample goodness of fit using lagged-parameter esti-
mation. In this test, we used ihe pre\ ious trading day's implied volatility
and parameter estimates to price the eurrent day's options. This is an
important test of model misspeeificalion because, if there is no stoehastie
term in the volatility, the over-fitting in the in-sample test of the stochastic
volatility model will be penalized. Sinec the previous day's data was used
to estimate the parameters, this tesl can also he Interpreted as the pre-
diction test of the models and of parameter stability.
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Moneyness S/\

<0.98
Mean
MAE
RMSE

0.98-0.99
Mean
MAE
RMSE

0.9&-1.00
Mean
MAE
RMSE

1.00-1.01
Mean
MAE
RMSE

1.01-1.02
Mean
MAE
RMSE

a 1.02
Mean
MAE
RMSE

All Moneyness
Mean
MAE
RMSE

<0.98
Mean
MAE
RMSE

0,98-0.99
Mean
MAE
RMSE

0.99-1.00
Mean
MAE
RMSE

T

CRfi

-0.142
0.185
0.210

-0.081
0,187
0.214

0.091
0.170
0,208

0.245
0,248
0,281

0,550
0,550
0,568

NaN
NaN
NaN

-0.019
0.203
0,243

- 9 . 3 1 %
10,77%
12,90%

-3,44%
6.22%
7.18%

1,75%
3,58%
4.35%

> IS

UiA

0,003
0.064
0,086

-0,011
0,073
0.095

0,004
0,075
0,096

0,008
0,087
0,117

0,003
0,099
0,146

NaN
NaN
NaN

0,000
0.072
0.096

0.10%
3.84%
5.26%

-0.37%
2.45%
3,15%

0.16%
1,61%
2.14%

TABLE V

In-Sample

=̂: > T

CRR

Test Result

> /5

LBA CRR

Panel A: Index-Points Error

-0.176
0.176
0,194

-0,179
0,179
0.196

- 0,088
0,123
0.143

0,128
0.146
0.191

0.371
0,374
0.414

0,544
0.544
0 570

0.009
0,191
0.247

0,009
0.050
0.063

-0.005
0.062
0,076

0,007
0,070
0,089

-0,008
0,095
0,120

- 0.022
0.106
0,134

0.046
0,130
0.169

0.001
0,079
0.103

- 0-026
0.049
0.055

-0,104
0.113
0,132

- 0,062
0 106
0.131

0,117
0.189
0,232

0,299
0,324
0,394

0.383
0-389
0,440

0,005
0 148
0,197

Panel B. Percentage Error

- 12,62%
12.62%
13,53%

- 9 . 0 1 % -
9.02%

10.01%

-2,80%
3,61%
4.31%

1,21%
4,47%
5 69%

-0,45%
3.32%
4,09%

0,17%
2,01%
2,52%

- 3 , 3 1 %
7,65%
8,37%

-9,06%
10.32%
11.90%

- 2.69%
4,97%
6,45%

LBA

0,062
0.064
0,074

0,005
0,052
0,064

-0,001
0,083
0.106

-0.008
0,118
0,146

0,021
0,133
0,164

0,024
0,088
0.119

0,001
0,087
0,114

12,21%
12,59%
14,97%

0,82%
5,59%
7,04%

- 0 . 1 1 %
4,03%
5 44%

All Maturity

cim

-0,146
0,182
0,206

-0,125
0,163
0.186

- 0.042
0,125
0,154

0-139
0,177
0,222

0.389
0,398
0,447

0,507
0,509
0,543

-0.001
0.182
0 232

-9.70%
10.99%
12,94%

- 7 . 2 1 %
8,48%
9.81%

- 1.85%
4.14%
5,27%

LBA

0,004
0,062
0,083

- 0,004
0,063
0.079

0.003
0.076
0,097

- 0.006
0.103
0,131

-0,004
0.112
0 146

0.041
0.120
0.159

0.001
0.079
0.105

0.42%
4,04%
5.56%

-0.06%
3-69%
4.90%

0.06%
2.73%
3,90%
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Moneyness S/X

1.00-1.01
Mean
MAE
RMSE

1,01-1.02
Mean
MAE
RMSE

Mean
MAE
RMSE

All Moneyness
Mean
MAE
RMSE

T a

CBB

3.56%
3.61%
4.09%

5.68%
5.68%
5.88%

NaN
NaN
NaN

- 3 , 9 1 %
7.36%
9.46%

/S

LBA

TABLE V (Continued)

In-Sample Test Result

.? S > 7

CRR LBA CRR

Panel B: Percentage Error (Continued)

