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This article investigates whether price limits can reduce the default
risk and lower the effective margin requirement for a self-enforcing
futures contract by considering one more period beyond Brennan's
(1986) model to take into account the spillover of unrealized residual
shocks due to price limits. The results show that, when traders receive
no additional information, price limits can reduce the margin require-
ment and eliminate the default probability at the expense of a higher
liquidity cost due to trading interruptions. Consequently, the total
contract cost is higher than of that without price limits. When traders
receive additional signals about the equilihrium price, we find that
the optimal margin remains unchanged with or without the imposi-
tion of price limits, a result that is in conflict with Brennan s asser-
tion. Hence, we conclude that price limits may not be effective in
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INIRODLJCTION

The use of price limit.s in futures markets has generated a great deal of
discussion since the glohal market crash of 1987. Several researchers
have tried to examine the impaet and effectiveness of priee limits, either
empirically or theoretieally. In essence, priee limits are designed to reduee
the total cost for market participants hy serving as a priee-stahili/ation
mechanism to assure the proper operation of futures markets. Their im-
pact on the operation of markets, however, is still under debate.

Advoeates and supporting evidence of price limits suggest that they
prevent extreme price movements and provide a cool-off period in the
events of overreaction (e.g.. Anderson. 1984; Arak & Cook, 1997; (Ireen-
wald & Stein, 1991; Ma, Rao, & Scars, 1989a, 1989h). Furthermore,
since price limits constrain the price change in a trading period, they may
serve to reduce the potential default risk in futures eontracts (Brennan,
1986; Moser, 1990).

Opponents to price limits contend that the imposition of price limits,
instead of stahili/ing price changes, may impede the priee-discovcry pro-
cess hy preventing the price from reaching its equilibrium level effectively.
The view that price limits serve nothing, but merely slow down the priee
adjustment process, also has many proponents and supporting evidence
(e.g., Fama, 1989; Figlewski, 1984; Ivim and Rhce, 1997; Lehmman,
1989; Meltzner, 1989; Miller, Malkiel. ik Hawke. 1987; Telser, 1981). It
also is argued that price limits may impose additional risks on market
participation because they prohibit mutually beneficial trades at prices
outside the limits (e.g., Aekert & Hunter, 1994). A final argument against
priee limits is that they may have a "magnet effect" that aets to draw the
price closer to a limit. This is hecause traders, for fear of losing liquidity
and being locked in a position, would rush to protect themselves through
active trading. As a result, when the price is close to a limit, the trading
volume will be heavy and the price limit rule will serve as a magnet that
further pulls the price even closer to the limit (e.g.. Harris, 1997; Kuhn,
Kuserk. & Locke, 1989; Lee, Ready, ik Seguin, 1994; Subrahmanyam,
1994).

In spite of the above debates on the impact of priee limits on the
price process, some researchers have tried to examine whether the use of
price limits, in conjunction with the margin requirements, can improve
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the efficiency of the futures markets.' Telser (1981) and Figlewski (1984)
point out that price limits cannot substitute for margins sinee they,
though lengthening the time it takes to adjust to a new equilibrium, do
not reduce the si/c of price change. On the other hand, Aekert and
Flunter (1994) argue that price limits can decrease the margin that bro-
kers and exchanges require, since repressing prices reduces the prob-
ability of default resulting from unfavorable price movements and, thus,
lowers the risks.^

Using a "one-period" model, Brennan (1986) shows that price limits,
in conjunction with margins, may be useful in controlling the default
risk.^ More specifically, Brennan shows that it may be optimal to run some
risk of trading interruption due to price limits beeause they may help
reduee the default risk, lower the margin requirement, and deereasc the
total cost for market participants. In Brennan's model, priee limits do not
affect the underlying generating process for the equilibrium futures
prices. Under the same assumption, we show that tradings following a
limit move will reflect unrealized shocks carried over from previous trad-
ing periods. Consequently, the probability for consecutive-limit hits in
the same direction is higher,^ and the losing party of the futures contract
will have more incentives to renege. Hence, additional liquidity eosts and
reneging costs exist in the following periods. Since Brennan's model only
considers the cost ineurred in one period, and ignores the costs in the
following periods aeeompanied by the spillover of residual shoeks due to
price limits, the effect of price limits may have been overstated.

In this article, we consider a two-period model, whieh takes into
account the possibility of consecutive limit moves, to investigate whether
price limits can lower the margin requirement, reduce the default risk,
and eventually decrease the total cost fora completely self-enforcing con-
tract. Our results, based on numerical examples following Brennan's set-
ting, suggest that priee limits do help reduce the optimal margin require-
ment when the traders receive no additional information. However, the
total-contract cost rises, rather than falls, due to the higher liquidity cost

'K(tdrcs and O'Brien (1994) invf),tig;ili'd a diFlerent aspect ol' price limils. They showed that price
limits may l)c Pdreto impnnin^ In the presence of a certain form ol market incompleteness.
^In a ditferenl dimension, there is a rich lilerature on the margin settinf; (see, lor example, Edwards
& Neflci, 1988; Gay. Hunter, & Kolb, 1986: Longin, 1999} and the impact of margin on trading
activities (see, for example, Adrangl & Chatrath. 1999; Fishe & Goldberg, 1986; Fishe, Goldberg.
Cosnell, & Sinha,. 1990).
'Allhimgh BrennHn's model has two periods and three dales, it is, however, in essence a single-period
model beeause ihe rcprfscnliili\e trader decides whether lo renege, condilional on the knowledge o!
limit hil at the firsl period, to minimize iht- total evpeeted loss for bolh periods.
""For example, Kodres (19SS) pointed out ihal llie posili\e serial correlation for price changes in
currency futures seems to be induced by price limits.
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ot" limit hits. Additionally, if the traders receive additional information
about the unobserved equilibrium price when a limit is triggered, the
optimal effective margin remains unchanged with or without price limits.
Our results difler from those of Brennan's one-period model in which
price limits restrict the immediate realized loss when a limit is First trig-
gered, thereby reducing the probability for the losing party to renege.
Since the unrealized shocks will be reflected in the following trading
periods and entail higher default risk and higher liquidity cost in a more
realistic mulliperiod framework, we conclude that price limits may not
be effective in improving the performance of Futures contracts. As a fur-
ther investigation, we examine the case where price limits, as alleged by
several studies, restrain the market from overreaction following a limit
move. Our numerical results show that only when price limits change
both the mean and variance of the return-generating process can they
serve as a partial substitute for margin requirement.

The remainder of this paper is organized as follows. In the ne.xt sec-
tion, we characterize the price behavior under price limits. A review of
Brennan's model is given in the section entitled "Models," and then it is
extended to two periods to incorporate the effect of unrealized residual
shocks. "Numerical Examples" demonstrates numerical results under
normally distributed price changes, and is followed hy the conclusion.

THE PRICE BEHAVIOR UNDER PRICE LIIVIITS

We begin by noting that under a price-limit rule, the price during each
trading day (period) cannot be above the previous settlement price plus
an up limit, or below the previous settlement price minus a down limit.
More formally, the observed futures price, Z,, follows the relationship;

| + L if P, > Z,_| + L

ifZ, , - L < P , < Z , _ i + L i\)

i - L if P, < Z , _ , - L,

where P, is the equilibrium futures price al time ( and L is the ma.\imum
daily limit imposed on the absolute change in futures price in a trading
day. Thus, the true futures price is observed (i.e., Zt = P,) only when it
falls within the range, (Z,_ I - L, Z,_, + L); otherwise, it is observed as
equal to the limit price if it Is outside the range. By subtracting Z,_ , from
both sides of eq (I), we obtain:
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ifP, - Z,.., - L

Z, = \P, - Z,_, if -L<P, - Z,_, < L (2)

L if P, - Z, , < - i ,

where z, is the observed daily futures price change at time t, i.e., Zj = Z,
— Z,_ |. Hence, the occurrence of a limit priee depends on the magnitude
o{ Q, = P, — Z, ], rather than that of r, — P, — P,_], the true futures
price change. We reler to £)( ^^ the pseiido true price change, and decom-
pose it into two terms:

Q, - P. - Z,_,

= (p - p \ + (p , _ 7 \
\^t ^t -\i ' v ( - 1 ^i-1>

— r + fj

where e^ = P^ — Ẑ  denotes a spillover term from trading day s, which
also ean be viewed as an unrealized residual shock being carried over to
future trading days. Clearly, z, is never equal to the true price change
unless both I and (t — 1) are non-limit days.

