A NOTE ON PRICING ASIAN
DERIVATIVES WITH
ConNTINUOUS GEOMETRIC
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A general expression is derived for the price of a European-style Asian
contingent claim in which the terminal value depends on both the
underlying asset price and the continuous geometric average of the
price of the underlying asset over the life of the claim. Specific for-
mulas are derived for Asian call, put, and binary options, as well as
for the average strike binary options. © 1999 John Wiley & Sons, Inc.
Jrl Fut Mark 19: 845-858, 1999

INTRODUCTION

Assume that trading is done in a perfect continuous security market with
no transaction costs. Consider a security (for instance, a stock) for which
the share price is governed by the Ito stochastic differential equation

dS = (u — D)Sdt + aSdX (1.1)

where i and o are positive constants, {X(t), t = 0} is a standard Brownian
motion, and D represents a constant rate of continuous dividend pay-
ment. Assume all risk-free investments earn the same fixed constant rate
of continuously compounded return r > 0. Define, for each t = 0,

*Correspnndence author, Dcpﬂrlment of Mathematics, Claremont Graduate University, 925 No.
Dartmouth Avenue, Claremont, CA 91711-3988.

® John Angus is a Professor of Mathematics in the Department of Mathematics at
Claremont Graduate University in Claremont, California.

The Journal of Futures Markets, Vol. 19, No. 7, 845-858 (1999)
© 1999 by John Wiley & Sons, Inc. CCC 0270-7314/99/070845-14




846

Angus

t
I(t) = J log S(u)du. (1,2)
0

Note that if t > 0, exp(I(t)/t) is the continuous geometric average share
price over the time period [0, t].

A derivative security based on the asset governed by eq. (1.1) in
which the payoff function depends on some type of average behavior of
the asset over its life is called an Asian derivative security. According to
Zhang (1997), Bankers Trust was the first financial institution to offer
Asian type derivatives in the form of options and offered them through
their Tokyo office (hence the name). Because average asset prices exhibit
less volatility than the prices themselves, Asian options are very useful
when dealing with assets that are vulnerable to price manipulations, such
as currencies and commodities including oil and metals. However, as a
rule, this attenuation of volatility results in lower values for Asian options
as compared to their vanilla (for instance, those priced using Black-Scho-
les) counterparts. Considered exotic, Asian options are mostly sold in the
over-the-counter or off-exchange markets (for example, in interbank
transactions) and therefore there is not much public data available on
the details of specific contracts and prices.

In this note, an Asian derivative security with life extending over [0,
T] and terminal payoff function f that depends jointly on I(T) and S(T)
is considered. It is assumed that the payoff may only be made at expiration
time T (hence, this is a “European-style” Asian derivative). A general
pricing expression is developed that gives the value of such a derivative
at timet, 0 =t =T.

Asian derivatives are discussed in Hull (1993), Karatzas (1997), Rog-
ers et al. (1994), Wilmott et al. (1993), and Wilmott et al. (1997), for
example. Though much progress has been made in studying distributions
of arithmetic average processes of geometric Brownian motion (Dufresne
1998), for example), closed-form pricing formulae for Asian derivatives
that use arithmetic averaging are unavailable. For these, numerical meth-
ods aimed at solving the PDEs satisfied by the price of the derivative
security must be used. These are treated nicely in general in Wilmott et
al. (1993), Wilmott et al. (1997), and Wilmott (1998) and specifically for
Asian options in Rogers et al. (1994). Alternatively, approximation meth-
ods, such as those developed in Turnbull et al. (1991), are available. In
the case treated here, namely continuous geometric averaging, explicit

