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INTRODUCTION

Empirical tests of option pricing models involve examining the eonsis-
tency of option prices with the priee distribution of the underlying asset.
Most studies foeus on second moments, changes in second moments,
and higher-order moments (Bates, 1996). Longstaff (1995) has recently
suggested a simpler test that focuses exclusively on the first moment,
corresponding to the ohser\ahle market price of the underlying asset. The
martingale restriction tested hy Longstaff is that the value of the under-
lying asset implicit in option prices equals the market price of the asset.

Longstaff tests the martingale restriction on S&P 100 index options
during 1988 and 1989. Because these are American options, his study
only considers call options, where the early exercise feature is unlikely to
have any effect. Assuming the Black-Scholes model and using all call
options quotes in a daily five-minute window, Longstaff finds the implied
S&P index value exceeds the actual index value for 442 out of 444 ob-
servations. The mean percentage pricing difference is 0.465 with a f-
statistic of 3!.52. Relaxing the Black-Scholes lognormal distributional
assumption by allowing the risk-neutral measure to come from the four-
parameter Edgeworth expansion family only confirms the results. Invert-
ing these four parameters from tbe four nearest at the money call options
with a common maturity results in 812 ohservations. Of these, 759 are
positive, and the mean percentage pricing error is 0.4 with a (-statistic of
31,08. Several sensitivity tests of the results from the Black-Scholes
model confirm their robustness. To examine whether market frictions can
explain the pricing hias, Longstaff regresses the Black-Scholes percentage
pricing differences on variables capturing the transactions costs of op-
tions, option market hquidity, and recent stock market movements. Each
of these is significant in explaining the pricing difference. Longstaff con-
cludes that general equilihrium models that relax the martingale restric-
tion and accomodate market frictions hold more promise than no-arbi-
trage valuation models,

Aparicio and Hodges (1996) address the logic of Longstaff's martin-
gale restriction test, pointing out that assuming the Black-Scholes model
when the actual distribution has nonnormal skewness or kurtosis shifts
the mean of the implied risk-neutral distrihution. They argue that rejec-
tion of the martingale restriction is better interpreted as rejecting the
assumed option pricing model than as rejecting the no-arbitrage assump-
tion of no market frictions.

This study applies the martingale restriction test to S&P 500 (SPX)
index options over the period 1990-1994. Using S&P 500 index options
avoids the American and wild-card features that compromise studies of
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S&P 100 index options. It offers a reexamination of the no-arbitrage as-
sumption for a more recent period in a market that probably more closely
satisfies the assumptions of standard option pricing models. The study
also uses both put and call options. The results show that, as in Long-
staff's study, the joint hypothesis that S&P SOO index options priced by
the Black-Scholes model satisfy the martingale restriction can be re-
jected. However, unlike Longstaff s study, assuming a more general form
for the risk-neutral distribution of the index that accommodates nonnor-
mal higher moments and better descrihes the time-series properties of
the index, results in less clear rejections. Applying the martingale restric-
tion test either to calls and puts separately or to calls and puts combined,
although giving some statistically significant violations, produces viola-
tions that are economically insignificant, heing an order of magnitude
smaller than those Longstaff finds. The study concludes that for the op-
tions contracts and period examined, the assumption of no-arbitrage is a
reasonable working approximation.

OPTION PRICING AND THE IVIARTINGALE
RESTRICTION

The fundamental theorem of asset pricing (Dybvig & Ross, 1987) states
that the absence of arbitrage opportunities is equivalent to the existence
of a linear pricing rule that, when applied to an asset's future payoffs,
gives its current market price. No-arbitrage and a linear pricing rule also
imply, and are implied by, the existence of an equivalent martingale mea-
sure, which is a probability measure, such that an asset's price equals its
expected future payoff with respect to the equivalent martingale measure
discounted at the riskless rate. Harrison and Kreps (1979) introduced the
term "equivalent martingale measure." showing that with a zero riskless
rate an asset's price process is a martingale under the equivalent martin-
gale measure.'

Applied to options this gives,

Go = BrEQ[F{Xr)l (1)

where Go is the current option price, B-j- is the current price of a pure
discount bond with maturity T, F{Xj) is the payoff to the option at ma-
turity 7' based on the realizations, Xp of the underlying asset at 1\ and
EQ denotes expectation with respect to the equivalent martingale mea-

'With a nonzero riskless rate, the discounted price process is a martingale.
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sure, Q. This corresponds to the risk-neutral valuation approach of Cox
and Ross (1976) with Q as the risk-neutral measure.