To help understand the effect of price limits on price behavior, as-
sume that the true price change follows an independent normal distri-
bution with mean zero and variance (J^, i.e., r, "- , ^O,CT;) . Suppose fur-
ther that time t — 1 is not a limit day and an up limit is hit at time t,
then potentially the price change at time t + I is Q,. | — f"j+| -'r r, — L,
whose conditional mean is given as the following:

£(r , , , + r, - L\r, > L) - E(r,,,|r, > L) + E(r,|r, > t ) - L

= CT, — L

^ 0 - E(r,. ,) , (3)

where a, — UG^^. C!>(-) and ^(•) are the standard normal density and
distribution functions, respectively. This indieates that the expected priee
change following an up limit will increase. Likewise, the expected price
change following a down limit will decrease.

The conditional variance of r,, | + r, — L is given as follows:

> L) - V''ar(r,̂  , |r, > L) + V'flr(r,|r, > L)
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This shows that the volatility after an up limit will increase because it
also reflects unrealized residual shocks from the previous trading period
[i.e., the second term of the eq (4)1. Clearly, the price change following
an up (a down) limit move will have a higher (lower) expected return and
higher variance. Hence, if the up (down) limit is triggered at time (, a
higher probability for time t + \ to hit ihe up (down) limit also can be
expected, i.e.,

Prir,,^ > L\r, > i ) ^ Prir,^i > L\r, < L),

Prin.i ^ -L\r, < -L) ^ Pr(r,, , ^ -L\r, > -L).

Consequently, we would expect a higher probability of trading interrup-
tions and a higher liquidity cost resulting from price limits in the period
following a limit move.

MODELS

This section first gives a brief review of Brennan s one-period model, and
then extends the model to two periods to take into account the effect of
unrealized shocks due to price limits.

A Brief Review of Brennan*s Model

The Basic Model

Suppose that a representative risk-neutral trader enters a futures contract
at time 0 and deposits an initial margin, m, with his broker. The price at
time 0, PQ, is given and is not subject to price limits. At time 1, the
position must be settled. The trader will have an incentive to renege if
the expected default benefits exceed tbe expected default costs. Let FI be
the probability that tbe broker will not take legal action, and if he does,
it will be unsuccessful. In addition, let 1/ be the sum of the expected
reputation and legal costs the trader must bear as a result of reneging.
Then the trader in a short position will have an incentive to renege if
n[P/ — P() — in] > y. I lencc, there will be an incentive for one of the
parties to renege whenever the absolute price change exceeds the "effec-
tive margin," M = m + V\ y, i.e.,

|P. - Pol > M

For a financial contract to survive in a competitive financial market, the
contract must be designed to minimize the total cost of trading for market
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participants. The effective margin represents the least margin require-
ment For a contract to be self-enforcing, but it may not be the optimal
margin that minimizes the total contract cost. Without price limits, the
contract cost is composed of the cost of capital and the cost of reneging.
Let the cost of capital be kM. where k is the unit cost of margin per unit
of time. The cost of reneging is assumed to be proportional to the prob-
ability of reneging, i.e., pP^(|r|| > M). Hence, the total cost in the absence
of price limits is

^H = kM + pP,(|r|| > M).

With price limits, the cost contains three components: the cost of margin,
the cost of reneging, and the liquidity cost due to trading interruptions.
Below we analyze how cost differs in the presence of price limits when
no additional information about equilibrium futures price is available.

No Additional Information

Suppose that a limit, L, is imposed on the price change so that no trades
may occur at time I at prices above P^ + L, or below PQ - L. When a
limit is triggered at time 1 and the losing party receives no additional
information, his consideration will shift to his expected position at time
2 since he cannot trade at time L The trader will have an incentive to
renege if his expected loss at time 2, conditional on the information of
limit hit at time I, exceeds the effective margin. Hence, a necessary and
sufficient condition for neither party of a trade to renege is that the ex-
pected loss is not greater than the size of the effective margin for both
parties, i.e.,

\E{P, - Pojf̂ , - Po < - ^ ) | ^ 'VI. (6)

|H(P> - PolPi - P., > L)\ < M. (7)

Assume that the futures price change is symmetrically distributed and
the futures price follows a martingale process such that E(P,|P, |) —
P, ]. Ihen, for the contract to be completely self-enforcing, the margin
must be set such that

M > Eir^ + r^lr, > L),

where r, = P, — P, i is the true price change at time t. Since margin is
costly, the right hand side (BHS) in (8) defines an optimal sclf-cniorcing
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contract-margin level as a function of the price limit, MiL).'' Note that
here the condition that L < M is required because if the eondition is
violated (i.e., L > M), a price-limit rule has no effect on the incidenee of
reneging since it would always be possible to observe directly whether
price change is more than M.

Under an effective price-limit rule, reneging occurs for a positive
price change if and only if

and

^ L) > M.

Note that for a self-enforeing contract the condition dM/dL > 0 in (8) is
required in order for a price-limit rule to reduce the effeetive margin.
While priee limits reduce the default risk to market participants, there is
liquidity cost associated with their use. Clearly, the tighter the daily limits,
the more otten the trading is interrupted, thereby causing greater losses
in liquidity to traders. Henee, exchanges faee a trade off between the
default risks and liquidity costs associated with extreme price movements
in setting price limits. Assume that the cost of price limits is proportional
to the probability that a limit is triggered, then the cost of price limits at
time 1 can be written as aPr(|ri| > L)/P^{\ri\ :< L).

Incidentally, if L < M, but the eondition (8) is violated, reneging
occurs whenever a limit is hit. Besides, the default probability will not
only be decreasing in L, but also will be higher than it would have been
without price limits, since reneging occurs whenever |ri| > L, instead of
|r|| > M. Therefore, the optimal self-enforcing contract is also the cost-
minimizing contraet. Thus, the cost of the optimal contraet for the rep-
resentative trader at time 1, C^'(M,L), is given by

. (9)

It is worth noting that, with priee limits, the cost due to the occurrence
of reneging is eliminated completely. This is because when the trader
receives no additional information about the true equilihrium priee when
a limit is hit, the exchange always can choose a limit that is small enough
sueh that tbe expected loss, conditional on the knowledge of a limit hit,
is smaller than the specified margin, as formulated by the condition (8).

'Note thill londilion (S) defines a sfif-enlorcing conlnict only Inr a rtsk-ncutral trader .
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FIGURE 1
Expected Loss of a Futures Contract Conditional on the Knowledge of Limit Hit Time

I. This figure draws the expected loss of a futures contract conditional on the
knowledge of limit hit at lime 1 as a function of the level of price limit under normality

assumption (the dashed line). The solid line represents a given margin.

Figure I plots the expected loss as a function of the price limit under
normality assumption. It indicates that the expected loss is a linear fune-
tion of the limit. Hence, unless the margin is set too low, exchanges always
can find a limit so that the expected loss is smaller than the margin.
However, if the trader reecives additional information about the true equi-
librium tutures price when a limit is hit, then the story may he difterent
because the precision of the information will affect the trader's condi-
tional expectation about the amount of loss. The effectiveness of price
hmits with additional information is analyzed in the following.

With Additional Information

Now, suppose that the trader is able to observe a signal Y,, a random
variable that is eorrelated with the ehange in the equilibrium tutures
priee, r,. Such a signal may be derivable from the spot market for the
underlying commodity, from the markets for other futures contraets, or
from other sources. Then reneging occurs for a positive price change if,
and only if.

> L

and
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+ r^lr, > L,y,) > M.

