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INTRODUCTION

The trading volume and open interest of short-term deposit rate futures
contraets dwarf those of other fixed income and equity-based eontracts.
Because current and expected future levels of short-term interest rates
affect almost every economic and financial decision, the scale of this
activity should be no surprise. Much of this deposit rate futures trading
interest stems from two important forms of activity: contract calendar
spreads and contract strips. The quoted prices of deposit futures contracts
form a discrete term structure of interest rates for successive .^-month
forward intervals. Speculators express views on relative levels of interest
rates at two or more points along this forward rate term structure through
calendar spread trading. Hedgcrs can lock in the current term structure
of rates over a string of future periods through deposit futures contract
strips. However, regardless of their own hedging or speculative motives
for trading, all end users of deposit futures contracts rely on an arbitrage
sector to enforce fair relative pricing relationships.'

For deposit contraets, arbitrage versus the interbank deposit market
places some restrictions on individual deposit futures eontract prices.^
However, relationships between adjacent futures contracts seem to be
priced much tighter than can be motivated by interbank cash deposit
market—deposit lutures market arbitrage alone, given the interbank mar-
kcts transaction bid-ask spread. Low-cost deposit futures calendar
spread trading alone appears to enforce the orderliness of deposit futures
pricing in the major deposit futures markets. Because hedgers and spec-
ulators alike benefit from tbe prieing results of such arbitrage trading,
insigbt into tbe underpinnings of deposit calendar spread prieing and
trading is ot general market interest.

Tbis article develops an understanding of deposit futures contract
calendar spread arbitrage within a particular representation of the futures
yield curve. The speeific context is a well-known mathematical formula-
tion: a high-order polynomial approximation representation of the term
strueture. However, the article's focus on a deposit rate futures eontraet
spreader's risk perspective is a departure from the usual curve-fitting ap-
plication of such a model. Here, thinking first about multidimensional

'Working (1962) t-mphasi/ed the intcrphiy of ciirryinj; ch.irgc mispricings and hi'd^inn. Sec MtTritk
(I98S) for an cmpiriLal sludy of rclurns on stock portfolio liedf̂ cs with initiiill\ mispriccd stock indi'x
liituri's contracts.
"I'be liimiliar restriclion is implied in ix comparison of tbe rate on an IH + 91-day term inleriiank
depusil with the synthetic HI -I- 91-day rate achievable tbrougb the rolMngover of an original m-day
deposit for the 91 -day tail period at a rate effectively locked in on Day 0 through tbe purchase of an
m-day-ahead maturity 3-month deposit futures rate.
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trading risks, and only later about curve-fitting precision, tollows the gen-
eral empbasis of factor models tn understanding multiple risk dimensions.

Tbe analysis bere produces some new insights into the natures ot
calendar spread trading design, arhitrage activity, and risk structure along
the yield curve. I irsl, risk-controlled spread positions produeing station-
ary value series relevant for spread trading do exist. Second, the precise
form of trading eonforms to an analytical solution termed Pascal's spread-
ing triangle. The solution collapses neatly into a series of sequential
spreads in adjacent eontraets: spreads, spreads of spreads, spreads of
spreads ot spreads, and so on. Importantly, no empirically estimated
hedge ratios are required to implement this spread trading paradigm.
Thus, not only ean the high-order polynomial approach fit a deposit con-
tracl strip arbitrarily well, but the approaeh delivers intuitive trading
lorms that can be applied by arbitrage traders to maintain pricing
discipline.

This artiele applies the framework to examine changes in the pricing
etfieieney of the London International Financial Futures Exchange
(LIFFF) short sterling deposit futures contract market over the period
between 1989 and 1998. For these 10 years' worth of short sterling de-
posit rate tutures price data, the Pascal spread struetures produced sen-
sible results and revealed how the arbitrage sector's efficiency improved
over time in this market.

HEDGING AND SPREADING

Specific hedging and spreading solutions depend on specific analytical
term-structure frameworks. Two particular term-structure representa-
tions examined here are (a) the factor model and (b) the high-order poly-
nomial approximation. The tactor model describes the term structure as
being generated by equilibrium pricing of a parsimonious number of risk
factors. The empirical content ofthe model relies on the estimation from
historical data of the term structure's implicit factors via the statistical
methods ot factor analysis or principal components. Ciarbade (1996) and
Litterman and Scheinkman (I 99 I) applied the factor-analytic Iramevvork
to U.S. Treasury yields. Campbell, l.o, and MacKinlay (1997) reviewed
the extensive application of the factor approach in equity valuation.

Alternatively, from Weiestrass's approximation theorem, a suitably
high-order polynomial function can approximate the term structure over
a given interval with an arbitrary degree of precision.^ Chambers, Carle-

^Thf i]ndcrl\inn \it.'ld LLint- lunclion must Ix' vnnliniidusly difffR'nliablc nwr the range.
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ton, and Waldman (1984) applied polynomial functions of degrees 1
through S to the spot yield curve implied from U.S. Treasury notes and
honds/ In contrast to their emphasis on using high-order polynomial
functions for empirical cur\c-fitting ends, the strategy here focuses on
this model s implications for risk management.