0.15%
1.29%
1.75%

0.05%
0.98%
1.47%

NaN
NaN
NaN

- 0 . 0 1 %
2.71%
3.93%

2.09%
2.42%
3.07%

414%
4.18%
4,53%

4.37%
4,38%
4.58%

- 2 . 8 1 %
5.29%
6.81%

-0.02%
1,61%
2,06%

-0.26%
1.16%
1,47%

0.36%
0.99%
1.27%

0,01%
2.25%
3,05%

2,12%
4,01%
4.78%

3.70%
4,05%
4,82%

3,41%
3-46%
3.90%

-2.50%
5,94%
7.71%

s 7

LBA

- 0,20%
2-66%
3.36%

0,21 %
1.71%
2.12%

0.21%
0,75%
1.01%

0.20%
3.90%
5.39%

.A// Mtiturity

CRR

2.30%
3.22%
3.98%

4,35%
4.48%
4,94%

4,15%
4,17%
4.44%

-3.06%
6.14%
7.99%

LBA

-0.07%
1,99%
2,63%

-0.05%
1.28%
1,69%

032%
0.93%
1.22%

0.06%
2,89%
4.14%

The m-sampie test result is split into two panels. Panel A shows the index points error in each subgroup as well as
subtotals and grand totals. Panel B shows the percentage error based on actual pfice. Model prices are caiculated us-
ing Ihe estimated parameters using the sample data in the same day.

Table VI shows the out-of-samplc test results. Unlike the in-siimple
test, where the LBA dominules in all categories, the results are somewhat
mixed in the out-sample test. The LBA still displays much smaller bias
and better fit. However, in some of tbe sbort time-to-maturity and out-
of-the-money categories, the results are mixed in terms of MAE and
RMSE.

Bias. Tbe CRR model still sbows moneyness bias, i.e., increasing
degree of overpricing (under pricing) with increasing degree of in the
money (out of money). Tbe level of mispricing is approximately at the
same level as the in-sample test. There is some inconsistency of ihe mean-
error measure in index points and percentage. For e.vamplc, the CRR
model underprices the overall call options hy O.OI index points, while it
is overpricing the call options hy 2.3%. Tbis is not surprising because tbe
index-points measure puts more weight on in-the-money options, which
are usually more expensive, and tbe percentage measure favors out-of-
tbe-money options. From ibe difference in tbe two measures, we also can
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Mimeyuess S/X