Unlike the previous case in which the conditional expected loss is fixed
once a limit is speeified, the expeeted loss with the availability of addi-
tional information is unknown because it is conditional on the level of
the signal Vi- It is possible that a certain level of the signal will eause the
conditional loss to exceed the margin. If the joint distribution of (r,, V,)
is symmetric about the origin, ihe probability of reneging is given by

2P,(r, > L, y, > V7(M,L)),

where Yi{M,L) denotes a critical level of the information beyond which
reneging will occur. Hence, the total cost for the representative trader at
time 1, CV'(M,L). beeomes:

C^M^L) = kM + ^

, > L, V, > Yt{M,L)). (10)

The precision of tbe additional information can be characterized by the
eorrelation coefticient between tbe signal Y, and the equilibrium price
change r,. Without assuming a specific distribution for the future price
change, solving for the above optimization problems [(9) and (10)1 would
not be possible. Lven if a specific distribution, say the normal distribu-
tion, is assumed, tinding analytical solutions for the optimization is still
difficult. Therefore. Brennan (1986) uses some numerical examples to
examine if priee limits are useful.

Based on the above setting, Brennan (1986) shows that priee hmits
may serve as a partial substitute for margin requirements in ensuring
contract performance, but their effectiveness of price limits deteriorates
as precise information about the unobserved equilibrium price is ob-
tained. Priee limits can alleviate the default problem beeause they can
hide the information from ihe losing party about tbe extent of his losses.
Knowing that the adverse price movement exceeds the limit, but not
knowing exactly how much will be lost, the trader is forced to form a
conjecture about the size of his losses. In this sense, price limits aet to
create noises when the trader is forming expectation about the unob-
served equilibrium futures priee. Consequently situations exist in which
reneging would have occurred in the absence of price limits, but is
avoided if price limits exist.

Nevertheless, unrealized shocks accumulate in successive trades
when price limits arc triggered, and the delayed price mtnements will
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raise the trading-halt risk in the following trading periods. In addition,
the increase in the prohahility of limit move at time 2 suggests that the
conditional eumulative expected loss would he even greater than that at
time 1, therehy raising the default risk at time 2. Hence, although the
immediate eost at time 1 is lowered with price limits, additional cost is
transmitted to the next trading period. Thus, the effectiveness of price
limits will be weakened, and whether it remains beneficial in a multiper-
iod framework is dotihtlul.

Brennan's model, despite having two periods and three dates, is es-
sentially a one-jjeriod mode! because the total cost is calculated based on
a representative trader's single-period decision. Hence, a two-period
model that incorporates the spillover of unrealized shocks is investigated
in the following section.

The Two-Period Model

We now consider a two-period model^ for which the optimal combination
of price limits and margin is chosen to minimize the sum of costs at hotb
periods 1 and 2. Our two-period setting allows us to consider the spillover
effect from limit moves and can serve as the lower bound measure (or
the cost increment in the multiperiod framework. If priee limits prove to
he cost increasing for the two-period model, one can conclude that price
limits are necessarily useless for the more realistie multi-period model.'

Without price limits, the total cost is the following:

C^'iMX) = C'7'-(M,L) + Cf •(/M,L)

= 2kM + 2P(Pr(r| > iVI) + Pr(r| < M fi + r, > M)). (II)

Note that the eost of capital is assumed doubled for simplieity, and the
cost of reneging now includes the cost of reneging at time 2. The prob-
ability of reneging at time 2 is the joint probability that the trader does
not renege at time I and the cumulative price changes in two periods
exceed the margin.

With price limits, the total eost i'or two periods is much more difficult
to derive hecause the decision is more "path-dependent" and the proba-
bilities of limit hit and reneging at the second period are more compli-
cated, ln the following, we first present the hasic model with no additional

''Altfrniitivoly. our model c;in bf viewed as a ihrfc-pfriod. four-diiLr model in terms ol Brennan's
framework.
"it would be extremely difficult to set up a mulliptTii)d model iK-ciiusc, in the presence of consecutive
limit moves, the costs associated with reneging and liquidity involve multiple integrals.
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information, and then extend the model to incorporate additional
information.

No Additional Information

Similar to the one-period case, for the contract to be completely self-
enforcing in the two-period model, the margin must be set such that the
following eondition holds;

M ^ £[r, + r2 + r^lr, ^ U r^ + r^ ^ 2L]. (12)

Given the level of price limit L. the above condition (12) specifies a larger
effective margin than that specified in the one-period case (8). The RHS
in (12) defines the optimal self-enforcing eontract margin level as a func-
tion of the price limit M{L).

As in the one-period model with price limits, it is possible to find a
combination of margin and price limit sueh that the eontract is com-
pletely self-enforcing in the two-period model if the trader does not re-
ceive additional information about the equilibrium price. Thus, the total
cost over the two periods is composed of the cost-of-capital and the cost-
of-trading interruption. The cost-of-trading interruption is proportional
to the probabilities of limit hit at time 1 and time 2. Due to the spillover
of unrealized shocks, the probability of an "up" limit hit at time 2 is the
following:

A2 - Priz, - L)

= P,(r2 > L) + P,{r^ ^ L, r,< L, r, + r2 ^ 2L)

+ f{rur2)dr2dr,, (13)
JL j2L-r\

where, roughly,/(•) denotes the prohahility density function (pdf) or the
joint pdf for the true priee changes. The first term of the above equation
corresponds to the standard limit-hit probability, while the second term
corresponds to the probability of additional limit hit at time 2 due to
spillover of shocks from the previous trading period. Thus, the probability
of limit move for both directions at time 2 is approximately twice the
above probability. Hence, the cost of tbe optimal contract for the repre-
sentative trader, C^^{M,L). is given by

CHMX) = CIHMX) + C^ZHMX)

Vl - 2P,(ri ^l) 1 - 2AJ' ^ '
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With Additional Information

If the trader receives additional information about the true price, an ad-
ditional term of reneging cost will be present. Since the decision of re-
neging depends on the level of margin, the following two cases need to
be eonsidered (see Appendix A for a summary of all situations under
which reneging will occur).

First, if M > 2L, then the short position will renege at time 2 if the
following holds for the up-limit case:

£(P3 - Pol-2 - L, r, + r̂  < M) > M.

That is, the trader will renege if the expected accumulated losses exceed
the margin, given that an up limit is triggered at time 2 and the trader
does not renege at time 1. Henee. the probability of reneging is given as
follows:

B, = p,(zi - L, y, < yr, Z2 - UY,^ yii)

-F p,(zi < L, Z2 - ^^ yz ^ yh)'

The first term of the ahove equation can he expressed as:

p,(z, = L, y, <yr, 2, - L, y^-ri i )

L j2L-r|

while the second term can be written as:

,Z2- L , Y2 ^ [
L J> 22

where y^i and Y22 arc critical signals above which reneging occurs for
some positive priee change. Y2\ and Y22 are given by solving £[r[ + r2 +
r^|ri > L,r^ + r, > 2L, y2il ^ M and E[ri + r2 + r^lr, < L, r2 ^ L,
Y22] = M, respectively.

Second, if M < 2L, i.e., the margin is smaller than twice the limit,
the probability of reneging is:
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. = P , ( r | > L . y i < Y 1 , r^ -\- r 2 ^ M)

+ P,{M - L ^ r, < L, r^ ^ L) + P,(r| < M ~ L, r2 ^ L, Y2 ^

-I- P,(r | < L,r2< L, r, + r2 > M)

' r fir r )dr dr
b\l-L JI ' ' ^ •̂  '

\,^ f{ri,r2,Y2)dY,dr2dri +
J-^ JL J"^ 2i J-

where Y'l^, is given by solving £ [ r | + r, + r^lr, < M - i , r2 ^ L, Y

= M. Hence, the contract cost at time 2, C j ' (M,L), is the following:

= kM + a

M and L should be set to minimize the total contract cost at both time 1
and time 2, which can be represented as the following optimization
problem:

min

Notice that, because of the spillover of unrealized shocks, hoth the li-
quidity cost and reneging cost increase following a limit move in the two-
period model. Consequently, imposing price limits may not be able to
lower the total cost.