Applying the same rule to the realizations of the underlying asset
similarly must give its market price,

Xo = BjEQiXr]. (2)

LongstalT's insight is to combine these two results. IT eqs. (1) and (2)
hold, the discounted e.vpected payoFFfrom the underlying asset under the
risk-neutral measure implicit in option prices equals the current asset
price. Equivalently, the price of the underlying asset implied hy option
prices equals its actual market value. Because this effectively imposes a
restriction on the mean of the implied risk-neutral measure. Longstaff
calls this the martingale restriction and the corresponding test the mar-
tingale restriction test.

Any test of the martingale restriction ine\itahly involves a joint test,
not only of the no-arhitrage assumption, hut of all the assumptions un-
derlying the assumed option pricing model. Rejection under one model
need not necessarily imply rejection of the no-arhitrage assumption. To
examine whether violations of the martingale restriction may be due to
misspecification of the option pricing model, this study considers two
alternative assumptions about the distribution of tbe SPX index. First is
the standard assumption tbat the index follows a lognormal distribution,
leading to the Black-Scholes model. A large empirical literature shows
that the Black-Scholes model does not fully explain observed option
prices. Strike price and maturity biases in implied volatility estimates from
the Black-Scboles model suggest tbat a lognormal distribution does not
give a good Ht for the higher moments of the empirical distribution func-
tion of tbe SPX index. A second assumption tbat accommodates a gen-
eralized lognormal distribution for tbe SPX index is therefore used as an
alternative to tbe Black-Scboles model. The generalization originates with
Jarrow and Rudd (1982), who show that an option pricing formula given
by the sum of the Black-Scholes price plus adjustment terms for non-
normal skewness and kurtosis of the underMng asset distribution gives
an accurate approximation for a wide class of distributions.

DATA AND EMPIRICAL RESULTS

Data

The raw data for this study comprises S&P 500 index option prices and
contemporaneous index levels from the transactions price history pro-
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vided by tbe Chicago Board Options Exchange. This is supplemented by
S&P SOO index futures data provided by tbe Futures Industry Institute.
At any time, SPX index options trade For six expiry dates, the March June ,
September, and December quarterly dates with the addition of two nearby
months. The S&P 500 futures contract trades only on the quarterly dates,
with trading heavily concentrated in the nearest maturity.

In contrast to S&P 100 index American-style options, the SPX con-
tract is the world's leading traded European-style index option. Rubin-
stein (1994) argues that the SPX contract provides the best conditions
for the practical application of the Black-Scholes formula. The data cov-
ers the five years 1990 to 1994. during which time trading volume is
significantly higher than during the 1980s, when Longstaff conducted his
study on S&P 100 index options. This more recent sample period should
remove any relative market illiquidity disadvantages of using the SPX
contract.

Following Longstaff's sampling procedure, quotations for call and
put options are taken from the five-minute window, 14.00—14.05. This
avoids contamination by market opening and closing eFFects and ensures
an identical time window throughout the period. Using alternative five-
minute windows to check robustness gives essentially identical results.
Tbe option quotations are tbe midpoint of tbe first pair of bid—ask quotes
for each option contract during the window. The actual index value is the
average across option transactions within maturity hands (see below) dur-
ing tbe Hve-minute window. Testing tbe martingale restriction also re-
quires tbe riskless interest rate and tbe ex-pected dividend stream For tbe
S&P 500 index. The Treasury bill rate, taken from Datastream, provides
the riskless interest rate. As a sensitivity check, using a Eurocurrency rate
gives similar results. Following standard practice, the actual dividends on
the index, from S&P Corporation, are used For the expected dividend
stream. The index is adjusted by subtracting tbe present value of expected
dividends {PVD) over tbe life of tbe option, given as.

PVD = 2 D;*'-'-*'*, (3)
i=\

wbere
D( is tbe value of di\idends in index points at date (;; and r-, is tbe

Treasury bill rate."

^Treasury bill rates arc tolk-ctcd For one. three, six. antl twclw month muturities. Tlie one-month
rate is used lor e,\-dividfiul diilfs f:i]linfi williin one munlh, and linear inleqiolatinn between succes-
sive rates is used lor iithtr c\ dividend dales.
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For options expiring in a montborless, tbe delay between announce-
ment and payment of dividends likely eliminates tbe difference between
expected and actual dividends. Tbe discrepancy likeiy remains for longer
maturities. Tbe percentage pricing difference is calculated as tbe differ-
ence between tbe implied and actual dividend-adjusted index values as a
percentage of tbe actual dividend-adjusted index value. As a sensitivity
cbeck of tbe results to assumptions about dividends, tbe empirical anal-
ysis below also reports on tests of tbe martingale restriction using the
S&P 500 index futures level. Tbe study drops option quotations tbat vi-
olate standard arbitrage bounds.