<0.98
Mean
MAE
RMSE

0.98-0.99
Mean
MAE
RMSE

0.99-1.00
Mean
MAE
RMSE

1,00-1.01
Mean
MAE
RMSE

1 01-1.02
Mean
MAE
RMSE

21.02
Mean

MAE
RMSE

All Moneyness
Mean
MAE
RMSE

<0.98
Mean
MAE
RMSE

0.98-0.99
Mean
MAE
RMSE

0.99-1.00
Mean
MAE
RMSE

CMR

-0,168
0.217
0.249

-0.085
0.191
0.229

0.098
0.175
0.230

0.276
0.299
0.328

0.597
0.597
0.631

NaN
NaN
NaN

-0.023
0.225
0,276

-10.26%
12.31%
14.76%

- 3.39%
6.28%
7.51%

1.97%
3.77%
5,05%

TABLE VI

Out-of-.SampIe Test

LBA

-0.001
0.133
0.167

-0,027
0.152
0.186

-0,037
0.056
0.205

-0.074
0.231
0.301

-0.081
0.228
0.304

NaN
NaN
NaN

-0.025
0.155
0.201

0.40%
8.29%

10.83%

-0,68%
4.99%
6.03%

- 0.62%
3.35%
4.43%

.35 >T

CRU

r> /s

LBA

Result

;s

cim

Panel A: Index-Points Error

-0.111
0.148
0-168

-0.156
0.182
0.212

-0.090
0.177
0.216

0.163
0.231
0.284

0.372
0.378
0.438

-0.536
0.536
0.565

0.024
0.227
0.286

0.084
0.107
0.128

0.024
0.110
0.146

0.001
0.147
0.190

0.016
0.195
0.240

-0.052
0.170
0.211

-0.041
0.153
0.186

0.011
0.148
0,191

0.016
0.040
0.068

-0,067
0 127
0.148

-0.046
0.174
0.202

0-189
0.282
0.354

0,306
0.373
0,453

0.374
0.385
0.439

0,039
0.205
0,266

Pane! B: Percentage Error

-6.75%
11.69%
13.11%

-7.75%
9.35%

11.05%

- 2.88%
5.19%
6.49%

8.74%
10,60%
12.98%

1.24%
6.08%
8.21%

0.02%
4,35%
5,71%

4.27%
8.00%

14.60%

-4,66%
12.13%
14.01%

- 2.22%
8.16%
9.87%

s r

LliA

0.057
0.069
0,101

0.038
0,098
0.126

0,015
0.166
0.206

0.052
0.218
0.278

- 0.067
0.259
0.323

-0.041
0.132
0.171

0.023
0.167
0.219

13.96%
15.93%
26.02%

5.90%
11.89%
16.15%

0.81%
8.10%

10.64%

All Maturity

cim

-0.158
0,205
0.237

-0.107
0.169
0.202

- 0.035
0,175
0.214

0.188
0.261
0.320

0 402
0.425
0.491

0.099
0.501
0.539

0.014
0.220
0.277

-9.55%
12.16%
14.62%

- 5.44%
9.16%

11.05%

-1.65%
6.08%
7.79%

LBA

0.013
0.128
0.161

0.011
0.120
0.155

-0.001
0.156
0.199

0.019
0.209
0.264

- 0.063
0.209
0.270

-0,010
0.148
0.182

0.004
0.156
0.203

1,81%
8,74%

11.51%

1,96%
7.40%

10.64%

0,20%
5.64%
7.87%
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TABLE VI (Continued)

Out-of-Sample Test Resirll

Moneyness S/X

1 00-1.01
Mean
MAE
RMSE

1.01-1.02
Mean
MAE
RMSE

^1.02
Mean
MAE
RMSE

All Moneyness
Mean
MAE
RMSE

7 >

CRR

4.10%
4.47%
4.95%

6.15%
6.15%
6.51%

NaN
NaN
NaN

-4.08%
8.08%

10.62%

IS

LB.A

3^ > T

CHH

> IS

LB.A

IS

CRR

Panel B: Percentage Error (Continued)

- 0,92%
3.34%
4-36%

-0.83%
2.29%
3.10%

NaN
NaN
NaN

-0.25%
5.75%
7.96%

2,82%
4,08%
5.06%

4.16%
4.23%
4,83%

4.31%
4.31%
4.55%

-2.04%
6.21%
7.92%

0,55%
3.52%
4.61%

- 0 , 6 1 %
1.89%
2.37%

0.00%
1.19%
1.44%

0.88%
4.56%
6.51%

3.717o
6.24%
7.73%

3.81%
4.78%
5.73%

3.34%
3,43%
3,92%

- 2 , 8 1 %
8.32%

10.33%

> 7

L/J.A

0.93%
4,96%
6.40%

- 1.07%
3.37%
4,27%

- 0.36%
1.12%
1.45%

2.00%
7.83%

11.23%

AW Maturity

CRR

3.35%
5.00%
6,26%

4.50%
4.82%
5.51%

4.09%
4.11%
4.41%

- 2.30%
7 42%
9.56%

LRA

0.51%
4,08%
5.38%

-0.79%
2.42%
3.20%

- 0.08%
1.17%
1,44%

0.87%
5-91%
8,61%

The out-of-sampie test result is split into two panels. Panel A shows the index points error in each subgroup as well as
sublotals and grand totals. Panel B shows the percentage error based on actual price. Model prices are calculated us-
ing the estimated parameters using Ihe sample data in Oie same day.

discover that the CRR underprices in-the-money options and overprices
out-of-the-money ones.

The LBA generally produces very small bias regardless of difl^rcnt
categories, ll outperforms the CRR model in every category. However, the
mean error in percentage terms increased from 0.06% in the in-sample
test to 0.87% in this out-of-sample test.

Goochiess of Fit. The goodness of fit for CRR only decreases margin-
ally from the in-sample test. I iowevcr. the LBA overall error is more than
douhled according to all measures. This is due partly to the tact that the
parameter estimates are less stahle for the LBA model.

The LBA out-of-sampie fit or prediction performance outperforms
the CRR In evcr>' major mone\ness category, as well as in (he overall
category. However, a detailed look at each suhcategory reveals that the
CRR model performs slightly hetter with out-of-the-money and short
time-to-maturily options. The CRR performs hetter than the LBA tor calls
with moneyness less than 0.9H and time to maturity shorter than 1 5 days.
However, we should notice that there are only 6 calls in this category. In
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terms of RMSE of percentage error, the CRR iHrCorms slightly better
with calls of moneyness 0.9H to 0.99 and 0.99 to 1.00 antl with lime to
malurity ol less than 15 days. However, the converse is true in terms of
MAE in percentage terms. In addition, the measure in terms of index
points shows that the LBA actually dominates the CRR for options with
7' Sr 1 S and S/X between 0.98 and 0.99. This inconsistency may be due
to the lact that the percentage error uses the model price as IOO'Y. We
can see from the mean percentage error in these two categories that the
CRR produces values of — 4.7 and — 2.2^, i.e., it overprices the options,
while the LBA produces positive values, or underprices the options. Thus
the percentage measure is more lavorahle to the C'RR model. The RMSE
punishes extreme values more, so it shows that the CRR actually performs
better.