Price Limits Have a Cool-Off Effect

So far we have assumed that priee limits only serve to delay the price
from reaching its equilihrium level, but do not affeet the underlying equi-
librium-prlce-generating process. Since investors are given additional
time to process relevant information under price limits, it is possible that
price limits will cool off the market and aid in the price-resolution pro-
cess. Consequently, the volatihty after a limit move might deerease rather
than increase. If price limits have an effect on the underlying price-gen-
erating process when a limit is hit, the story may be different. According
to our discussion in "The Price Behavior Under Price Limits," we know
that the potential priee change following an up limit move, Q,^ |, has the
following conditional mean and variance under normality assumption:
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If part of the volatility is not fundamental, but "transitory," and can be
eliminated hy introducing price limits, the conditional variance Var{Q,^i)
may become smaller, ln addition, as alleged by some price-limit propo-
nents, price limits might reduce the extreme priee movement in the same
direction by pulling the price back. 1he conditional mean also might
differ. If the mean and variance for the potential price ehange take the
following form:

L) =

then certain values of 9 and 6 might reduce the spillover effeet, and fur-
ther lower the margin requirement and the total contract costs. A negative
value for 0 and a value smaller than I for 6 imply that the price-limit rule
has a cool-off effect. Otherwise, if 0 > 0 and 6 > 1, then the price-limit
rule ean be said to have a "magnet" effect. Presumably, if the price-limit
rule has a cool-off effect, the default probabilities at time 1 and time 2
will be lowered, wbile if it has a magnet effect, the probabilities of re-
neging at time 1 and time 2 will be raised, in which case price Umits will
not be effective.

NUMERICAL EXAMPLES

ln this section, we present numerical examples for normally distrihuted
price changes to determine the effects of price limits on contraet costs
and margin requirements in the two-period model. We use the same set
of parameter values as in Brennan (19H6). Specifically, â , is taken as
1000 and the following values are used for the parameters of the cost
function: k ^ 0.02%, a ^ I, and p = 3. Three different levels of the
extra-market signals, measured by p that represents the correlation he-
tween the signal and the equilibrium priee change, are analyzed. They
are 0.1, O.SO, and 0.96. A larger p is associated with a more-accurate
signal. Contraet costs for each of the three levels of signals are computed
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TABLE

Minimum Costs of a Futures Contraet Under Various Margin Levels Without
Additional Information

Margin

2400
2600
2800
3000
3200
3400
3600
3800
4000
4200
4400
4600

Without Price

Pr(Reneging)

t = i

1.6400
0.932
0511
0.270
0 137
0 067
0 032
0015
0.006
0.003
0.001
4,Ce-4

( - 2

8.172
6.192
4.574
3.300
2.326
1,605
1.085
0.719
0.467
0,298
0.186
0.114

Sum

9.812
7.124
5.085
3.570
2.463
1,672
1.117
0.733
0.473
0.301
0.187
0.115

Litnits

Total Cost

5.866
4.602
3.663
2.985
2.512
2,196
1,998
1.887
1.837
1.830^
1,854
1,897

L*

783.08
826.51
865.75
901.80
935.34
966.87
996.76

1025.31
1052,74
1079.23
1104.93
1129.96

With Price Limits

Pr( Reneging)

t = !

0
0
0
0
0
0
0
0
0
0
0
0

t - 2

0
0
0
0
0
0
0
0
0
0
0
0

Sum

n
0
0
0
0
0
0
0
0
0
0
0

Pr(\z,

t = 1

43.358
40.852
38.663
36.704
34.961
33.361
31.888
30.522
29,246
28.049
26.919
25.849

t - 2

52.279
48.906
46.001
43.447
41,167
39.106
37.224
35.490
33.881
33.881
30 972
29.647

Total Cost

2.8210
2.6879
2.6022
2.5484
2,5173
2.5028
2.5011''
2.5094
2.5257
2.5486
2.5770
2.6000

This table presents the two-period minimum costs of a fulures contract with and without prioe limits for various margin levels
where Ihe market participarits have no additional information other than the observed futures prices. Under price limits, the
minimum cost tor a given margin is obtained by choosing an optimal-limit level that minimizes the contract cost over two
periods. The same set of parameter values as in Brennan (1986) are used. (_* denotes the optimal-pnce-limit levei for a
given margin. Pr(Reneging) (%) and Pr(lzJ s /.) (%) denote the probability of reneging and that of limit hit at time f,
respectively." and " refer to the minimum costs with and without price limits, respectively.

for margins at intervals of 200, and for limits at intervals of 100 for each
margin. The specific functional forms for each of the costs and the as-
soeiated cost components are presented in Appendix B. The two-period
optimization problem is solved numerically, and only the results of the
cost-minimizing limit for each margin are reported. The next subsection
presents the results for the case where price limits only serve to delay
price reaction and have no "real" effect. The section following then pres-
ents the case where price limits have a cool-off effect and ehange the
price parameters following limit hits.

Price Limits Only Delay Price Reaction

No Additional Information

Table I presents the results for the simplest case for whieh the trader
receives no additional information. The results show that the optimal
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expected loss margin requirement

FIGURE 2
Expected Loss of a I'utures Contract Conditional on the Knowledge of Limit Hits at
Both Time I and Lime 2. This figure draws the expected loss of a futures contract

conditional on the knowledj^c of limit hits at both time 1 and time 2 as a function of
the level of price limit under normality assumption (the dashed line). The solid line

represents a ĵ ivt-n margin.

eontraet without price limits requires a margin of 4200 and has a total
eost of 1.830, hut with a iimit of 996.76, it requires only a margin of
3600 and has a eost of 2.501. Priee limits reduce the optimal margin
requirement from 4200 to 3600. However, the corresponding optimal
limit. 996.76, is only about 28% of the required margin. As a result, the
probability of limit hit is as high as 30% for both periods, thereby causing
the eontract cost to be mueh higher than without price limits.^ Figure 2
plots the conditional expeeted loss as a function of price-limit level. While
the conditional loss is not a linear function of price hmit in the two-period
model, it still is possible to Hnd a critical limit that makes the eontraet
default Iree tor any given margin. Hence, the reneging eost can be elim-
inated completely at the expense of higher costs of trading interruptions.

With Additional Information

Table 11 presents the results when the trader has additional information.
The results show that without price limits, the default probability at time
2 is larger than that at time 1 for each margin, which is expected because
at time 2 the cumulative price changes have a larger variance. However,

[Nolf [hat the optimal miirĵ in rfquiremcnl of 4200 for ihe iwo-period model is higher than that of
3200 in Brennan's modi.'!, I'arl ol the incrertse is bccduse we d() not incorporale margin call as an
additiontil variable in our model. We cnnjecltirc ihat nol much insight can be gained with such
complitiition.
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TABLE II

Minimum Costs of a Futures Contract Under Various Margin Levels With
Additional Information