Tbe subsequent analysis tests tbe martingale restriction separately
on option contracts witb different maturities. Tbe reason for distinguisb-
ing different maturities is tbat, altbougb tbe option pricing models used
in tbe study assume volatility is nonstocbastic, volatility is likely to be
time-varying even if it is deterministic. Several studies document maturity
effects on implied volatility estimates."^ If volatility varies witb time, tbe
variance in option pricing formulas is tbe average variance over tbe op-
tion's maturity.

Wben testing on calls and puts together a requirement of at least
five option prices for eacb option type and maturity is imposed. Wben
testing the restriction on calls alone or puts alone, a bigber minimum
requirement of at least seven option prices for eacb option-maturity com-
bination in tbe five minute window is imposed."* In total, tbe tests are
carried out on 799 days and 1,588 option-maturity combinations in tbe
case of calls and puts togetber. For calls alone, tbe figures arc 930 days
and 2,120 call-maturity combinations, and for puts alone tbe figures are
783 days and 1,599 put-maturity combinations.

Table I gives summar\' statistics on daily sample sizes and moneyness
for calls alone (Panel A) and puts alone (Panel B). Moneyness is defined
in terms of tbe forward price and tbe strike price.

In
(S -

X
(4)

For option-maturity combinations satisfying tbe minimum restriction of
seven strike prices available, tbere are sligbtly more available call option-
maturity contracts traded in tbe five-minute sample window tban put

For evidence on ihc t'lTect of maturity on stock index option implied volatility see Hi/ and I iniicanf
(1993). Harvt-yaml Whaley (1992). ami Stein (1984).
The lesser minimum ri-qiiirement of five option prices gives qiialitiilivfly identical rcsulls to lliose

reported here. E,\Llutling observalions with less than sexcn prites excludes sfveral cases For longer
maturity contracts where the percentage pricing difference exceeds an imposed upper limit of 10%.
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TABLE I

Summary Statistics for the Research Sample

Panel A: Call options
Mean
Standard deviation

Minimum
5%
10%
istQuartiie
Median
3rd Quartile
90%
95%
Maximum

Panel B: Put options
Mean
Standard deviation

Minimum
5%
10%
1st Quartile
Median
3rd Quartile
90%
95%
Maximum

Numher
of Options

11,3821
3,1569

7,0000
7,0000
8,0000
9,0000

11,0000
13,0000
16,0000
17,0000
23,0000

10,4497
3,1266

7.0000
7,0000
7,0000
8,0000

10,0000
12,0000
15,0000
16,0000
22,0000

Minimii))!
Moneyness

-0,0353
0,0385

-0,2170
-0,1050
-0,0830
-0,0530
-0,0300
-0,0120

0,0070
0,0210
0,0970

-0,1087
0,0534

-0-2720
- 0.2040
-0.1920
-0.1485
-0,1000
-0,0715
-0,0508
-0,0310

0,0790

Average
Moneyness

0,0489
0,0306

- 0,0520
0.0030
0,0140
0.0280
0,0460
0,0680
0,0891
0,1040
0,1590

- 0,0256
0,0357

-0,1320
-0-0900
-0,0760
-0,0480
-0,0220
-0,0030

0,0180
0.0300
0-1290

Maxitnitm

Moneyness

0.1648
0,0854

0.0010
0,0670
0,0760
0,0940
0,1440
0,2300
0,2900
0.3250
0.4520

0,0637
0,0604

-0,0620
-0,0290
-0,0010

0,0270
0.0560
0,0870
0,1350
0,1841
0.4020

Notes: The table reporls summary statistics for the sample of SPX call and put options used in the study Panel A reports
the statistics for call options. Panel B reporting statistics for put options The statistics—given in each row—are for Ihe time-
series of daily options used in testing the martingale restriction. The table gives summary statistics for four variables: the
number of options each day; the daily minimum moneyness; the daily average moneyness; and the daily maximum money-
ness. Equation (4) defines moneyness.

option-maturity contracts. The median number is 11 for calls and 10 for
puts with a maximum oF 23 for calls and 22 for puts, lhese figures com-
pare with corresponding figures from Longstaff's study of a median value
of I I calls and a maximum value of 20 calls. Looking at the average
moneyness across option-maturity combinations, in the case of calls the
mean contract is almost 5% out-of-the-money, whereas the mean contract
for puts is approximately 2.6% out-of-the-money. For over 95% of the
option-maturities the average moneyness lor calls is positive (out-of-the-
money), whereas the average moneyness for puts is negative (out-of-the-
money) for over 7S% of the sample.
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Over the sample period the average dividend-adjusted SPX index
value shows a 62.5% variation (roughly from 294 to 478). Overall option-
maturity combinations the difference hetween the maximum and mini-
mum index values averages 0.16. Comparing this with the index value
and a mean option spread of 0.64 suggests that taking the actual index
value as the average across corresponding option transactions should not
result in any significant inaccuracies.