Consider a forward deposit-rate contract strip consisting of M differ-
ent maturities where each successive strip maturity is equally spaced in
time, 1 period unit apart. Let Nd^n) be the potential 1 X n vector of
positions in the strip and let R(,-,̂  I) he an M X 1 vector of forward interest
rates for each strip component. Now, consider a general k + I factor
representation of this forward interest rate vector. In particular, let

^ ( n x l ) = T | n ^ | ^ , i ) X B j i ^ ^ i ^ i ) ( 1 )

where T(nxk+i) '̂  ^ set of factor loadings and B([;+| ^D is a fe -i- I X 1
vector of factors describing the current forward yield curve. For a pre-
determined factor-loading matri.v, the portfolio's value risk depends solely
on changes in B,[̂ , i^j,, the vector of yield cur\e factors. Thus, interest-
rate changes, dR(^^ D, are expressed as a function of tiB[î +i ^ D, the vector
of factor innovations:

Consider dV, the dollar payoff to a portfolio consisting of the (arbitrary)

position vector N^„^ ]), where cj is a scalar denoting the dollar value of a

torward-rate move:

dv = CJ X N( | , , , , X d R , , , n

= q X N(|^,T, X r,n^[^^i) X dB^\^^^^^) {^)

To hedge the position's value risk against factor shifts, choose a hedge
position such that

N,,xn) X T,..,,^^,, = 0 (4)

CTilitjucs 111 tlif fitted rcsulls m;iy rf\(j|\f around uhflher ihc cstimiitcs g^ntTnlt.' smoolh I'lirward-
ratf cuncs and |>ri)\idc sensible e.\tni|)iilations oulsidi' the lilted maturily riin^f. PoKnomial turm-
struetureapprnximiUiuris hi)ve ctTlniii tirau hacks. Fstimates onon^ard-riitcciines derived Iriim hij;h-
ordtT polynomial tuRfs mu\ proJuce evelie tdruard-ralc U-rm slruetiires. Moreincr. f'<)rv̂ â d rates
extrapolated lor matnrilies beyond the originiilly fitted iiiiiliirity range may head otTc|utekly toward
infinity or even inrn negalivc. Alterniitiiely. a spline function. <i knotted sequenee of l<n^-order poly-
nomi;il lunctions, can be usefully applied to Ifrm-strueture modeling. For example, sec McCulloch
(1971. 1975). Vasicek and Kong (|yS2l. and Shea (1984). Many Wall Street practitioners promote
spline fiinclions sis the biisic buildinji bloek for bond valunlion.
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Ignore the trivial solution and normali/e the position hy choosing N] ^
1. Then, solve this homogeneous equation system with the usual matrix
methods. Under the hedge condition, the sum of the loadings on each of
the /; + 1 factors weighted by the chosen positions in each contract
equals zero.

To implement the model for pricing and hedging, estimate the unob-
servable implicit factors and their corresponding loadings lor each cle-
ment ol the interest rate vector from a sample of historical data. Garbade
(1996) and Litterman and Scheinkman (1991) presented such analyses
for U.S. Treasury market data. They found that three factors approxi-
mated the data well, although Garbade's evidence indicates the presence
of a higher number of less important factors. With the resulting factor-
loading estimates, the hedge positions follow from Equation 4.

This implicit factor approach troubles some economists who believe
that interest-rate and securities price fluctuations should be tied to ob-
servable real and monetary variables, lor practitioners, the main concern
is whether the estimated empirical system remains stable over time. Cur-
rent pricing and hedging decisions, even if the number of factors is know n
and constant, depend on the estimated factor loadings. These estimates,
apparently unbiased and efficient in the historical sample period, may
still be inappropriate for the future. Because the hedge positions arc con-
structed on the basis oi historical estimates, future hedge performance is
subject to potentially ruinous coelTicient sbifts. Garbade's evidence sug-
gests that significant instability may exist in estimated coefficients over
different time periods.

Estimation specifics aside, the hedge solution will correspond to
well-known spanning conditions. To span the set oi' k + 1 risks in the
forward interest rate curve, the hedge solution must invoke k + 2 dif-
ferent contracts. For example, the simplest risk model is a flat term struc-
ture {k =0). Only the common "level" of forward rates fluctuates. Just
two contracts are needed to hedge this risk structure (k + 2 = 2). In
contrast, if a second factor (a slope term) also enters, three contracts are
needed. If a third factor (a cunaitire term) enters. Four contracts will be
needed to span the portfolio's risk structure. For hedging to be complete,
the number of available contracts in the deposit rate strip under consid-
eration must exceed the k + I number of hypothesized factors {n > k +
1). If n > fe + 2, more than one set of k + 2 contract strips can be
constructed as factor-risk hedge positions. The evidence cited previously
that three factors explain the bulkof the fluctuations in the U.S. freasury
yield curve implies that positions in at least four contracts arc needed to
control the main sources of intcrcst-ratc risk.
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POLYNOIVIIAL INTERPRETATIONS

A polynomial function is one special representation for the yield curve in
Equation 1. In accordance with Chamhers et a!. (1984), the vector of
forward interest rates can he approximated hy a suitahly chosen high-
order polynomial function of time to maturity. Denote the time to ma-
turity of the ith contract hy fj. For a feth-degree model, populating the
T(nxk+n m îtrix is straightforward:

1
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Immediately, a polynomial representation has two virtues. First, the T
matrix is ohservable and predetermined. Second, the B,î + i^ D vector now
implies more concrete indexes of yield curve level, slope, curvature, imd
so on.

One property ot a polynomial yield curve representation is the pre-
cise form of the hedging solutions (Equation 4) for a strip with n equally
spaced constant maturities. With the maturities suhstituted (here mea-
sured as periodie distances vs. the maturity of the first contract), T(,,̂ .̂_̂  ̂
hecomes
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(liven such a structure, the hedge solutions correspond to a progression
of simple quantity differencings of adjacent contracts. First-differences,
the (Nl = 1, N> = — I) spread, will hedge shifts in the level of rates
{dBo). Second-differences, the (N, = 1, N, = -2,N^ = I) hutterfly. will
hedge hoth the level and slope shifts (t̂ Bo and dB\). Third-differences,
the (N| - 1. N2 = - ^^ ^^ = ^^ N4 = - 1) hox, will hedge level, slope,
and curvature shifts (î Bo, dB\, and dB2)- Likewise, (k + l)-order differ-
ences, that is, fe + I spreads involving k + 2 contracts, will hedge shifts
in /j -I- 1 pricing terms.
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TABLE I

Pascal's Spreading Triangle: Slrip Hedge Solutions for/tth-Degret' Polynomial
Term-Structure I uncUons

k + ! k + 2
Risks Strip Weifiluin^s on Each Adjiiceni Contract in Strip

1
2
3
4
5
6
7

2
3
4
5
6
7
8

1
1

1

CNJ

6

- 1

3

- 10

1

- 4
— 1

5

1
1

1 „ Q

I — kJ

1 - 4 6 - 4 1
1 - 5 10 - 1 0 5 - 1

- 6 15 - 2 0 15 - 6 1
- 7 21 - 3 5 35 - 2 1 7 - 1

Table I sutnmarizcs the problem's hedge solutions for an increasingly
higher order feth-degree polynomial (if N, = 1). The diagram neatly re-
veals that the absolute magnitudes of the hedge solutions correspond to
Pascal's triangle. Overlaying an additional unit structure of alternating
long and short contract positions (plus and minus signs) delivers Pascal's
spreading triangle.