Margin

2400
2600
2800
3000
3200
3400
3600
3800
4000
4200
4400
4600

2400
2600
2800
3000
3200
3400
3600
3800
4000
4200
4400
4600

2400
2600
2800
3000
3200
3400
3600
3800
4000
4200
4400
4600

Without Price Limits

Pri Renegiu})}

t — /

1.640
0.932
0.511
0.270
0.137
0.067
0.032
0.015
0.006
0.003
0.001
4 Oe-4

1.640
0.932
0,511
0.270
0.137
0.067
0.032
0.015
0.006
0.003
0.001
4.0e--4

1.640
0.932
0.511
0.270
0.137
0,067
0.032
0.015
0.006
0.003
0.001
4,Oe-4

( = 2

8.172
6.192
4.574
3.300
2.326
1.605
1.085
0.719
0.467
0.298
0.186
0,114

8.172
6.192
4.574
3.300
2.326
1.605
1.085
0.719
0,467
0,298
0.186
0.114

8.172
6.192
4.574
3.300
2.326
1.605
1.085
0.719
0.467
0.298
0.186
0.114

Sum

9.812
7.124
5.085
3.570
2.463
1.673
1.117
0.733
0.473
0.301
0.187
0,115

9.812
7.124
5.085
3.570
2.463
1.673
1.117
0.733
0.473
0.301
0,187
0.115

9.812
7.124
5.085
3.570
2.463
1.673
1.117
0.733
0.473
0 301
0.187
0.115

Lotal Cost L*

5.866
4.602
3.663
2.985
2,512
2.196
1.998
1.887
1.837
1.830^
1.854
1.898

5.866
4,602
3.663
2.985
2.512
2.196
1.998
1.887
1.837
1.830-'
1.854
1.897

5.866
4.602
3.663
2 985
2.512
2.196
1.998
1.887
1.837
1.830"
1.854
1 897

Panel A:
800
900
900
1000
1100
3100
3300
3500
3700
3900
4100
4300

Panel B:
1200
1300
1400
1500
3100
3300
3500
3700
3900
4100
4300
4500

Panel C:
1200
1300
1400
1500
3100
3300
3500
3700
3900
4100
4300
4500

Pr{R

t^l

p, = 0.1
0
0
0
0
0
1 .Oe-4
6.5e-9
8.8e-15
1.2e-51
0
0
0

p, = 0.5
1 .Oe-3
9.8e-5
8.3e-6
6.2e-7
0.194
0.097
0.047
0.022
0.010
0.004
0.002
0.001

p, = 0.96
1.242
0.677
0.354
0.178
0 188
0.093
0.047
0.021
0.009
0.004
0.002
0.001

With Prici

enegin

t = 2

3.172
0.583
0.446
0.441
0.330
1.711
1 143
0.749
0.482
0.305
0.189
0.116

7.033
5.289
3.923
2.870
2.341
1,623
1.096
0.725
0.470
0.299
0.187
0.115

6.695
4.943
3.613
2.636
2.359
1.627
1.096
0.726
0.471
0.299
0.187
0.115

K)

Sum

3.172
0.583
0.446
0.441
0.330
1.702
1.143
0 749
0.482
0.305
0.189
0.116

7.034
5.289
3.923
2.870
2.535
1,720
1 143
0.746
0.480
0.303
0.189
0.115

7.937
5.620
3,967
2.814
2.546
1,720
1.143
0.746
0.480
0.303
0.189
0.115

• Limits

Pr(|;,|

t ^ ]

42.371
36.812
36,812
31.731
27,133
0.194
0 097
0.047
0.022
0.010
0,004
0.002

23.014
19 360
16,151
13.361
0.194
0.097
0.047
0.022
0.010
0.004
0.002
0.001

23.014
19.360
16.151
13.361
0.194
0 097
0.047
0.022
0.010
0.004
0.002
0.001

t - 2

50.735
43.570
43.570
37.101
31.329
0.194
0.097
0.047
0.022
0.010
0.004
0.002

26.238
21 795
17.958
14.679
0.194
0.097
0.047
0.022
0.010
0.004
0.002
0.001

26.238
21.795
17.958
14.679
0.194
0.097
0.047
0.022
0.010
0.004
0.002
0.001

Total Cost

4.3112
2.8266
2.6979
2.5853
2.3560
2.2193
2.0133
1.8953
1.8413
1.8325"
1.8548
1.8979

5.1314
4.2033
3.4929
2.9610
2.5564
2.2218
2.0122
1.8937
1.8402
1.8318"
1.8544
1 8977

5.5832
4.3684
3.5152
2.9333
2 5571
2.2219
20123
1.8936
1.8400
1.8317"
1.8543
1.8976

This table presents the two-period minimum costs of a futures contraot with and without pnce Iimits for various margin levels
where the market participants observe a signal that is correlated to the equilibrium futures prices; the precision of the signal
IS represented by the correlation coefficient between the signal and futures price at time t, denoted p,. Panels A through C
present the results for three precision levels of the signal (p, = 0.1, 0.5, and 0.96). Under price limits, the minimum cost
for a given margin is obtained by choosing an optimal-limit level that minimizes Ihe contract cost over two periods. The
same set of parameter values as in Brennan (1986) are used L' denotes the oplimal-price-limit level for a given margin.
Pr(Reneging) (%) and Pr(lzJ ^ L) (%) denote the probability of reneging and that of limit hit at time I. respectively. ' and "
refer to the minimum costs with and without price limits, respectively.
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with the imposition of price limits, the total default probability of the
optimal contract is never lowered for any level of information precision.
As reported in Tahle 2, the cost-minimizing default probabilities with
price limits at time 2 are ().30S% for low precision of information (p —
0.1) and 0.2999f for high precision ol information (p = 0.5 and 0.6).
Both of these default probabilities are higher than those without price
limits, 0.298%. Ihe results indicate that price limits nol only fail to re-
duee the probability of reneging, but also exacerbate the problem of con-
tract enforcement in the two-period setting.

In addition, the least eost combination of margin and limit is (4200,
3900) for low precision of information and (4200, 4100) for high preci-
sion of information. Note that the optimal margin level, 4200, is the same
as that without price limits, and cannot be lowered at any level of infor-
mation precision. The minimum total cost with price limits is 1.832S (for
p = 0.1), 1.8318 {for p - O.S).and 1.8317 (for p - 0.96). These costs
are slightly greater than the eost without priee limits, 1.8303. This ex-
ample indicates that priee limits are useless in either reducing the con-
tract cost or lowering the margin requirement. The results also suggest
that the signal precision has little impact on the effectiveness of price
limits in the two-period setting, since, no matter how precise the signal
is, unrealized shocks will accumulate and he realized in the following
days. Conscc|uently, the optimal margin remains the same regardless ol
the precision of the information.

Sinee financial futures precise information about the equilibrium
futures price can be obtained generally from its spot counterpart, we
expect that the price-limit rule can neither decrease dchmlt risk nor sub-
stitute for margin-to-eontrol eontraet eosts in the two-period model. This
contradicts Hrennan's (1986) finding that "price limits may serve as a
partial substitute for margin requirements in ensuring contract perfor-
mance." However, for many agriculture futures and many of the new
futures being introduced (e.g., catastrophe, weather, and bankruptcy fu-
tures), knowledge of the spot price hardly is sufficient to valuing these
product. Price-limit rule still may be effective in decreasing deiault risk
and substituting lor margin-to-eontrol contract costs in our model.

EXPANDING PRICE LIMITS

In high volatility markets, the exchange may invoke expanded price limits
to avoid the possibility of limit hits on successive days. Given our frame-
work, if the exchange expands price limits (say 150% of normal values),
the probability ol limit hit at time 2 will be lowered, tbereby causing the
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liquidity cost to be lowered. However, the "ambiguity effect" of price lim-
its aiso is reduced, which, in turn, causes the default probability to in-
crease. Hence, a priori it is not clear whetber expanding limits is bene-
ficial. Based on the same numerical setting. Table III presents tbe results
for tbe case wbere volatility increases by 20% and tbe limits following a
limit bit are expanded by 50%. Overall, tbe results sbow tbat priee limits
remain useless in redueing margin requirements when precise informa-
tion is available (i.e., p, ^ 0.5). Surprisingly, bowever, tbe numerical re-
sults indicate tbat, for tbe case of little additional information (i.e., p, >
0.1), expanding price Hmits causes the optimal combination of margin
and contract cost to deerease from (4800, 2.1567) to (3800, 1.8879).
The reason is that when precise information is not available, price limits
induce greater volatility spillover to next trading day wben a limit is trig-
gered. Hence, if tbe sceond-day Hmits are expanded while leaving tbe
original margin level of 4800 intact, a mucb bigber default eost will ineur.
As a result, Panel A of Table HI indieates tbat tbe optimal price limit for
tbe margin of 4800 has to be tigbtened to 1900 (and tbe seeond-day Hmit
2850) to reduce the second day's default probability. However, tbe total
contract cost increases to 2.0767 beeause of substantial increase in limit-
bit probability. Due to tbe significant reduction of price-limit level, Panel
A of Table III sbows tbat tbe optimal margin can be lowered furtber to
3800, wbere tbe corresponding Hmit is 1500.^

Price Limits Have a Cool-OfF Effect

Our analyses thus far have been hased on tbe assumption tbat price limits
only serve to delay the price-discovery process. As the return-generating
process might be affected by tbe imposition of price limits, below we
consider two cases wbere the mean and variance parameters change fol-
lowing a limit hit.