Empirical Tests of the Martingale Restriction

Testing the martingale restriction involves inverting the relevant option
pricing model, for each call-maturity, put-maturity, or put/call-maturity
combination, to give the implied dividend-adjusted SPX index value and
the implied volatility (and implied higher moments where required). The
criterion function in solving for these implied parameters is to minimize
the sum of squared pricing errors hetween the model option prices and
the market prices. This criterion function is widely used in the literature.
However, it is likely to place heavier emphasis on in-the-money options
within option-maturity combinations.

Assuming first that the dividend-adjusted SPX is lognormally distrib-
uted, for each set of option-maturity prices, the implied (dividend-ad-
justed) index value. S-PVD, and the implied variance, CT^, are calculated
by numerical computation From the Black-Scholes formulas for calls and
puts.

c - (S - PVD) N{d) - K^-^<^-" N{d - ajF - t), (5)

p = K -̂'-<T--n /v(-t / - ajT - t) - (S - PVD) N(-d), (6)

to minimize the sum of squared pricing errors between the model option
prices and the observed market prices.

(7)

I h e notation used here is standard for the Black-Scholes formula, andg.-
and ^,,, denote the model and market prices for options (calls, puts, or
both combined).

The alternative to the Black-Scholes formula, using a generalized
distribution. Follows several other studies of option pricing models that
expand the normal distribution for log returns to approximate distribu-

2 lnji S - PVD . &) - gj\
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tions witb nonnormal bigher moments. The application of tbis technique
to option pricing originates with Jarrow and Rudd (1982), wbo sbow bow
a given probability measure can be approximated by an arbitrary distri-
bution in terms of an Edgeworlb series expansion involving bigber-order
cumulants. Longstaff (1995) uses this technique, with the series trun-
cated after the third term, as a test of the martingale restriction on a
general no-arbitrage option pricing model. Corrado and Su (1995) use a
closely related Ciram-CharNer (moment-based) expansion to estimate co-
efficients of skewness and kurtosis implied by S&P 500 index options."*
Other studies using generalized distributions in option pricing include
Corrado and Su (1996) and Backus ei al. (1997)/'

Using a generalized distribution results in the following call option
pricing formula,

c' = c + q_^i.i^ + q^ (m - 3), (8)

- t - d) n{d) - a^ (T - 0 N(d)],

- 1 - 3ojt{d - CTJT - t)\ nid) + a ' (T - t)^^^ N{d)),

where c is the Black-Scholes option value, n^ and |i4 are the skewness
and kurtosis of log returns, n{.) is the standard normal density function,
and other terms are as before. The corresponding put option formula
combines eq. (8) with the put-call parity relation.

The implied dividend-adjusted index value, and implied volatility,
skewness, and kurtosis are the values minimizing tbe sum of squared
differences between the observed market price and the extended [ormuia
price,

'Corrado and Su (I 995) truncate the (.irum-Charlii-r expansion to exclude terms beyond the fourth
moment, resulting in an ciniivalent procedure to I .ongstaff (1 '•J'^5)—compuri- eij, (I) in Corrado and
Su (1*̂ )95) with eq. (S) in LongstafT (1995). Tbis study follows an identical approach.
*'One potential problem in using eitber Rdgewortb or Gram-Cbarlier exjiansions is that for ccrtnin
parameter values they can assign negative probabilities to int<?r\al!< in the tails of the distribution
being appro.vimated. Cont (1997) suggests this drawback should not be viewed as prohibitive, but
advises caution in using lhese methods to price options far nut-of-tbe-money. An anaUsis of tbt-
problem in tbe current study suggests negative probabilities are possible, but tbese are not signilicant
for tbt paramt'tfr values l()iind.
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- \gj{S - PVD, 6) + q^(l^ + q^{(i^ - 3)]}^ (9)

where theg,,,j are the observed market prices of SPX put and call options,
J in total, and thegj are the Black-Scholes option prices. This procedure
results in maximum likelibood implied index estimates allowing for non-
normal skewness and kurtosis.

Empirical Results

This subsection reports the empirical results assuming the lognormal dis-
tribution and tbe generalized distrihution and presents a graphical com-
parison. It also reports a sensitivity check of the effect of any dividend
assumptions, using S&P 500 index futures data.