The polynomial curve representation of the deposit rate term struc-
ture implies that the hedging and trading of short-term interest rate con-
tracts reduces to analyzing sequences of adjacent spreads. Each degree
of the higher polynomial order corresponds to another level of spreading:
the simple spread, the butterfly, the box. the spread of boxes, and so on.
importantly, the hedge solution is constant over calendar time for a fixed
value of k. Thus, the initially appropriate hedged position {e.g., a four-
contract box spread forfe ^ 2) remains the appropriate structure through-
out the trading lives of the contracts involved.

Pascal spreads present an intuitive solution for controlling futures
contract position risks for arbitrage trading. Althougb serving intuition
may be a goal itself, the true advantage of this approach is its avoidance
of estimation procedures. Pascal spreads are predetermined and do not
rely on coefficients estimated from historical data. In contrast, factor
models need not reduce to such simple trading rules. If the fcth-degrec
polynomial approximation is accurately determined, the Pascal hedging
and pricing results should be equivalent to those from the alternative
factor approach. Of course, an appropriately large number of adjacent
contracts must be included in the strip. However, because most major
deposit futures markets list strips of 8, 12, 16, or even 40 contract ma-
turities, the n > k + 1 constraint should not be binding in practiee.
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Finally, Equation 1 views the strip of Forward interest rates as an
exact function ofa limited number of common factors. Relax this restric-
tion by introducing a vector of individual contract transitory pricing dis-
turbance terms, e(î  + 2xi)- ^till, choose the polynomial order k correctly.
Then, interpret the value for the properly differenced k + 2-contract
Pascal spread as a transitory pricing disturbance term equal to a weighted
sum of individual disturbance terms of each included contract. The cor-
rectly differenced spread time series, e'^, is actually the weighted sum of
the Pascal spread weights from Tahle II. N̂ d̂ >;i,̂ 2i' multiplied bye,^ + 2xi)'
the individual transitory pricing disturbance terms on each contract in-
cluded in the k + 2-contract strip:

e" = N ' ( i x k . 2 ) X e , K , 2 x n (^>

For the correct choice of the polynomial order fe, the appropriately dif-
ferenced Pascal spread has a mean value of zero.

The correctly differenced spread's variance should equal that of the
transitory pricing disturhance term, e'^. The separate time series dimen-
sion of the correctly differenced spread position invites analysis ot poten-
tial arhitrage opportunities (around the appropriate zero mean). Analyzing
arbitrage possibilities also entails delineating appropriate transactions
costs for trading these structtires.

DATA

Tbis empirical investigation applied the Pascal spreading analysis to the
United Kingdom's short sterling deposit rate futures market. Short ster-
ling futures are traded on the LIFFE. Because the Bank of England tends
to smooth out end-oF-year shocks, at least before tbe Y2K event, Decem-
ber distortions bave been nearly nonexistent. Thus, interpreting Decem-
ber-inclusive strips involves no separate analysis of the average year-end
price discount.^ The absence of year-end distortions in the United King-
dom makes the sbort sterling Futures market extremely con\enient for
analyzing Pascal spreadhig.'

""On avt'ragc, ibo yciir-L'nd bias in. lor f\Linipk\ December Kurodullar i'utirrcs prices wns t\'pically as
bigb us IS basis points in tbe c.irly l̂ 'JOs. In gain iiuirf liiiliincf-sbcct freedom, tlu- major dealing
firms bave gradtially used ibt-ir o\ui reporiinjj dales DIT lhe December .^Ist cycle. I be typical yeiir-
end effect for December t'Lirodolhir futures bas sbnink clnser to tbe T-basis-point level. l*he Y2K
distortion for tbe December 1499 contract is n sepanile phenomenon.
•̂ Sborl sterling contract pricing maturity was also muddled c\en for post-1 999 Decembers hy tbe
United Kingdom s prospects for joining turopean Monetary Union. Looking abead, market parliti-
p;mls must as.scss tbe probability and liming of a U.K. enLry into tbe Liiropean Monetary Union and
weigb ibe Hank of Hngland's traditional year-end rate smoolbing practices againsi the level of year-
end distortions traditionally lolcraled by the constituent central banks of the European Monetary
Union countries (assuming the European Central Bank will bebave as the conslituenl banks once
did).
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TABLE II

Summan,' Statistics for Short Sterling Pascal Spread Structures for the Sample
Period January 4. I 989 to September IS, 1998