pricing formulae are available for some specific claims but are not given
in many of the popular texts (for example, Duffie, 1996; Duffie, 1988;
Hull, 1993; Karatzas, 1997; and Merton, 1994, to name a few). A notable
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exception is Kolb (1997) who gives an explicit formulae for the geometric-
average-based call that includes both the discrete and continuously sam-
pled cases (however, no derivation is given). Also, a brief non analytical
discussion of the continuous geometric averaging case is given in Hull
(1993), but the prices that would follow from that treatment would only
be valid for time t = 0, and not at any other intermediate time. That
treatment may be based on Kemna et al. (1990), where an exact formula
is derived for the geometric-average—based Asian call option for the spe-
cial case t = 0 and then used in a Monte Carlo-based attack on arith-
metic-average-based Asian calls. Finally, Wilmott et al. (1993) and Wil-
mott (1997) offer a “recipe” for writing down the explicit formulae for
the geometric-average-based call and put based on solving the corre-
sponding PDE (with boundary conditions) satisfied by the value function,
but the resulting formulae are incorrect, and the expressions given in
Wilmott (1998) for the Asian call and put are also incorrect.

In this note a general formula is derived, using the risk-neutral valu-
ation approach, for the price of an Asian derivative with continuous geo-
metric averaging and payoff function f depending jointly on the under-
lying price at expiration and the continuous geometric average of the
underlying price. The prototypical claim for this setting is the average-
strike call or put, with payoff function (the notation x* = (]x| + x)/2
signifies the positive part of the real number x)

AS, I) = (§ — exp(I/T))* (1.3)
for the call, and
fis, I) = (exp(I/T) — S)* (1.4)

for the put. There is no known closed form for these cases despite the
use of the more tractable geometric average, but the general expression
given herein makes these easily attacked via numerical integration. The
general formula is then used to derive some explicit pricing formulas for
specific claims with payoffs given as follows:

fis, I) = (exp(I/'T) — K)* (L:5)
A8, 1) = (K — exp(I/T))* (1.6)
f(S, I) = Bliepum=k) (17
fiS, 1) = Bliepurmk) (1.8)

f(s, I = Bl{ﬁiwxp(fﬂr)} (1.9)
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f(Sl I) = B]{S(;cxp(I/T)}» (1]0)

where K > 0 is a constant exercise price and B > 0 is a constant payoff.
The payoffs (1.5) and (1.6) correspond to the call and put, respectively,
(1.7) and (1.8) correspond to the binary call and put, respectively, and
(1.9) and (1.10) correspond to the average-strike binary call and put,
respectively. Finally, to correct the analyses set out in Wilmott et al.
(1993) and Wilmott et al. (1997), the PDE approach to deriving the pric-
ing formulae is illustrated for the case of the call.

Throughout, the notation 14 stands for the indicator function that
takes value 1 when the event A occurs, and 0 otherwise; E(-) and E*(-)
will denote mathematical expectation operators.

THE GENERAL PRICING FORMULA
Using Ito calculus, the share price satisfying (1.1) is given by
S(u) = S(t)exp (g — D — a*2)u — t) + a(X(u) — X)) (2.1)

for u =t = 0. Using this in (1.2) it follows that for expiration time T, T
=t=0,

(u — D — &*2)(T — t)?

KT) = I(t) + (T — ¢t) log S(t) + >

-
- UJ’ (X(u) — X(1))du. (2.2)
i

Using (2.1), it also follows that

In S(T) = In S(t) + (& — D — ?2)(T — t)
+ oX(T) — X(5)). (2.3)

Next, consider the joint distribution of (In S(T), I(T)), conditioned on S(t)
= S and I(t) = I. The stochastic term in (2.2) has mean 0 and variance

J j (min(u, v) — tHdudv = Eu‘

and the stochastic term in (2.3) has mean 0 and variance ¢*(T — t). The
covariance of these terms is
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.
a’E ((X(T) - X(1)) L (X(u) — X(t))du)

=o* | EX(T) — X))X(u) — X(t))du

2 (T - f)_)

T
= ¢* — tdu =
a ﬁ (u Jdu o 5

Thus, the random vector
a(X(T) — X(t))

I
O’J (X(u) — X(t)du

has a bivariate normal distribution with mean vector (0,0)" and variance-
covariance matrix given by

T o a2

(T — ) (124)

-0 (-}
2 3

It follows that, conditioned on S(t) = S and I(t) = I,

In S(T) =4InS + (u — D — @2)T — 1) + oN, JT — t (2.4)