Table IV presents tbe results for tbe case wben price Hmits reduce
tbe volatibty by 25% following a limit bit, but do not affect tbe expected
price change. That is, all parameter values remain the same as the pre-
vious example exeept that 0 — 0 and 5 ~ 0.75. The results in Table IV
sbow that the optimal combination of margin and limit is (3200, 1500)
for p = 0.1 and (4200, 4100) for p - 0.5 and 0.96. Tbe results indicate

II is clear that there is always a trade-nff between liquidity cost and the default fost. In Panel A of
Table 111, thf rcnegiiif; probability is replaced with a higher [Jmit-hJE probability. Our results that
price limits are effective in the absence of precise information could be due Lo the parameter values
we chose. It is not necessarily always the case that the reduction in default cost is higher than the
increase in liquidity cost for other parameter values.
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TABLE III

Minimum Costs of a Futures Contract Under Various Margin Levels: Tbe Case
of Expanding Limit Foliowing a Limit Move

Margin

3400
3600
3800
4000
4200
4400
4600
4800
5000
5200
5400
5600

3400
3600
3800
4000
4200
4400
4600
4800
5000
5200
5400
5600

3400
3600
3800
4000
4200
4400
4600
4800
5000
5200
5400
5600

Without Price

Prilieneging)

t - /

0.046
0.267
0.154
0,086
0.047
0,025
0.013
6.3e-3
3,1e-3
1.5e-3
6.8e-4
3.1e-4

0.046
0.267
0.154
0.086
0.047
0.025
0.013
6.3e'3
3.1e-3
1-5e-3
6,8e-4
3.1e-4

0.046
0,267
0.154
0.086
0.047
0.025
0.013
6.3e-3
3.1e-3
1.5e-3
6.8e-4
3.1e-4

(%)

t = 2

4 340
3.300
2.470
1.821
1.323
0.948
0.670
0.467
0.321
0.218
0.146
0,097

4.340
3.300
2.470
1.821
1.323
0.948
0.670
0.467
0.321
0.218
0.146
0.097

4.340
3,300
2.470
1.821
1.323
0.948
0.670
0.467
0.321
0,218
0.146
0.097

Sum

9.600
3.570
2.624
1.907
1.370
0.973
0.683
0,473
0.324
0.220
0.147
0.097

9.600
3.570
2.624
1.907
1.370
0.973
0.683
0.473
0.324
0.220
0 147
0.097

9.600
3.570
2.624
1,907
1.370
0.973
0.683
0.473
0.324
0.220
0,147
0.097

Limits

Total Cost

3.7599
3.2249
2.8321
2.5534
2.3649
2.2463
2.1813
2.1567'
2.1622
2.1898
2.2335
2.2885

Pane
3,7599
3.2249
2,8321
2.5534
2.3649
2.2463
2.1813
2.1567''
2.1622
2.1898
2.2335
2.2885

Panel
3.7599
3,2249
2.8321
2.5534
2.3649
2.2463
2 1813
21567^
2.1622
2.1898
2.2335
2.2885

L"

Pr

t - ;

^anel A: p, =
1300
1400
1500
1500
1600
1700
1800
1900
1900
5100
5300
5500

B:p,
1000
1000
1000
1200
4100
4300
4500
4700
4900
5100
5300
5500

C: p,
1100
1100
3700
3900
4100
4300
4500
4700
4900
5100
5300
5500

0
0
0
0
0
0
0
0
0
1,1e-3
5.0e-4
2.3e-4

= i>s =
9.8e-7
1.2e-7

With Price Limits

(Reneging)

(%)

t = 2

0.1
0
0
0
0
0
0
0
0
0
0.218
0.146
0.097

p = 0.5
0.205
0,029

1.4e-10 0.006
1.5e-9
0.032
0.017
8.8e-3
4,5e-3
2.2e-3
1.1e-3
5.0e-3
2 3e-4

=" P̂  =
0.158
0.089
0.102
0.057
0,031
0.017
8.7e-3
4 4e-3
2.2e-3
1.1e-3
4.9e-4
2.2e-4

0.171
1.320
0.947
0.669
0.467
0.321
0.218
0.146
0,097

p = 0.96
0.135
0.525
2.459
0.907
1.321
0.947
0.669
0.467
0.321
0,218
0,146
0.097

Sum

0
0
0
0
0
0
0
0
0
0.219
0.147
0.097

0.205
0.029
0.006
0.171
1.352
0.964
0.678
0.472
0.323
0.219
0,147
0.097

0,293
0.614
2.561
0.964
1.352
0,964
0.674
0.471
0,323
0.219
0.147
0.097

Pr(\z, >L)

m
t - /

27.866
24.335
21.130
21.130
18.242
15.658
13.361
11.335
11,335
2.1e3
0.001
4.6e-4

40.466
40.466
40.466
31.731
0.063
0,034
0.018
0.009
4.4e-3
2.1e-3
0.001
5.0e-4

40.466
35.932
0.205
0.115
0.063
0.034
0.018
0.009
4.4e-3
2.1e-3
0.001
4.6e-4

[ - 2

15,117
11,801
9.095
9.095
6.920
5.196
3.850
12.394
2.814
1,0e-7
1.0e-7
6.2e-10

29.474
29.474
29.474
19,122
2,1e-4
1.4e-4
8.3e-5
8.8e-6
3.9e-7
1.2e-7
1 .Oe-7
6.2e-10

29.474
23,888
0,205
5.4e-4
2 5e-4
4 5e-5
2.0e-5
1.5e-6
3.9e-7
1.2e-7
1 .Oe-7
6.2e-10

Total Cost

1.9244
1,8954
1.8879"
1.9679
1.9775
2.0005
2.0343
2.0767
2.1567
2.1895
2.2333
2.2885

2.6669
2.6519
2.6205
2.3868
2.3564
2.2417
2.1794
2.1558"
2,1618
2.1897
2.2334
2 2885

2.8776
2.8120
2.8022
2.5375
2,3566
2.2422
2,1792
2.1557"
2.1618
2.1897
2.2334
2.2885

This table presents the Iwo-penod minimum costs of a futures contract with and without price limits for various margin
levels It IS assumed that the price limit is expanded by 50% following a limit move Panels A through C present the results
for three precision levels of the signal (p, = 0 1, 0.5, and 0.96) Under price limits, the minimum cost for a given margin is
obtained by choosing an optimal-limit level that minimizes the contract cost over two periods. The same set of parameter
values as in Brennan (1986) are used. L' denotes the optimal-pfice-limit level for a given margin Pr(ReneQing) (%) and
Pr{l^,l ^ L) (%) denote the probability ot reneging and that of limit hit at time t, respectively. " and " refer to the minimum
costs with and without prioe limits, respectively.
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TABLE IV

Minimum Costs of a Futures Contract Under Various Margin Levels With a
Reduction in Volatility Following Limit Moves