First-differences
Mean
Standard Deviation
Std. Dev. of Mean
f
Autocorrelations

Second-differences
Mean
Standard Deviation
Std. Dev. of Mean

Autocorrelations

Third-differences
Mean
Standard Deviation
Std. Dev of Mean

Autocorrelations

Fourth-differences
Mean
Standard Deviation
Std. Dev. of Mean
f
Autocorrelations

1
5

10

1
5

10

1
5

10

1
5

10

Iriint

-16.1
46,4

1.0
270.9

0.997
0.987
0,976

Front

-6.3
24.5
0.5

153.5
0,988
0,946
0,900

Front

3.2
20.6
0,4

16.4
0,969
0.878
0.791

front

7.5
22,6
0,5

70.9
0.938
0.798
0.672

Sccoticl

-9,8
39.3
0,8

144.2
0,998
0.987
0,978

Second

-9.5
15.8
0.3

742.3
0.986
0.945
0 909

Second

-4.3
11,0
0.2

96.7
0,932
0,796
0,654

Second

-2.0
13.8
0,3

14,0
0,866
0 646
0,392

I'hird

-0.3
31 4
0.6
0.2
0.998
0.987
0.975

Viird

-5,2
10 5
0,2

532,0
0.974
0.914
0.844

Third

-2.3
8.7
02

45.9
0.892
0.717
0,536

Third

0.5
13,4
0.3
1.0
0.852
0.653
0.465

Fourth

5,0
26,5
05

82,0
0.997
0.986
0 974

fourth

-2.9
8.7
0.2

258.0
0.964
0,893
0,827

fottrlh

-2.8
8.7
0.2

67.3
0.895
0.750
0.627

hourth

-1,5
13,8
0.3
7.5
0.855
0.671
0 547

I'iflh

7.9
21,8
0,4

294.7
0.996
0.983
0.968

Fifth

-0.1
75
0,2
0,6
0.947
0.859
0.784

Fifth

-1 .4
7,6
0.2

21,2
0 847
0.644
0 540

8,0
17.9
0.4

435.5
0.993
0.973
0.952

Sixth

1.2
6.2
0.1

93,3
0.916
0,789
0,727

Si'vi'iith

6,8
14.5
0.3

472,5
0.997
0,986
0.974
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TABLE II (continued)

Summary Siatistics lor Short Sterling [*ascai Spread Structures for the Sample
Period January 4, 1989 to September 15, 1998

Front Second Third S'Diirlh iiflh Sixth Seventh

Fifth-differences
Mean
Standard Deviation
Std. Dev. of Mean

Autocorrelations 1

5
10

9.5
30.8
0.6

61.9
0.899
0.717
0.539

-2 .5
24.1

0.5
7.3
0.846
0.628
0.383

2.0
24.9
0.5
4.2
0.849
0.661
0.507

iroiit Second

Sixth-differences
Mean
Standard Deviation
Std. Dev. of Mean
X^ Statistic
Autocorrelations 1

5

12.0
49.5

1.0
38.9
0.868
0.663

-4.5
45.7
0.9
6.5
0 844
0.641

10 0.440 0.437

iumt

Seventfi-dilferences
Mean
Standard Deviation
Std. Dev. of Mean
f
Autocorreialions 1

5
10

16.6
88.6

1 8
23.2
0.850
0.642
0.412

Contract values mark to the market daily against official daily settle-
ment prices as determined by ihc cxehange. An expiring contract's final
settlement price is determined externally by the expiration day's official
British Bankers Association Sterling London Interbank Offering Rate
(LIBOR) fixing. The data were daily settlement prices on the first eight
contracts (the front 4 settlement months and the "red," or second 4,
settlement months) irom January 4, 1989 to September 15, 1998, ex-
cluding contract expiration days.' The sample included 2,374 days of
data.

'An addilional four conlracts (the "jjrL'cn" months!
tracls (the "blue" nidnlbs) bc^an Iradinj; in

trading in 1995. A lourth quartet oFcon-
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The analysis categorized the Pascal spreads as constant strip position
entities. Constant strip position entities organize the data solely by po-
sition in the strip. For example, on a specilie sample date, say, February
IS, 1994, ciassity the Mareh94-June94 spread as the first spread, the
Junc94-September94 spread as the second spread, and so on. IJkevvise,
classify the March94-June-94-September94 butterfly as the first butter-
fly, the June94—September94-December94 butterfly as the second but-
terfly, and so on. The more highly differenced positions were tagged in a
similar manner. For each spread type, a given number of strip contract
positions existed: 7 tvvo-eontract spreads, 6 three-contract hutterflies, S
four-contract boxes, and so on. The time series for these constant ma-
turity constructs spanned the entire length of the sample period.

Of course, proper interpretation of all spread trading data requires
an understanding of the transactions eosts. Commission costs fell dra-
matically over the 10-year period under study Early in this sample period,
an off-the-floor high-volume spread trader's round-turn commission ex-
penses for entry and exit of a short sterling contract would have been
about 5 pounds sterling (3 pounds for execution and 2 pounds for clearing
charges and fees). By the middle of the period, eosts would have totaled
nearer to 4 pounds per round turn. By the end of the sample period, costs
would have been closer to 2.25 pounds per round turn.^

To gauge the trading impact of sueh transactions costs, express them
in terms of contract price basis points. F-or the ji-month, 500,000-pounds-
sterling notional contract's I-basis-point price change value of 12.5
pounds sterling, direct commission costs of 5 pounds equal 0.4 basis
points, costs of 4 pounds equal .32 basis points, and 2.25 pounds equal
.18 basis points. The I X - 4 X 6 X - 4 X 1 fburth-differeneed spread
of boxes entails trading 16 (1 + 4 + 6 + 4 + 1) contracts. Thus, the
properly sealed round-turn transactions cost of the fourth-order spread
structure would be 6.7 basis points (5/12.5 X 16) early on, S.i basis
points (4/12.5 X 16) in midsample, and 2.9 basis points (2.25/12.5 X
16) more recently.

Finally, some sensitivity is needed to properly interpret spread eon-
structs generated witb settlement price data. An exebange official fixes
official daily settlement priees shortly after the close of the regular trading
session. For front month contracts, the settlement prices reflect the vol-
ume-weighted trading price in the last 30 seconds of trading, fbr less
actively traded deferred contracts, the settlements respect the bids and

Initial miirgin hakmics , which can Ix- met vvilh inltTesl-oarning}J(»\iTnmfiit st-curilk's, ly])i<.ally arc
iin LinimporlanI \y,trl DI the Iriitiing ctniatinn. (-or praclical purposes, ihf mnsl important problem
would lie an unanlii-ipalfd shiirp sudden increase iti margins.
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offers in recognized spreads. Because of these procedures, settlement
prices are more orderly tban transactions prices. However, on average,
successful value-oriented spread traders will tend to transact close to
midmarkct levels. Moreover, an apparently complex spread position can
still be reasonably easy to transact. Consider the five-maturity 16-contract
position required by a fourth-order Pascal spread. The position can be
executed as a spread of two butterflies: long, the first—third—fifth contract
butterfly, and short, four times as many second—third—fourth contract
butterflies.'"