The Lognormal Assiituption

Tahle II reports the results of fitting tbe Black-Scholes model to the sam-
ple. The table gives statistics on the percentage pricing differences for
five maturity bands and an average across all maturities. Panel A confirms
the results for the S&P SOO index" that Longstaff finds for the S&P 100
index (see Longstaff, 199S, Table 2). The results are. if anything, stronger
tor the SPX index in rejecting the martingale restriction. Over the whole
sample, 99.7% of call-maturity combinations give an implied value of the
index above the actual index value. The associated Z-statistic for the null
of an equal number of positive and negative pricing differences is 4S.78,
For all maturities exceeding two months the implied index value always
exceeds the actual index value. At shorter maturities there are some neg-
ative differences, but over the whole sample only six out of 2120 call-
maturity combinations give an implied index value below the actual value.
The mean percentage pricing difference across the whole sample is 0.611
with an associated (-statistic of 46.99. These figures compare with Long-
staff's results of 0.465 and 31.52. The median pricing differences are
always less than the mean pricing differences, indicating a positive skew,
but these statistics give consistent results.

Mean and median percentage pricing differences increase monoton-
ically with time to expiry, although standard deviations also increase. The
median percentage pricing difference increases From 0.18% for the short-

For brevity, unless tbere is some possibility of conlusiun. wben the text refers to the index, this
means the dividend-adjusted index from now on.
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est maturity to 1.22% for the longest maturily. LongstaiT (1995) does not
provide results for separate maturity bands. However, he does report
(Longstaff, 1995, Table 3) a regression coefficient for percentage pricing
differences on time to maturity of 0.01421. Assuming a 20-day trading
month suggests increases in percentage pricing differences are actually
higher in Longstaff's study than here, although his range of maturities is
shorter.^ Aparicio and Hodges (1996) report a similar maturity effect to
that found in the current study for CME options on the S&P 500 index
futures over the post-Crash period until the end of 1992.

Overall, these figures are consistent with the iognormal distrihution
assumption of the Black-Scholes model not offering an accurate descrip-
tion of the SPX index distribution.

Longstaff was unable to examine put options on the S&P 100 index
because of their early exercise feature. However, the put-call parity rela-
tion implies equivalent pricing errors for calls and puts with equal strikes
and maturities. Panel B of Table II confirms this reasoning. Although
there is greater dispersion in percentage pricing differences implied by
put options, the results still strongly reject the martingale restriction in
favor of positive pricing differences. The proportion of positive differ-
ences is 85.7% with a Z-statistic of28.53. The median difference is 0.495,
which is very similar to the value for calls. Again, mean and median per-
centage pricing differences increase monotonically with maturity, and the
highest (-statistics occur in the longer maturities. Aparicio and Hodges
(1996) find comparable results in their study.

Finally, Panel C of Table II reports summary statistics for percentage
pricing differences for different times to expiry, combining calls and puts
in calculating the implied index value and implied volatility. There are
two main results. First, for all maturities, the median and mean percent-
age pricing differences are significantly lower for calls and puts combined
than for calls or puts separately. Across all observations, the median per-
centage pricing difference is 0.275 and the mean is 0.289. Second, the
proportion of positive pricing differences remains high at 94% with the
associated Z-statistic being a highly significant 35.08.^^

nTie maximum maturity in Lon^stafF's study is 'i'i (iradinp) days with a mean and median maturity
oi" 28 days.
Neither result is alTccted l>y the differonl sets of options employed in ihf ihrec panfls. T'or example,

usinn the same I SS8 obscrvalions From Panel C for calls ^ivcs (iverall results nf yJ.Sfi'/f positive
pritinji dift'erenees with :i Z-sl;!tistic of .^9.SO. I ur puts, the figures are S7.Sy'/; posilive with a Z-
statistic- 24.96.1 he major ditfcrento between the results is that for longer maturity puts, the implied
index value from a small number of sets of options with less tban seven available prices, gives a
percentage prieing difference that hits the imposed upper limit of 10%.
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The Generalized Distribution