Implications. The better out-of-sample test result of the LBA again
verifies that the stochaslic-xolatillty model is a belter specification. I low-
ever, tbe fact that the out-of-samplc errors of the I .BA doubled wbile tbe
CRR only increased marginally indicates that tbe LBA model s parameter
is less stable than tbat of tbe CRR. Nevertheless, we expect tbat better
parameter estimation procedures may improve tbe parameter stability of
LBA.

Dynamic-lntntclay-l ieiiging Test

Often tbe bedging effectiveness makes option-pricing models useful to
investors. Ib assess tbe models' bedging ellcctiveness, we fallowed tbe
dynamic-intraday-bedging-pcrformance metbod of Cbang et al. (1998).
In tbeir study, tbey assumed tbat the bedge portfolio was continuously
rebalanced tbrougbout tbe day. 1 be bedging error is defined as tbe per-
tick change in acttial price versus cbange in ibe model price. Tbis bedge
test is dilTerent from tbe tratlitional daily-rebalanced delta-neutral betlge
in the sense that it can capture the intraday dynamics of the prices. The
bedging resuits are shown in Table VII. Botb models show reasonably
good bedging results witbouL any significant bias. In terms of bedging
etlecti\cncss, tbe two models produce \cr\ close errors in terms of MAh.
as well as RMSE, in most categories. However, tbe CRR sligbtly outper-
forms the LBA in some categories.

Bias. The bedging bias is measured b\ tbe mean bedging errors. As
can be seen in Table \ 'll, tbe bias is below 0.01 in terms of index points
and below 1% in terms of percentage for most categories. Ibe largest
error occurs for options witb less tban IS days to maturity and witb
moneyness less than 0.98. Tbe large error is most likely because tbere
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TABLE VII

Dynamic-lntrady-Hedging lest Result

Moneyneas S/X

<0.98
Mean
MAE
RMSE

0.98-0.99
Mean
MAE
RMSE

0.99-1.00
Mean
MAE
RMSE

1.00-1.01
Mean
MAE
RMSE

1.01-1.02
Mean
MAE
RMSE

si.02
Mean
MAE
RMSE

All Moneyness
Mean
MAE
RMSE

<0.98
Mean
MAE
RMSE

0.98-0.99
Mean
MAE
RMSE

0.99-1.00
Mean
MAE
RMSE

r s

CHR

-0.002
0.073
0.095

0.013
0.083
0.107

- 0.002
0.096
0 123

0.002
0.098
0 148

-0.027
0,147
0-216

NaN
NaN
NaN

0,001
0.086
0.117

- 0.25%
4.01%
5.38%

0.39%
2.75%
3.57%

-0.09%
2.09%
2 73%

IS

LBA

-o.on
0.089
0.120

0,014
0.100
0.130

0,009
0.112
0.143

-0.009
0.118
0 170

0.001
0.146
0.227

NaN
NaN
NaN

0.001
0,102
0.138

- 0 72%
5,29%
7.03%

0.39%
3.30%
4.29%

0,10%
2.37%
3 03%

^S >T

CRR

> IS

UiA

IS >

CRR

Panel A: Index-Points Error

-0.014
0.064
0.091

0.000
0.074
0.093

-0.003
0.073
0 091

0.004
0.100
0.127

- 0.004
0.140
0.184

0.020
0.141
0.192

0 000
0.088
0.117

-0.015
0.064
0.090

-0.002
0.075
0.095

- 0.007
0.081
0.102

0,009
0,114
0.145

-0.004
0,145
0.194

0.021
0.144
0.194

0.000
0.094
0.126

-0.051
0.052
0.074

-0,007
0.062
0.080

0.002
0.092
0.115

0-005
0.122
0,151

-0.010
0 145
0.183

0.034
0.123
0.161

0.000
0.094
0.122

Panel 8: Percentage Error

-1.28%
5.09%
7-06%

-0.02%
3.73%
4.66%

- 0.07%
2.07%
2.61%

- 1.50%
5.93%
8.14%

-0.12%
4.06%
5.09%

-0.17%
2-37%
2.99%

-10.01%
10.26%
15.56%

-0.74%
6.03%
7.74%

0.15%
3.89%
5.10%

7'

LBA

-0.036
0.038
0.048

- 0.008
0-059
0.077

0.001
0.097
0.121

0.008
0,139
0.171

-0.003
0,147
0.183

0.035
0.122
0,161

0.000
0.099
0.129

-7.82%
8.17%

10.93%

-0 .91%
6.37%
8.15%

0.11%
4.22%
5.52%

.AU MuUmty

CRR

- 0,005
0,071
0.094

0.002
0.074
0.094

-0.001
0.084
0.107

0.004
0.108
0.139

-0.011
0.143
0.193

0.023
0,138
0.188

0.000
0.089
0.118

-0.56%
4.28%
5.96%

- 0.09%
4.06%
5.44%

0.00%
2.72%
3.72%

LBA

-0,012
0.084
0.115

0,002
0.078
0.103

-0,001
0.093
0.118

0.006
0.124
0.158

-0.002
0.146
0.200

0.024
0.141
0.189

0.000
0.098
0.131

- 0.95%
5.43%
7.29%

-0,18%
4.47%
5,90%

-0,02%
3.03%
4.09%
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TABLE VII (Continued)