PASCAL SPREAD RESULTS

Table II reports summary statistics for seven t^pcs of Pascal spreads util-
izing two-contract through eight-contract packages. These seven types of
spreads were derived from first-differences through seventh-differences
along the contract strip. Ihe contract weightings are those shown in the
Pascal spreading triangle of Table I. Here, the 2-ycar contract strip avail-
ability delineates an eight-contract package as the limiting hedging order.

For the time series of each of the seven Pascal spread structures.
Table II presents the estimated sample means, standard deviations, stan-
dard deviations of the mean, the chi-square statistic testing the restriction
that the sample mean equals zero, and sample autocorrelations. These
results address two elemental questions. First, in the model's parlance,
what is the appropriate k? Essentially, find the order of differencing where
the short sterling data delivered Pascal spreads consistent with the zero
mean spread value restriction. Second, does the polynomial term-struc-
ture representation work equally well for all segments of the curve? Es-
sentially, for a given k, examine whether biases emerge for Pascal spreads
constructed over different ranges of included contracts.

The first-and seeond-order differencings of the short sterling futures
price data fared the worst. For both simple two-contract spreads and
three-contract butterflies, the chi-square statistics strongly rejected the
hypothesis that the mean spread value equals zero in almost every ease.

'^Transactions by valui'-oricntcd spread tniticrs need to be catef;ori/cd inlu liquidityproducinjjlnidcs
and liquidity-consuming Iradfs. I .iquidity-pnidiit ing trudes art' limil orders led working on the lloor
al, by dcfinilion, better-thiin-miirkel levels. From time lo lime, real hedging nr speculative demand—
"paper"—appears wilh a need to trade large quantitiesof particular contracts. Value-oriented spread-
ers might then he lifted out of their better than-market order levels through such Rows. In contrast,
liquidity-cDnsuming trades represent transailions where spreaders must pay up to get desired trades
done. Here, the spreaders «(iuld intiir miirket impiK t costs, transacting at the lull bid or oflert-d side
ol the particular spread.
'"Or combine three second—third—fourth-contract liiittcrflies with single first—second contract and
f{)urth-firth-(.(Jntracl spreads. 1 his latter formtilation is transactions cost efficient.
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Even the exeeptions, the third-contniet first-differenced spread and the
fifth-contraet seeond-differenced spread, were suspect. Note that these
cases' close-to-zero sample mean \alues ean bo viewed as axis intereept
points in tunetions relating the mean spreads to time to maturity. The
high absolute values (16 basis points on the lead-eontract simple spread
and nearly 10 basis points in the second-contract butterfly) of the esti-
mated means indicate that the statistical rejections were economically
significant.

I hird-differeneed spreads (four-contract boxes) fared somewhat bet-
ter than the traditional simple two-contract spreads and three-contract
butterfly spreads. Althotigh the data still soundly rejected the zero mean
restriction, the magnitudes ofthe estimated means (between I and 5 basis
points) were generally lower than those for simple spreads and butterflies.

Fourth-differences (spreads of boxes) began to reasonably approxi-
mate the restrietions of the appropriately differeneed Pascal spread. Ex-
cept (or the lead-contract spread, the estimated mean spread values were
within 2 basis points of zero. Tbe test statistic for tbe third-contract
spread could not reject the zero-mean restriction, whereas that for the
(ourth-contract spread just barely rejected it at the \9f confidence level.
Moreover, hecause the fourth-differenced spread's autocorrelations
dampened more quickly, this five-contract spread of boxes construct ap-
peared a better specified structure for short sterling prices than the third-
differenced box spread.

I i i th-, sixth-, and seventh-order differencings produced similar re-
sults, although the estimated mean spreads involving the lead contract
began to become large again (about 10 basis points for fifth-differences;
12 basis points for sixth-differences; and about 17 basis points for sev-
enth-differences).

One consistent finding was that, for tbis sample period, spreads in-
volving the front contract performed poorly. Eor all orders of differenc-
ings, Iront-eontract spreads soundly rejected the zero mean restriction.
Furthermore, the estimated mean values for front-contract spreads were
large in absolute value.

Table III reports summary statistics for tbe fourtb-order Pascal
spread (the spread of boxes) structure for five subperiods; 1989 to 1990,
1991 to 1992. 199.^ to 1994, 199S to 1996. and 1997 to 1998. These
subperiod results revealed substantial sbifts in the distribution of fourth-
differenced short sterling spreads between tbe initial 1989 to I 990 period
and tbe final 1997 to 1998 period. Eor all four spreads, the estimated
mean spreads were eloser to zero in the latter subperiod. Also, the esti-
mated standard deviations were dramatically lower in the latter subperiod.



TABLE III

Summary Statistics for Short Sterling Fourth-Differences: Spread of Boxes
Two-Year Subsamples