Table III reports the results from assuming the SPX index follows a gen-
eralized distribution. Panel A shows that the proportion of positive per-
centage pricing differences for calls alone, although remaining signifi-
cantly greater than 0.5, is significantly lower than reported in Table Ii for
the Black-Scholes model. The median percentage pricing difference is
4.5 times lower than the median difference in Table II. and even the 95th
percentite of the distribution of pricing differences is below the median
pricing differences for the Black-Scholes model. For puts. Panel B shows
that cases where the implied index value is below the actual index value
are now significantly greater than eases where the reverse occurs. The
median percentage pricing difference over all maturities is now —0.075,
which in absolute terms is 6.6 times less than the corresponding value in
Table II.'" For puts with maturities of 31 to 60 days and 61 to 90 days
the (-statistics for a mean value of zero are not significant. F'inally, testing
the martingale restriction on puts and calls combined, the median per-
centage pricing difference over all maturities is 0.033, with similar values
within maturity bands up to 180 days; for the longest maturity options
the median difference is zero, with an equal number of negative and
positive errors. The overall median percentage pricing difference of 0.033
compares with a value of 0.275 in Table II, and with values reported by
Longstaff of 0.410 for the Black-Scholes model and 0.31 1 for the genera!
option pricing model (Longstaff, 1995, Tables 2 and 6). The mean value
of 0.032 is statistically significant (f-statistic of 9.78), but economically
insignificant. For example, taking the mean percentage pricing difference
of 0.032 and an average index value over the sample period of around
400, a maximum option delta of 1.0 translates into an effect of 0.128 on
option values. This is equivalent to one fifth of the mean option spread
over the period. Further evidence of the economic insignificance of the
percentage pricing error comes from combining the median (mean) value
ol 0.033 (0.032) with the average index value, giving a figure of 0.132
(0.128) index points, and comparing this with the overall mean value lor
the difference between the maximum and minimum SPX index values
across different strike prices in option-maturity sets of 0.162.

Looking at median pricing errors for calls alone (Panel A) or calls
and puts combined (Panel C) also shows that the positive time-to-ma-
turity biases apparent in Table II disappear under the generalized
distribution.

Repeating the analysis on put options after deleting 25 outlying ohservations. results in a maximum
percentage pricing difference of 2.42 and a median percentage pricing clifferente almost unchanned
at -0.070.
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- 3 . 5 ^

200 2000 2200

FIGURE 1
Time series of percentage differences belwfon the implied value of tbe S&P index

and the actual value of the index net of dividends: call options under the
lognorniai dislribution.

Figures I and 1 graph the time series of percentage pricing errors
associated with call option implied index values, assuming the lognormal
and generalized distributions. The horizontal scale numbers the sample
days in calendar time. Figure I provides a clear visual representation of
the systematic positive bias in the implied index value under the lognor-
mal assumption. By contrast. Figure 2 shows that the generalized distri-
bution produces pricing errors more randomly and densely distributed
around zero. Figures 3 and 4 show the corresponding pricing errors plot-
ted against time to maturity. For the lognorma! distribution Figure 3
shows a clear positive time-to-maturity bias, whereas there is no obvious
expiration bias in Figure 4. Corresponding plots for calls and puts com-
bined (not shown) tell a similar story.

Testing the Martingale Restriction with
S&P 500 Index Futures

One possible criticism of the previous analysis is its dependence on as-
sumptions about dividends. Although Longstaff (1995) reports the rejec-
tion of the martingale restriction on S&P lOO index options is not due to
dividend uncertainty, there is a simple way to clieck tor this in the case
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FIGURE 2
Time series of percentage differences between the implied value of the S&P index

and the actual value of the index net ol dividends: call options under the
generalized distribution.

3.5-

-3.5H

100 ISO 200 260

Time to maturity (days)

300 400

FIGURE 3
Percentage differences between the implied viiliie of the S&P index and the actual
value of the index net of dividends against time to maturily: call options under the

lognormal distribution.
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0.0

- 3 . 5 -

50 100 150 200 250

Ttme to maturity (days)

FIGURE 4
Percentage differences between the implied value of the S8fP index and the actual
value of the index net of dividends against time to maturity: call options under the

generalized distribution.

ol S&P SOO index options. European S&P 500 index options can he
considered as options on the S&P 500 futures contract. Traders use the
futures contract to hedge index options. Therefore, implied index values
can he compared directly with index ftittires prices dispensing with the
need lor any dividend adjustments. Table IV reports mean percentage
pricing differences relative to S&P 500 index lutures prices. The expiry
dates of the S&P 500 index futures contract and the pattern of trading
mean the analysis is restricted to maturities up to three months, and the
numhers of ohservations within maturity hands and in total is less than
in the previous analysis. " The mean percentage pricing ditlerences from
the previous analysis for the cash index level, but restricted to the same
restricted set of option quotations are shown for comparison purposes.