Margin

2400
2600

2800
3000
3200
3400
3600
3800
4000
4200
4400

4600

2400

2600
2800
3000

3200
3400
3600
3800

4000
4200

4400
4600

2400
2600
2800

3000
3200
3400
3600
3800
4000
4200
4400
4600

Without Price Limits

Pr( Reneging)

t = 1

1.640
0,932

0.511

0.270
0.137
0.067

0.032
0.015
0.006
0.003
0.001
4.Oe-4

1,640
0.932

0.511
0.270
0.137
0.067

0.032
0.015

0.006
0.003
0.001
4.Oe-4

1.640
0.932
0.511
0.270
0.137
0.067

0.032
0,015
0.006
0.003
0.001
4.Oe-4

( - 2

8.172
6,192
4,574

3.300
2.326
1.605
1.085
0.719
0.467

0.298
0 186
0.114

8.172

6.192
4.574
3.300

2.326
1.605
1.085

0.719
0.467
0.298

0.186
0,114

8.172
6 192
4.574

3,300
2.326
1.605

1.085
0.719
0.467
0.298
0.186
0.114

Sum

9,812
7,124

5,085
3.570
2.463
1.673
1.117

0.733
0.473
0.301
0.187

0.115

9.812
7.124

5.085
3.570
2.463

1.673
1.117

0.733
0.473
0.301
0.187

0.115

9.812
7.124
5.085

3.570
2.463
1.673
1.117
0.733
0.473
0.301
0.187
0.115

Total Cost L*

5.866
4.602

3.663

2.985
2.512

2.196
1.998
1.887
1.837

1.830^
1.854

1.897

5.866
4.602
3.663
2.985

2.512
2.196

1.998
1 887

1,837

1.830-̂
1.854

1,897

5.866
4.602
3 663
2.985
2.512

2.196
1.998
1.887
1.837

1.830-'
1.854
1.897

Panel A'
1100
1200

1300
1400
1500
1600
1700
1700

1700
3900
4100
4300

Panel B
1000
1000
1100
1100

1100
1200
1700

1900
3900

4100
4300
4500

Panel C:
1100
1200
1300

1500
1600
1700
1800

1900
3900
4100
4300
4500

With Prici

Pr(Reneging)

t ̂  !

p, = 0.1
0
0
0
0
0
0
0
0
0
0
0
0

p, = 0.5
5.1e-4

4.3e-5
4.1e-6
3.0e-7
2,0e-8

1.3e-9
9.9e-11
5.0e-12

1.1 e-2
4.7e-3

1.8e-3
7.1e-4

t = 2

0 062
0.064

0.076

0.060
0.042
0.022
0.082
0.021

0.019
0.305
0.188
0.116

0.510
0.156
0.128
0.034

0.011

0.006
0.605
0.317

0,470
0,295
0.187
0.115

p, = 0.96
1.242
0.676
0.354

0.178
0.086
0.040
0.018
0.008
0.009
0.004
0.002
0.001

4.581
1.050
2.568
2.030

1.425
0.461
0.354

0.265
0.471

0.299
0.187
0.115

Sum

0.062
0.064

0.076

0.060
0.042
0.022

0 082
0.021

0.019
0 305
0.188
0.116

0.510
1.156
0.128
0.034

0.011
0.006

0.605
0.317

0.480
0.300
0.189
0.115

5.823
1.726
2.922
2,208
1,511
0.501
0.372
0.272

0 480
0,303
0.189
0.115

Limit.

Pr(|z,

('

t = I

27.133
23.014

19.360
16.151
13.361
10.960

8.913
8.913

8.913
0.010
0.004

0,002

31.731
31,731
27.133
27,133
27.133
23.014

8.913
5.743
0.010
0.004

0.002
0.001

27.133
23.014

19.360
13,361
10.960
8.913
7.186
5.743

0.010
0.004
0,002
0.001

I — 2

30.846
25.658

21.795
17,958
14.679
11,499
9.170
9.655

9.655
0.010
0.004

0.002

36.824
36.824

30.846
30.846
30.846

25.658
9.256
5.871

0.010
0.004
0.002
0.001

30.846
25.658
21.200

14.679
11.499
9,255
7.398
5.871

0.010
0.004
0.002
0.001

Total Cost

1.8093
1.7162
1.6771

1.6332
1.6206'"
1.6241

1.6810
1 7407

1.8093
1,8325
1.8547

1.8978

2.2627
2.1656
2.0842

2 0356
2.0137
2.0070

1.9422
1.8799

1.8403
1,8319"
1,8544
1 8977

4.6897
3.7114
3,0901
2.6236

2.2885
2.0769 •

1.9500
1.8825
1.8400
1.8317"
1.8543
1.8976

This table presents the two-penod minimum costs of a futures contract with and without price limits for various margin
levels. It IS assumed (hat there is a 25% reduction in volatility foilowing a limit move Panels A through C present Ihe results
for three precision levels of the signal (p.. = 0.1, 0 5, and 0.96). Under price limits, the minimum cost for a given margin is
obtained by choosing an optimal-limit ievel that minimizes the contract cost over two periods. The same set of parameter
values as in Brennan (1986) are used. L' denotes the optimal-price-limit level for a given margin. Pr{Reneging) (%] and
Pr(1zJ 2: L) {%) denote the probability of reneging and that of limit hit at time t, respectively." and " refer to the minimum
costs with and without pnce limits, respectively.
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that when the price-limit rule has the real effect in reducing volatility, it
can reduee margin, default prohability. and contract cost only in the case
of low-information precision. When information precision is high, the
numerical results show that the optimal margin remains the same as that
without price limits, and the limit rule neither can reduee the eontract
cost nor lower the optimal margin.

In addition to its impact on volatility, the priee-Iimit rule also may
have an impact on expected price changes. We eonsider an e.xample for
whieh the e.vpeeted price change shifts backward hy 100 |i.e., rj = - 100
(100) for an up (a down) limit move] and the volatility is redueed by 25%
(i.e., 5 — 0.75). 1ahle V shows that the optimal comhination of margin
and limit is (3200, 1500) for p - 0.1 and (4000, 3900) for p = 0.5 and
0.96. The margins are lower than without price limit, and so are their
dclault prohahilities and contract costs. That is, at l] ^ - 100 and § ^
0.75, the eool-off effect is large enough to wipe out the spillover effeet
of price limits. The results show that when we assume that price limits
can cool off the market and have a real effeet in ehanging hoth the mean
and variance ol the price parameters, they can he effeetive in reducing
the margin requirement, default risks, and eontract costs.

However, whether price limits do have a eool-off effect on the vola-
tility and expeeted returns following limit moves is an empirieal issue.
Empirical investigation oF this issue, however, is not easy beeause price
limits distort the ohserved-priee proeess. If empirieal evidence supports
the cool-off efleet of priee limits, then priee limits may be useful; oth-
erwise, priee limits seem to be useless.

CONCLUSION

This article investigates whether the imposition of priee limits can reduee
the default risk and lower the effective margin requirement for a seif-
enforeing futures eontraet hy eonsidering one more period beyond Rren-
nan's (I 986) one-period model to take into account the spillover of un-
realized shoeks due to priee limits.

Overall, we find that when price limits do not change the underlying
futures priee process, but only delay the price to reaeh its equilibrium
level, price limits may not be effeetive. .Although priee limits can reduee
the margin requirement when traders have no additional information
about the equilibrium futures price, the total contract eost increases be-
eause of a mueh higher liquidity eost due to trading interruptions. When
traders receive additional signals about the equilibrium priee, we find that
priee limits fail to obseure tbe expeeted loss occurring to the traders in
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TABLE V

Minimum Costs of a Futures Contract Under Various Margin Levels with a
Reduction in Volatility and Expected Price Change Following Limit Moves

Margin

2400
2600
2800
3000
3200
3400
3600
3800
4000
4200
4400
4600

2400
2600
2800
3000
3200
3400
3600
3800
4000
4200
4400
4600

2400
2600
2800
3000
3200
3400
3600
3800
4000
4200
4400
4600

Without Price

Pr(Reneging)

t ̂  /

1.640
0.932
0.511
0.270
0.137
0.067
0.032
0.015
0.006
0.003
0.001
4.0e-4

1.640
0,932
0.511
0.270
0.137
0.067
0.032
0.015
0.006
0.003
0.001
4. Oe-4

1.640
0.932
0.511
0.270
0.137
0.067
0.032
0,015
0.006
0.003
0.001
4.Oe-4

(9?)