(u — D — 20T — t)?
2

I(T) =41 + (T — t) log S +

T 1\3
+ Nyo % (2.5)

where =4

signifies “equal in distribution” and where (N,, N,)" has a
bivariate normal distribution with mean vector (0,0)" and variance-co-

variance matrix

A convenient way to represent this in terms of independent standard
normal deviates is to let
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N\ _ (pZy + 25 |1 — pz)
) = & Wl

where Z,, Z, are independent and identically distributed standard normal
random variables, and

=
v3

p =5 (2.7)

Now suppose a terminal payoff function f is given that maps
{(s,i): s =0, —o0 < i < 0}

into the nonnegative real numbers. Assume that f is Borel measurable
and that for any real a, b and ¢ = 0, d = 0 the expectation Ef(exp(a +
bN,), ¢ + dN,) exists and is finite. If an Asian derivative security pays
fS(T), I(T)) at expiration time T, then its value at time t, 0 =t = T is
given by exp(—r(T — t))E* f(S(T), I(T)) where E¥ is expectation, con-
ditioned on S(t) = S and I(t) = I, taken under a probability measure
with respect to which the r-discounted value of a portfolio consisting
purely of the underlying asset is a martingale (see Baxter et al. (1996),
for example, or Ross (1997) for an elementary treatment of this fact).

To find this probability measure, consider a portfolio initially con-
sisting of 1 share of the underlying purchased for S(t;) at time ty. The
value of the portfolio at time t > t; is, accounting for dividend payments
by reinvesting them in shares for the portfolio, exp(D(t — t3)) S(t). This
is true because a dividend payment of DS(u)du is made during each time
interval (1, u + du], so in units of shares, the dividend is Ddu. This means
that the number of shares in the portfolio, N, evolves as dN = N Ddu
with N(t;) = 1 so that the number of shares at time t is exp(D(t — t)).
At time t the discounted value of the portfolio is therefore exp(—(r —
D)(t — t3))S(t). To be a martingale, it must be true that

E(exp(—(r — D)(t — t0))S(t) | S(u), u = tp)

= S(tge” DN tlglu=DIE=to) = g(y),

which is true forall t = t, = 0if 4 = rin (2.1) and we continue to treat
X as a standard Brownian motion. Under this probability structure, (2.5)
and (2.4) hold with u replaced by r. Summarizing this leads to the follow-
ing theorem.

Theorem 2.1. Let f be a Borel measurable function from
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{s, 1):s =0, —0 < i < 0}

into the nonnegative real numbers satisfying

5 > 2
O y— 2y + 2
J f(erblom+zy1=0%) o 4 dz)) exp (A l 5 2) dz,dz, < oo

with p = JE/Z for all real a, b and all real ¢ = 0, d = 0. Define
Uy(z1, 235 §, 7) = Se"“D""J/Z)”‘”(I'll+2z-’/1*—i'“’)v";
and

(r — D — a%/2)1* 3

Uyzy; S, 1) =1+ 7tlog S + 3 + oz, |—.

Then the Asian contingent claim that pays f(S(T), I(T)) at time T > 0 has
value

VIS, 1, 1) = 008 j f AU (21,25 S, T — #8),

Uz(zl; S. I, T — t)) d:ICIZz

at time t when the share price is S = S(t) and I = I(t), 0 =t = T. If in
addition, f(S, I) = g(I) for a suitable Borel function g, then the Asian
contingent claim that pays g(I(T)) at time T > 0 has value

£

g(!-i—(T—t)]ogS

VS, I t) = e T J

— - g? — )2 _ 3\ -2
5 (r — D — g%2)(T — ) & (T — 8 )(, R
2 3 J2n

at time t when the share price is S = S(t)and I = I(1), 0 =t = T.

With the help of the following lemma, whose proof is a straight for-
ward manipulation of probability integrals involving the standard normal,
calls and puts can easily be priced:

Lemma 2.2. Let Z be a standard normal random variable and
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¥ —=22/2
o)) = J e PN

J2m
the standard normal cumulative distribution function. Then

E(F exp(GZ + a) — k)"

” - = o F -
— Fexpl@ + (_jz/z)q)(log(HL) ;— a + 0) 1 (lob(fﬂ;) + y)

and

E(F exp(6Z + @) — k)

—log(F/k) — i — &
a

= —F exp@ + 6“)/3}1‘1)( ) + kd

(*log(F/k) = ﬁ)

a
for any constants F, k, i, and a.