Dynamic-lnlrady-HedgingTest Resull

Money ness S/\

1 00-1 01
Mean

MAE
RMSE

1.01-1.02
Mean

MAE
RMSE

a 1.02
Mean

MAE
RMSE

All Moneyness
Mean

MAE
RMSE

am

0.01%
1.49%
2.28%

-0,30%
1,52%
2.27%

NaN
NaN
NaN

-0.03%
2.95%
4.13%

LBA

Panel B:

-0.18%
1.70%

2.50%

0.00%
1.41%

2.22%

NaN
NaN
NaN

-0.17% -
3.67%
5.20%

is > 7

CRR

> IS

LBA

IS

CHB

Percentage Error (Continued)

0.06%
1.72%
2.17%

0,00%
1 61%

2.15%

0.16%
1.12%

1.51%

0,08%
2.48%
3.47%

0.12%
1.97%
2.54%

0,01%
1.59%
2.15%

0.16%
1.10%
1.46%

-0.13%
2.77%
3.88%

0.09%
2.62%
3.27%

-0.12%
1.86%
2.37%

0.28%
1.09%
1.42%

-0.19%
4,07%
5.64%

> 7

LBA

0.10%

2.90%
3.56%

-0 .01%
1.80%
2.27%

0.27%
1.04%

1.36%

- 0.23%
4.34%
5.90%

All Mdltirity

CRR

0.07%
2.02%
2.63%

- 0 10%
1.64%

2.23%

0.18%
1.11%
1.49%

- 0.09%
3.06%
4.36%

LBA

0.07%
2.27%

2.95%

0.00%
1.59%
2.19%

0.18%
1.09%
1.44%

- 0 17%
3.48%
4.92%

The dynamic-intraday-hedgmg-test result is split into two panels. The index-point hedging sfror is defined as A aciual
option price - A model option price, whtle the percentage hedging error is the index-point hedging error as a percent-
age of model-option price Pane! A shows the index-pomts error in each subgroup as weii as sublolals and grand totals.
Panel B shows the percentage error based on acluai pnce. Model prices are calculated using Ihe estimated parameters
using the sample data of the previous trading day.

arc only six options in this category; hence, the category has small weight
in the parameter estimation.

Hed^in^ Effectiveness. The CRR and the LBA produce similar results
in most calegories in MAI5 and RMSE. Both models produce reasonably
good hedge results. In terms oC index-point error, the CRR seems to out-
perform slightly the LBA in many categories, as well as the overall cate-
gory in Tahle VII, although there are a few cases where the LBA performs
slightly hetter. In terms of percentage, the CRR performs hetter with out-
of-the-money calls and the LBA performs hetter with in-the-money calls.

implications. It is surprising that, although the LBA outperforms the
CRR in hoth the in-sample and out-of-sample test, their hedging perfor-
mance is close, and the CRR even slightly outperforms the LBA in some
categories. This result may imply that, as long as the hedging is rebal-
anced frequently enough, the hedging effectiveness will not be very sen-
sitive to model misspeciiications.
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Profitahility Test

It is interesting to know whether the models can produee abnormal prof-
its. The dynamic intraday hedge will not be feasible in the real world due
to transaction costs, monitoring eosts, ete. The daily-rebalanced hedging
is more realistic for the true purpose of testing the profitahility of the
models.

Consider the traditional delta-neutral hedge. For the CRR model,
the only source of uncertainty arises from the underlying asset price
changes, so a delta-neutral-hedge portfolio is constructed using the un-
derlying asset and one option. However, when volatility is stochastic, two
options, together with the underlying asset, are needed to hedge iully the
risks. To ensure that the hedging performance was measured correctly,
we could have selected samples where both options, as well as the un-
derlying asset, were traded concurrently in two consecutive days. How-
ever, this would have lead to a very small sample and insignificant test
results. It also was not practicable because the additional option required
may not exist or does not trade frequently.

Alternatively, we could have used the underlying asset to hedge each
option to achieve minimum variance in the hedged- portfolio value. This
minimum-variance hedging approach also is common in ihe literature.
The minimum-variance hedge ratio x is given by

ac ^ p ^

Tbe derivation ofthe minimum variance hedge ratio is shown in Appendix
R. Minimum-variance portfolios were constructed for hoth models to as-
sess their ability to produce prollts. Ihe minimum-variance hedge ratio
was calculated for every option in day t using parameters implied through
day ( — I's option priees. The hedged portfolio consists of x short posi-
tions in ihe underlying futures, that requires zero initial cash outlay, and
one long position in the option financed through shorting the risk-lrec
asset. Thus, it is a zero-cost portfolio at day t. The portfolio is liquidated
on day / + 1, so the investor obtains the option value at day t, the dif-
ference ofthe futures prices ofthe two days, and covers the short position
of the risk-free asset. A detailed representation of the process is shown
in Table VIII.