Columns 2 ^ of Iahle IV. labeled cash, compare the implied index
level with the actual S&P 500 cash index level. Columns 5—7. labeled
futures, compare tbe implied index level with the actual futures price

' 'A referef helpFully suggested this n
'^A fiirlher cum plica I ion is that, ;is pointed out hy Dumas el ul. (]99fi) SPX options expired yt ihe
mnrkfi clnsi- tinti! 24 August I^J^i. and expired at tlic niiirkei open ihcreiiltt-r. Ihc S&P SIH) index
liiturt's cnntriicl expires ul the market iipfii. Reslrii-tiiij; thf iinalysis to the period since 24 Atijjiisl

gives similiir figures lu those reported in liible iV.
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discounted by the appropriiite Treasury bill rate.''' For each option, the
actual futures price is taken as the average across all transaction prices
in the five-minute window 14.00—14.05. Panel A gives results assuming
the lognormal distribution. Panel B gives results assuming the generalized
lognormal distribution.

The results in Table fV confirm the analysis in Tables II and III.
Columns 2—4 of Panels A and B give figures that are close to those in the
first three rows of the panels of Tables II and III, showing that the sample
of option quotations used in this analysis is representative of the original
sample. Comparing corresponding columns for the cash index and the
futures contract shows that the percentage pricing differences are slightly
lower for the latter, but the overall effect is tbe same. The pattern of
percentage pricing differences increasing with maturity still holds. More
important, the results in columns 5—7 of Panels A and B give comparable
reductions in mean percentage pricing differences in moving from the
lognormal distribution in Pane! A to the generalized lognormal distribu-
tion in Panel B for botb cash and futures. For example, moving to a
generalized lognormal distribution reduces the percentage pricing differ-
ence from 0.309 to —0.003 for the sample of calls and all maturities.
Overall, these results confirm the previous analysis and suggest our treat-
ment of dividends is appropriate.

SIMULATING THE BLACK-SCHOLES MODEL
UNDER NONNORMAL HIGHER MOMENTS

One method of examining the effect on implied index values from assum-
ing a lognormal distribution when the underlying asset distribution is not
lognormal is to simulate a set of option prices for alternative values of
skewness and kurtosis. Aparicio and Hodges (1996) show the effect ctf
similar simulations on the value of the Black-Scboles implied volatility.
This type of analysis offers some useful insights, although it should be
interpreted as proxiding illustrative results, rather than as providing a
precise calibration of pricing ernjrs imder the Black-Scholes model. For
example, alternative choices for the range of strike prices change the
magnitudes of the pricing bias, although the general pattern is unaf-
fected. In addition, the alternative approaches used in this section to
model the underlying asset distribution can only provide an approxima-
tion to the true underlying asset distribution.

"By the tosl ol ciirrv' iormiiLi, F = (S — PVD)e'^', where f is the futures priee, Columns ^—7
therefore eompare the implied index level directly with Ee ".
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TABLE V

Simiilaled Impliftl Mean of the Kisk-Neutral Distribution

Skeivness Kurtosis CttUs Puts Calls and Puts

-2.00 3.0 0.701 1.206 0.221
-1.75 3.0 0.631 1.018 0.193
-1.50 3.0 0.556 0.842 0.165
-1.25 3.0 0.476 0.678 0.137
-1.00 3.0. 0:392 0.525 0.110
-0.75 3.0 0.303 0.381 0.082
-0.50 3.0 0,209 0.246 0.055
-0,25 3.0 0,108 0.120 0.027

3.0
3.0
3.0
3.0
3.0
3.0
3.0
3.0

5.0

5.0
5.0
5.0
5.0
5.0
5.0
5.0

0.701
0.631
0.556
0.476
o:392

0.303
0,209
0,108

0.689

0,624
G.554

0.481
0.403
0.321

0.233
0.139

1.206
1.018
0.842
0.678
0.525
0.381
0.246
0.120

0.999
0.830
0.673
0.526
0.389
0.259
0.138
0.024

-2.00 5.0 0.689 0.999 0.221
-1.75 5.0 0,624 0.830 0.193
-1.50 5.0 G.564 0.673 0.164
-1.25 5.0, 0.481 0.526 0.135
-1.00 5.0 0.403 0.389 0.107
-0.75 5.0 0.321 0.259 0.079
-0.50 5.0 0.233 0.138 0.051
-0.25 5.0 0.139 0.024 0.023

Notes: The table gives values for the implied mean of the risk-neutral distribution as a percenlage difference from Ihe true
underlying index value of 400 Option prices are calculated assuming a generalized lognarmal dislribulion for moneyness
(ln(Se"/X}) ranging from -0.05 to +0 05 in increments of 0.01. assuming an underlying index value of 400, a riskless
rate of 5%, volatility of 15%. a lime to expiry of 1 month, and alternative values for skewness and kurtosis. The implied
means and variances are then calculated, under the Olack-Scholes lognorma! assumption of zero skewness and zero
excess kurtosis, by minimizing the sum of squared errors between the Black-Scholes model price and the "true" simulated
option price.