Taking g(I) = (exp(I/T) — K)* in the theorem is tantamount to
taking k = K (the exercise price), F = exp(I/T)ST " @ = (r — D —
a22)(T — 1)?2T, and & = (o/T) V-"(T — 1)%/3 in the lemma. This im-
mediately gives the price for the Asian call with continuous geometric
averaging:

(r — D — &22)(T = t)?
2T

VearlS, I, t) = e 1T [F exp (

2 e 3
6T>

and putting g(I) = (exp(I/T) — K)~ immediately gives the price of the
Asian put with continuous geometric averaging:

VoulS, I, §) = e T ¥ [K(D(—dz) -

(r — D — a?2)0(T — t)*  o&*(T — :)‘) ]
7 o - 9
Fup( ST %+ T8 ® ( d,)- (2.9)
where
4 — Tlog(FIK) + (r — D - a? 20T — 122 + oX(T — 1)*/3T
| =

a /T — 1)*/3
(2.10)

and
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_ T log(F/KK) + (r — D — ¢*2)(T — t)*/2

d
’ o (T — 1)/3

(2.11)

Note that when t = 0 is substituted in (2.8) through (2.11), they reduce
to the formulae given in Kemna et al. (1990) and Hull (1993). Therefore
the Kemna et al. (1990) and Hull (1993) formulae correspond to the case
in which there is T time left in the option life, whereas (2.8) through
(2.11) give the values when there is T — t time left in the option, for all
0 =t = T. Also, the formula in Kolb (1997) agrees when it is taken to
the continuous limit (that is, when continuous geometric averaging is
used).

Using eq. (2.5) directly, the binary call and put prices are obtained
using g(I) = Bl exyqm-ky and g(I) = Blexyarm)<k)» respectively as:

Venean(S, I, ) = e ™70 Bd(d,) (2.12)
and
Venew(S, I 1) = e ™77 Bd(—d,) (2.13)

with d, given by (2.11).

The average-strike call or put, with payoff (1.3) or (1.4), respectively,
is easily handled via an application of numerical integration along with
the theorem. On the other hand, the average-strike binary options have
explicit formulae. Using (1.9) and (1.10) in the theorem readily yields

a — ¢

Jb? + d* — 2pbd

) (2.14)

VERSH™E (S, 1, 1) = e "TY BO (

for the average-strike binary call, and

cC — a

, ) (2.15)
\Iﬁ’bz & & dz - 2])bd

VEKSTRE(S 1) = T B (

for the average-strike binary put. In eqs. (2.14) and (2.15), p is given in
(2.7), and

a=(r—D - a*R2)(T - )1 — (T — t)/2)
b =0T —t

|
c=——%ln5

o
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T _ 3
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PDE APPROACH

By using a continuously hedged portfolio of the underlying and the de-
rivative security, it is essentially shown in Wilmott et al. (1993) and Wil-
mott et al. (1997) that the value W of an Asian derivative based on the
continuous geometric mean, satisfies
aWw oW *W oW
at IS

2

0" 2
+ log § ¥ + L g2 + ¢~ DIEZY . W= D
BT T2 i e

dt

(Here a slight adjustment to the portfolio to account for the dividend
payment has been made.) Assuming that the final condition

W(S, I, T) = f(I)
depends only on I, the substitutions

I + (T — t)log S |
T |

)':

W(S, I, t) = V(y, t) ‘

transforms the PDE to

v (T - r)3 9V : (T - :) v ‘

=4 (= +(r—D - o¥ e =G

a2 T JgE T ol e FRalkilind
Finally, substituting !
F = exp(y) |
yields the PDE ‘
v o (T - :)3 , 8%V |

— + — F* — 3.1
ot 2 T oF“ 1 ‘
T -1\ o (T-1\*]_ av |

- D - o*2 o ) = =
+ [(r D — ¢°/2) ( T ) 4 5 ( T ) ] I rV = 0.