The hedge is repeated for each traded price on each day as long as
there is a transaction of the contract on the following day. This method

'SeeNandi (1996) and Bakshi ct al. (1997).
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TABLE VIII

Cash Flow of the Hedged Portfolio

Time Call Fitlures Risk-free Asset Vulw

I -C, x-0 +C, 0
f + 1 C,., x-{E,-F,,,) - a i + r/365) C , . , , + x - { F , - F,^,) - C - O

C. is the call price on day /, x is the hedge ratio, F, is ihe futures price on dat f, and r is the annualized risk-free rale

effectively rolls over the hedged portfolio daily. Whether too long this
zero-cost portfolio or too short it is decided by cbecking whetber the
modcl-call price is greater or less than the actual price. The hedged port-
folio is valued at the last transaction price of day f + I of the same
contract. The profits then are measured by tbe average portfolio values.
The profit is reported for different categories. The simple Student T-test
is used to test for ihc significance of the profits.

Hed^e Ratios. The minimum-variance hedge ratios of botb models
are shown in Table IX. We find that dC/dS of the CRR is gcnt-rally smaller
than that of the LBA. However, the relative large dC/dV and the negative-
correlation coefficient make the actual hedge ratio of the LBA smaller
than that of the CRR in every case. In other words, the CRR model
overhedges when there is negative correlation between the volatility and
the underlying asset. In addition, we find that in the 279S minimum-
variance hedged-portfolios constructed, the LBA takes long positions in
1318 portfolios and short positions in the remaining 1477. This is dis-
tributed quite evenly hecause the pricing error between tbe LBA model
and market price is distributed evenly around zero. On the contrary; the
CRH takes 2484 long positions and 311 short positions. This is due partly
to the fact tbat CRR tends to overprice out-of-the-money options, and
our sample has more out-of-thc-money calls, which is typical with Amer-
ican options, since in-the-moncy options sometimes are exercised before
the maturity and out-of-the-money options always remain in the market.

Profitability. The profitability test result in Table X shows that the
LBA outperforms the CRR in every category. The LBA produces profit in
all categories except for two, while the CRR produces loss in most cases.
In terms of index points, the LBA results in profits in all cases except for
two. For options with moneyness between 1.01 and 1.02 and time to
maturity between I 5 and 35 days, the LBA produces an insignificant loss
of -0 .022 , and for options with less than IS days to maturity and with
moneyness between 0.99 and 1.00, it produces a slatistically significant
loss. There are ] I cases out of the 28 categories where the profits pro-
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Moneyness S/X

<0.98
Hedge Ratio

0.98-0.99
Hedge Ratio

dCldV

0.99-1.00
Hedge Ratio
aC/aS

1,00-1.01
Hedge Ratio

bC/aV

1.01-1,02
Hedge Ratio

2:1.02
Hedge Ratio
dClitS

All Moneyness
Hedge Ratio
bClbS
aChW

T

CRR

0,212
0-212

0,317
0.317

0.433
0.433

0.565
0.565

0.694
0,694

NaN
NaN

0.335
0.335

TABLE IX

Minimiim-Variance Hedge Ratios

LBA

0.109
0.232

167.986

0.205
0.361

227.339

0,331
0.504

260.002

0.484
0.640

257.346

0,610
0.746

229 540

NaN
NaN
NaN

0.233
0.378

212.676

.̂ 5 >

CRR

0.190
0.190

0,279
0.279

0.421
0 421

0.577
0,577

0.708
0.708

0.837
0.837

0.456
0.456

T > /^

LBA

0,105
0,179

139.669

0.186
0.281

178,433

0.340
0.456

217,288

0.526
0.640

211,454

0.656
0.752

181381

0.777
0.848

130.042

0.381
0.485

193,620

CRR

0.133
0.133

0.219
0.219

0.405
0.405

0.600
0.600

0.786
0.786

0.875
0,875

0.429
0.429

LfiA

0,076
0,125

71,953

0,131
0.207

100.212

0,316
0.430

147.739

0,555
0,667

147.383

0.733
0,811

103.003

0.815
0,873

90,639

0.354
0.454

131.219

All

CRR

0-208
0.208

0.275
0-275

0.418
0.418

0.584
0,584

0.722
0.722

0,844
0.844

0,410
0.410

Mauirily

LBA

0,108
0.222

162.430

0.177
0,288

173.250

0,330
0.457

201.708

0.530
0.650

194.718

0.662
0.764

176.184

0,784
0.852

123,037

0.326
0.442

183.010

The minimum hedge ratio for CRR is iiClHS only, while Ihe LBA, both iiQuS and HCIrW. as shown in Eaq (11).