Sample: January 4,
Mean
Standard Deviation
Std. Dev. of Mean

t'
Autocorrelations

Sample: January 2,
Mean
Standard Deviation
Std. Dev. of Mean
f
Autocorrelations

Sample: January 4,
Mean
Standard Deviation
Std. Dev. of Mean

Autocorrelations

Sample: January 3,
Mean
Standard Deviation
Std. Dev of Mean

X'
Autocorrelations

Sampie: January 2,
Mean
Standard Deviation
Std. Dev. of Mean

Autocorrelations

1989 to December 31,

1
5

10

1991 to December31,

1
5

10

1993 to December 30,

1
5

10

1995 to December 31,

1
5

10

1997 to September 15

1
5

10

Vrc»\i Sec mid

1990 fourth-differences
32.3
24,4

1 1
682.4

0.890
0.617
0.356

VnmX

-2.9
20.4

1.0
13.2
0.893
0.725
0.507

Second

1992fourtfi-clifferences
4.3

28.6
1.3

15.0
0.947
0.800
0 704

Vrmii

-4 .1
18.1
0.8

34.0
0.888
0.616
0.321

Second

1994 fourth-differences
-0.9
15.7
0 7

2.2
0.870
0.652
0.408

Frmxt

-0.5
11.4
0.5
1.3
0.786
0.556
0.221

Second

1996 fourth-differences
3.7

9.2
0.4

103.4
0.824
0.615
0.544

Front

-2 .2
7.1
0.3

63.8
0.74
0.471
0.388

Seco^td

. 1998 fourth-differences
-1.1

5.7
0.3

22.7
0.747
0.352
0.025

-0.1
4.0
0.2
0.4
0.578
0.234
0.148

mrd

3.9
17.6
0.8

32.3
0.834
0.623
0.394

Iliird

-0.3
19.6
0.9
0.2
0.904
0.701
0.557

Third

0.2
8.9
0.4
0.3
0.652
0.378

-0.038

Third

-3 .1
6.4

0.3
144.5

0.739
0.538
0.383

Third

2.5
7.1
0.3

80.6
0.892
0.800
0.775

iOtirih

-4 .5
20.1
0.9

32.4
0.870
0.720
0.578

-0 .9
17.9
0.8
1.8
0.872
0.645
0.511

I oiirth

-1 .9
7.9
0.4

37.7
0.550
0.146

-0.051

Fourth

0.7
6.6
0.3
7.0
0.722
0.540
0.444

Fourth

-0.9
10,8
0.5
4.3
0 947
0.884
0.890
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The shifts in the estimates for the front-contraet spread between the
lirst and last subperiods were particularly interesting. The estimated
mean front spread value fell from 32.3 basis points to - l.l basis points.
The chi-square statistic on the zero mean restriction still rejected the null
hvpothcsis in each case, hut the computed statistic's value fell from 682.4
in the early suhperiod to 22.7 in the final suhperiod. Thus, the more
reeent data were far more consistent with tbe zero mean value suggested
hy the fourth-order polynomial term-structure specifieation. Moreover,
the spread's estimated standard deviation fell from 24.4 basis points to
just S.7 basis points.

In sum, over most of the lO-year sample period studied, Pascal
spreads based on third-order and especially Fourth-order differences of
short sterling deposit-rate futures data provide reasonable descriptions of
stationarv series with mean values near zero.

VALUE-ORIENTED TRADING OF FOURTH-
ORDER SPREADS (ARBITRAGE)

This section investigates the dynamics of fluctuations in fourth-order
short sterling Pascal spreads and interprets changes in the volatility of
such a spread of hoxes in light of the transactions cost compression that
characterized futures trading over the last decade.

A reliahle risk-controlled spread package is a vehicle through which
value-oriented spread traders may enforce pricing discipline. Suppose
that hedging or speculative pressures build in one particular contract
maturity point. The individual price point pressures may become large
enough for the market value of a risk-immunized spread construct to
violate transactions cost bounds. Such violations should induce value-
oriented spread trading. In turn, such spread trading should smooth out
the single price point disturhance by transmitting it to surrounding con-
tracts. During the transmission process, the spread traders provide li-
quidity to offset the specific initial hedging or speculative pressure. These
spread trades will be profitable if the initial pressure on the curve reverses
sufficiently before the spread position is unwound. Thus, the focus ofthe
study shifted from restrictions on the mean to the spread's time series
behavior.

F-igures i and 2 plot the fourth-differenced values for the front- and
fourth-contract series, respectively, over the i 0-year sample period, (hese
figures clearly illustrate two points. First, the front spread's volatility (see
Figure I) was much larger than that of the deferred spread (Figure 2).
Second, the volatilities of hoth of these spreads declined markedly over
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FIGURE 1
First ctmtract spread of boxes: fourlh-differences of adjacent sbort

sterling contract prices.

Fourth contract spread of boxes: I oti
sterling contniet prices.

FIGURE 2
rtb-dilTercnces of adjacent short

the 10-year sample period. Some interesling fluctuations occurred at the
tail end ofthe sample For the fourth-controet spread. These shifts reflect
the structural impact of Y2Kprohletiis on millennium-end financing costs
to he cmhedded in a discount to the otherwise fair Oecemhcr 1999 con-
tract s price (see the next section).

Tahles IV and V present additional disaggregated results on the dy-
namics of fourth-order short sterling Pascal spreads for the first (1989-
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1990) and fifth (1997-1998) 2-year subperiods. Eaeh suhpcriod's daily
spread data are ordered from highest to lowest and partitioned into value-
ranked quintiles. Thus, in each tahle the first quintile contains the richest
spreads and the fifth quintilo contains the cheapest spreads. Then, from
a \ahie-oriented spread traders perspective, initial spread \alues greater
than an assumed ex ante mean spread estimate of zero indicated a rich
spread. Such rich spreads should he sold. The spreader will benefit if the
spread falls over the period of time hefore the position is closed out.
Conversely, initial spread values less than zero indieate a "cheap" spread.
Cheap spreads should be purchased. Here, the spreader will henefit if
the spread rises dtiring the period hefore the position is un\^otl^d.

For each subperiod, spread contract strip position, and quintile, the
tables report the average initial spread; the average suhsequent 1-day, S-
day, and lO-day value changes; and the pereentage frequency that these
subsequent 1-day, 5-day, and 10-day value changes moved in the direction
predicted by the initial value criteria. Only one serious eontradiction of
the simple "positive spread; richness" and "negative value spread: cheap-
ness" rule occurred. In the earliest (I 989 to 1990) stihpcriod, the middle
quintile's average \alue was 31.1. The middle quintile average values for
the 1997 to 1998 suhperiod, and also those for the 1991 to 1992, 1993
to 1994, and 199S to 1996 subperiods (not shown), never differed as
much as 5 hasis points from the presumed ex ante value rule's presumed
zero mean value. Paralleling the evidence in Tahle 111 of declining spread
volatility throughout the 10-ycar period, the distance between the average
spread richness (Quintiie 1 entries) and cheapness (Quintile 5 entries)
shrank over time.