( ^ 2

8.172
6.192
4.574
3,300
2.326
1.605
1,085
0,719
0.467
0.298
0.186
0.114

8.172
6.192
4.574
3.300
2.326
1.605
1.085
0.719
0.467
0.298
0.186
0.114

8.172
6.192
4.574
3.300
2.326
1.605
1.085
0.719
0,467
0 298
0.186
0,114

Sum

9.812
7.124
5.085
3 570
2.463
1.673
1.117
0.733
0.473
0.301
0.187
0.115

9.812
7.124
5.085
3.570
2.463
1.673
1,117
0.733
0.473
0.301
0.187
0.115

9.812
7.124
5.085
3.570
2.463
1.673
1.117
0.733
0.473
0 301
0 187
0.115

Limits

Total Cost

5.866
4.602
3,663
2.985
2,512
2.196
1.998
1.887
1.837
1,830-
1.854
1.897

5.866
4.602
3.663
2.985
2.512
2.196
1.998
1.887
1.837
1.830-
1 854
1.897

5.866
4.602
3.663
2.985
2,512
2.196
1,998
1.887
1.837
1.830̂
1.854
1,897

L*

Panel A
1100
1200
1300
1400
1500
1600
1700
1700
1700
3900
4100
4300

Panel B
1000
1000
1100
1100
1500
1600
1700
3700
3900
4100
4300
4500

Pane C.
1000
1000
1300
1500
1600
1700
1800
3700
3900
4100
4300
4500

With Price Limits

Pr( Reneging)

t ̂  /

p, = 0
0
0
0
0
0
0
0
0
0
0
0
0

p, = 0
2.0e-4
1.5e-5
1.36-6
8.7e-8
9.9e-9
4.8e-10
2.3e-11
0.022
0.010
0.004
0.002
0.001

(%)

t - 2

1
0.139
0.109
0.080
0.056
0.039
0.027
0.008
0.017
0.018
0.243
0.149
0.090

5
0.273
0.075
0.062
0.015
0.586
0.471
0.435
0 587
0.377
0,237
0.147
0.089

p,, - 0.96
0 921
0 492
0 252
0.124
0.059
0.027
0.012
0.019
0,008
0 004
0.001
6.0e-4

2.355
2.017
2.056
1.642
1,147
0,795
0,547
0.588
0.378
0.238
0.147
0.089

Sum

0.139
0.109
0.080
0.056
0.039
0.027
0.008
0017
0.018
0.243
0.149
0.090

0.273
0.075
0.062
0.015
0.586
0.471
0.435
0.609
0.387
0,242
0.149
0.090

3.276
2.508
2.308
1.766
1.206
0.822
0.559
0.607
0.386
0.241
0.148
0.0890

Pr(\z,
('

t ̂  I

27.133
23.014
19.360
16.151
13,361
10.960
8.913
8.913
8.913
0 010
0.004
0.002

31.731
31.731
27,133
27.133
13.361
10.960
8.913
0.022
0.010
0.004
0.002
0.001

31.731
31,731
19.360
13.361
10.960
8.913
7.186
0.022
0.010
0.004
0.002
0.001

^L)
'")

t - 2

30.846
25.658
21.795
17.958
14.679
11.499
9.169
9.655
9.655
0.010
0.004
0.002

36.824
36.824
30,846
30,846
14,000
11.369
9.169
0.022
0.010
0,004
0.002
0.001

36.824
36.824
20.807
14 000
11.369
9.169
7.343
0.022
0.010
0.004
0.002
0.001

Total Cost

1.8327
1.7288
1.6626
1 6274
1.6166"
1.6264
1.6427
1.7273
1.7979
1.8014
1,8547
1.8851

2.1211
2.1018
1.9542
1.9109
1.8899
1.8470
1.8563
1.8247
1.7936"
1.8010
1.8344
1.8850

3.6221
3.3185
2 7766
2 4000
2 1343
1.9697
1 8762
1.8240
1.7931"
1.8007
1,8343
1.8849

This table presents the two-penod minimum costs of a futures contract with and without price limits for various margin
levels. It IS assumed that there is a reduction in volatility by 25% and a reduction in expected price ohange by 100 following
a limit move. Panels A through C present the results for three precision levels of the signal (p, = 0.1, 0.5, and 0.96). Under
price limits, the minimum cost for a given margin is obtained by choosing an optimal-limit level that minimizes the contract
cost over two periods The same set of parameter values as in Brennan (1986) are used. /_* denotes the optimal-price-limit
level for a given margin. Pr(Reneging) (%) and Pr(lz,l ^ L) (%) denote fhe probability of reneging and that of limit hit at time
t, respectively. •' and " refer to the minimum costs with and without price limits, respectively
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the presence of large price movements, thereby fail to lower the effective
margin. Consequently, the total contract cost over the whole period also
increases with the imposition of price limits. Of course, when we assume
price limits can cool off the market and have a real effect on the under-
lying price process, they may serve, for certain parameter values, as a
partial substitute for margin requirement.

APPENDIX A: POSSIBLE RENEGING
CONDITIONS IN THE TWO PERIOD MODEE

This appendix presents all possible situations at times 1 and 2 in which
the detault decision is made. Tbe yes(t) in the last column indicates the
occurrence of reneging at time t.

< L

< M

renege

yes(l)

yes(2)

no
no

yes(2)

no

no

II. If M D 2L

t — 1

L

Y, > Y;

, < y;

< L

t=2

+r2> M

-{- r2 < M

+r2> M

+ r2 < M

renege

yes(l)

yes(2}

no

yes(2)
yes(2)

no

yes(2)

no
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APPENDIX B: COST FUNCTIONS UNDER
NORMAEEY DISTRIBUTED PRICE CHANGES

This appendix presents the formulas for the cost components in the two-

period model under the assumption that price changes follow a normal

distribution. These formulas are used in the Numerical Examples section.

No Additional Information

If price changes are normally distributed, i.e., r, — N(0, Gf).t = 1, 2. 3,

and traders receive no additional information about the equilibrium priee,

the margin required for the completely self-enforcing contract is M —

E[r\ + r2|r[ ^ LJ — â  X| (a |) and the probability of a positive limit move,

P,(r| > L), is a>(-a|) , where

- a , and

are standard normal density and distribution function, respectively. How-

ever, in the two-period model, the margin must be set at M = Hfrj + r^

+ r ĵr] ^ L, T] + ri ^ 2L] to ensure tbe contract to be default-free. £[r]

+ ("2 + r^|r| > L, r| -I- r̂  ^ 2L] is given by

2L L \ H[r, + r,+ r^ri > L, ri + r> > 2L\

= 4> f — ) (I -<1>(A)) + p,24) (—1 {1 -

witb

L
Pl2

'̂CTT- + Ot- , P I J —

2L I L

B ^
PI 2

and F( ) is the the standard-bivariate-distribution function with the

lower bounds 2L and L, respectively.
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- pf,))"' f [
}2L k

2{t - pi2)\\OrJ , , ,

In addition, the probability of a positive timit move, A2, can be written as

A, -

where

With Additional Information

Suppose that traders receive additional information about the equitibrium
futures priee and the additionat signat is assumed to be of tbe form Y, =
r, + 8,, wbere coi(r,,e,) = 0, cov{r,,£^) — 0, cov{z,,EfJ — 0, e, —

f), and t, k = t, 2, 3. Conditionat on tbe signat Y,, r,|V, ~
,y,,CT̂ )̂, where aj_ - (1 - p,')cT ,̂ and i;, = p,̂  = a~/(c7̂ _ + af^). Then,

using the properties of truncated normat distribution, it can be sbown
that

where

(71 ^ and
' -

It foltovvs that the criticat signal tevel above which reneging occurs for a
positive limit move, Yf, is given hy

Ttie probability tbat trading will be baited due to a limit move, Prllri) ^
L, is 2<t>( — a|) and the probability that reneging will oecur, given Vf and
L, is
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2
II

Henee, the eontract cost at time 1, Ci(M,L) can be written as

2aO(a,) - I JL

Now we consider the contract eost at time 2. If M > 2L, it fotlows from
the properties of truncated normal distrihution that the prohahility of
reneging for a positive-price-limit move at time 2. B2, can he written as

L j

L

L
L J V , 2 - 2

On the other hand, if M < 2L, the probability of reneging is

B2 = I [ r
AI-r,

uitb
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