The procedure is as follows. Assume an index value of 400 with no
dividends, a riskless rate of 5 percent, a volatility of 1 5%, and a maturity
of one month. .A range of negative skewness values and kurtosis values
are chosen as representative o( the expected range of values For the SPX
index. The true option prices are then calcidated assuming a generalized
lognormal Linderlying asset distrihution fora range o I strike prices chosen
to give moneyness values from —0.05 to +0.05 in 0.01 increments. The
Black-Scholes model is fitted to the true option prices, given the true
riskless rate, maturity, and moncyness, and the imjilied index value and
implied \olatilily are solved to minimize the sum of squared errors be-
tween the Black-Scholes prices and the true option prices, as in eq. (7).

Table V gives the implied values for the mean of the risk-neutral
distrihution as a percentage difference from the true underlying index
value for two values of kurtosis and a range of negative skewness values.
The results show positive prieing differences for all values of negative
skewness and kurtosis. For a skewness value of —2 the maximum per-
centage pricing difference is 0.70 for calls, 1.21 for puts, and 0.22 for
ealls and puts combined. For skewness and kurtosis values most closely
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matcbing estimated moments for the actual sample period (skewness oi
— 1.25 and kurtosis of 5), tbe percentage pricing differences are 0.48
(calls), 0.53 (puts), and 0.14 (calls and puts). These produce a similar
pattern to those given in the previous section using actual data.

To corroborate these results, a similar exercise was conducted as-
suming a mixture of two lognormal distributions generates the underlying
index values. The mixture of lognormals was cbosen to give tbe same
range of skewness and kurtosis values as for the generalized lognormal
distribution. For the same index value, interest rate, volatility, and range
of strikes, tbis resulted in a similar pattern of positive pricing biases. For
example, corresponding to a skewness value of — 1.25 and kurtosis of 5,
the percentage pricing differences were 0.51 (calls), 0.59 (puts), and 0.15
(calls and puts).

A final simulation examines the effect of time to expir\' on the per-
centage pricing difference. This repeats the analysis producing Table V
except skewness is fixed at —1.25 and kurtosis at 5.0 and alternative
maturity dates are examined. The implied index value and implied vola-
tility are then backed out of the Black-Scholes model. The text reports
on tbese results. The results sbow that the percentage pricing difference
increases monotonically with time to expiry for both calls alone and puts
alone. For calls and puts combined the percentage pricing difference in-
creases at first but then falls at longer maturities. At a maturity of three
(six) months, the percentage pricing differences are 0.94 (1.34) for calls,
1.43 (2.26) for puts, and 0.13 (0.1 1) for calls and puts. These maturity
effect results are also consistent witb those given in the previous section.

SLMIMARY AND CONCLUSIONS

A fundamental requirement of no-arbitrage option pricing models is tbat
they satisfy the martingale restriction: the value of the underlying asset
implied by option prices equals its market value. Crucial to any test of
the martingale restriction is an appropriate option pricing model. There
is no reason to expect the restriction to be satisfied if the data fails to
satisfy the assumptions of the chosen option pricing model. Fitting the
Black-Scholes model to S&P 500 index options o\ er tbe period from ! 990
to 1994 results in a clear rejection of the joint hypothesis tbat the mar-
tingale restriction and the Black-Scboles model fit tbe data. Tbe Black-
Scboles assumption that the S&P index follows a lognormal distribution

For previous applications of ihis approach see Ritcbcy (1990), MelicL iind Tbnmos (1997), ant!
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produces a systematic, positive pricing error between tbe implied and
actual index values, accompanied by a positive time-to-maturity bias in
tbe pricing error. Grapbical representations provide clear visual evidence
of these biases.

By contrast, assuming a generalized distribution for the S&P 500
index, and solving for the first four implied moments of tbe distribution,
dramatically reduces the biases from the Black-Scholes model. Inferring
these parameters from combined call and put options in particular pro-
duces pricing errors that are economically insignificant. Simulations us-
ing theoretical option prices generated from distributions representative
of tbe volatility, skewness, and kurtosis of the S&l-* SOO index confirm the
pricing biases of the Black-Scholes model. The conclusion of this study
is that the assumption of no-arbitrage should not be jettisoned, but tbat
it offers a good working assumption when used uitb an appropriate model
of the underlying asset's distribution.
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