(luced by the LBA are statistically significant at 1%. The CRH protluccs
two significant profits for options with T ^ 35 and S/X of 0.98 to 0.99
and 0.99 to 1.00. However, there are 1 1 categories where the CRR pro-
duces significant losses. Overall, the LiJA produces a significant profit of
0.046, while the CRR produces a significant loss of -0 .032 .

The findings are similar in terms of pereentage profits. The LBA
produces 1 I significant profits and one significant loss, while the CRR
produces 12 significant losses and two significant profits, fhere is some
inconsistency between the index point and percentage measure here as
well. For example, the LBA produces a significant 0.067 profit for options
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iVUmi'Mietis S/X

<0.98
Index Point
Percentage

0.98-0.99
Index Point
Percentage

0,99-1.00
Index Point
Percentage

1.00-1.01
Index Point
Percentage

1,01-1.02
Index Point
Percentage

&1.02
Index Point
Percentage

All Moneyness
Index Point
Percentage

CRfi

-0.028'
- 1.74%*

0,067'
2.83%*

0,059'
1.39%'

-0.012
-0.20%

- 0 025
-0.22%

NaN
NaN

0.017
0.32%

/5

i.BA

0.007

0.150'
5,47%*

0.069
1.49%-

0,084
1.11%

0.025
0,21%

NaN
NaN

0.065'
2.32%'

TABLE X

Profitability Test

35 >

CRR

-0.075-
-0.06%-

- 0,060'
-3.68%'

- 0 023
-0 .91%-

-0.035
-0.63%

-0.048
- 0.60%

0.000
0.00%

-0.038'
- 1.74%'

r> 15

UiA

0.025
0.82%

0.020
1.23%

0.072'
2.14%'

0.080'
1.57%-

-0.022
-0,34%

0.098-
0.67%

0.053-
1.43%*

Result

15

CRR

-0.057
- 8 , 1 1 %

-0,037
-3,24%

-0.127-
-5.34%-

-0.086*
- 1 83%*

- 0.003
0.05%

0.039
0 40%

- 0.083-
-3.59%*

> T

LSA

0.090
14,65%

0.067-
8.14%

-0.052'
-2.39%'

0,042
0-97%'

0.080
0.93%

0 126
1,07%

0.013
1,55%

.Ml Maturity

CRR

-0.035-
-2,47%'

-o.on
-1.39%

- 0.042"
- 1.99%'

-0,050"
- 1 . 0 1 % -

-0.032
- 0.36%

0.007
0,07%

- 0.032-
-1.57%'

LB.A

0.011
1.28%

0.076'
4,54%*

0,027*
0.40%

0.067'
1.29%'

0.012
0.08%

0.103
0.74%*

0.046'
1.75%-

The profit test fesull is shown as ihe mdex-pomts profil and percentage proln in each subgroup, as well as subtotals and
grand totals Model prices are calculated using the estimated parameters using the sample data of the previous trading
day. If an actual opiion price is higher than the theoretical price, i.e , Ihe model price, then azero-cost, delta-neutral portfolio
is constructed to shori the option, as in Table IV, and vice versa. The profit then is defined as the portfolio value at the next
day closfng prices. Percentage profil is nol based on investment cost, because thai is zero. Instead, we use the option
price when we construct the portfolio as 100%.

with r ^ 15 and S/X between 0.98 and 0.99, but at the same time, it
produces an insignificant 8.14% profit for the same category.

The findings here for the CRR mode) are consistent with Chang et
al. (1998), who reported negative profits For the Black-Scholes model
with S&P SOO futures options during the period ofjune 1994 to Decem-
ber 1994. This result is in contrast with Whaley (1986), who reported
significant profits. Chang et al. (1998) explained that the Black-Scholes
model's ability of capturing abnormal profits may have been absorbed by
the market over the years. Our test, with more recent data, verifies this
point again, though our model shows smaller loss (or CRR than theirs
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for the Black-Scholes model, with quadratic approximation For the early
exercise premiums.

Implications. The profits for the l.BA and the los.ses lor the CRR
show that the LBA actunlly can predict accurately price, and is even able
to capture some opportunities lor ahnormal returns. On the other hand,
the CRR has pricing hias and is not ahle to produce any profits. However,
the trading profits from the LBA are not large enough to cover the trans-
action costs and the bid-ask spread for normal investors.

CONCLUSIONS

In this paper, we improved the lattice-biised approach to price numerically
American options under stochastic xolntillty. We extended the model to
iillow lor tnean reversion in the volatility process, correlation between the
volatility and the underlying as well as non-zero risk premium of the vol-
atility. The risk-neutral prohahility and jumps measure derived in this
paper is ver\' general and is easily adaptiihle lo other proeesses. The model
is cotnputationally efficient, accurate, and relatively easy to implement.