The process by \\ hich initially niispriccd spreads return to value takes
time. However, with the exception ofthe front-contract (f989 to 1990)
results mentioned previously, the return-to-value process exhibited easily
interpretable dynamics. The tables report on two dimensions of this dy-
namie process: the pereentage frequency of the eorreet direction of sub-
sequent changes and the magnitudes of these changes. In general, mis-
priced spreads moved in the correct arbitrage-consistent direction more
than 50% of the time for I-day-ahead changes, and the pereentage of
correct direction changes increased as the length ofthe period increased
from I-day to 5-day and 10-day changes. Moreover, the accuracy ofthe
pitis-spread/minus-spread value ranking in predicting the direction of
subsequent changes was highest for the itiitially most mispriced spreads
(Quintiles I and 5).

The holding period return to this type of term-structure spread trad-
ing is uncertain. Unlike true arhitrage, initially misaligned spreads need
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TABLE IV

Fourth-Differenced Short Sterling Spread Value Changes with the Data Sorted
Into Value-Ordered Quintiles for the Sample Period 1989 to 1990

Initial
Qiiintile

Average
Spread

Front contract spread
1
2
3
4
5

65,0
42.1
31 1
177

-2.6

limes of Correct
Change Direction

I-Day

57%
50%
46%
45%
48%

Second contract spread
1
2
3
4
5

17.4
4.2

-3.0
-11.6
-32.4

Third contract spread
1
2
3
4
5

31.9
11,4
2.9

-4.5
-14.8

73%
62%
54%
64%
56%

58%
58%
62%
53%
83%

Fourth contract spread
1
2
3
4
5

20.2
3.5

-2.9
-10.6
-36,0

73%
59%
51%
60%
69%

'i-Day

72%
47%
30%
37%
53%

77%
57%
49%
68%
63%

66%
74%
55%
52%
89%

76%
65%
50%
63%
71%

/ 0-Day

69%
38%
39%
24%
60%

77%
62%
50%
75%
73%

73%
69%
54%
61%
92%

85%
62%
53%
83%
69%

/ Day

-2,6
-0,4
-1.3

1.4
5 7

-5.6
-1,4

1.9
2.7
3.0

-3.6
-3,5
-1.5

0.7
7.4

-5,8
0.2

-1.2
3.0
4.0

Average
Change

S - Day I

-12,8
0.4
5.1
7.4

12.4

-9.6
-1.6

1.4
5.4
7.5

-8.2
-6,8
- 2 2

2.3
12.8

-9,8
-3.2

0 9
5.7
7.6

0-Day

-18,1
3.2
3.1

12,1
25.1

-10,0
0,1
0.5
8.6

10.3

-13.8
-7.7
-0.9

3.8
15.0

-16.7
-3.5

1,2
9.6
8.3

]-Day

- 4 %
- 1 %
- 4 %

8%
- 223%

- 32%
- 34%
- 62%
- 23%

- 9 %

- 1 1 %
- 3 1 %
- 54%
-15%
- 50%

- 29%
5%

41%
- 28%
- 1 1 %

Average
Change

'i-Day

- 20%
1%

16%
42%

- 483%

- 55%
- 39%
- 47%
- 47%
- 23%

- 26%
- 60%
- 76%
- 5 1 %
- 86%

- 49%
- 90%
- 30%
- 54%
- 2 1 %

10-Day

- 28%
8%

10%
68%

-979%

-58%
2%

-15%
- 74%
- 32%

-43%
-67%
- 30%
- 86%

-101%

- 83%
- 98%
-40%
- 9 1 %
- 23%.

not return to fair value prior to an individual position's unwind date.
Although the position unwind date is a ehoiee variahle. the limiting date
is the maturity of the lead eontraet in the spread structure. On that ma-
turity date, the strueture breaks apart by definition. The trader is forced
to unwind or roll the remaining components into a new structure with
an uncertain capital gain but with known commissions cost losses. Thus,
transactions costs are crucial in determining a spread trader s entry and
exit strategies. Furthermore, forced unwinds and rollovers entail consum-
ing liquidity, trading at spreads worse than those implied by the settlement
priee data set. From this perspective at least, front-contract spreads are
different.
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TABLE V

Fourth-Ditlcrenced Short Sterling Spread Value Changt's with the Data Sorted
Into Value-Ordered Quintiles for the Satnple Period 1997 to 1998