aF ‘

Eq. (3.1) is nearly a Black-Scholes PDE with time-varying volatility, time-
varying interest rate, and time-varying rate of continuous dividend pay-
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ment. In fact, if the coefficient of V were r(T — t)/T, then this would be
a Black-Scholes PDE. Nevertheless, the technique used to solve the
Black-Scholes PDE with time-varying coefficients presented in Wilmott
et al. (1993) and Wilmott et al. (1997) still works for (3.1). In particular,
by making the further substitutions

F = Fea

V = Vet
and

t = y(t)

where the functions a, f, and y are given by

T i __ . 2 /T 2
alt) =£ {(r — D - &%2) (T T u) + %(r = “)]du

02) (T — )2 oXT — 1)}
=|{r—-D- = +
(r . 2 2T 6T

pit) = (T — t)

and

_dAT - 1)
317
eq. (3.1) transforms to
v F? oV
Lo (3.2)
ot 2 pF?

This latter equation may be solved for a particular solution, say V, inde-
pendently of the parameters, and in terms of the original variables, the
solution of eq. (3.1) satistying the final condition

V(F, T) = V(F, 0)

is then
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V(F, t) = e POV(Fe*®, y(1)). (3.3)

Repeating the analysis of eq. (3.1) for the classical Black-Scholes equa-
tion with constant parameters, namely

Il

v ot , v av

. 22 4 (r = DF = — 1V = 0, 3.4
3f+2F6F2 (r — D) F " 0 (3.4)
would entail taking a(t) = [} (r — D)du = (r — D)(T — t), f(t) =
I'rdu = (T — 1), and y(t) = [! a’du = ¢*(T — t) en route to eq.
(3.2). Of course, the solution to (3.4) satisfying V(F,T) = (F — K)"
(i.e. the call) is given by the well-known Black-Scholes formula,

log(F/K) + (r — D + ¢*2)(T — t))

"’BS(F‘ t) = e f)(l”F(D( -
J\,"VT = {

log(F/K) + (r — D — aR2NT — t))

_Ke—r(T—l](D (
G'VtT — i

so that the particular solution to (3.2) is found by solving eq. (3.3):

"/(F. D = er(Tf!)VBs(ef(FJ’)](T**I‘)F“ - 1‘/0_2) (3.5)

= Fo 2

i (]og(F/K) + :/2) . (log(F/K) - f/z).
\/’t

Using (3.5) for V in eq. (3.3), and substituting for a, f, and y as given
preceding (3.2), vields the same formula for the Asian call as given in the
risk-neutral analysis above. It is noted once again that the recipe outlined
in Wilmott et al. (1993), pp. 196-197 and Wilmott et al. (1997), p. 232,
will not lead to the correct formulae for the Asian derivative with contin-
uous geometric averaging.

CONCLUSIONS

A general formula was developed for pricing Asian derivatives that use
the continuous geometric mean of the underlying share price under the
conditions that the terminal payoff depends on the underlying asset price
at termination and its geometric mean at termination and that a constant
and continuous rate of dividend payment from the underlying applies.
This in turn was used to exhibit explicit pricing formulae for the call, put,
and binary call and binary put for an Asian option that uses the contin-
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uous geometric mean. In addition, explicit formulae were derived for the
average-strike binary Asian options. The formulae for the put and call are
apparently not widely known or published, though other authors have
alluded to the fact that they are tractable due to the use of the geometric
mean as opposed to the arithmetic mean. Given the increasing interest
in the mathematics of derivative pricing, it seems timely to present an
exposition of these now.

Financially speaking, it seems of little importance whether the arith-
metic or geometric mean is used in designing Asian derivatives. Indeed,
the object is to base the claim value on some measure of central tendency
of the share price over a time period, and for this purpose it seems just
as effective to use the geometric mean, especially since explicit pricing
formulae are available.

Finally, the explicit formulae given here are also important because
they provide the ingredients necessary to implement variance reduction
techniques, such as the method of control variates (see Ross, 1997a, for
example), in computing Monte Carlo approximations for derivative se-
curities involving the less tractable arithmetic average of the underlying
price.
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