We empirically tested the LBA model with S&P 500 futures options
intraday data. Compared with traditional constant volatility model, the
LBA showed better In-sample and out-ol-sample test results. The dy-
namic intraday hedging test showed that there is not mueh improvement
in terms of hedging. However, the prolitability test showed that there are
opportunities for abnormal profit when trading with the LBA model. The
profits are significant at 1% level, although the 0.046 index points or
1.7S% profit will disappear when transaction costs are taken into consid-
erations. The CRR model produced losses in this test.

The model can be improved by using better parameter estimation
procedures and interpolation and extrapolation methods tbat are more
appropriate. These are essentially calibration problems common in nu-
merical-option prieing. In addition, the model can be extended to include
more factors sucb as stocbastic interest rate and jumps.

APPENDLX A: THE DERIVATION OF THE RISK-
NEUTRAL PROBABILITIES AND JUMP SIZES

Assuming the underlying asset follows a log-normal proeess and tbe
squared volatility follows the squared-root process as shown in eq (I) and
(2). Further more, assume that at any point of time, both the tinderlying
asset price S and the squared volatility V are followed hy either an upward
jump or a downward jump (discrete time price movement).
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S^^i = S, + Us

sr+i = ^, + ''s

v ; . , = V, + in

Vr , - V, + dy, (A-l)

where w.s, d^, uv'» '̂ \ are discrete time-additive up and down jumps of S
andV.

We use p to denote the probability when an upward jump of S occurs,
and ^ to denote the probability wben an upward jump of V occurs, pn,
P\iy Pi\^ Pzi ii>*t' the joint probabilities of tbe respective jumps with the
iirst subscript representing S, second for V. 1 lor upward jump, and 2 for
a downward jump. Then we have tbe following constrains tor discrete-
jumps convergence to continuous process as At -> 0 by matching the first
moments and second moments of tbe processes:

£(A,S) : SrAt = pii.s + (I - pW^

E{&V) : K{Q - V)At = quy + (I - ci)civ

E{S^) - \E(S)]~ : S'VAi = [pt,^ + (I - p)di\ - puf, + (I - p)ds]^

E(V^) - [E{V)]^ : b'VAt = [qu^ +

- [t/i(, + (1 -

E{SV) - E{S)E{V) ; pShVAt - ( r P J I S \ F i J s v

- [p»s + (I - p K s l M v + (I - ci)dy\. (A-2)

We also bave some furtber eonstraints on tbe probabilities:

P\\ + P\i = P

P\\ + P\2 = i}

P i I + P\2 + P2l + P>2 = 1

V = q = 0.5. (A-3)

Tbe last condition is arbitrary, since we have more unknowns than con-
straints. We can also assume Us = — (is :'nd i^ = —dy, similar to the
Cox, Ross, and Ruhenstein's standard binomial-tree setup. However,
since the binomial tree is not reeombining witb stochastic volatility any-
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way, we prefer to set p = q = 0.5 to ensure that the probabilities are well
defined. The solution to the above problem is eq (6).

APPENDIX B: THE DERIVATION OF
MlNIMUJVl-tltDGE RATIO

7 he derivation of minimum-hedge ratio x is as follows. It is assumed that
the underlying asset and volatility process is given by eq (1) and (2).

A contingent claim on the underlying satisfies the following PDE:

dC = ~dt + —dS + —dV + ^ ^

Applying Ito's Lemma and ignoring higher orders of c/l, the variance
and covariance of the derivatives are given by:

dS~ = S^Vdt

dV' = b'Vdt

dSdV = pSbVdt

dCdS = (^ S'V + ^ pSbv]dt. (B-2)
\dS aV I

If we construct a portfolio by longing one option and shorting x under-
lying, the variance is;

VaMC - xdS) = VaridC) + x^Var{dS) - ZxCoiidC, dS)

dt + x-S^Vdt - 2xf?^ S'V + ^ pSbVjdt. (B-3)

The first order condition is:

dVaridC - xdS)
- ZxS^Vdt - 2 ( ^ S^V + ^ pSbv]dl = 0. (B-4)

\dS oV I

Solve foTX from e q (B-4) , we ob ta in t h e so lu t ion o\x in e q (11 ) .
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If we use opposite positions in the risk-free asset to finance the port-
folio, the ahove solution also is obtained when we assume constant in-
terest rate, or deterministic interest rate that has zero correlation with
the futures and options. The minimum-variance hedge ratio for a con-
stant volatility model is simply the first term in the above equation since
the correlation coefficient p is zero. So for constant volatility model, the
minimum-variance hedge is the same as the traditional delta-neutral
hedge.
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