Initial
Qiiintitc

A I'era^e
Spread

Front contract spread
1
2
3
4
5

6.5
1.8

-0.7
-3.5
-8,7

/ inu's oj Ciirri'ci
Change Direction

]-Day

69%
68%
47%
62%
74%

Second contract spread
1
2
3
4
5

5.2
2.0
0.2

-2.0
-6,5

Third contract spread
1
2
3
4
5

14,3
3.3
0,5

-1,4
-4,1

79%
61%
49%
63%
71%

57%
74%
51%
60%
71%

Fourth contract spread
1
2
3
4
5

11,4
4.2
1.2

-1,6
-17,4

63%
67%
46%
71%
52%

S-Day

72%
75%
51%
71%
79%

85%
69%
42%
64%
79%

51%
71%
53%
55%
75%

67%
76%
44%
70%
48%

i 0-Day

90%
72%
55%
73%
88%

88%
65%
55%
71%
88%

57%
68%
48%
63%
81%

63%
8 1 %
53%
67%
45%

IDiiy

-1,7
-1,4

0,4
0.9
2.0

-2,4
-0,8

0.3
1.2
1,8

-0.8
-1,8
-0,5

0,9
2,0

-1,1
-1,7

0,1
1,6
1,0

Averafie
C'hiingc

-3,8
-2,4
-0,7

2,2
5,1

-3,9
-1,1
-0,4

1,6
4.0

-1.2
-2.0
-0,9

0,9
3.4

-2.0
-2,3

0,4
1,9
0,7

10-Day

-6,8
-3.2
-0,3

2,7
7 5

-4,6
-1,4
-0,6

2 0
5,3

- 1 2
-1,7
-0,4

1,0
3 1

-2.0
-2,6
-0,3

1,6
-0,5

I-Day

- 26%
- 80%
- 48%
- 25%
- 22%

- 46%
- 40%
141%

- 6 1 %
- 28%

- 6 %
- 54%
- ?3%
- 67%
- 48%

- 9 %
- 40%

9%
- 98%

- 6 %

Average
(change

'i-Day

- 59%
-136%

92%
- 64%
- 59%

- 74%
- 54%

-219%
- 80%
-62%

- 9 %
- 6 1 %

-158%
- 67%
- 8 1 %

-17%
~" OD /o

30%
-118%

- 4 %

10-Day

- 1 0 5 %
- 178%

41%
- 79%
— 86%

- 88%
-69%

-330%
-102%

- 8 1 %

- 9 %
- 52%
- 78%
- 74%
- 75%

-17%
- 64%
- 22%

-102%
3%

Rescaling the measured standard deviation of fourth-order spreads
reported in lahle III into transactions cost units revealed how short ster-
ling pricing eH'iciency improved over the 10-year sample period. For ex-
ample, given the 6.7- and 2.9-hasis-point transactions cost estimate, the
second-contract spread's estimated standard deviation fell over the period
from ahout 3 times eosts (20.4/6.7 for 1989-1990) to just 1.4 times costs
(4/2.9 for 1997-1998).

Y2K IN THE UNITED KINGDOM:
MILLENNHJM-TURN DIS I OKI IONS IN THE
SHORT STERLING TERM STRUCTURE

Figure 2 reveals unusual volatility in the five-contract spread of boxes
structure during the final segment of the sample. A closer examination
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ofthe dating scheme ul the aUccted spreads related ihis unusual volatility
to positions involving the December 1999 contract. The observed vola-
tihty resulted from the impact of the market's perception ol unusual fi-
nancing pressures over the millennium turn. Sueh pressures required the
final mid-Dcccmhcr ^-month cash deposit rate, against which the De-
cemhcr 1999 had final cash settlement, to be set unusually high. Of
course, as a result of this unusually high deposit rate, the December 1999
futures price ended unusually low.

Consider 3 five-contraet spreads of boxes (SI, S2, and S'^) consti-
tuted with positions in the crucial December 1999 eontraet:

51 = December 1998 - 4 X March 1999 + 6 X June 1999

- 4 X September 1999 + December 1999 (6)

52 - March 1999 - 4 X June 1999 + 6 X September 1999

- 4 X December 1999 + March 2000 (7)

S.̂  = June 1999 - 4 X Septemher 1999 + 6 X December 1999

- 4 X March 2000 + June 2000 (8)

If the millennium-turn adjusted Pascal spread has a zero mean, the im-
plied December 1999 priee effect from each spread can he estimated;

Implied December 1999 Effect 1 - SI (9)

Implied December 1999 Effect 2 - - (S2)/4 (10)

Implied December 1999 Effect 3 = (S3)/6 (11)

A clearer pieture of the millennium-turn Impact emerges from grouping
these spread positions and computing the average December 1999 eon-
traet priee effect for the common Jime 18, 1999 to September IS, 1999
sample period, hignre 3 presents the average millennium-turn effect im-
plied by the variable S'^ defined as:

S* - (Sl)/3 - (S2)/f2 + (S_^)/f8 (12)

For the first half of the period, the millennium turn generated a December
1999 short sterling eontraet price discount between 0 and 2 hasis points.
However, beginning in late July, the discount grew until it peaked at 8
basis points in latter weeks of August (in the midst of the Russian default
crisis). This December discount then receded toward its original O-to-2-
basis-point range by the end of the period.
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FIGURE 3
millfiiniiim liirn efTect on the December 1999 sliorl sterling price.

SUMMARY AND CONCLUSIONS

This artiele developed a pricing and spreading framework for short-term
interest rate futures contracts within the eontext ofthe high-order poly-
nomial approximation approach to the term strueture. The analysis pro-
duced some new insights into the natures of hoth spread trading design
and risk strueture along the yield curve. First, hedge positions producing
stationary spread series relevant for value-oriented spread trading do e.xist.
Second, the precise form of hedged trading conforms to an analytical
solution called here Pascal's spreading tr'utugle. The solution collapses
neatly to spreading sequences of adjacent contracts. Importantly, no em-
pirieally estimated hedge ratios are required to implement this spread
trading paradigm. I hus. not only ean the high-order polynomial approach
priee a deposit eontraet strip arhitrarily vvell, hut the model also delivers
inttiitive trading forms that are easily applied to maintain pricing
discipline.

The approach was applied In a study of arhitrage effieieney in the
fJKI E's short sterling deposit futures market. An analysis of five 2-year
suhperiods of daily short sterling futures priee data revealed that the
value-oriented spread trading (arbitrage) sector's effieieney improved
markedly over time. The improved pricing efficiency was eoineident with
dramatic declines in transaetions costs. Continued pressures on trading
costs, driven by the momentum toward sereen-hased trading, most likely
will ensure that the short sterling market will maintain its spread pricing
effieieney gains.
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Uncertainty related to the December 31, 1999 Y2K effect on mil-
lennium-turn financing costs caused significant distortions in the valu-
ation of spread positions involving the December 1999 contract. A mea-
sure of the importance of this effeet and its evolution over time was
presented. Although the passing of the Deeomher I 999 contract removed
this specific distortion, nevv, more subtle December effeets for short ster-
ling contraets may arise as the market anticipates a future U.K. entry into
the European Monetary Union and the concomitant conversion o( ster-
ling deposit contracts into euro deposit contracts.'' Thus, short sterling
spreaders must now assess both the future date and probability of Eu-
ropean Monetary' Union entry and also estimate the lair value of each
future December euro contract's year-end financing pressure priee dis-
count. Unfortunately, as with all trading paradigms, real-world compli-
cations tend to intrude.
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